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Abstract 2. Preliminaries

The paper deals with if-then rules from data tables wif}® & Setof truth degrees equipped with suitable operations
fuzzy attributes. The main result is a general “reductidffuth functions of logical connectives) we use a complete
theorem” of the form: an if-then rule is true in a data tabf&Siduated lattice with a truth-stressing hedge (shortly, a
with fuzzy attributes if and only if a suitably transformed®dge), i.e. an algebria = (L, A, V,®,—,",0,1) such
if-then rule is true in a suitably transformed data table witfat (L, A, V;0,1) is a complete lattice with 0 and 1 being

crisp attributes. We show consequences and applicatifs €ast and greatest elementofespectively;lL, ®,1)

of the reduction theorem plus some auxiliary results. 1S @ commutative monoid (i.e@ is commutative, asso-
ciative, anda® 1 = 1® a = a for eacha € L); ® and

— satisfy so-called adjointness propertg:® b < c iff
Keywords: fuzzy logic, if-then rule, attribute implication@ < b — ¢; for eacha,b,c € L; hedge" satisfies (i) 1 =1,
(i) a* < a, (i) (a— b)* <a* — b*, (iv) a* = a*, for
all ab € L. Elementsa of L are called truth degrees
. . (usually, L C [0,1]). ® and — are (truth functions of)
1. Introduction and problem setting “fuzzy conjunction” and “fuzzy implication”. Hedgeis
a (truth function of) logical connective “very true”. By
Methods for obtaining if-then rules (implications) from-" (or LY) we denote the collection of all fuzzy sets in
data tables describing objects and their attributes areadfiniverseJ, i.e. mappingsAof U to L. ForA,Be LY,
the most popular ones. The well-known mining of assodhe degreeS(A, B) to whichA is a subset oB is defined
ation rules used in data mining is an example. by S(A,B) = Ayeu A(U) — B(u). In the following we
In our paper, we are interested in if-then rules genétSe well-known properties of residuated lattices, hedges,

ated from data with fuzzy attributes: rows and colum{¢Z2y sets and fuzzy relations which can be foundin 1, 8].

of data table correspond to objects X and attributes

y €Y, respectively. Table entrid$x,y) are truth degrees ; ; ; ; . _
to which objectx has attributey. Rules are of the form 3. Fuz;y attribute |mpI|cat|ons. re
A = B, whereA andB are collections of attributes, with duction results

the meaning: if an object has all the attribute#\dhen it

has all attributes oB. In crisp setting, attribute implica-3.1. Definition and validity

tions were thoroughly investigated in databases and d

ta, . . . . .
analysis. Good references are [7, 10, 6]. Attribute in[?)e%hls section we recall basic notions related to attribute

plications in fuzzy setting were for the first time studieﬁnpl'cat.'ons' Lebg(fng be sets of Obj.eCtS and attributes,
respectively) € L be a fuzzy relation betweex and

in [11]. Our paper is a continuation of [2, 3, 4]. We pro-,”™" _ : .
vide an answer the following question: Can a data taBﬁeW'th H(xY) pelng mterpreteql as a degree t.o which object
7 with fuzzy attributes be transformed to a taliféwith X€ X has attrlb_uteye Y. The_ triplet(X, Y, 1) W'!I be c_alleo_l
crisp attributes in such a way that an attribute implicg—data table with fuzzy attributes. #zzy attribute impli-

tion A= Bis true in the original data tabl if and only Zatéon IEI\? z_?_trt]nbluttes(;) AS an e_xpriésthA.:ihB, fvv”here
if a suitable attribute implicatio®’ = B’ is true in7’? > € L. Iheintended meaning &= b IS the Tollow-

We show a positive answer in a constructive manner. \Wg ifitis (ver.y) true that an object has attributasthen
present a theorem describing a data transformation pro'é as also attributes”.

dure from fuzzy to crisp. As an example of applicatio
of the theorem, we show how to obtain a complete set

For anL-setM € LY of attributes, we define degree
= BJ|m € L to which A= Bis validinMec L:

attribute implications from data with fuzzy attributes. As |A= Bljm = S(A,M)* — S(B,M). 1)
a by-product, we show several formulas related to evalua-
tion of truth degree of if-then rules. For a systemM C LY of L-sets inY we define a degree
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[|A= B4 € L to whichA = B holds inM by ||[A=Sincea® € fix(e) and fixe) C fix(x), we havea® = a**.
Bl|ar = Amear ||A = B||m. Now we can define degree This givesa® = a*™* < a*. O
[|A= B[y, €L to which A= B holds in(each row
of) data table(X,Y,1) by [[A= Bl[;xy,) = |[A=Blls;, Lemma2 For AB,M € LY, and hedges and % with
whereM = {Ix|x e X} with Ix(y) = I (x,y) foreachy € Y. e <xwe havd|A= B||m = AseL @ RAM)* — Sa* ®
Clearly,||[A=B||(x v, is just the truth degree of “for eachB,M) = S(S(A,M)* ® B,M).
objectx € X: if (itis very true that)x has all attributes from Proof. Fi ;
e . t, AB) = AB

