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Motivation: Splitting methods for highly oscillatory systems

Consider a highly oscillatory system of the form (2 symmetric)

d2

g9 = ~9% - U(a).

with Hamiltonian function

1
H(g,p) = E(pr +q'Q%q + U(q).

Idea: Consider composition integrators based on the splitting

H(d,p) = T(p) +V(a) + U(q),

where T(p) =3p"p, V(q)=3q"Q%.

Goal: Construct methods to be used with relatively large 7.



Motivation: Splitting methods for highly oscillatory systems

For instance, the operator e”(T+V+Y) can be replaced by

eTalT eTb]_V . eTamTeTme eTU eTme eTamT . efblveralT (1)

where a;,by, -+ ,am,bm € R. In particular, if e2"T+V) is well
approximated by

eTmeeTamT L eTb1V eTalT (2)
then, (1) is an approximation of the method of Deuflhard (1979).

In principle, (1) might give a good integrator even if (2) is a poor
approximation to e27(T+V),
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Of course, for U = 0 we get in particular

7(T+V) Tay T A7b1V | TamT A7bmV A7bmV q7amT | Tb]_VeTalT J3)

e ~ e e 0o (8 e e e 0o (3

Our present goal

Obtain efficient approximations of e”(T+V) of the form (3).

Future work:

@ Approximate e™(T+V+Y) by inserting exponentials of the
form %™V in (3).

@ More generally, insert terms of the form e%™Yi with
Uj(q) = U(P;(7Q)q), where Pj(z) is a polynomial in z.

@ Number of inserted terms << Number 2m of factors in (3).
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When T(p) = 3p"p, V(q) = 294" Q%q,

; cos(7Q) Q7 lsin(rQ)
o7+ < —Qsin(rQ)  cos(7Q) >’ @

T I 7l TV | 0
e_’<0| ST 2 )

Thus, in a splitting scheme, (4) is approximated by

(oo 7)o ™) (mge 1) (0 ™)

_ < Kl(TQ) Q_le(TQ) )
—QK3(7Q) Ka(7Q)

K1(x) and K4(x) even, Ky(x) and K3(x)) odd.
e
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The stability matrix and the stability polynomial

We define the stability matrix of a splitting method as

K(X):<—b1mx (;><c1) aTX),,, (_Slx 2)((1) a1i<>,

that is, the result of applying the method to the harmonic
oscillator g = p, p = —q with step-size 7 = x. Thus,

Kix)  Kax)
<00 = (b0 Kew) )

where Ky (x), K4(x) (resp. Kz(x), K3(x)) are even (resp. odd) an
detK(x) = K1 (x)Ka(x) — Ka(x)Kz(x) = 1.
The stability polynomial of the method is defined as

p(x) = SU(K () = 5(Ka(x) + Ka(x))
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K (x) is stable (K(x)" is bounded V¥n) for a given x € R if and
only if any of the following two conditions hold

© The matrix K(x) is diagonalizable with eigenvalues with
modulus one,

Q |p(x)| < 1 and there exists a 2 x 2 matrix Q(x) such that

_ cos(®(x))  sin(d(x))
Qe k(000 = (T, costet) )

where ®(x) = arccos(p(x)).

The stability threshold x, is defined as the largest x, > 0 such
that the stability matrix K (x) is stable VX € (—X,, Xs).
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From the stability polynomial to the splitting scheme

Considerq =p, p = —Q?2q. If for the stability polynomial
p(x) = cos(x) + O(x>"*?) as x — 0,

then, there exists Q = Q + O(7?") (as T — 0) such that

(oo 7)o ™) (o 1) (0 )

is similar to

cos(r)  Qlsin(rQ)
(—Qsin(rf)) cos(7Q) >

provided that |7|p(2) < X..
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Consider u = iQu. If we putu = p +iq, then

q=ap, p=-9q.

