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Abstract

The idea of a fuzzy point and its membership to and
quasi-coincidence with a fuzzy subset with respect
to the standard complement have been introduced
to define and study certain kinds of fuzzy topologi-
cal spaces and (ε, ε∨q)-fuzzy subgroups, respectively.
This was generalized by using arbitrary complements
with an equilibrium. This helped motivate the notion
of an (s, t]-fuzzy subgroup of a group. In this paper,
we introduce these ideas to fuzzy graph theory.
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1 Introduction

The notion of a fuzzy subset of a set was introduced
by Zadeh in [9]. Rosenfeld used this notion to intro-
duce the concept of a fuzzy graph in [7]. In [5] and [1],
the idea of a fuzzy point and its membership to and
quasi-coincidence with a fuzzy subset with respect
to the standard complement were used to define and
study certain kinds of fuzzy topological spaces and
(ε, ε ∨ q)-fuzzy subgroups, respectively. In [2], an ar-
bitrary complement was used. This helps motivate

the notion of an (s, t]-fuzzy subgroup of a group in-
troduced in [8]. In this paper, we introduce these
ideas to fuzzy graph theory.

2 (s, t]-Graphs

Let X be a set and let λ be a fuzzy subset of X, i.e.,
a function of X into the interval [0, 1]. Let t ∈ [0, 1].
Then λt is defined to be the set {x ∈ X | λ(x) ≥ t}.
λt is called a level set or t-cut of λ. We let λ∗ denote
the support of λ, i. e., λ∗ = {x ∈ X | λ(x) > 0}. Let
λ and ρ be fuzzy subsets of X. Then we write λ ⊆ ρ
if and only if λ(x) ≤ ρ(x) for all x ∈ X. Let x ∈ X
and t ∈ [0, 1]. Then the fuzzy singleton xt is the fuzzy
subset of X defined by xt(y) = t if y = x and xt(y) =
0 if y 6= x, where x, y ∈ V. Then xt ⊆ λ if and only
if λ(x) ≥ t. Let c : [0, 1] → [0, 1] be such that (1)
c(0) = 1 and c(1) = 0; (2)∀a, b ∈ [0, 1], a ≤ b implies
c(a) ≥ c(b). The fuzzy subset cλ of X defined by
(cλ)(x) = c(λ(x))∀x ∈ X is called the complement
of λ with respect to c. We assume throughout that c
has an equilibrium, i. e., a point ec ∈ [0, 1] such that
c(ec) = ec. If ec exists, it is unique. We can think of a
fuzzy singleton xt as quasily being in λ (with respect
to c) if xt * cλ, i.e., t > (cλ)(x). Throughout, we use
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∨ to denote maximum and ∧ to denote minimum.
A graph is a pair (V,E), where V is a finite set

and E is a subset of the set of all subsets of V such
that for all X ∈ E, |X| = 2, i. e., X has exactly 2
elements. We use the notation (x, y) to denote an
element of E. We think of V as the set of vertices
and E as the set of edges. A fuzzy graph G = (σ, µ)
is a pair such that σ is a fuzzy subset of a finite
set V and µ is a fuzzy subset of E such that for all
(x, y) ∈ E, µ(x, y) ≤ σ(x) ∧ σ(y). We let G∗ denote
(σ∗, µ∗). Clearly G∗ is a graph.

Definition 1 G = (σ, µ) is called a quasi-fuzzy
graph with respect to c if ∀(x, y) ∈ E and ∀t ∈
[0, 1], (x, y)t ⊆ µ implies either t ≤ σ(x) ∧ σ(y) or
t > c(σ(x) ∧ σ(y)).

Theorem 2 G = (σ, µ) is a quasi-fuzzy graph with
respect to c if and only if ∀x, y ∈ V, µ(x, y) ∧ ec ≤
σ(x) ∧ σ(y).

Proof. Suppose G is a quasi-fuzzy graph. Let
x, y ∈ V. Suppose (x, y)t0 ⊆ µ. Then µ(x, y) ≥ t0.
Suppose t0 > σ(x) ∧ σ(y). Then by hypothesis, t0 >
c(σ(x) ∧ σ(y)). Thus t0 > ec. Suppose µ(x, y) ∧ ec >
σ(x)∧ σ(y). (We show this leads to a contradiction.)
Then ec > σ(x) ∧ σ(y). Hence σ(x) ∧ σ(y) < ec ≤
c(σ(x) ∧ σ(y)) < t0 and ec = c(ec) ≤ c(σ(x) ∧ σ(y)).
Let t be such that σ(x) ∧ σ(y) < t < ec. Then t < t0
and so µ(x, y) ≥ t. Since t > σ(x)∧ σ(y), we have by
an argument as above that t > c(σ(x)∧σ(y)) and t >
ec, a contradiction. Thus µ(x, y) ∧ ec ≤ σ(x) ∧ σ(y).

