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Abstract 
In this paper, a novel smoothness term of Bayesian 
regularization framework based on M-estimation of 
robust statistics is proposed, and from this term a class 
of fourth-order nonlinear diffusion methods are 
proposed. These methods attempt to approximate an 
observed image with a piecewise linear image, which 
looks more natural than piecewise constant image used 
to approximate an observed image by P-M [1] model.  

It was shown [9] that M-estimators and W-
estimators are essentially equivalent and solve the 
same minimization problem. We propose PL bilateral 
filter from equivalent W-estimator, which is designed 
for piecewise linear image filtering and more effective 
than bilateral filter. 

Keywords: Bayesian regularization, M-estimation, 
Nonlinear diffusion, Bilateral filter. 

1. Introduction 
Since the elegant formulation of P-M model 
introduced by Perona and Malik [1] and TV-norm by 
Rudin et al. [2], nonlinear diffusion methods became 
more and more popular in the fields of image 
processing and computer vision. Both of them are 
PDE-based techniques that preserve edges well but 
have the sometimes undesirable staircase effect, see [3] 
[4] [5], namely the transformation of smooth regions 
into piecewise constant regions, and cause the 
processed image to look “blocky”. Staircase effect is 
visually unpleasant and likely to cause a post 
processing system to falsely recognize as edges the 
boundaries of different blocks that actually belong to 
the same smooth area in the original image. To 
overcome this difficulty several papers have offered 
using fourth-order PDEs, see [4] [5]. 

Although P-M model and TV-norm seem very 
different at the first glance and originate in different 
mathematical theories, Mrázek et al. [6] demonstrated 
that all these two methods could be cast into a unified 
framework of Bayesian regularization. 

In this paper, we propose a novel smoothness term 
of Bayesian regularization framework based on M-

estimation of robust statistics and a class of fourth-
order nonlinear diffusion methods. These diffusion 
methods attempt to approximate an observed image 
with a piecewise linear image, which looks more 
natural than piecewise constant image of P-M model 
and TV-norm. According to the equivalency of M-
estimator and W-estimator, we then propose a filter 
from equivalent W-estimator for piecewise linear 
image filtering, denoted as PL bilateral filter, which is 
more effective than bilateral filter. 

2. The smoothness term based on 
M-estimation and the relevant 
fourth-order nonlinear diffusion 

In Bayesian regularization framework, the data and 
smoothness terms are combined into a single 
functional, thus balancing the measured data against 
the smoothness assumptions. The resulting functional 
has the form 
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where Ω  is image domain, ( )Dψ ⋅  and ( )Sψ ⋅  are 

reasonable penalizing functions, 0α >  is some 
regularization parameter, f  and u denote the original 
and filtered image, respectively. In [6] Mrázek et al. 
demonstrated that P-M model [1] and bilateral filter 
[10] could be derived from the smoothness term of 
Bayesian regularization framework. In this paper we 
concentrate on the smoothness term only and propose 
a class of fourth-order PDEs to overcome staircase 
effect. 

A rather detailed analysis of staircase effect 
associated with P-M model was carried out in [3]. Let 
u denote the image intensity function, t  the time, and 
( )c ⋅  the diffusion coefficient, the P-M model as 

formulated in [1] may be presented as 

( )( )| | .u div c u u
t

∂
= ∇ ∇

∂
             (2) 

Equation (2) was associated with the following 
smoothness term 
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where ( ) 0f ⋅ ≥  is an increasing function associated 
 with the diffusion coefficient as 

( ) ( )'
.

f s
c s

s
=                        (4) 

As discussed in [3] the diffusion process of (2) 
evolves an observed image toward a piecewise 
constant image and is, therefore, the major reason for 
the diffusion process to suffer from staircase effect. 

You et al. [4] further extended the P-M model and 
proposed the following smoothness term 

( ) ( )2| | .SE u f u d
Ω

= ∇  Ω∫            (5) 

The associated fourth-order nonlinear diffusion 
equation is 

( )2 2 2| | .u c u u
t

∂ ⎡ ⎤= −∇ ∇ ∇⎣ ⎦∂
          (6) 

A related fourth-order diffusion equation and its 
properties are discussed in [7]. Instead of evolving an 
image towards a piecewise constant approximation by 
driving all gradients towards zero or infinity, these 
methods smooth and sharpen an image towards a 
piecewise linear approximation by driving all 
curvatures towards zero or infinity. 

Let iΩ , 1, ...i n=   , be a partition of image 

domain Ω . We define a piecewise linear image as 

1
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Note that any two adjacent iu  and ju  must be on 
different planes; otherwise, we can combine them as 
one. Let’s denote i∂Ω , as the boundary of 

partition iΩ , then i iΩ − ∂Ω  is the interior of iΩ . It 
is obvious that 

,iu∇ =   constant  2 0iu∇ =   .         (9) 

Since it is required that any two adjacent iu  and ju  
be on different planes, we have 

i ju u∇ ≠ ∇                        (10) 
for any two adjacent partitions. This indicates that the 
gradient is not continuous at the boundary 

i∂Ω = ∂Ω∪ . 
Consider the image gradient difference, 

| |i ju u∇ − ∇ , between pixel i  and its neighboring 

pixel j . Within one of the piecewise linear image 
regions, these neighbor gradient differences will be 
small. Hence an optimal estimator for the “true” value 
of the image intensity iu  at pixel i  minimizes the 
square of the neighbor gradient difference. In 
estimating the “true” intensity value at i  we want to 
include only those neighbors that belong to the same 
region. If neighboring pixel j comes from different 

region, then gradient difference | |i ju u∇ − ∇  can be 
viewed as an outlier. 