Similarly to previous case, if p(x) = cos(x) + O(x2"+2), then,
there exists Q = Q + O(72") such that

(v 1) (0 ™) (b 1) (0 ™)

is similar to

< cos(rQ2)  sin(rQ) >
—sin(7Q) cos(7Q)

provided that |7]p(2) < X..
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Application to more general linear systems

Consider the expansion X 4 ¢3x3 + ¢sx° + - - - in powers of x of
®(x) = arccos(p(x)). Then, there exists r > 0 (r < x,) such
that the following holds for arbitrary linear systems of the form
q=Mp, p=-Naq:

(om0 ) (o ™™ ) (o 1) (0 ™)

is similar to ex 0 hv where
PLU_hG o )
M = M(L1+¢3h’*(NM) + ¢sh*(NM)? 4 ---),
N = N(1+¢3h*(MN)+ ¢sh*(MN)?+--.),

provided that the (non-necessarily diagonalizable) matrices NM
and MN are such that |7| min(y/p(NM), /p(MN)) < r.
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Application to more general linear systems

Consider the expansion X 4 ¢3x3 + ¢sx° + - - - in powers of x of
®(x) = arccos(p(x)). Then, there exists r > 0 (r < x,) such
that the following holds for arbitrary linear systems of the form
q=Mp, p=-Naq:

I 0 | hamM [ 0 | ha;M
—hby,N | 0 I —hbiN | 0 [
is similar to

eXp<—gN hl\g )’M = M(1+¢3h*(NM) + ¢sh*(NM)? +--.),

2

= N(L+ ¢3h?(MN)+ ¢5h*(MN)2 +--.),

provided that the (non-necessarily diagonalizable) matrices NM
and MN are such that |7| min(y/p(NM), /p(MN)) < r.
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We are mainly interested in symmetric splitting methods, that
is, K(x)™1 = K(—x) (i-e. Ky(x) = Kg(x)).

Assume that p(x) is an even polynomial satisfying that the
smallest positive zero with odd multiplicit of p(x)? — 1 is x,, and

2
p(x):l—%+0(x4)asx—>0,

Then, there exists a finite number of symmetric stability
matrices of the form

p(x)  Ka(x)
K(x) = < Ks(XX) p(zx))( >

with stability interval (—X., X).

All of them are similar to each other for x € (—X,, Xx).
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From the stability polynomial to the splitting scheme

Consider the matrix

1,2, 1.4 2,3 5
(1—§x1+3%x x—?x2+l—08x >
_X+EX _EX +%X

It is straightforward to check that it can be decomposed as

(o 1) (% 0) (o 1) (5 2)(0 )

Let us now consider the matrix

wl

It is easy to check that (5) coincides with

1 ix 1 0 1 ix
0 1 —X 4+ 5x3 1 0 1
e

(5)
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Poson

Given a 2 x 2 matrix K(x) with polynomial entries satisfying
that detK (x) = 1, Ky(x) and Kz(x) are odd polynomials, and
K1(x) and K4(x) are even polynomials with K;(0) = K4(0) =1,
there exists a uniqgue decomposition of K (x) of the form

(et 2)(0 ™) (0 2) (0 ™)

where Aj(x),Bj(x) (j =1,...,m) are odd polynomials in x with

Aj(X);ﬁO, Bj_l(X);ﬁO, j =2,...,m.

That factorization corresponds to a generalized splitting
method. If K(x) is the stability matrix of a standard splitting
method, then Aj(x) = ajx and Bj(x) = —bjx. Any splitting

method is uniﬁuelﬁ determined b‘ its stabilit‘ matrix!
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We want to obtain accurate symmetric schemes with large
stability intervals (—X, X).

A family of stability matrices

Givenm,n > 1,1 > 0, such that m > 2n + | — 1, we consider
p(x) = Ki1(x) of degree 2m and K;(x) and K3(x) of degrees
2m + 1 and 2m — 1 resp., satisfying that

K1 (x)? — Ka(x)Ka(x) = 1, K1(x) = cos(x) + O(x?"+2),
KZ(X) = sin(x) 4 O(XZn—I—l)’ K3(X) _ sin(x) + O(X2n+l),

and there exist x; ~ jm, ] = 1,...,1, such that

Ki(x) = (=1), K{(x)=0,
Kz(Xj) = 0, K3(Xj)20.

