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Abstract can be used to get some new characterizations of entail-
ment from sets of fuzzy attribute implications.
We show that fuzzy attribute implications, which are the Let us recall the preliminary notions. First, we need a
basic formulas of fuzzy attribute logic (FAL), can be insuitable structure of truth degrees: we will use complete
troduced in several logics with truth-evaluated syntapgsiduated lattice with truth-stressing hedges. A complete
Namely, we focus on representing fuzzy attribute implesiduated lattice with a (truth-stressing) hedge is an al-
cations as formulas of threshold Boolean logic (TBL) angebral. = (L, A, V,®,—,*,0,1) such thatfL, A, V,0,1) is
fuzzy Horn logic (FHL). Our motivations stem basically complete lattice with 0 and 1 being the least and great-
in the fact that TBL and FHL use formulas which are sinest element of,, respectively;L,®,1) is a commutative
ilar to that of FAL. This opens a question whether one cafonoid; ® and— satisfy so-called adjointness property:
use results on TBL and FHL to get some insightinto FAlag b < ciff a < b — c; for eacha,b,c € L; hedge* sat-
e.g. to prove the completeness of FAL. The present papsies (i) I* = 1, (i) a* < a, (jii) (a— b)* <a* — b, (iv)
shows that in particular cases completeness of TBL agd = a*, for all a,b € L. Elementsa of L are called truth
FHL can be used to prove completeness of FAL. degrees® and— are (truth functions of) “fuzzy conjunc-
tion” and “fuzzy implication”. Hedgé is a (truth function
Keywords: Boolean logic, fuzzy logic, fuzzy attribute, 0f) logical connective “very true”, see [7, 8]. Two bound-
if-then rule, threshold, provability degree, completenesgry cases of hedges are (i) identity, &= a (a € L); (ii)
globalization [10]:a* =1 if a=1,a* =0 else.
Having L as our structure of truth degrees, we con-
1. Introduction and preliminaries sider the following structural notions: &nset (fuzzy set)
Ain universel is a mappingA: U — L, A(u) being inter-
In [2, 5, 6] we introduced fuzzy attribute implications apreted as “the degree to whictbelongs toA”. {/u} de-
particular if-then rules and studied their properties. Fuzpgtes thd_-set inU such that{?/u}(u) = a, {#/u}(v) =0
attribute implications are rules of the form 4fthenB”, for v u. LetLY denote the collection of all-sets in
whereA andB are collections of fuzzy attributes (an att. We callA € LY finite if {u € U |A(u) # 0} is finite.
tribute can apply to objects in degrees), with the meaninhe operations withL-sets are defined componentwise.
if an object has all the attributes &fthen it has also all For instance, intersection af-setsA,B LY is anL-set
attributes ofB. Needles to say, if-then rules are perhagsn B in U such that(ANB)(u) = A(u) A B(u) for each
the most frequently used means of knowledge representa-U, etc. Then-ary L-relations orlJ can be thought of
tion and are used in data mining, expert systems, theoryast-sets inU". GivenA B € LY, we define a subsethood
control, etc. However, in real applications, we often factegreeS(A, B) = A<y (A(u) — B(u)), which generalizes
situations where we are compelled to use those rulegtie classical subsethood relation Described verbally,
presence of vagueness (e.g., the behavior of a system &A;B) represents the degree to whihs a subset oB.
not be described precisely due to its complexity). Itis thén particular, we writeA C Biff S(A,B) = 1. Observe that
quite natural to look at if-then rules from the viewpoint ofA C Biff A(u) < B(u) for eachuc U. In the following we
fuzzy logic. use well-known properties of residuated lattices and fuzzy
We are primarily interested in entailment of fuzzy astructures which can be found in monographs [1, 7].
tribute implications from sets of fuzzy attribute implica-
tions. That is, given a set of fuzzy attribute applications, ] .
we investigate to which degree a particular fuzzy attribui. Fuzzy attribute |OgIC
implication follows from that set. The semantic and syn-
tactic entailments from sets of fuzzy attribute implicatiorlsuzzy attribute logic is a logical calculus for reasoning
were studied in [5, 6]. In this paper we translate fuzayith fuzzy attribute implications.Fuzzy attribute impli-
attribute implications into formulas of other logics witkcation (over attributes Y is an expressioi = B, where
truth-evaluated syntax and show that the existing resuksB € LY (A andB are fuzzy sets of attributes). The in-
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tended meaning oA = B is: “if it is (very) true that an x,y,..., relation symbols € R, function symbolsf € F,
object has all attributes fror, then it has all attributesand auxiliary symbols (parentheses, etc.). In addition to
from B”. For anL-setM € LY of attributes, we define athat, we assume that also contains all the elementslof
degreg||A=- B||m € L to which A= Bis valid in Mby  which can be seen aymbols for threshold truth degrees.
. Further, we assume that each language contains binary re-

