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Abstract The paper first recalls a result from [1, 2] saying that
for particularly defined fuzzy similarity relations we have
Filling a data table with fuzzy attributes (scaling) is sulithat the degree to which the input data tables are simi-
jective. What properties of scaling are important if whar is less or equal to the degree to which the resulting
want to know whether two data tables filled by two exeollections of clusters are similar. Second, we introduce
perts lead to (almost) the same collections of extractéw notion of ordinal equivalence of data tables. Ordinal
clusters in the sense of formal concept analysis? The pguivalence formalizes the intuitive notion of consistency
per provides two answers. between experts. We prove two theorems of a form “if
two data tables are ordinally equivalent, then the resulting

Keywords: formal concept analysis, fuzzy attribute, corcollections of clusters are (almost) isomorphic™.
cept lattice, invariance to scaling

_ 2. Preliminaries
1. Introduction and problem setting
Fuzzy logic and fuzzy setsAs a set of truth degrees

Tabular data describing objects and their attributes repegiiipped with suitable operations (truth functions of log-
sents a basic form of data. Among the several methodsifml connectives) we use a complete residuated lattice, i.e.
analysis of object-attribute data, formal concept analysis algebrd = (L, A,V,®,—,0,1) such thatL,A,V,0,1)
(FCA) is becoming increasingly popular, see [9, 8]. The a complete lattice with 0 and 1 being the least and
main aim in FCA is to extract interesting clusters (callegreatest element df, respectively;(L,®,1) is a com-
formal concepts) from tabular data. Formal concepts conutative monoid (i.e® is commutative, associative, and
respond to maximal rectangles in a data table. a®l=1®a=afor eachac L); ® and— satisfy so-

Recently, formal concept analysis was extended ¢alled adjointness propertg@ b < ciff a<b — c. Ele-
data with fuzzy attributes, see e.g. [1, 5, 11]. In this papenrentsa of L are called truth degrees: and— are (truth
we focus on a problem which is a common one in fuzdynctions of) “fuzzy conjunction” and “fuzzy implica-
logic modeling. Suppose we have two data tablgsand tion”. A common choice of is a structure with. = [0, 1]
T,, with fuzzy attributes.7; and 7, may be thought of (unitinterval),A andV being minimum and maximun®
as filled by expert 1 and expert 2. In filling the data téeing a left-continuous t-norm with the corresponding
ble, experti has to assign, for each objecand each at- Three most important pairs of adjoint operations on the
tribute y, the truth degree;(x,y) (table entry) to which unitinterval are: tukasiewicza(® b =maxa+b—1,0),
x has attributey (i = 1,2). The assignment of truth de-a — b = min(1—a+b, 1)), Godel: @® b = min(a,b),
grees (scaling) is subjective—while expert 1 may say, eaqyq— b= 1if a < b, a— b= b else), Goguen (product):
l1(x,y) = 0.7, expert 2 may say(x,y) = 0.72. Even a (a@b=a-b,a—b=1ifa<b,a—b=2else). In
single expert, when filling a data table twice, need not bgplications, we usually need a finite linearly ordeted
consistent in that he might assign two different, althoudior instance, we can take a finite subiset [0, 1] that is
very likely close, truth degrees when filling a table entiglosed under tukasiewicz ord@el operations. If we take
for the fist time and then for the second time. In FCA, = {0,1}, we obtain this way the two-element Boolean
we are interested in the clusters extracted from a dataatgebra (structure of truth degrees of classical logic). Two
ble. Therefore, it is a natural question to ask what is theundary cases of hedges are (i) identity, i& = a
relationship between the collections of clusters extractec L); (ii) globalization:a* =1 if a=1,a" =0 else.
from data tables filled by the two experts. In particular, we HavingL as our structure of truth degrees, we define
are interested if there are general rules of the form “if twsual notions: amh.-set (fuzzy setA in universel is a
input data tables are in such and such relationship then theppingA: U — L, A(u) being interpreted as “the degree
corresponding collections of clusters are in such and suohwhich u belongs toA”. Let LY denote the collection
relationship”. of all L-sets inU. The operations with_-sets are de-
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fined componentwise. For instance, intersectioh-sets 3.  INvariance to scaling

ABc LY isanL-setANB in U such that ANB)(u) =

A(u) AB(u) foreachu e U, etc. Forac L andAc LY, we

defineL-setsa® A (a-multiple of A) anda — A (a-shift We assume we have' o f’ata tableX. Y, I1) and
of A) by (a@ A)(U) = a® A(U), (a— A)(U) = a — A(U) (X,Y, 1) (for instance, filled with expert 1 and expert 2).

