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Abstract plete residuated lattice with truth-stressing hedge (shortly,
a hedge). A complete residuated lattice with a hedge is an
Fuzzy attribute implications are particular if-then rulegigebral. = (LA, V,®,—,*,0,1) such thatL, A, V,0,1)
which can be extracted from data tables with fuzzy a& a complete lattice with 0 and 1 being the least and
tributes. We develop fuzzy attribute logic (FAL), its syngreatest element df, respectively;(L,®,1) is a com-
tax, semantics, and prove a classical as well as Pavelfatative monoid (i.e® is commutative, associative, and
-style completeness theorem for FAL. Also, we preseaty 1 = 1@ a = a for eacha € L); @ and— satisfy so-
relationships to completeness of sets of attribute implicgalled adjointness propertg® b < ciff a < b — c; for
tions w.r.t. data tables. Because of the limited scope&dcha,b,c € L; hedge* satisfies (i) T = 1, (ii) a* < a,
the paper, we omit examples. (i) (a— b)* <a* —b*, (iv) a* =a*, foralla,be L.
Elementsa of L are called truth degrees® and — are
Keywords: fuzzy logic, fuzzy attribute, if-then rule, prov-(truth functions of) “fuzzy conjunction” and “fuzzy impli-
ability degree, completeness cation”. Hedge is a (truth function of) logical connective
“very true”, see [7, 8]. Properties (i)—(iv) have natural in-
terpretations, e.g. (iii) can be read: &f— b is very true
and ifais very true, therb is very true”, etc.

The present paper describes a logical calculus for reas?n-.A.CommOn choice Of‘ IS a §tructure withl - 0,1]

ing with rules of the form “ifA thenB’ (A= B), whereA unit interval),A andv being minimum and maximun®
andB are fuzzy collections of attributes, With the meal _Eing a Ieft:[c'ontim:outs t-norm fWitcT. thet correstp onding h
ing: if an object has all the attributes Afthen it has also ree most important pairs ot adjoint operations on the

all attributes ofB. Our motivation to look at such rulesunit interva_l are: tukasiewicz(® b = maxa-+ b.f 1,0),
— b=min(1—a+b,1)), Godel: @® b= min(a,b),

from the viewpoint of fuzzy logic is that attributes are of? L T )
ten fuzzy (an attribute can apply to an object in degreeasT’ E B 1 'La < b,ba_—>1b_f_ b<eLse), Gggijebn (Ip rodulct).
rather then bivalent (an object either has an attribute Gob=aba-b=1ifa<b a—b=7else). In

not). Attribute implications in fuzzy setting were for th%;pllcatlons, we usually need a finite linearly ordeted

1. Introduction

first time studied in [10]. The main difference betwee or Instance, we can té_lke a.flmte S“bbef—f [0,1] that is
our approach and that of [10] is that (i) we use, as an sed under Lukasiewicz orddel operations. If we take
’ = {0, 1}, we obtain this way the two-element Boolean

ditional parameter, a unary connectiverhich enables us laeb rruct ftruth d ¢ classical [ogic). T
to control various interpretations of fuzzy attribute impli‘:’Ige ra (structure of truth degrees of classical logic). Two

cations; (ii) [10] deals only with the semantic entailmejiound‘f‘ry__ cases 9f h_edges ?rf 0 |Qent|ty, |.a’:; -a
and thus does not contain any results on completen S L): (ii) globalization [11]: a" = 1if a=1,a" =0
This paper is a complement to papers [2, 4, 6] in whi SE€. . !
we investigate semantic consequence from sets of fuzzy HaVingL as our structure of truth degrees, we define
attribute implications, problems connected with attributést@l notions: ar -set (fuzzy seti in universeu is a
scaling, and efficient generating of non-redundant badB@PPingA:U — L, A(u) being mUterpreted as “the degree
from object-attribute data tables with fuzzy attributes. Offf Whichu belongs toA”. Let L= denote the collection
paper elaborates on syntactic consequence (provabili}f) @/l L-Sets inU. The operations with.-sets are de-
shows that FAL is complete, and shows some relatioff?€d cOmponentwise. For instance, intersectioh sits

uj i _
ships to completeness of attribute implications w.r.t. dafyB € L™~ is anL-setAnBin U such that ANB)(u) =
A(u) AB(u) for eachuc U, etc. Forac LandAc LY, we

defineL-setsa® A (a-multiple of A) anda — A (a-shift
2. Preliminaries of A) by (a®@A)(u) =a®Au), (a— A)(u) =a— A(u)

