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Abstract

Our definition of correspondence between groupoids (which generali-
zes the notion of homomorphism) is obtained by weakening the conditions
in the definition of equivalence of groupoids in [5]. We prove that such a
correspondence induces another one between the associated C*-algebras,
and in some cases besides a Kasparov element. We wish to apply the
results obtained in the particular case of K-oriented maps of leaf spaces
in the sense of [3].
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1 Introduction

A. Connes introduced in [1] the notion of correspondence in the theory of
Von Neumann algebras. It is a concept of morphism, which gives the well
known notion of correspondence of C*-algebras. In [5], P.S. Mulhy, J.N. Re-
nault and D. Williams defined the notion of equivalence of groupoids and
showed that if two groupoids are equivalent, then the associated C*-algebras
are Morita-equivalent. But, this notion is too strong: here we give a definition
of correspondence of groupoids, by weakening the conditions of equivalence in
[5]. We prove that such a correspondence induces another one (in the sense
of A. Connes) between the associated reduced C*-algebras. We show that a
groupoid homomorphism satisfying some additional conditions can be thought
as a correspondence between them, and induces a Kasparov element between
the associated C*-algebras. Our fundamental interest is to apply these results
to the study of foliated spaces where, in many cases, homomorphisms between
holonomy groupoids appear (for example, in [2]).
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2 Correspondences and groupoids

Let G; (i = 1,2) be a second countable locally compact Hausdorff groupoid.
Let GZ(-O) be the unit space and s;,r; : G; — GEO) the source and range map,
respectively (we do not assume that r;, s; are open). Let Gi, = s; L),
for x € GEO). Let Z be a second countable locally compact Hausdorff space,

p: 4 — Ggo) a continuous and surjective map, and the space G1 * Z =
{(n1,2) € G1 x Z : s1(m1) = p(2)}.

Definition 1 A left action of G1 on Z is a continuous and surjective map
®: Gy xZ — Z, noted ®(v1, 2) = 1.2, with the following properties:

1) p(n1-2) = ri(m), for (11,2) € Gi = Z,
2) v4.(m.2) = (7471).2, when both sides of the equality are defined,

3) p(z).z = z, for each z € Z,

and we say thus that Z is a left G1-space. Z is called proper, when the map
Oy : Gy % Z — Z x Z defined by ®1(y1,2) = (7.2, 2), is proper.

In the same manner, we define a right Ga-action on Z, using a continuous and
surjective map o : Z — Géo) and ZxGo = {(2z,72) € ZxGa : r2(72) = 0(2)}.

Definition 2 Let G; and G2 be second countable locally compact Hausdorff
groupoids and Z a second countable locally compact Hausdorff space. The
space Z is a correspondence from G to Go, when:

1) there is a left proper Gi-action on Z and a right proper Ga-action on Z,
and they commute,

2)p:Z — Ggo) is open and induces a bijection of Z/G2 onto Ggo).

The difference with the definition of equivalence in [5], is that here we do
not suppose that the actions are free, we do not assume that o is open and

)

above all, we do not suppose that ¢ induces a bijection of G1\Z onto Géo .
IfV C Z, Sata(V) = {292 € Z : z € V and (2,72) € Z x Ga} is its
saturation with respect to the Ga-action and (2) of definition 2 is true, then

Sata(V) = p~tp(V) and the quotient map Z — Z/Go is open. Moreover, if
the Gy-action is proper, then Z/Gs is a locally compact Hausdorff space.

Definition 3 Let A and B be C*-algebras. The couple (F, ¢) is a correspon-
dence from A to B, if it satisfies the following properties:
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1) E is a right Hilbert B-module,

2) ¢ is a *-homomorphism from A into Lz (E), the set of bounded adjointable
operators on F.

If p(A) C Kp(E) (the closure of the linear span of {0¢ , }¢ ner, where 0¢ ,, €
Lp(E) is defined by 6¢ ,(¢) = £(n, (), for ¢ € E), then (E, ¢,0) is a Kasparov
module for trivially graded C*-algebras (A4, B) and gives an element [E] of
KK(A,B). Note that each *-homomorphism between C*-algebras induces a
correspondence between them.

For i € {1,2}, let A? be a right Haar system of G; (this condition implies
that r; and s; are open). Let C.(G;) be the x-algebra of compactly supported
continuous functions, where the product and the involution are defined by:

(ab) () = / a(yr’ ODAN () and et () = a(y; ),

i

for a,b € C.(G;) and ~; € G;. For z € GEO), we define a representation ; , of
C.(G;) on L?(G 4, AY) by:

(1.0 (0)0) () = / a(rir (AN ()

for a € C.(Gy), ¢ € L*(Giz, \) and v; € G; . We define the reduced norm
by
lall = sup [lmiqz(a)l,
zGGE(])

and the reduced groupoid C*-algebra C}(G;) is the completion of C.(G;) by
the reduced norm.

Theorem 4 (see [4]) Let (G;, \') (i € {1,2}) be a second countable locally com-
pact Hausdorff groupoid with a right Haar system ' and Z a correspondence
from Gy to Ga. There exists a correspondence from C}(G2) to Cf(G1).