IA= Bllm = XAM)" — S(B,M). @) |ation symbol~ (symbol for equality). IfL is clear from
The role of a hedgé is (i) purely technical, see [2, 5];the context, we call -languages simplianguages
(i) * is a natural parameter of the interpretation of fuzzy Terms(of languager) are defined as usuatormulas
attribute implications [3, 5]. LeT be a set of fuzzy at- Of £ are defined as follows:
tribute implications. M € LY is called amodelof T if (i) if ta,....t, are terms ofz, r is an n-ary relation

||A:>_ B||m = 1 for eachA=-B e T. The set of all models symbol of £, anda € L, then(r(ty,...,tn),a) is an

of T is denoted by MofIT). A degree||A= BJ|r €L to (atomic) formula ofz,

WAh'Ch g‘ :>E semantlcallx follcéwiror_phT |fs chJIefl_ned by (i) if ¢,y are formulas ofL andx is a variable ofzZ,
1A= Bllr = Amewmod() lIA = Bllm. The following as- then(¢ = ), —¢, and(vx)¢ are formulas ofz,
sertion presents two properties of the degree of semantic

entailment|--- |7 which will be used in the sequel. |y case of~, we write (t ~ t',a) instead of(~(t,t'),a).
Theorem 1 (i) ||A= B||t = Avey||A= {BO)/y}|1; Formulas of TBL will be occasionally referred to as
(i) [JA= Bt = V{celL] ||A§ c® Bt = 1}. threshold formulasformulas of this form are also known

assigned formula®r annotated formulagd]. TBL uses

only = and— as the basic (symbols for) logical connec-

||A= B||m = S(ALM)* — S(B,M) = tives andv for the universal quantifier. The other logical
_ N _ connectives (conjunction, disjunction, etc.) and the exis-
= Nyev (SAM)" — (B(Y) — M(y))) = tential quantifier can be introduced as shorthands for for-

Proof. (i): For eachM € Mod(T) we have

= Ayey (SAM)* — S({BY)/y} M) = mulas, e.g.$ & Y stands for~(¢p = —), ¢ ¥ Y stands for
= Avey||A= {B(y)/y}HM -¢ = |, etc. Further, we assume the usual conventions
ye for writing formulas like the omission of parentheses.
Thus,||A = B||T = Ayev||A = {BO)/y} 7. In order to introduce the interpretation of threshold
(i): See [6]. o formulas, we need suitable semantic structures. Having

) . a languages of type (R F,a) given, anL-structure for
In [6] we introduced theprovability deg.ree|---|T. and . IﬁnguageL is a tripletM — (M,RM  FM) such thaM + 0,
proved the completeness of fuzzy attribute logic whic

says that---[r equals|---||r: RM = {rM:M" — L|r € Randa(r) = n},

Theorem 2 (completeness of FAL [6])Let L and Y be FM ={fM:M" - M|f € F ando(f) =n}, and

finite. Then for every set T of fuzzy attribute implications y ~M v = 1 iff u=vfor all u,v € M.

and A= B we havdA=-B|t = ||A= B||t. O
That is, M represents a nonempty universe béten-
dowed with a collectiorRV of L-relations and a collec-

3. Threshold Boolean Iogic tion FM of functions so that each-ary relation symbol

. ) . I € R corresponds with (is interpreted by) theary L-
Threshold Boolean logic (TBL, see [11]) is a predicaigationr™ < RM and each-ary function symbolf € F

calculus for reasoning with so-called threshold form”"’é%rresponds with (is interpreted by) timeary function
which was originally developed to study the characterizgm - EM |5 | is the two-element Boolean algebra then

tion of model classes of fuzzy structures by closure progy | _structures are but the classical structures of predi-
erties. TBL uses logical connectives with the classical ipzte logic.