(ueU). GivenA B e LY, we define a subsethood de-
As a set of truth degrees equipped with suitable operatiase (A, B) = Ay (A(u) — B(u)), which generalizes
(truth functions of logical connectives) we use a conthe classical subsethood relation Described verbally,
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S(A, B) represents the degree to whiahs a subset oB. Theorem 1 (i): ¢ — S(B,M) = S(c® B,M);
In particular, we writeA C Biff S(A,B) =1. Observe that  (ii): c<[|A=B||m iff |[A=c®B|m =1,
A CBiff A(u) <B(u) for eachu € U. In the following we (i): ||[A=B|lr =V{cel]||[A=c®B|r=1}.
use well-known properties of residuated lattices and fuzpyoof. (i): We have
structures which can be found in monographs [1, 7].
c—SBM)=c— /\er(B(y) —M(y)) =

_ _ = Nyev(c— (B(y) = M(y))) =
3. Fuzzy attribute logic = Ayev ((€®B(Y)) — M(y)) =

= Nyev((c@B)(y) = M(y)) = S(c@ B,M).

(ii): Using (i), ¢ < ||A = Bl|m iff ¢ < SAM)* —

Fuzzy attribute implicatior{over attributes Y is an ex- S(B,M) iff (A, M)* <c— §B,M) iff SAM)* < Sc®
pressiorA = B, whereA,B € LY (A andB are fuzzy sets B,M) iff ||[A= c®B||u = 1.
of attributes). Fuzzy attribute implications are the basic (iii): Using (ii), we have
formulas of fuzzy attribute logic. The intended meanin
of A= Bis: “if it is (very) true that an object has all at—ghA:> BliT = Amenoa(r) 1A= Bllm =
tributes fromA, then it has also all attributes froBi. The ~ = V{c€ L[c < ||A= B||u for eachM € Mod(T)} =
notions “being very true”, “to have an attribute”, and log- = V{ce€L|||[A=c®B||r =1},
ical connective “if-then” are determined by the chogen

A fuzzy attribute implication does not have any kin
of “validity” on its own—it is a syntactic notion. In order . .
to consider validity, we must introduce an interpretation 6¢3-  Syntactic entailment
fuzzy attribute implications. Thus, for dn-setM € LY
of attributes, we define degree||A = B||u € L to which
A= Bisvalid in Mby

M
M

3.1. Basic notions

8roving the claim. O

The main obstacle to exploring degrees of consequence
||--+||r is that there is no obvious (and efficient) algo-
rithm to computé|- - - ||t. For instance, it is ak-element
structure of truth degrees and\fis ann-element set of
attributes, then computinig- - - ||+ requiresk” steps if we

use the naive algorithm (iteration over all possible mod-
The truth degree|A = BJ|u can be understood as fol- g ( b

. . els of T). This is not acceptable in practical applications.
lows: if M represents presence of attributes observed b ) P P PP

ie the d hat “th b ¥hhis section, we present a syntactic consequénceér
user, i.e. the degreld(y) means that “the user observerg iy qoes not involve models. In subsequent sections,
the attributey € Y to be present in degrel(y)”, then

IA= BJ|u is the truth degree of “if all attributes fros we lgir:)s\;,evtlzaie egt;ﬂl?oﬁgs\;i(gggjgin r|l|JT|eS
are present then all attributes®fire present as well”, i.e. )
the truth degree to which = B is valid (under the user's (AX) infer A= S(B,A) ©B,
observations). (Wea) fromA = Binfer AUC = B,
(Cut) fromA=e®BandBUC =- D infer
AUC=¢e"®D

for eachAB,C,D € LY, ande € L. Rules (Ax)—(Cut)
Let T be a set of fuzzy attribute implication® € LY is  should be understood as rules describing what fuzzy at-
called amodelof T if || A= B||w =1 foreachA=-BeT. tribute implications can be inferred (in one elementary
The set of all models of is denoted by Mo(Il'). A de- step) from another fuzzy attribute implications. (Ax) is a
gree||A= B||t € L to whichA = B semantically follows nullary rule (axiom) which says that eadh=- S(B,A) ® B

|A= Bllm = S(AM)* — S(B,M). @)