Conversely, suppose ∀x, y ∈ V, µ(x, y)∧ec ≤ σ(x)∧
σ(y). Suppose (x, y)t ⊆ µ, i. e., µ(x, y) ≥ t. If t ≤
σ(x) ∧ σ(y), we have the desired result. Suppose t >

σ(x) ∧ σ(y). Then µ(x, y)̇ > σ(x) ∧ σ(y). Since also
µ(x, y) ∧ ec ≤ σ(x) ∧ σ(y), σ(x) ∧ σ(y) ≥ ec. Hence
c(σ(x) ∧ σ(y)) ≤ c(ec) = ec. Thus t > σ(x) ∧ σ(y) ≥
ec ≥ c(σ(x) ∧ σ(y)).

Given any t ∈ [0, 1], there exists an infinite num-
ber of functions c : [0, 1] → [0, 1] with equilibrium
t. This and Theorem 1.2 motivate for the following
definition.

Definition 3 G = (σ, µ) is called a quasi-fuzzy
graph with respect to t ∈ (0, 1] if ∀(x, y) ∈
E, µ(x, y) ∧ t ≤ σ(x) ∧ σ(y).

In fact, we consider the following definition.

Definition 4 Let s, t ∈ [0, 1] with s < t. Then G =
(σ, µ) is called an (s, t]-fuzzy graph if G∗ is a graph
and ∀x, y ∈ V, µ(x, y) ∧ t ≤ (σ(x) ∧ σ(y)) ∨ s.

Let G = (σ, µ) be an (s, t]-fuzzy graph. If s = 0
and t = 1, then G is just a fuzzy graph. If s = 0,
then G is a quasi-fuzzy graph with respect to t.

Let Gr = (σr, µr)∀r ∈ [0, 1], where σrand µr are
r-level sets. Clearly, Gr is a graph.

Theorem 5 G is an (s, t]-fuzzy graph if and only if
∀r ∈ (s, t], Gr is a subgraph of (V, E).

Proof. Suppose G is a an (s, t]-fuzzy graph. Let
r ∈ (s, t]. Suppose (x, y) ∈ µr. Then µ(x, y) ≥ r.
Hence (σ(x) ∧ σ(y)) ∨ s ≥ µ(x, y) ∧ t ≥ r ∧ t = r.
Since r > s, we have σ(x) ∧ σ(y) ≥ r. Thus σ(x) ≥ r
and σ(y) ≥ r. Hence x, y ∈ σr. Thus Gr is a subgraph
of (V,E).

Conversely, suppose Gr is a subgraph of (V, E)∀r ∈
(s, t]. Let (x, y) ∈ E and let µ(x, y) = r0. Suppose
r0 ≤ s. Then µ(x, y)∧ t = µ(x, y) = r0 ≤ s ≤ (σ(x)∧
σ(y)) ∨ s. Suppose s < r0 ≤ t. Then since Gr0 is a
subgraph of (V, E), we have x, y ∈ σr0 . Hence σ(x)∧
σ(y) ≥ r0 = µ(x, y). Thus (σ(x)∧σ(y))∨s ≥ µ(x, y)∧
t. Suppose r0 > t. Then µ(x, y)∧t = t. Since µ(x, y) >
t, we have (x, y) ∈ µt. Since Gt is a subgraph of
(V, E), we have x, y ∈ σt. Thus σ(x) ∧ σ(y) ≥ t.
Hence µ(x, y) ∧ t ≤ (σ(x) ∧ σ(y)) ∨ s. Thus G is an
(s, t]-fuzzy graph.

Let r, s, t ∈ [0, 1]. Suppose s < t. Let X be a set and
λ a fuzzy subset of X. Let λr

st = {x ∈ X | λ(x)∨ s ≥
r ∧ t}. Then λr

st is called an rst-level set (or cut) of
λ. Let Gr

st = (σr
st, µ

r
st).

Theorem 6 G is an (s, t]-fuzzy graph if and only if
∀r ∈ [0, 1], Gr

st is a subgraph of (V,E).

