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Abstract

We show that fuzzy attribute implications, which are the
basic formulas of fuzzy attribute logic (FAL), can be in-
troduced in several logics with truth-evaluated syntax.
Namely, we focus on representing fuzzy attribute impli-
cations as formulas of threshold Boolean logic (TBL) and
fuzzy Horn logic (FHL). Our motivations stem basically
in the fact that TBL and FHL use formulas which are sim-
ilar to that of FAL. This opens a question whether one can
use results on TBL and FHL to get some insight into FAL,
e.g. to prove the completeness of FAL. The present paper
shows that in particular cases completeness of TBL and
FHL can be used to prove completeness of FAL.
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1. Introduction and preliminaries

In [2, 5, 6] we introduced fuzzy attribute implications as
particular if-then rules and studied their properties. Fuzzy
attribute implications are rules of the form “ifA thenB”,
whereA andB are collections of fuzzy attributes (an at-
tribute can apply to objects in degrees), with the meaning:
if an object has all the attributes ofA then it has also all
attributes ofB. Needles to say, if-then rules are perhaps
the most frequently used means of knowledge representa-
tion and are used in data mining, expert systems, theory of
control, etc. However, in real applications, we often face
situations where we are compelled to use those rules in
presence of vagueness (e.g., the behavior of a system can-
not be described precisely due to its complexity). It is then
quite natural to look at if-then rules from the viewpoint of
fuzzy logic.

We are primarily interested in entailment of fuzzy at-
tribute implications from sets of fuzzy attribute implica-
tions. That is, given a set of fuzzy attribute applications,
we investigate to which degree a particular fuzzy attribute
implication follows from that set. The semantic and syn-
tactic entailments from sets of fuzzy attribute implications
were studied in [5, 6]. In this paper we translate fuzzy
attribute implications into formulas of other logics with
truth-evaluated syntax and show that the existing results

can be used to get some new characterizations of entail-
ment from sets of fuzzy attribute implications.

Let us recall the preliminary notions. First, we need a
suitable structure of truth degrees: we will use complete
residuated lattice with truth-stressing hedges. A complete
residuated lattice with a (truth-stressing) hedge is an al-
gebraL = 〈L,∧,∨,⊗,→,∗,0,1〉 such that〈L,∧,∨,0,1〉 is
a complete lattice with 0 and 1 being the least and great-
est element ofL, respectively;〈L,⊗,1〉 is a commutative
monoid;⊗ and→ satisfy so-called adjointness property:
a⊗b≤ c iff a≤ b→ c; for eacha,b,c∈ L; hedge∗ sat-
isfies (i) 1∗ = 1, (ii) a∗ ≤ a, (iii) (a→ b)∗ ≤ a∗→ b∗, (iv)
a∗∗ = a∗, for all a,b∈ L. Elementsa of L are called truth
degrees.⊗ and→ are (truth functions of) “fuzzy conjunc-
tion” and “fuzzy implication”. Hedge∗ is a (truth function
of) logical connective “very true”, see [7, 8]. Two bound-
ary cases of hedges are (i) identity, i.e.a∗ = a (a∈ L); (ii)
globalization [10]:a∗ = 1 if a = 1, a∗ = 0 else.

Having L as our structure of truth degrees, we con-
sider the following structural notions: anL -set (fuzzy set)
A in universeU is a mappingA: U → L, A(u) being inter-
preted as “the degree to whichu belongs toA”. {a/u} de-
notes theL -set inU such that{a/u}(u) = a, {a/u}(v) = 0
for v 6= u. Let LU denote the collection of allL -sets in
U . We callA ∈ LU finite if {u ∈U |A(u) 6= 0} is finite.
The operations withL -sets are defined componentwise.
For instance, intersection ofL -setsA,B∈ LU is anL -set
A∩B in U such that(A∩B)(u) = A(u)∧B(u) for each
u∈U , etc. Then-ary L -relations onU can be thought of
asL -sets inUn. GivenA,B∈ LU , we define a subsethood
degreeS(A,B) =

V
u∈U

(
A(u)→ B(u)

)
, which generalizes

the classical subsethood relation⊆. Described verbally,
S(A,B) represents the degree to whichA is a subset ofB.
In particular, we writeA⊆ B iff S(A,B) = 1. Observe that
A⊆B iff A(u)≤B(u) for eachu∈U . In the following we
use well-known properties of residuated lattices and fuzzy
structures which can be found in monographs [1, 7].