3.2. Semantic entailment

from T is defined by is inferred in one step. (Wea) and (Cut) generalize well-
known rules of the weakening and cut. Our rules are
[|A= Bl = AMeMod(T) [|A= B||m. (2) inspired by Armstrong-like axioms, see [9] for a good
overview.
A setT of fuzzy attribute implications is said to Iseman- A fuzzy attribute implicationA = B is called prov-
tically closedif |[A=B||t =1iff A=BeT. ablefrom a setT of fuzzy attribute implications, written

The following assertion shows that the fuzzy attribute - A = B, if there is a sequenay, ..., ¢, of fuzzy at-
implications which are fully true in a givell € LY (i.e., tribute implications such thafi, is A= B and for each
[|---]lm = 1) are in fact the most important ones, bep; we either havep; € T or ¢; is inferred (in one step)
cause an arbitrary (partial) truth degrge--||m can be from the preceding formulas (i.,...,$i_1) using one
expressed by means of that implications. of the deduction rules (Ax)—(Cut). For a sktof fuzzy
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attribute implications and foA = B we define adegree showA* € Mod(T). For eactC= D € T, we have
|A=-BJt € L to which A= B is provable from Tby At=SCAN®CeT [by (AX)]

‘AéB‘T:V{CG L|TFA§C®B}. (3) A=>S(C,A+)®CET [by(Cut)usingA:>A+eT],
A= S(C,A")*®D € T [by (Cut)usingC=D e T].

Hence A= S(C,A")*@D €T givesS(C,A")* @D C A"
by definition of A*. That is,S(C,A")* ® D(y) < At (y)
for eachy €Y, i.e. S(C,A")* < S(D,A"), proving||C =
D||a+ = 1. As a consequencA;" is a model ofT .

Theorem 2 If T is semantically closed then T is syntac- Finally, takeA=B ¢ T. We have||A = Bl[x+ =
ticaIIy closed. S(A,A+)* — S(B,A+) +: S(B,A+) smceS(A:AJr)* : 1.
Proof. (Ax): TakeA = S(B,A) ® B. For eachM € LY we giearlyléweTh%véS('E A )h7éhl tb ece:sz(B,tﬁA) . :+g|v?_s
haveS(B.A) & SA M)* < S(B,A) © SAM) < SB,M). * —BET by (Ax) which together withA = AT

A A ’ ) — ’ would yieldA = B € T by (Cut), a contradiction. To sum
Taking into account (i) of Theorem 1, we hasgh, M)* < up, A+ € Mod(T) and|[A= Bl # 1 -
S(B.A) — S(B,M) = S(S(B,A) ©B,M) foreachm c LY. P’ AT
That is,||A= S(B,A) ® B||m = 1 for eachM € Mod(T),
i.e. ||[A= SB,A)®BJ|lt =1. SinceT is semantically
closed, we havé = S(B,A)®B e T.

(Wea): LetA=BeT. So,||A= B|u=1 for
eachM € Mod(T), i.e. S(A,M)* < S(B,M). Now SAu 3.4. Completeness of FAL
C,M)* = (SA/M) ASC,M))* < SAM)* < §B,M).
Hence ||AUC = B||m = 1 which yieldsAUC =B e T.

(Cut): LetA=ex®BeTandBUC=-DcT. Forany
M € Mod(T), ||[A=e®B||w =1and||BUC=D||m=1.
Thus, (i) of Theorem 1 yield§(A,M)* < S(e® B,M) =
e— S(B,M), i.e.e® S(A,M)* < §B,M). Further,

A setT of fuzzy attribute implications is said to lsgntac-
tically closedif THA= Biff A= Be&T. Inthe sequel
we show that assumirlg andY to be finite, the syntactic
closedness coincides with the semantic one.

Corollary 4 LetL andY befinite. Then T is semantically
closed iff T is syntactically closed. O

First, we present a completeness theorem which charac-
terizes the semantic entailment of the fully true impli-
cations. Then we show that FAL has a completeness in
Pavelka-style [7], i.e|]A=- B|t equals||A = B]|t.

