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The Dirac equation has played a fundamental role in various areas of modern physics and mathematics. Free Helmholtz equation
The free Dirac equation defined as

e The Helmholtz equation is the elliptic second order partial differential equation

o,
i_w(tax) = H @b(t,&?), 2
ot ’ Au(z) + k2u(z) = f(z)

where ¥ (x, t) : R3T! — C%, describes a relativistic electron or positron which moves freely as if there 2
viz, t) b y in R%, where A = 3% . 25 is the Laplacian, k is the wave number and w is the amplitude. It

were no external fields or other particles. The free Dirac operator Hy is defined as I=1 922
is encountered in many branches of mathematical physics as in the theory of elasticity or theory
2 —io - of electromagnetic waves.
Ho=—ia-V+pm=( Mk —io. V) :
—10 -V  —mc°ls

e In order to solve this equation uniquely, there must be additional restrictions on the behavior
of the solution at infinity. These restrictions are the so-called Sommerfeld radiation conditions,

where o = (a1, a2, @3) and o = (01, 02, 03) are triplets of matrices and ag, 8 € Maxa(C), k = which are typically read by

1, 2, 3, are the Dirac matrices
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defined in terms of the Pauli matrices o, € Max2(C), given by bl Oodi iy [ frorfier

1 0 0 1 0 —i 1 0
Hz:(o 1>’ 01:(1 0>’ 02:(@' oz>’ "3:<0 —1>’ Ha=V3+V=(V+iA=)*+V(z) in R® (d>3)

md d . . . . . . .
and m is a positive real constant describing the mass of the particle. We neglect the physical constants. e A:R" — R™ magnetic (vector) potential — describes the interaction of a free particle with an
external magnetic field, which is defined as the d X d anti-symmetric matrix

e Self-adjointness of Dirac operators with electromagnetic potentials

0A;  0Ag
B = B(x) = (Bjr),  Bjr = - -
The property of being self-adjoint is a fundamental information to study operators in quantum mechan- Oxk o
ics. Therefore we study the self-adjointness of the Dirac operator with an Hermitian matrix potential
V = V(z) : RS — M4 4(C) such that |z||V(x)| < 1, where |V(z)| = SUD ||| =1 (Vap, Vap). We The trapping component of B is B, (x) = |£_|B(x)' the projection of B on the tangential space
prove that the Dirac operator H = —ia - V + mf — V with domain in x to the sphere of radio |z|. V : R® — R is the electric (scalar) potential.
D(H) = {4 € L*(R>,C%) : Hy € L?(R>,C*) e We study the electromagnetic Helmholtz equation
is self-adjoint in L* (R®, C*). Moreover, we see that the self-adjoint extension is characterized by the fact Hau(z) 4+ Au(z) = f(z), =€ R?* XeR\{0}.
that
D(H HY/2(R3 4 _ 2 dx
(H) C (R, CH)Nq v 3 k& m < oo Under suitable assumptions on the potential V' and the trapping component B, we prove some
a priori estimates and Sommerfeld radiation conditions for the electromagnetic Helmholtz equa-
An explicit example of an electromagnetic operator that satisfies the above assumption is tion: .
sup — lu(z)|?dz < oo
v oo r>1 R Jiz|<r
V - ( |ajJ{ - ) |
7 Tzl u(x)|? 4 _ial/214 (|7
dr < Val(e u)| dx < oo
rd |z|? (d —2)2 Jrd
where |v| + |z||A(z)| < 1for A = A(z) : R® — R®. This work has been developed in [2]. 5
x
sup R ‘VAu(x) — i)xl/z—u(ac) dr < oo,
e Dispersion of the electromagnetic Dirac equation =l lz[= R |z |

, , , , , , o , . . . where V4 = V + 1A(x). This result can be found in [4].
The 3D Dirac equation can be listed as a dispersive equation. It is interesting to quantify dispersive

phenomena for the perturbed flows by using Strichartz estimates. However, those estimates fail for
some potentials. We construct some counterexamples to Strichartz estimates for the magnetic Dirac
equation. That is, for potentials of the form

e We then deduce some applications to the evolution equation and the scattering theory associated
to this equation.

A(z) = |z| " ° Mz, 1 <6<2

where . o The control for the heat equation in a smooth and bounded domain €2 in R™ for a time interval (0, T),
M — 1 0 0 T > 0 and for a distributed control f we consider
0 0 O
Au — Oru = f(x,t)xw(x), nQ x(0,7T),
we prove that the solution of the magnetic Dirac equation w=0 on 9 x [0, T, 1)

u(0) = ug, in €.
10tu(t,x) + Hu(t,z) = 0
u(0,z) = f(x), Here, w C (2 is an interior control region. The null controllability of this equation is about the existence
for any ug in L?(2) of a control f in L*(w x (0, T)) with
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for H = —ita - (V — iA) + mf and with initial datum f € H
estimates

, does not satisfy the Strichartz
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such that «(7") = 0. Next are our main results for the interior null-controllability case of some parabolic

for any couple (p, q) satisfying the Schrodinger admissibility condition evolutions with controls acting over measurable sets. The results can be found in [1].

Theorem 1. Let n > 2. Then, A — Oy is null-controllable at all positive times, with distributed controls acting

_ 3 2 < p < oo, 2 < q < 6. over a measurable set w C $2 with positive Lebesgue measure, when
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A=V -(A@)V-)+ V(z),
ee [3] for the details.

is a self-adjoint elliptic operator, the coefficients matrix A is smooth in ), V is bounded in Q2 and both are real-
analytic in an open neighborhood of w. The same holds when n = 1,
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