The problem of estimating a piecewise linear 
image from noisy data can be posed using the tools of 
robust statistics. We wish to find an image u  that 
satisfies the following smoothness term 

( ) ( )
( )

min ,S i ju i u j N i

E u u uρ σ
∈ ∈

= ∇ − ∇∑ ∑ (11) 

where ( )N i  represents the spatial neighborhood of 
pixel i , ( )ρ ⋅  is a robust error norm and σ  is a scale 
parameter. 

The continuous form of robust M-estimation 
problem (11) can be posed as  

( ) ( )min , ,S u
E u m dρ σ

Ω
=  Ω∫       (12) 

where ( )2 2 20.5 xx yy xym u u u= ⋅ + +  is a descriptor 

from a non-directional measure of curvature 
magnitude, see [7]. 

To minimize (11), the gradient at each pixel must 
be close to those of its neighbors, and an appropriate 
choice of the ρ − function allows us to minimize the 

effect of the outliers, | |i ju u∇ − ∇ , at the edges 
between piecewise linear image regions. 

Compared with some other higher order 
smoothness terms, see [4] [5], our approach is a 
general framework of functional minimization, and 
their models represent just special cases of our work. 

The equivalent Euler equation of (12) is 
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Equation (13) may be solved through the following 
gradient descent procedure 
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where ( ) ( )' m
m

m
ρ

ω = . Equation (14) is the 

nonlinear diffusion process proposed in this paper. 
Following the discussion of ρ − function and 

scale parameter σ  in [8], we choose Tukey biweight 

as the robust error norm and 5 eσ σ= , where 
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and 
( )

( )( )
MAD

med med
e m

m m

σ =

     = 1.4826 ⋅ − .  
(17) 

3. PL bilateral filter based on W-
estimation 

Equation (11) defines a M-estimator and is an instance 
of iteratively reweighted least squares. This taxonomy 
is extremely important because it was shown [9] that 
M-estimators and W-estimators are essentially 
equivalent and solve the same energy minimization 
problem. 

The equivalent W-estimator of (11) is 

( )
( )

, ,i i j j
j N i

u u u uω σ
∈

= ∇ − ∇∑     (18) 

where iu  is the intensity value of pixel i . 
Extend equation (18) to a larger spatial support, it 

becomes 

( ) ( )1
( )i i j j

j

u u u w i j u
k i

ω
∈Ω

= ∇ − ∇ −∑ (19) 

where ( )w ⋅ is a spatial weighting function (typically a 
Gaussian) and ( )k i  is a normalization term 

( ) ( )( ) .i j
j

k i u u w i jω
∈Ω

= ∇ − ∇ −∑  (20) 

It is obvious that the structure of equation (19) is 
similar to that of bilateral filter, see [10], so we denote 
equation (19) as piecewise linear bilateral filter. The 
output of PL bilateral filter for a pixel i  is influenced 
mainly by pixels that are close spatially and have a 
similar gradient. 

It was noted by Tomasi et al. [10] that bilateral 
filter usually requires only one iteration. In the 

following section we will see that PL bilateral filter is 
more effective than bilateral filter, when applied to 
piecewise linear images. 

4. Numerical examples 
We now demonstrate the performance of the proposed 
fourth-order PDEs and the PL bilateral filter. 

The noisy images shown in Fig.1 are degraded 
using Gaussian noise at a SNR = 5dB , where 

2

210lg ,f

n

std
SNR

std
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

              (21) 

fstd  and nstd  are standard deviations of original 
image and noise respectively. It is obvious that the 
proposed fourth-order PDEs not only remove noise 
effectively but also avoid the staircase effect. 

Fig.2 presents a piecewise linear test image, its 
noisy version and the relevant reconstructed image of 
PL bilateral filter. The obtained mean-square-error 
(MSE) gainTP

1
PT of bilateral filter after one iteration is 

1.1476, while the MSE gain for the PL bilateral filter 
is 1.3241. It is evident that PL bilateral filter is better 
compared with bilateral filter. 

5. Conclusions 
In this paper, we have introduced a novel smoothness 
term of Bayesian regularization framework based on 
M-estimation of robust statistics and a class of fourth-
order nonlinear diffusion methods. These PDEs 
attempt to approximate an observed image with a 
piecewise linear image, which looks more natural than 
piecewise constant image used to approximate an 
observed image by traditional P-M model and TV-
norm.  

Cause M-estimators and W-estimators are 
essentially equivalent and solve the same 
minimization problem, we propose a noniterative and 
simple filter from equivalent W-estimator, denoted as 
PL bilateral filter, for piecewise linear image filtering, 
which is more effective than traditional bilateral filter.  

Finally, the effectiveness of methods is 
emphasized by various experimental results for real 
and synthetic images. 
 
 
 
 
 
 
 
                                                           

TP

1
PT This gain is defined as the ratio between the MSE before 

and after the filtering. 
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(a) Top-noisy images, bottom-filtered images                    (b) Left-noisy image, right-filtered image                             

 
Fig. 1: Results of fourth-order PDEs using the Tukey biweight. 

 

                                                
(a) Original image                       (b) Noisy image                       (c) Filtered image                                            

 
Fig. 2: Results of PL bilateral filter applied to piecewise linear image. 
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