(UeU). GivenAB e LY, we define a subsethood dePs described in Section 1., we are interested in finding

gree S(A,B) = Aucu (A(u) . B(u)) which generalizes relationships between data tables which are likely to oc-
ol - ue )

the classical subsethood relation Described verbally, €Ur if two data tables are filled by two experts, and the
S(A, B) represents the degree to whidlis a subset oB. corresponding relationships between the resulting concept

In particular, we writeA C Biff S(A,B) = 1. Observe that 12ttices B(X,Y,11) and B(X,Y,lz). If the correspond-
AC Biff A(u) < B(u) foreachuc U. ForAe LY we de- ing entries of the two data tables are the same (expert 1
note bylAtheE—cut ofA i.e. JA={uecU |A(u) =1}. In and expert 2 are fully consistent), .i.el(x,y) = l2(x,y)

the following we use well-known properties of residuatd@” €achx € X andy €Y, then trivially, B(X,Y,11) =

lattices and fuzzy structures which can be found in [3, 1§ (X, Y 12). But what can we say about the relationship

Formal concept analysis of data with fuzzy attributes betweens (X, Y, I1) and (X, Y, I) if expert 1 is not fully

. . gnsistent with expert 2?
We suppose that we are given a complete residuated fat- P

ticeL. Let X andY be sets of objects and attributes, re-
spectively,| be a fuzzy relation betweex andY. That
is,| : X xY — L assigns to eackhe X and eacty € Y a
truth degred (x,y) € L to which objectx has attributey. 3.1. Data tables with close truth degrees
The triplet(X,Y,1) represents a data table with rows and
columns corresponding to objects and attributes, and ta#ll
entries containing degreé&, y).

For fuzzy setsA € LX andB € LY, consider fuzzy sets
Al €LY andB' € L* (denoted alsé' andB'') defined by
Al (Y) = Axex (A(X) = 1(x,y)) andB! (x) = /\er(B(y) -
I(x,y)). Using basic rules of predicate fuzzy logh,(y)
is the truth degree of “for eache X: if x belongs fromA
thenx hasy’. Similarly for B!. That is,Al is a fuzzy set
of attributes common to all objects &f andB! is a fuzzy
set of objects sharing all attributes®f The set

(Tl], see [2] for extended version, we proved a result
which gives a particular answer to our problem. Due
to lack of space, we present the result without technical
details. We introduced similarity relations (fuzzy equiv-
alence relationsk on data tables andtg on fuzzy
concept lattices. The similarity relations are based on
biresiduum« (defined fora,be L bya— b= (a—
b) A (b — a)) and are based on the idea of close (logically
equivalent) truth degrees. For example, for tukasiewicz
structure on0, 1] we havea <> b= 1-— |a—b), for prod-
B(X,Y,1) = {(A B) |AT =B, B! =A} uct structure on0,1] we havea < b = min(a/b,b/a)