terpretation and fuzzy structures as interpretations of lan- An M-valuationis a mapping assigning to each vari-
guages. An analogous approach is described in [9]. In %ex an element oM. For M-valuationsv,w we write

sequel, we give a short survey of TBL. _ v=.wif v(y) = w(y) for each variablg distinct fromx. If
By atypewe mean a triple{R.F,0), whereR is @\, is cjear from the contex-valuations shall be simply
set of relation symbolsi- is a set of function symbols, o6 yajuations. We létt||w v denote the interpretation

RNF =0, ando is a map assigning to each relation angf the termt in M underv. ¢ is true inM under vy written
function symbok € F URits arity o(s) € No. Given finite , = o[, if

L, and type(R,F,0), anL-language of typéR,F, o), de- o
noted byL, is a collection of symbols for logical connec- (i) ¢ is (r(---ti---),a), andr™ (---[[ti[lmv---) > &
tives and quantifiers={, —, andv), symbols for variables (i) ¢ isy = x, and ifM |= [v] thenM = x[V];
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(i) ¢ is—Ww, andM H W|vi; Proof. Observe that|A = B||y = 1 iff AC M implies
(iv) ¢ is (YX)y, andM |= [w] for eachw = v. B C Miff AC r'"™) impliesB C rt"M) jff

¢ holds(is valid) in M if M = ¢[v] for eachM -valuationv. Ayi) < rthrM) (thr(M)) (i=1,...,n)
Observe that the definition 8 = ¢[v] distinguishes from jmpjies
the classical one only in (i), because TBL uses atomic for- the(M) { hr(M) _
mulas with threshold degrees. That is, TBL uses logical By) <r™™ (™) (i=1,....n),
connectives= and— with the classical interpretation.  which holds true iff

Finally, we need notions of a model and a semantic en-
tailment.yGiven a set of formulas of £, anL-structure .thr(M) = ({r(e), AlyL)) & -+ & (1 (Ca). AO)))
M for £ is called amodel of T, written M € Mod(T), if ImPplies
eachd € T holds inM. ¢ semantically follows from T thr(M) [= ((r(c1),B(y1)) & -+ &(r(cn),B(¥n))),
denoted byl |= ¢, if ¢ holds in each model of . In [11] P ;
we also introduced the notion pfovability; the fact that which is true iff thiM) |=thr(A = B). S
¢ is provable fromT is denoted byl - ¢. Due to the lim-

. . o The following theorem establishes the connection be-
ited scope of this paper we do not desctihé is not even

¢ derstand the t ; i ted een FAL and TBL. Due to the semantics of TBL, the
necessary 1o understand the transtormation preésented e io, is limited only to the globalization taken as the

low because the transformation is a model-theoretical o & ;
th-stressing hedge.

Note that the completeness theorem of TBL says that the ¢ g

syntactic entailmerit (provability) coincides with the se-

X : } Theorem 5 (completeness of FAL via TBL)LetL be a
mantic entailment=:

finite residuated lattice with globalization. Then for each

Theorem 3 (completeness of TBL [11])Let T be a set Set T of fuzzy attribute implications we have
of formulas of£. Then for eacl of L we have T+ ¢ iff |[A= B||t = V{ceL|thr(T) Fthr(A= c®B)}.

TEo. = Proof. First, observe that iM is a model ofT, then
thr(M) is a model of thfT). Conversely, ifM is a model

Completeness of FAL via TBL Y e M7 MA 7

. . . ' of thr(T), thenM € L defined byM(y;) =" (¢") (i =
Since TBL is a predicate calculus, we first need to spec- ) is a model off such that thiM) = thr(A— B) iff
ify a language and a way to translate implications wiff} | "’

fuzzy attributes into threshold formulas of that Ianguagf,lf'f:tmz%'::?g;(;hirg;ovrv%ilgﬁ Em;se%“ﬁﬁ_ﬁlsg:e; 1
So, letY = {yi,...,yn} be a set of attributes. Con-(ii) and Theorem 3 vields 9
sider the languagé of type (R F,0), whereR= {r,~}, y