Athenx has all attributes frorB”. To makex explicit, we t 0o Irst, using S(a 7) a _; SAB) (eaiy

. . o check), we get|A = B||jm = SA/M)* — S(B,M) =
also write||A = B[}, instead of||[A = B[4, S(S(A,M)* ©B,M)

A useful structure derived fronfX,Y,1) which is Secor71d, we check both inequalities A = Bljy —
related to a_ttrlbute implications is a so-called fuzzxaeLS(a*Q@A,M)’ — S@ ®B,M). “<”is true iff
concept lattice [1, 5]. Letxx and xy be hedges ¢, eacha € L we haveS(@* © AM)* ® [|A = B||lw <
(their meaning will become apparent later). Hor S(a* © B,M) and sinceS(a* ® B,M) = a* — S(B MY

X H Y
setsAc L™ (L-set of objects),YB € L' (L-set of at- e |atter inequality is equivalent & © S(@* @ A,M)* @
tributes) we defind_-setsAl € LY (L-set of attributes), IA = B||w < S(B,M) which is true. Indeeda’ ®

B! € L7 (L-set of objects) DAI(Y) = Auex (AX™ — i @ AM)*  [|A = Bljw < &' ® S(@' @ AM)" @
I(x,y)), andB'(x) = Ayey (B(Y)™ — 1(x,y)). We put A= B[jy=a'® (@ — SAM))*®|[A= Blly<a ®
BX*, Y1) = {(AB) € LXx LY|Al = B,B! = A}. (a* = S(AM)")®||A=>B||m < SAM)* @ (S(A,M)* —
For (A1,B1), (A2,Bp) € B(X*™*,Y*™ 1), put (A;,B1) < S(B,M)) < S(B,M). To check ", observe that
(A2,Bp) iff Ax C Ap (or, iff B C By; both ways are A\, S@@* @A M)® — Sa ®B,M) < (for a= S(A M))
equivalent). Operators ' form a Galois connection with < S(SAM)* @ AM)* - SSAM)*®BM) =1° —
hedges [5].(B(X™,Y*,1),<) is called afuzzy concept S(S(A,M)* @ B,M) = ||A = B||u. O
lattice induced by(X,Y,1). Forxy =id_ (identity), we

write only B(X*X,Y,I). ElementgA, B) of B(X**,Y*,1) Theorem 3 (degree of validity of attribute implication)
are naturally interpreted as concepts (clusters) hiddernrt a data table(X,Y,1) with fuzzy attributes, hedges

the input data represented tby Namely, A" = B and and« with e < *, and an attribute implication A> B, the
B! = A say thatB is the collection of all attributes sharedollowing values are equal:

by all objects fromA, andA is the collection of all objects IA=>Bl|xv.1y,

sharing all attributes fronB. These conditions formal- Asex aeLS(a% oA {1/x}1)* = S@a @B, {1/x),
ize the definition of a concept as developed in Port-RoyaI/\ " S(A{3/x}1)* — S(B,{a/x}1)

logic; A andB are called theextentand theintent of the xeX,ael A o 9B ’ ’
concept(A, B), respectively, and represent the collection Nac [l"® éAaM@). ||<X’Y’|'3> ’M

of all objects and all attributes covered by the particular/\Me'm(X**Y") SA M)~ S(“’ )

concept. Furthermores models the natural subconcept- 1A= Bllintoc vy, SB,AM).