¢ . - ) ) (where we puia/0 = 0), and for the ®del structure on
of all f|xp0|_nts of (I} t_hus contaln_s all pairgA,B) E’ 1] we havea < b = min(a,b) proa b, = 1 pro
such thgtA is the collectlon of all object§ that have alf _ ", (X,Y,11) ~ (X,Y,12) is the degree to which it
th_e attributes ofB, and B is the collec.'uon of all at- ig trye that any two corresponding entriegfY, I1) and
tributes that are shared py all the objects/of Ele- (X,Y,1,) are closeB (X,Y, 1) ~g B(X,Y,1,) is the truth
ments(A,B) € B(X,Y,|) will be called formal concepts degree to which it is true that for each concépt,By)

of (X,Y,1); A a_md B are called '_[he extent and intent of, B(X.Y, ;) there is a similar concepiiy, B,) from
(A,B), respectively;B(X,Y,l) will be called a concept B(X,Y, 1) andvice versa

lattice of (X, Y, ). Both the extenA and the intenB are

in general fuzzy sets. This corresponds to the fact that in We proved that for for any data tabléX,Y,l;) and

general, concepts apply to objects and attributes to intef- Y, l2) we have

mediate degrees, not necessarily 0 and 1.
For (A1,B1), (A2,B2) € B(X,Y,1), put

<A1,Bl> < <A27Bz> iff Ay C A (Iff B, C Bl).

(<XaY7|1> ~T <XaY7|2>) < (Q(X,Y,h) ~p $(X7Y7|2))

This defines a subconcept-superconcept hierarchy @ in words, this says that it is true (in degree 1) that if
B(X,Y,1). The structure ofB(X,Y,l) is described by two data tables are similar then the corresponding concept
the so-called main theorem for fuzzy concept latticesttices are similar as well. For a user, this is a desirable
(see [5, 11]). We only mention thag (X,Y,l) is un- property. It says that the exact values of truth degrees do
der < a complete lattice where infima and supremgt matter (too much)—if the second data table is filled
are given by Ajc; (Aj.Bj) = (NjesAj (UjesBj)') and  with truth degrees close to those of the first one, the re-
Vies (Aj,Bj) = ((Ujea Aj)”,ﬂjGJ Bj). sulting structures of extrated clusters are similar.
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3.2. Ordinally equivalent data tables Theorem 1 Under the above assumptions, if %, I2
thenB(X,Y,l1) and B (X,Y,l2) are isomorphic under an
isomorphism g such that for the corresponding formal
Definition Fuzzy set® andBin U are said to berdinally fuzzy conceptéA;,B;) and (A2, B,) = g(A1,B1) we have
equivalentin symbolsA =B, if for eachu,ve U we have A; =;, Ap and B, =(3) B.

A(u) < A(v) iff B(u) < B(v). If, moreover,A(u) = 1 iff
B(u) = 1 for eachu € U, we writeA=1, B.

First, a definition and some comments.

Proof. DenotelL; = I1(X,Y)U {1}, i.e. ac L, if a=
Another way to express ordinal equivalence is the fql(x y) for somex € X andy € Y, ora= 1. Similarly,
lowing. For a fuzzy sef in U, let <a be a binary re- denotel, = I,(X,Y) U {1}.
lation onU defined byu <a v iff A(u) < A(v). If Alis
interpreted as a fuzzy set of solutions representing the
gree to which the particular solutions are good thety v
means that is preferred oveu. Clearly, <a is a qua-
siorder andA = B iff <4 coincides with<g.
Particularly, for data table&,Y,I1) and(X,Y,12) we
havel; =y 17 iff for any x;,x € X andys,y2 € Y we

have Als(y) = A\ AK) = 11(y) = MinAK) = l1(x) € L.

l1(x1,y1) < l1(x2,Y2) iff I2(x1,y1) < l2(X2,Y2), XX

First, observe that for anfe LX we haveAll1 (y) e Ly
Sﬁa AT'z(y) € L, for eachy € Y. Indeed, for any € X
we have eitheA(X) < I1(x,y) or A(X) > l1(X,y). In the
former caseA(x) — l1(x,y) = 1 € Ly, in the latter case,
A(X) = 11(x,y) = l1(x,y) € L1. Due to finiteness ok we
have