2. Fuzzy attribute logic

Fuzzy attribute logic is a logical calculus for reasoning
with fuzzy attribute implications.Fuzzy attribute impli-
cation (over attributes Y) is an expressionA⇒ B, where
A,B∈ LY (A andB are fuzzy sets of attributes). The in-
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tended meaning ofA⇒ B is: “if it is (very) true that an
object has all attributes fromA, then it has all attributes
from B”. For anL -setM ∈ LY of attributes, we define a
degree||A⇒ B||M ∈ L to which A⇒ B is valid in Mby

||A⇒ B||M = S(A,M)∗ → S(B,M). (1)

The role of a hedge∗ is (i) purely technical, see [2, 5];
(ii) ∗ is a natural parameter of the interpretation of fuzzy
attribute implications [3, 5]. LetT be a set of fuzzy at-
tribute implications. M ∈ LY is called amodelof T if
||A⇒B||M = 1 for eachA⇒B∈ T. The set of all models
of T is denoted by Mod(T). A degree||A⇒ B||T ∈ L to
which A⇒ B semantically followsfrom T is defined by
||A⇒ B||T =

V
M∈Mod(T) ||A⇒ B||M. The following as-

sertion presents two properties of the degree of semantic
entailment|| · · · ||T which will be used in the sequel.

Theorem 1 (i) ||A⇒ B||T =
V

y∈Y||A⇒{B(y)/y}||T ;
(ii) ||A⇒ B||T =

W
{c∈ L | ||A⇒ c⊗B||T = 1}.

Proof. (i): For eachM ∈Mod(T) we have

||A⇒ B||M = S(A,M)∗ → S(B,M) =

=
V

y∈Y

(
S(A,M)∗ → (B(y)→M(y))

)
=

=
V

y∈Y

(
S(A,M)∗ → S({B(y)/y},M)

)
=

=
V

y∈Y||A⇒{B(y)/y}||M.

Thus,||A⇒ B||T =
V

y∈Y||A⇒{B(y)/y}||T .
(ii): See [6]. 2

In [6] we introduced theprovability degree| · · · |T and
proved the completeness of fuzzy attribute logic which
says that| · · · |T equals|| · · · ||T :

Theorem 2 (completeness of FAL [6])Let L and Y be
finite. Then for every set T of fuzzy attribute implications
and A⇒ B we have|A⇒ B|T = ||A⇒ B||T . 2

3. Threshold Boolean logic

Threshold Boolean logic (TBL, see [11]) is a predicate
calculus for reasoning with so-called threshold formulas
which was originally developed to study the characteriza-
tion of model classes of fuzzy structures by closure prop-
erties. TBL uses logical connectives with the classical in-
terpretation and fuzzy structures as interpretations of lan-
guages. An analogous approach is described in [9]. In the
sequel, we give a short survey of TBL.

By a type we mean a triplet〈R,F,σ〉, whereR is a
set of relation symbols,F is a set of function symbols,
R∩F = /0, andσ is a map assigning to each relation and
function symbols∈ F∪R its arityσ(s)∈N0. Given finite
L , and type〈R,F,σ〉, anL -language of type〈R,F,σ〉, de-
noted byL , is a collection of symbols for logical connec-
tives and quantifiers (⇒, ¬, and∀), symbols for variables

x,y, . . . , relation symbolsr ∈ R, function symbolsf ∈ F ,
and auxiliary symbols (parentheses, etc.). In addition to
that, we assume thatL also contains all the elements ofL
which can be seen assymbols for threshold truth degrees.
Further, we assume that each language contains binary re-
lation symbol≈ (symbol for equality). IfL is clear from
the context, we callL -languages simplylanguages.

Terms(of languageL) are defined as usual.Formulas
of L are defined as follows:

(i) if t1, . . . , tn are terms ofL , r is an n-ary relation
symbol ofL , anda∈ L, then〈r(t1, . . . , tn),a〉 is an
(atomic) formula ofL ,

(ii) if ϕ,ψ are formulas ofL andx is a variable ofL ,
then(ϕ ⇒ ψ), ¬ϕ, and(∀x)ϕ are formulas ofL ,

In case of≈, we write 〈t ≈ t ′,a〉 instead of〈≈(t, t ′),a〉.
Formulas of TBL will be occasionally referred to as
threshold formulas; formulas of this form are also known
assigned formulasor annotated formulas[9]. TBL uses
only ⇒ and¬ as the basic (symbols for) logical connec-
tives and∀ for the universal quantifier. The other logical
connectives (conjunction, disjunction, etc.) and the exis-
tential quantifier can be introduced as shorthands for for-
mulas, e.g.,ϕ& ψ stands for¬(ϕ⇒¬ψ), ϕYψ stands for
¬ϕ ⇒ ψ, etc. Further, we assume the usual conventions
for writing formulas like the omission of parentheses.