Theorem 5 (completeness) etL and Y be finite. Let T

e @ JAUC,M)* = € ® (S(A,M) AS(C,M))* < be a set of fuzzy attribute implications. Then
< ((e® S(A,M)*) AS(C,M))* < THA=B iff ||[A=B|r=1
< (S(B,M)AS(C,M))* = S(BUC,M)*. Proof. Follows from Corollary 4. O

Now sinceS(BUC,M)* < §D,M), we havee* ® AU Theorem 6 (graded completenesshet L and Y be fi-
C,M)* < §D,M), which givesSAUC,M)* < & — nite. Then for every set T of fuzzy attribute implications
S(D,M) =S(e*®D,M). Hence|/|AUC=€"®@D|lw =1, and A= B we havgA = B|r = ||A= B||r.

e AUC=e®DeT. ~' Proof. Consequence of Theorem 1 (jii) and Theorens.

Theorem 3 LetL and Y be finite. If T is syntactically

closed then T is semantically closed. 3.5. Completeness w.r.t. a data table

Proof. We are going to show that [fA = B||t = 1 then

A= B belongs tol. AssumingA = B¢ T, it suffices to

find a modeM € Mod(T) such that|A = B||m # 1.
First, for eachA € LY defineAt ¢ LY by

In the previous sections, we were interested in complete-
ness of FAL, i.e. a desirable property of our logical cal-
culus saying thaf = B is provable from a set of at-
tribute implications iff it is true in all models of (plus
At =U{A|A=ANeT) ) the same in degrees). In FAL, and in logic in general,
completeness is used still in another sense, see [2, 4, 6].
Observe that foranfc LY we haveA = At € T. Indeed, LetX andY be sets of objects and attributes, respectively,

for A= BeTandA=Cc T we have | € LX*Y be a fuzzy relation betweetandY with 1 (x,y)
being interpreted as a degree to which objeet X has

BUC=BUCEeT by (AX)], . - .
AUB :>C B GC T l:E y\fv Xl attributey € Y. (X,Y,1) will be called a data table with
WBUL = BUL € _ [by (Wea)], fuzzy attributes. Fol-setsA € LX andB € LY define

AUC=BUCEeT [by (Cut) usingA= B T], | _setsAl € LY andB! € LX by Al(y) = Ayex (A" —
A=BUCEeT [by (Cut) usingA=-C & T]. |(xy)), andB!(x) = Ayey (B(y) — I(x,y)). The struc-

SinceL Y is finite, the above idea can be repeated so thate B(X*,Y,|) = {({A/B) c LXx LY |Al =B, B = A} (all
after finitely many steps we gét= A+ € T. Further, we fixed points of! and!) is called a fuzzy concept lattice
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and its elements, called formal fuzzy concepts, are interoof. Let T be closed. Consider a data table
preted as interesting clusters(X,Y, 1), see [1, 5]. The set (Mod(T),Y,It) with I+ defined bylt(M,y) = M(y) for
Int(X*,Y,1) = {BeLY|(AB)c B(X*Y,l) forsomeAc eachM € Mod(T) andy € Y. In oder to show thaf
L*} is useful in FAL. A degre¢/A = BJ|4, to whichA=- is complete w.r.t. (Mod(T),Y,l7), it suffices to check
Bis true in a systerd C LY is defined byj|A = B||4 = that ModT) = Int(Mod(T)*,Y,lt). This can be done
Awmear ||A = Bllm. A degree||A = BJ|xy, to which as follows. First, verify that Modr) is an L *-closure
A= Bis true in(X,Y,l) is defined by||A = B||ixy,y = system [3]. Second, using the fact that the corre-
|[|A = BJ|{1,|xex} With Ix being the row of(X,Y,I) corre- spondingL *-closure operatoC is given by(C(A))(y) =
sponding to objeck, i.e. Iy € LY with I,(y) = 1(x,y) for Amemodr) (S(A,M)* — M(y)) for eachA e L", see [3],
yey. verify that C(A) = All (easy). From this we get that
Now, a setT of attribute implications is said to beMod(T) = Int(Mod(T)*,Y,It). Finally, sinceT is com-
complete w.r.t. data tableX,Y, 1) if [|[A=B|[t =|[A= plete w.r.t. (Mod(T),Y,lt), Theorem 8 yields thal
B||(x.v,iy for eachA = B (degree to which\ = B seman- proves all implications from FniX,Y, I) and due to com-
tically follows from T is just the degree to whicA=- B pleteness ol again, we have FniX,Y,l) =T. a
is true in(X,Y,I), see [2, 4, 6]). In what follows we an-
swer some natural questions arising in this context. Firﬁtcknowledgement
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