superconcept hierarchy. Proof. Due to the limited space we give only a sketch of
For each(X,Y, 1) we consider a set I Y= 1) C  proof. ||A=>B||xy1) = AxexacL S@ @A {1/x}1)* —
LY of all intents of concepts aB(X**,Y*¥,1), i.e. Sa* ® B,{l/x}T) follows directly from Lemma 2,
INt(X*X, Y1) = the definition of [|[A = B||ixy,), and the fact that
= {Be LY |(AB) e B(X*,Y¥ 1) forsomeAc LX}. {1/} =l Axexac S@ @A{1/x}1)* - Sa @
For details, we refer to [1, 2, 5, 3, 4]. BAL/X}) = Axexact SA{3/x}T)* — S(B,{3/x})

follows from S(C,{¢/x}!) = S @ C,{1/x}1)

which is easy to verify. Axp ]l ®@A = a"®

3.2. Degree of validity of an implication Bl xv,) €quals Axexac S@ @A {1/x}1)* — Sa ®

_ _ , B.{1/x}") almost directly by definition. |A =

This section presents results concerning formulas flgr < AM)® B.M) fol-

. ' o intx= v,y < /\Melnt(X*,Y,I)S( ,M)* — SB,M) fo

1A= Bl[(xv.)). First, forahedge onL putfix(x) ={a& o5 from the fact that for eacM € Int(X*,Y,1) we

L | & = a} (fixpoints ofx). Furthermore, foe,x: L — L have SAM)* — S(B,M) < S(A.M)* — S(B,M) and

pute < x iff a®* < a* for eacha € L. Then we have from ||A = B|||m(x*,v,|) _ /\Melnt(x*,v,l)S(A»M)* .

_ S(B,M). Amemtxs v ) SIAM)® — SB,M) <

Ler_nma 1 For hedgeS*. aqdo on qcomplete reS|duated/\X€X acl S(A,{a/x}T)° . S(B,{a/x}T) follows since

lattice L we haves < x iff fix(e) C fix (+). for eacha € L andx € X we have{ @/x}! € Int(X*,Y,1).
Proof.“=": If acfix(e)thena=a®* <a*<a,i.e.a=a*, The remaining relationships are easy or can be found in

whencea € fix (). “<": Sincea® < a, we havea®™ < a*. [3]. O
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Remark (1) Note first that takind- = 2 (in which case Given a data tablg = (X,Y, ) with fuzzy attributes,
the only hedges ande are the identities oh = {0,1}), introduce a data tablg” with crisp attributes (transfor-
i.e. restricting ourselves to the ordinary (crisp) case, aflation of 7) by 7/ = (X x #x(L),Y x «y(L),1*) with a
formulas of Theorem 3 reduce to four well-known cond{erisp) relationl * C (X x xx (L)) x (Y x xy(L)) defined
tions of validity of an attribute implication in a data tableby ((x,a), (y,b)) € I * iff a®@ b <I(x,y). In the following,

(2) Hedgee of the Theorem 3 can range arbitrard” will always denote the table just defined. The next as-
ily from globalization (i.e. * =1 anda® =0 for a < sertion presents important technical results (proof omitted
1), which is the least hedge, up to (boundary con- due to lack of space).
dition Theorem 3). In particular, taking globalization
for e, the above formulas simplify. Due to lack of-emma4 (1) The pair(*,”) forms a Galois connec-

space, we only illustrate this fact ghA = BJ|xy,, = 10N between X< sx(L) and Yx xy(L). (2) T’ is
Amennix- v.) SAM)® — S(B,M). For e being glob- just the data table inducing™, ). (3) B(X™,Y™,1)
alization, this formula simplifies td|A = B||xy,, = IS isomorphic to the (ordinary) concept latticB(X x

Aacmemtxc-y.) S(B,M). For instance, compared fid = *x(L),Y x #y(L),1*); an isomorphism is given by
Bllx.v.1) o ||A; Bl|int(x- v.1), the foregoing formula saysSending(A,B) € B(X™,Y™.1) to ([A],[B]) € B(X x
that it is sufficient to take the infimum over intents whickix (L), Y >y (L), 17).
fully containA.

(3) Most often, we are interested in implicatiofs>
B which are fully true in(X,Y,1), i.e. |[[A= B||ixy,) =
1. Conditions equivalent t§A = B||xy,, = 1 can be

obtained from Theorem 3 using the fact theat b iff  tpo5rem 5 (reduction theorem) For a data table7 =
a— b=1forabe L. Justfor illustration, again, from (X,Y,1) with fuzzy attributes, hedges, #y, and A,B' C
1A= Bllpxvi) = Amemntxey) SIAM)* — SBM) we v o, 1) Ae LY, Be (L)Y, we have -
get that||A = B|[(x v,y = 1 iff for eachM € Int(X*,Y,1) 1) [|[A= B||X = 1iff [||A] = |B]||¢~ = 1, and

we haveS(A,M)* < S(B,M). If e is globalization, this is @ (A = E’HT' =1 iff [|[A] = [B]|[X =1 iff
the case iff for eacM € Int(X*,Y, 1) such thathA C M we ITAT] = [[BT]]l4 = 1. g

haveB C M.