In order to introduce the interpretation of threshold
formulas, we need suitable semantic structures. Having
a languageL of type 〈R,F,σ〉 given, anL -structure for
languageL is a tripletM = 〈M,RM ,FM 〉 such thatM 6= /0,

RM = {rM : Mn → L | r ∈ Randσ(r) = n},
FM = { f M : Mn →M | f ∈ F andσ( f ) = n}, and

u≈M v = 1 iff u = v for all u,v∈M.

That is, M represents a nonempty universe setM en-
dowed with a collectionRM of L -relations and a collec-
tion FM of functions so that eachn-ary relation symbol
r ∈ R corresponds with (is interpreted by) then-ary L -
relationrM ∈ RM and eachn-ary function symbolf ∈ F
corresponds with (is interpreted by) then-ary function
f M ∈ FM . If L is the two-element Boolean algebra then
the L -structures are but the classical structures of predi-
cate logic.

An M -valuationis a mappingv assigning to each vari-
ablex an element ofM. For M -valuationsv,w we write
v≡x w if v(y) = w(y) for each variabley distinct fromx. If
M is clear from the context,M -valuations shall be simply
called valuations. We let||t||M ,v denote the interpretation
of the termt in M underv. ϕ is true inM under v, written
M |= ϕ[v], if

(i) ϕ is 〈r(· · · ti · · ·),a〉, andrM (· · · ||ti ||M ,v · · ·)≥ a;
(ii) ϕ is ψ ⇒ χ, and ifM |= ψ[v] thenM |= χ[v];
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(iii) ϕ is¬ψ, andM 6|= ψ[v];
(iv) ϕ is (∀x)ψ, andM |= ψ[w] for eachw≡x v.

ϕ holds(is valid) in M if M |= ϕ[v] for eachM -valuationv.
Observe that the definition ofM |= ϕ[v] distinguishes from
the classical one only in (i), because TBL uses atomic for-
mulas with threshold degrees. That is, TBL uses logical
connectives⇒ and¬ with the classical interpretation.

Finally, we need notions of a model and a semantic en-
tailment. Given a setT of formulas ofL , anL -structure
M for L is called amodel of T, written M ∈ Mod(T), if
eachϕ ∈ T holds inM . ϕ semantically follows from T,
denoted byT |= ϕ, if ϕ holds in each model ofT. In [11]
we also introduced the notion ofprovability; the fact that
ϕ is provable fromT is denoted byT ` ϕ. Due to the lim-
ited scope of this paper we do not describe`; it is not even
necessary to understand the transformation presented be-
low because the transformation is a model-theoretical one.
Note that the completeness theorem of TBL says that the
syntactic entailment̀ (provability) coincides with the se-
mantic entailment|=:

Theorem 3 (completeness of TBL [11])Let T be a set
of formulas ofL . Then for eachϕ of L we have T̀ ϕ iff
T |= ϕ. 2

Completeness of FAL via TBL
Since TBL is a predicate calculus, we first need to spec-
ify a language and a way to translate implications with
fuzzy attributes into threshold formulas of that language.
So, let Y = {y1, . . . ,yn} be a set of attributes. Con-
sider the languageL of type 〈R,F,σ〉, whereR= {r,≈},
F = {c1, . . . ,cn}, σ(r) = 1, andσ(c1) = · · · = σ(cn) = 0.
Thus,r is a unary relation symbol andc1, . . . ,cn are con-
stants. For each fuzzy attribute implicationA⇒ B overY
we consider a formula thr(A⇒ B) of L defined by

(〈r(c1),A(y1)〉& · · ·&〈r(cn),A(yn)〉)⇒
⇒ (〈r(c1),B(y1)〉& · · ·&〈r(cn),B(yn)〉).

Now for each setT of fuzzy attribute implications overY
we define a set thr(T) of formulas ofL as follows:

thr(T) ={thr(A⇒ B) |A⇒ B∈ T}∪
{¬〈ci ≈ c j ,1〉 | i 6= j}∪
{(∀x)(〈x≈ c1,1〉Y · · ·Y 〈x≈ cn,1〉)}.