3 Homomorphisms of groupoids

Let G1 and G2 be as in the previous section and let f be a continuous ho-
momorphism of Gy onto Go. We denote by f(©) the restriction of f to Ggo),
which is a map onto Ggo). The kernel of f, H = {y; € Gy : f(m1) € Ggo)},

is a closed subgroupoid of G; and we have H(©) = Ggo). There is a natural
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right action of H on G, which is proper since H is closed. We define the map
(r,8)g : H— HO x HO by (r,8)g(v) = (ru(y), su (7)), for v € H, where
rg and sy are the range and source map of H, respectively. Then:

Theorem 5 (see [4]) Let G1 and Ga be second countable locally compact Haus-
dorff groupoids, let f be a continuous homomorfism of G1 onto G and let H
be the kernel of f. Suppose that the following properties are satisfied:

(C1) the quotient map qm : G1 — G1/H ‘s open,

(C2) r1: Gy — Ggo) is open,
(C3) (r,8) : H— HO x HO s proper,

(C4) for each x € Ggo), [(G1z) = G2 4(2)5
(Ch) f: Gy — Gy is open, and
(C6) f9: Ggo) — Géo) is locally one-to-one.

Then, G1/H is a correspondence from Gy to Ga.

An homomorphism of groupoids does not induce, in general, an homo-
morphism between the associated C*-algebras, but the following result holds:

Theorem 6 (see [4]) Let (G;, \i) be a second countable locally compact Haus-
dorff groupoid with a right Haar system X' for i = 1,2, and let f be a conti-
nuous homomorphism of Gy onto Ga. Suppose that the conditions (C1) to
(C6), and the following condition are satisfied:

(C7) f9: Ggo) — Ggo) is proper.

Then, there is a correspondence (E,¢) from C}(G2) to C:(G1), such that
P(Cr(G2)) C Kexay)(E). Thus, (E,$,0) is a Kasparov module for the couple
(Cr(G2), Cr(Gh)), and we obtain an element of KK (C)(G2),Cr(Gh)).

4 Some examples

Let G; (1 =1,2), f and H be as in Theorem 5. Suppose that they satisfy the
conditions (C1) to (C6). Set Z = G1/H. Denote by A\’ a right Haar system
of G;. It follows from Theorems 4 and 5 that we have a correspondence from
C}(G2) to Cf(G1). Denote by (E, ¢) the correspondence constructed in the
proof of Theorem 4. If the condition (C7) is satisfied, then (E,¢,0) is a
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Kasparov module and gives an element of KK (C;(G2),C;(G1)) by Theorem
6. In this section, we study some examples where groupoids are topological
spaces, topological groups and transformation groups, respectively.

4.1 Topological Spaces

Let X; be a topological space and suppose that G; is the trivial groupoid Xj,
i € {1,2}. Then, f: X; — X> is continuous and surjective and C}(G;) is the
commutative C*-algebra Cy(X;) of continuous functions vanishing at infinity.
Remark that f(©) = f, H = X; and X;/H = X;. We have E = Cy(X;) and
thus, ¢ is the *-homomorphism ¢ : Cy(X2) — M(Co(X1)) (M(Ch(X1)) is
the multiplier algebra of Cy(X1)), defined by ¢(b) = b(f(x1)), for b € Cp(X2)
and z1 € X;. If (C7) is satisfied, then f is proper and ¢(Cp(X2)) C Co(X1).

4.2 Topological Groups

Let I'; be a topological group and suppose that G; =I';. Then, f: 'y — I'o
is an epimorphism and H = Ker(f). By (C5), f is open. Therefore, T'y/H
and I'y are isomorphic topological groups, and thus f can be thought as the
quotient map f : I'y — I'y/H. Since GEO) = {e;} (e; is the unit of Ty), f(©) is
trivial and (C7) is always satisfied. Moreover, H is a compact group by (C3).
We define A\ as a right Haar measure on I;.

4.3 Transformation groups

Let T'; be a topological group, X; a right I';-space and G; = X; x I';. The
groupoid structure of G; is defined by r;i(z;,9;) = x4, si(xi, 9i) = x;g9; and
(wi, gi)(xigi, g) = (x4, 9ig.), where we identify GZ(.O) with X;. Moreover, we
suppose that there is a surjective map f(© : X; — X5 and an epimorphism
¢ : T1 — Ty, such that f(z,9) = (fO(2), p(g)) and fO(zg) = fO(2)p(g).
By (C5), f(©) and ¢ are open maps. If Z = Ker(y), we identify I'y /2 with
I'5. Then, ¢ is the quotient map. We have H = X; x = and Z = X; x I's.
The condition (C3) is satisfied if and only if the =-action is proper. We
define p : Z — Xj and 0 : Z — Xy by p(z1,92) = 1 and o(z1,92) =
O (x1)gs. The Gi-action and the Ga-action on Z are defined respectively by
(w1971, 91)-(21, 92) = (2197 ", 91.92) and (1, 92).(f O (21)92, 93) = (21, 9293),
for (z1,992) € Z, (:Ulgfl,gl) e G1 and (fO(z1)g2,93) € Go.
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5 Further research

If (M;, F;), i € {1,2}, are foliated manifolds and f : My /F; — My/Fois a K-
oriented morphism of leaf spaces (i.e., a correspondence between its holonomy
groupoids), we look for an element of the Kasparov group K K (C;(G1), C}(G2)),
where G; is the holonomy groupoid of (M;, F;). At present, we study the case
of transversely affine foliations, since their holonomy groupoids are Hausdorff.
But holonomy groupoids are non Hausdorff in many cases of interesting folia-
ted spaces. Thus, we intend to extend our results to non Hausdorff groupoids.
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