There are m — (2n + | — 1) free parameters.
e
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Let us consider the Chebyshev norm || - ||, defined by

Il = [ (1) (e o
-1

Determine the free parameters of K(x) in such a way that

Ko(X) — sin(x) 2

X2n—|—1

HKl(x) — cos(x)

2 2 |Ks(x) + sin(x)

is minimized (equivalent to minimizing in the least square sense
the coefficients of their Chebyshev series expansion).

This is a nonlinearly constrained minimization problem that has
(for moderate m) a high number of local minima. Good initial
guesses are required for the numerical search.
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Assume thatm >2(n+1) -1

Find Ky(x), Kz(x), K3(x) of degrees 2m, 2m + 1, and 2m — 1
resp., such that

K1(x) — cos(x)|?
is minimized under the constraints
Ki(x)? — Ka(x)Ka(x) =1,  Ky(x) = cos(x) + O(x*"*2),

Ko(x) = sin(x) + O(x3),  Ks(x) = —Sln( ) +O(x 3)
Ki(jm) = (-1), K{(im) =0, Ka(jr) =0, Ks(jm)=

All the local minima of that minimization problem can be
explicitly obtained.
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A family of stability polynomials

We construct a stability polynomial p, (x) for arbitrary n,| > 0,
as follows:

P 1+Z ' 2”+22dx21

where the coefficients d; are uniquely determined by the
requirement that

Pri(im) = (1), pp(im) =0, j=1,....1.

Note the interpolatory nature of pn (x), as

cos(jm) = (—1)!, cos'(jr) = —sin(jr) =0, Vj>1.
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A more general family of stability polynomials

Forn,k,lzo,k:m—Z(nJrI)—l

Pn,ik(X) = Pn(X +X2n+2H — (jm)%)? ) eix?,

i=0
where the e; are uniquely determlned by requiring that

pn,l,k(x) B COS(X)
|| x2n+2 |||

is minimized. Each local minimum of the neighbouring
constrained minimization problem corresponds to one different
K (x) having p, 1 k(x) as stability polynomial. One can choose
among them the best candidates as initial guesses in the
numerical search to obtain the local minimia of the original
constrained minimization problem (either by a Newton-type
iteration or by using a continuation algorithm).
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The long-term error accuracy of splitting methods applied to
linear systems is related to the difference

< cos(®(x))  sin(d(x)) > B < cos(x)  sin(x) >’

—sin(®(x)) cos(P(x)) —sin(x) cos(x)

where ®(x) = arccos(p(x)), that is, the long-term effective error
corresponds to |®(x) — x|. To fairly compare of method with
different number 2m of factors, we consider

|®(mx) — mx|

That is, we compare a method with 2m factors applied with
step-size 7 to m steps of Stérmer-Verlet with step-size 7/m.

We show diagrams in double logarithmic scale. That is,
log,o(|mx — arccos(p(mx))|) versus log,o(X).
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Leapfrog m = 2, optimal stability method withn =3, m =6
(Gray & McLachlan), and p(x) for n = 10, and
| =3,6,10,14,16 (m = 10 + 2I)

-1 -0.8 -0.6 -0.4 -0.
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Leapfrog m = 2, optimal stability method withn =3, m =6
(Gray & McLachlan), and pyk(x) forn=1, k =9, and
| =4,6,8,14,16 (m = 10 + 2I)

-1 -0.8 -0.6 -0.4 8 e

-0.2
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Leapfrog (m = 2), optimal stability methodn =3 and m =6
(Gray & McLachlan), and p1,14,9(Xx) (M = 38), p1.1813(X), and

P7,18,7(X) (M = 50). | |
-1 -0.8 -0.6 -0.4 -0.2

-2.5
-5
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