The following is our basic reduction theorem connect-
ing validity of attribute implications i and validity of
implications in7”.

Proof. Sketch: The proof uses Lemma 4 and Theorem 3,
and some further properties 6fand Y. We check only
3.3. Reduction theorem (1): It can be shown thatA|¥* = |Al!]. One can thus

_ _ _ - _easily see thaB C AT iff [B| C |A]Y*. SinceBC All is
In this section we give a positive answer to the q“eSt'%'auivalent td|A= B|[X = 1 (here one useB € *y(L)Y)
of finding a suitable (from the point of view of validity of ;4 IB] C |A]"* is e{{quivalent tol||A] = |BJ[|}% =

implications) transformation of a data talile= (X,Y, 1) (1) is established. 7 é’
with fuzzy attributes to a tablg’ with crisp attributes (see
Section 1.). This question is interesting both conceptuaidemark Theorem 5 is rather general and has several
(reducing a property in fuzzy setting to a correspondir@rollaries which are of practical interest.
property in crisp setting), from the computational poirftt) The role ofxy is to yield smallerZ’. Particularly,
of view (there exist several algorithms for attribute imif A andB are crisp sets (i.eA B € {0,1}"), which is
plications in crisp setting, see [6, 10]), as well as fro@n interesting case form the practical point of view, we
the point of view of establishing an interface between twn take globalization fory sincexy (L) = {0,1} and so
frameworks. A Bc v (L)Y. Then we have just’ = (X x xx(L),Y,1*)
We will use two hedgesix andxy. xx is used to since we can replacé x =y (L) =Y x {0,1} by Y (then
evaluate truth degrees of attribute implications by (1), i.§x,a),y) € 1 iff a < 1(x,y)). Compared to that, with-
we use||A = BJ|\i. For brevity, we denote fixx) and out using+y, i.e. with =y being identity, we would get
fix (+y) by #x (L) andxy (L), respectively. FOE € L* and (X x #x(L),Y x L,1*) which is larger tharZ”. In gen-
DelL” we put|C] ={(xa) € Xxxx(L) | a<C(x)} eral, if we haveA and B restricted to somey (in that
and D] = {(y,a) € Y x*y(L) [ a< D(y)}. ForC'C A Bexy(L)"), we getasmallef”’ than without usingy
X x #x (L) andD’ CY x #y(L) we define[C'] € L* and since|Y x =y (L)| < |Y x L|.
[D'] €LY by [C](x) = V{a]| (x,@) €C'} and[D'(y) = (2) For unrestricted\, B, we take identity fory. So the
V{al (y,a) € D'}. It can be shown thatC'] (x) € *x(L) reduction context g’ = (X x #x(L),Y x L,1*). For the
and[D"](y) € »v(L) (use(Vi&)* = Via)- two boundary cases ef; we have: If« is globalization,
Introduce mappingg : 2¥x(L) — 2> (L) and Y :  we can takel’ = (X,Y x L,1%). If x is identity, we have
20ov(l) — 20ox (L) py N4 = [[A]T] andB™ = [[B']}] 7' =(XxL,Y xL,1¥). Finally, if xx is globalization and
for A € 2x(L) andB' € 2V (L), A,B are crisp, we can také’ = (X,Y,1*) which is, in
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fact, (X,Y,11). Here,!l is the 1-cut ofl, i.e. (x,y) € | iff (2) A particularT’ for 77 which can be efficiently
I(x,y) = 1. computed is the above-describ&l= {P' = P'\T|P’' ¢
P’} with P’ being the set of all pseudointents‘df [6].

3.4. Complete sets of attribute implications
via reduction theorem 4. Conclusions and future research

In this section, we show that we can use the reduction ﬂWé showed a general reduction result for implications

orem to obtain a complete set'of attribpte implipations Aom data with fuzzy attributes, its consequences, and ap-
(X,Y,1). We proceed fory being the identity, i.e. We yji-ations. The presented results improve and further de-
put no restrictions on premises and conclusions in iMRlla10p some previously published results (we will com-
cations. ) L ment on the relationships in a forthcoming paper). Future
For a setT of fuzzy attribute implications, put egearch will be directed mainly to the study of complete

_ Y _
Mod(T) = {M € L"|||A= Bflw = 1} (models ofT). A ;14 non-redundant bases of implications from data with
degree||A = B||r € L to whichA = B semantically fol- fuzzy attributes (cf. the last Remark).

lows fromT is defined by{|{A=>B||t = ||A=>B||mod(T)- T
is called complete with respect {X,Y, 1) if ||A= B||t = Acknowledgement
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