F={C,....c}, or) = 1,ando(cy) = - = 0(c) = 0. o gjjr = \/{cel|||A= coBllr =1} =
Thus,r is a unary relation symbol ardd, ..., c, are con-

stants. For each fuzzy attribute implicatién= B overY = V{ceL[thr(T) =thr(A=c®B)} =

we consider a formula thA = B) of £ defined by =V{celL|thr(T)+thr(A=c®B)}. a

({r(ca),A(y1)) & ---&(r(cn),Al¥n))) =

= ((r(c1),B(y1)) & ---&(r(ca), B(yn)))- 4. Fuzzy Horn |Ogic
Now for each seT of fuzzy attribute implications ovef
we define a set tiil) of formulas of~ as follows: Fuzzy Horn logic (FHL) was introduced in [3]. This cal-
culus was developed to deal with equalities in fuzzy set-
thr(T) ={thr(A=B)|A=Bc T}U ting (FHL is Pavelka-style complete [7], model classes
{~{a=cj1)i#jru of FHL are characterized by closure properties). Unlike
{(W)((x~c1,1) Y -V (X~ cn, 1))} TBL, FHL interprets logical connectives by operations of
general residuated lattices and defines a notion of a degree
Further, for each.-setM € LY of attributes we consider of provability. Languages of FHL consist of function sym-
an L-structure thfM) = (Y,RMM) M)y for £ such bols and a single relation symbse! for equality. Thus,
thaty ~"M y =1 (yeY), yi "M y; =0 (i # ), the translation of fuzzy attribute implications into formu-
rthr(M) — . andc}hr(M) —vi (i=1,...,n). The follow- las of FHL (so-called Horn clauses with truth-weighted
ing assertion characterizes the relationship betw¢and Premises) will be more complicated because we can use
thr(M) from the viewpoint of validity. the only relation symbot: which is interpreted by ah-
equality relation (see [3, 4]).
Lemma 4 LetL be a residuated lattice with globaliza- Assume we are given a languageof type (R F, o),
tion. Then||A=- B||m = 1iff thr(M) |=thr(A=-B). whereR= {=}. A Horn clause(of £) is an expression
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P=t~t, wheret,t’ are terms of~, andP is a finite bi-
naryL -relation on the set of all terms &f. LetP =t ~t’

be a Horn clause aof. Given anL-structure forL and an
M-valuationv, we define thedegree||P =t ~ /|| v tO

which P=t ~ t’ is true inM under v

IP=tat vy =SP8,)" — [Itlmy =M [It'][mv,

where8,:(s,s) = |[sl|lmy =M ||§]||m v for all termss,s
of £. Thedegree||P =t ~ t'||u to which P=t ~t'
is true inM is defined by

[|P=tat'||w = A{||P=t~t||my|Vis avaluation.

Theorem 7 (completeness of FAL via FHL)LetL be a
finite residuated lattice with hedge for which FHL is com-
plete. Then for each set T of fuzzy attribute implications
we have|A = B||r = S(B,fhlt(A)), wherefhl (A) € LY

is defined byfhlt (A))(y) = [fhI(AY)|fi(T)-

Proof. Lemma 6 yields thajA = {®/y}||r = 1 holds iff
b < [[thI(A,y)||i(T)- Thus, using Theorem 1, Lemma 6,
and Pavelka-style completeness of FHL, we get

[|[A=B||T =V{ceL||[A=cxB|r=1}=
=V{cell||A= {¢=BV)/y}||t = 1 for eachy} =

L -sets of Horn clauses (of the same language) will be de= V{ceL|lcaB(y) < |[fthl(A, y)”fhl(T) for eachy} =

noted byz,%',..., ¥(P =t ~t’) being interpreted as “the

degree to whiclP =t ~t’ belongs t&". An L-structure
M for L is called anodel ofz, writtenM € Mod(Z), if M
satisfies (ilu~Mv=vaMuy, (i) uxMvevaMw<uxM
w, (i) uy *Mvi®@--@up =M v, < tM(ug,...,up) =M
fM(ve,...,vn), andZ(P =t = t') < ||P =t =~ t|| for
each Horn clausB = t ~t’. Thedegred |P =t ~t'||5 to
which P=-t ~t’ semantically follows fror is defined by

[[P=t=t|lz=A{|[P=t=t||w|M € Mod(Z)}.

FHL defines degreek --|s € L of provability of Horn
clauses fronL-sets of Horn clauses [3]. If is a finite

=V{ceLlc< Ayey (BlY) = [Ifhl(AY)ni(m) } =
= Ayev (B(Y) = [[fhl(AY)[ltni(T)) =
= Ayev (B(Y) — [fhI(A Y)|imi(r)) = S(B,fhiT(A)). O
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