Proof. Suppose G is an (s, t]-fuzzy graph. Let
r ∈ [0, 1]. Suppose (x, y) ∈ µr

st. Then µ(x, y) ∨ s ≥
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r ∧ t. Now (σ(x) ∧ σ(y)) ∨ s ≥ µ(x, y) ∧ t and so
(σ(x) ∧ σ(y)) ∨ s ≥ (µ(x, y) ∧ t) ∨ s = (µ(x, y) ∨ s) ∧
(t∨ s) ≥ (r ∧ t)∧ t = r ∧ t. Thus σ(x)∨ s ≥ r ∧ t and
σ(y)∨ s ≥ r ∧ t. Hence x, y ∈ σr

st. Thus (σr
st, µ

r
st) is a

subgraph of (V, E).
Conversely, suppose (σr

st, µ
r
st) is a subgraph of

(V, E) ∀r ∈ [0, 1]. Let (x, y) ∈ E and let µ(x, t) = r0.
Then µ(x, y) ∨ s ≥ r0 ∧ t. Hence (x, y) ∈ µr0

st . Thus
x, y ∈ σr0

st . Hence σ(x)∨s ≥ r0∧t and σ(y)∨s ≥ r0∧t.
Thus (σ(x) ∧ σ(y)) ∨ s ≥ r0 ∧ t = µ(x, y) ∧ t. Hence
G is an (s, t]-fuzzy graph.

3 (s, t]-Fuzzy Cut Vertices and
(s, t] -Fuzzy End Vertices

Let G = (σ, µ) be a fuzzy graph. Let x, y ∈ V.
A path from x to y in G is a sequence π : x =
x0, x1, ..., xn = y of points xi in V such that σ(xi) > 0
for i = 0, 1, ..., n and µ(xi−1, xi) > 0 for i = 1, ..., n.
The strength of the path π is ∧{µ(xi−1, xi) | i =
1, ..., n}. Define CONNG(x, y) to be the maximum of
the strengths of all paths from x to y. If x ∈ V, we
use the notation G\x to denote the fuzzy graph de-
termined by setting σ(x) = 0 and µ(x, y) = 0 for all
y ∈ V such that (x, y) ∈ E. Properties of fuzzy cut
vertices and fuzzy end vertices can be found in [6]
and [4], respectively.

Definition 7 Let G = (σ, µ) be a fuzzy graph and
let x ∈ V. Then x is called a fuzzy cut vertex if
there exists y, z ∈ V \{x} such that CONNG(y, z) >
CONNG\x(y, z).

Definition 8 Let G = (σ, µ) be a fuzzy graph and
let x ∈ V. Then x is called a fuzzy end vertex if
there exists y ∈ V \{x} such that µ(x, y) > ∨{µ(x, z)
| z ∈ V, z 6= y}.
Definition 9 Let s, t ∈ [0, 1] be such that s < t. Let
G = (σ, µ) be a fuzzy graph and let x ∈ V. Then x is
called a (s, t]-fuzzy cut vertex if there exists y, z ∈
V \{x} such that CONNG(y, z)∧t >CONNG\x(y, z)∨
s.

Definition 10 Let s, t ∈ [0, 1] be such that s < t.
Let G = (σ, µ) be a fuzzy graph and let x ∈ V. Then

x is called an (s, t]-fuzzy end vertex if there exists
y ∈ V \{x} such that µ(x, y) ∧ t > ∨{µ(x, z) | z ∈
V, z 6= y} ∨ s.

If s = 0 and t = 1, then (0, 1]-fuzzy end vertices and
(0, 1]-fuzzy cut vertices are simply fuzzy end vertices
and fuzzy cut vertices of G, respectively.

Suppose that x ∈ V is an (s, t]-fuzzy end vertex.
Then the y ∈ V such that µ(x, y) ∧ t > ∨{µ(x, z) |
z ∈ V, z 6= y} ∨ s is unique. This follows since for
all u ∈ V \{y}, µ(x, y) ≥ µ(x, y) ∧ t > µ(x, u). Also,
if x is an (s, t]-fuzzy end vertex, then x is also an
(r, w]-fuzzy vertex for all r ∈ [0, s] and w ∈ [t, 1].

Example 11 Let V = {x, y, z} and E =
{(x, y), (x, z), (y, z)}. Let s = .05 and t = .95. De-
fine the fuzzy subset σ of V and the fuzzy subset
µ of E as follows: σ(x) = σ(y) = σ(z) = 1 and
µ(x, y) = µ(y, z) = 1 and µ(x, z) = .99. Then x is
a fuzzy end vertex, but not an (s, t]-fuzzy end vertex.
We also have that y is a fuzzy cut vertex, but not an
(s, t]-fuzzy cut vertex.