Further, for eachL -setM ∈ LY of attributes we consider
an L -structure thr(M) = 〈Y,Rthr(M),F thr(M)〉 for L such
that y ≈thr(M) y = 1 (y ∈ Y), yi ≈thr(M) y j = 0 (i 6= j),

r thr(M) = M, andcthr(M)
i = yi (i = 1, . . . ,n). The follow-

ing assertion characterizes the relationship betweenM and
thr(M) from the viewpoint of validity.

Lemma 4 Let L be a residuated lattice with globaliza-
tion. Then||A⇒ B||M = 1 iff thr(M) |= thr(A⇒ B).

Proof. Observe that||A ⇒ B||M = 1 iff A ⊆ M implies
B⊆M iff A⊆ r thr(M) impliesB⊆ r thr(M) iff

A(yi)≤ r thr(M)(cthr(M)
i

)
(i = 1, . . . ,n)

implies

B(yi)≤ r thr(M)(cthr(M)
i

)
(i = 1, . . . ,n),

which holds true iff

thr(M) |= (〈r(c1),A(y1)〉& · · ·&〈r(cn),A(yn)〉)
implies

thr(M) |= (〈r(c1),B(y1)〉& · · ·&〈r(cn),B(yn)〉),
which is true iff thr(M) |= thr(A⇒ B). 2

The following theorem establishes the connection be-
tween FAL and TBL. Due to the semantics of TBL, the
assertion is limited only to the globalization taken as the
truth-stressing hedge.

Theorem 5 (completeness of FAL via TBL)Let L be a
finite residuated lattice with globalization. Then for each
set T of fuzzy attribute implications we have

||A⇒ B||T =
W
{c∈ L | thr(T) ` thr(A⇒ c⊗B)}.

Proof. First, observe that ifM is a model ofT, then
thr(M) is a model of thr(T). Conversely, ifM is a model
of thr(T), thenM ∈ LY defined byM(yi) = rM (cM

i ) (i =
1, . . . ,n) is a model ofT such that thr(M) |= thr(A⇒B) iff
M |= thr(A⇒B). Therefore, Lemma 4 gives||A⇒B||T =
1 iff thr(T) |= thr(A⇒B) which together with Theorem 1
(ii) and Theorem 3 yields

||A⇒ B||T =
W
{c∈ L | ||A⇒ c⊗B||T = 1}=

=
W
{c∈ L | thr(T) |= thr(A⇒ c⊗B)}=

=
W
{c∈ L | thr(T) ` thr(A⇒ c⊗B)}. 2

4. Fuzzy Horn logic

Fuzzy Horn logic (FHL) was introduced in [3]. This cal-
culus was developed to deal with equalities in fuzzy set-
ting (FHL is Pavelka-style complete [7], model classes
of FHL are characterized by closure properties). Unlike
TBL, FHL interprets logical connectives by operations of
general residuated lattices and defines a notion of a degree
of provability. Languages of FHL consist of function sym-
bols and a single relation symbol≈ for equality. Thus,
the translation of fuzzy attribute implications into formu-
las of FHL (so-called Horn clauses with truth-weighted
premises) will be more complicated because we can use
the only relation symbol≈ which is interpreted by anL -
equality relation (see [3, 4]).

Assume we are given a languageL of type 〈R,F,σ〉,
whereR = {≈}. A Horn clause(of L) is an expression
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P⇒ t ≈ t ′, wheret, t ′ are terms ofL , andP is a finite bi-
naryL -relation on the set of all terms ofL . Let P⇒ t ≈ t ′

be a Horn clause ofL . Given anL -structure forL and an
M -valuationv, we define thedegree||P⇒ t ≈ t ′||M ,v to
which P⇒ t ≈ t ′ is true inM under v:

||P⇒ t ≈ t ′||M ,v = S(P,θv])∗ → ||t||M ,v ≈M ||t ′||M ,v,

where θv](s,s′) = ||s||M ,v ≈M ||s′||M ,v for all terms s,s′

of L . The degree||P ⇒ t ≈ t ′||M to which P⇒ t ≈ t ′

is true inM is defined by

||P⇒ t ≈ t ′||M =
V
{||P⇒ t ≈ t ′||M ,v |v is a valuation}.

L -sets of Horn clauses (of the same language) will be de-
noted byΣ,Σ′, . . . , Σ(P⇒ t ≈ t ′) being interpreted as “the
degree to whichP⇒ t ≈ t ′ belongs toΣ”. An L -structure
M for L is called amodel ofΣ, writtenM ∈Mod(Σ), if M
satisfies (i)u≈M v= v≈M u, (ii) u≈M v⊗v≈M w≤ u≈M

w, (iii) u1 ≈M v1⊗ ·· · ⊗ un ≈M vn ≤ f M (u1, . . . ,un) ≈M

f M (v1, . . . ,vn), andΣ(P⇒ t ≈ t ′) ≤ ||P⇒ t ≈ t ′||M for
each Horn clauseP⇒ t ≈ t ′. Thedegree||P⇒ t ≈ t ′||Σ to
which P⇒ t ≈ t ′ semantically follows fromΣ is defined by

||P⇒ t ≈ t ′||Σ =
V
{||P⇒ t ≈ t ′||M |M ∈Mod(Σ)}.

FHL defines degrees| · · · |Σ ∈ L of provability of Horn
clauses fromL -sets of Horn clauses [3]. IfL is a finite
residuated lattice with a Horn hedge [3], FHL is Pavelka-
style complete:|P⇒ t ≈ t ′|Σ = ||P⇒ t ≈ t ′||Σ for anyΣ
andP⇒ t ≈ t ′. Again, we do not describe| · · · |Σ in more
detail since this is not necessary for the subsequent trans-
formation.

Completeness of FAL via FHL
Due to the limited scope of this paper, we present only a
sketch of the procedure. For a setY = {y1, . . . ,yn} of at-
tributes we letL be the language of type〈R,F,σ〉, where
F = {c1,c1, . . . ,cn,cn} is a set of constants andR= {≈}.
For eachL -set A ∈ LY and y = yi ∈ Y we consider
Horn clauseP ⇒ ci ≈ ci , abbreviated fhl(A,y), where
P(c j ,c j) = A(y j) ( j = 1, . . . ,n), P(s,s′) = 0 else. Further,
for a setT of fuzzy attribute implications overY we define
anL -set fhl(T) of Horn clauses by(fhl(T))(fhl(A,y)) =W
{B(y) |A ⇒ B ∈ T}, (fhl(T))(ϕ) = 0 else. Finally,

for eachM ∈ LY we consider anL -structure fhl(M) =
〈Y∪{y1, . . . ,yn},Rfhl(M),F fhl(M)〉 such thatcfhl(M)

i = yi ,

cfhl(M)
i =

{
yi if M(yi) 6= 1,
yi otherwise,

(i = 1, . . . ,n),

and≈fhl(M) is the leastL -equality onY∪{y1, . . . ,yn} such

thatcfhl(M)
i ≈fhl(M) cfhl(M)

i = M(yi) (i = 1, . . . ,n).

Lemma 6 (i) ||A⇒{1/y}||M = ||fhl(A,y)||fhl(M);
(ii) if M ∈ LY is a model of T thenfhl(M)∈Mod(fhl(T));
(iii) if M is a model offhl(T) then M∈ LY defined by
M(yi) = cM

i ≈M cM
i (i = 1, . . . ,n) is a model of T such that

||fhl(A,y)||fhl(M) = ||fhl(A,y)||M (A∈ LY, y∈Y). 2

Theorem 7 (completeness of FAL via FHL)Let L be a
finite residuated lattice with hedge for which FHL is com-
plete. Then for each set T of fuzzy attribute implications
we have||A⇒ B||T = S(B, fhlT(A)), wherefhlT(A) ∈ LY

is defined by(fhlT(A))(y) = |fhl(A,y)|fhl(T).

Proof. Lemma 6 yields that||A⇒ {b/y}||T = 1 holds iff
b≤ ||fhl(A,y)||fhl(T). Thus, using Theorem 1, Lemma 6,
and Pavelka-style completeness of FHL, we get

||A⇒ B||T =
W
{c∈ L | ||A⇒ c⊗B||T = 1}=

=
W
{c∈ L | ||A⇒{c⊗B(y)/y}||T = 1 for eachy}=

=
W
{c∈ L |c⊗B(y)≤ ||fhl(A,y)||fhl(T) for eachy}=

=
W
{c∈ L |c≤

V
y∈Y

(
B(y)→ ||fhl(A,y)||fhl(T)

)
}=

=
V

y∈Y

(
B(y)→ ||fhl(A,y)||fhl(T)

)
=

=
V

y∈Y

(
B(y)→ |fhl(A,y)|fhl(T)

)
= S(B, fhlT(A)). 2
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