Example 12 Let V = {x, y, z} and E =
{(x, y), (x, z), (y, z)}. Let s = .05 and t = .95. De-
fine the fuzzy subset σ of V and the fuzzy subset
µ of E as follows: σ(x) = σ(y) = σ(z) = 1 and
µ(x, y) = µ(y, z) = .04 and µ(x, z) = .01. Then x is
a fuzzy end vertex, but not an (s, t]-fuzzy end vertex.
We also have that y is a fuzzy cut vertex, but not an
(s, t]-fuzzy cut vertex.

Remark 13 Let x ∈ V. If x is an end vertex in
(V, E), then x is a fuzzy end vertex and an (s, t]-fuzzy
end vertex for all t ∈ (0, 1] and for all s < t ≤ µ(x, y),
where y is the unique neighbor of x in G∗.

Definition 14 Let x, y ∈ V. Then y is called a neigh-
bor of x if µ(x, y) > 0. y is called a t-strong neigh-
bor of x if y is a neighbor of x and µ(x, t) ∧ t ≥
CONNG(x, y) ∧ t.

Theorem 15 Let z ∈ V be an (s, t]-fuzzy cut vertex
of G. Then z has at least two t-strong neighbors.

Proof. Since z is an (s, t]-fuzzy cut vertex of G,
there exists x, y ∈ V \{z} such that CONNG(x, y) ∧
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t > CONNG−z(x, y) ∨ s. Hence there exists a path
P from x to y and passing through z such that
s(P ) ∧ t = CONNG(x, y) ∧ t. Since x 6= z 6= y, z
has two neighbors in P, say u and v. Since (u, z) and
(z, v) are on P, µ(u, z)∧ t ≥ s(P )∧ t and µ(z, v)∧ t ≥
s(P ) ∧ t. Suppose µ(u, z) ∧ t < CONNG(u, z) ∧ t.
Then there exists a path Q from u to z such that
s(Q) ∧ t > µ(u, z) ∧ t. Let u′ in Q be a neighbor of
z. We show u′ 6= v. Suppose u′ = v. Let Q′ be the
path x...u...u′...v...y. Then s(Q′) ∧ t ≥ s(P ) ∧ t, but
Q′ does not pass through z. However this is impossi-
ble since CONNG−z(x, y)∧ t < CONNG(x, y)∧ t. Let
P ′ denote the path x...u...u′zv...y. Then s(P ′) ∧ t ≥
s(P ) ∧ t = CONNG(x, y) ∧ t. Suppose µ(u′, z) ∧ t <
CONNG(u, z) ∧ t. Then we can apply the above pro-
cess again. Now length(P ′) > length(P ). Hence this
process must end in a finite number of steps yield-
ing a neighbor u∗ of z such that µ(u∗, z) ∧ t ≥
CONNG(u, z) ∧ t. As above u∗ 6= v. Hence a simi-
lar argument can be used to yield a neighbor v∗ of z
such that u∗ 6= v∗ and µ(v∗, z)∧t ≥ CONNG(u, z)∧t.
Thus z has two t-strong neighbors, namely u∗ and v∗.

Definition 16 [3] Let x ∈ V. Then x is called a
weak fuzzy end node if there exists t ∈ (0, h(µ)]
such that x is an end node in Gt, where h(µ) is the
height of µ, i. e., h(µ) = ∨{µ(x, y)|(x, y) ∈ E}.

Definition 17 [3] Let x ∈ V. Then x is called a par-
tial fuzzy end node if x is an end node in Gt for
all t ∈ (d(µ), h(µ)] ∪ {h(µ)}, where d(µ) is the depth
of µ, i. e., d(µ) = ∧{µ(x, y)|(x, y) ∈ E}.

Proposition 18 Let x ∈ V. Then x is an (0, 1]-fuzzy
end vertex if and only if x is a weak fuzzy end vertex.

Proof. . Suppose x is an (0, 1]-fuzzy end vertex.
Then there exists y ∈ V such that µ(x, y) = µ(x, y)∧
1 > ∨{µ(x, z)|z ∈ V, z 6= y}. Thus x is an end vertex
in Ga, where a = µ(x, y). Hence x is a weak fuzzy
end vertex. Conversely, suppose x is a weak fuzzy
end vertex. Then x is an end node in Gb for some
b ∈ (0, h(µ)]. Hence there exists a unique y ∈ V such
that µ(x, y) > b and for all other z ∈ V, µ(x, z) < b.
Thus x is an (0, 1]-fuzzy end vertex.

Corollary 19 Let x ∈ V. Then x is a partial fuzzy
end vertex if and only if x is a (d(µ), 1]-fuzzy end
vertex.

Corollary 20 Let x ∈ V. Then x is an end vertex of
G∗ if and only if x is a (0, d(µ)]-fuzzy end vertex.
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