Similarly we getA''2 (Y) € L. Moreover, one show anal-

andly(x,y) = 1iff Ir(x,y) = 1. v I
From the point of view of scaling (i.e. filling the dataogOUSIy that for anyB € L™ we haveB™s(y) & L, and

table by truth degrees); = I, means that expert 1 andB'?(¥) € Lz for eachx € X. L
expert 2 agree on whether objegthas attributey; to a Therefore, we have bottB (X,Y,I;) C 21>l and
higher degree than to which objeg¢thas attributey, (for B (X,Y,l,) C LI LY,

eachxy, X2 € X, y1,y2 €Y). l1 =1y I means that, inad-  Let us define a mapping: L; — L, by h(1) = 1 and
dition to I3 = I, expert 1 and expert 2 agree on in which(I1(x,y)) = I(x,y) for eachx € X, y € Y. This is a cor-

case an object fully satisfies attribute. rect definition: First, ifl1(x,y) = 1 thenly =, |2 im-
Example Consider the following data tables. plieslz(x,y) = 1. Second, if1(x,y) = 11(X,y’) then again,
l1 =( l2 implieslz(x,y) = 12(X,Y).
l1 | Y1 Y2 Y3 VYa Now, bothL; andL; are closed under the operations of
x| 1 09 08 1 L with the possible exception of 0 fromnot necessarily
X | 0 1 05 05 belonging toL; or L, (easy to check). Equipped with the
X3 |08 08 02 01 restrictions of the operations fromand having the least

element ofL; as the nullary operation 0L is a complete
residuated latticé; (i = 1,2). Furthermoreh is an iso-
morphism betweeh; andL . Namely, we easily see that
h(aV b) = h(max(a,b)) = max(h(a),h(b)) = h(a) v h(b)
and similarly forA. For —, we distinguish two cases.

l2 | Y1 Yo Y3 VYa
X1 1 06 04 1
X2 0 1 0.3 0.3
x3104 04 0.2 0.1

I3 | y» Y2 VY3 Va Either a < b and thenh(a) < h(b) from which we get
x1 |09 08 08 1 h(a— b) = h(1) = 1= h(a) — h(b), ora> b and then
X2 | O 1 05 05 h(a— b) = h(b) = h(a) — h(b). Sinceh is an isomor-
x3 /0.8 09 02 0.1 phism, it is a complete morphism (that Fspreserves ar-
bitrary infima and suprema).
One can see théd =y, I,. Itis not true that; =4, Is. Now we havel, = h(l3). Using Theorem 3 of [4], we

Namely, l1(x1,Y2) > l1(Xs,Y2) butls(x1,y2) < 13(X3,¥2) get that the mappin(A, B) = (h(A),h(B)) is a surjective
and sol; andlz are not ordinally equivalent. Moreovernomomorphism of3 (X,Y,11) to B(X,Y,l2). Sincehis
l2(x1,y1) = 1 andiz(xy,y1) = 0.9, and sdz andlz do not jnjective, we easily see thétis injective as well.
agree on entries with 1's. which is moreover injective. To be accurate,is
From now on, we assume thitis linearly ordered, a morphism ofB(X,Y,l1) to B(X,Y,l,) if we consider
thata®@b = min(a,b) for anya,b € L, andX andY are B(X,Y,l;) as a fuzzy concept lattice over the structure
finite. Also, we use the following convention. For a mag:; of truth degrees. However, we have seen above that
pingh:L; — L and a fuzzy seh € LY, we define afuzzy B(X,Y, ;) is the same no matter if we consider it ovgr
seth(A) € LY by h(A)(u) = h(A(u)). or overL.
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Since hﬂs an isomorphism of., to L4, the cor- From the point of view of a user, Theorem 3 says that
respondingh—1 : B(X,Y,l2) — B(X,Y,l1) is again an if expert 1 and expert 2 supply two data tables which are
injective morphism. Therefore, &' =h1 hisin ordinally equivalent (and need not agree on entires filled
fact an isomorphism o8 (X,Y,11) to B(X,Y,l,). That with 1's), the resulting collections of extracted clusters
fact that for the correspondin@,Bs) € B(X,Y,l;) and @€ infact, again very similar.

(A2,Bz) = h(A1,B1) € B(X,Y,l2) we haveA; =3, A Note that for other structure of truth degrees, Theo-
andB; =, B follows by a moment's reflection. There/¢MS 1 and 3 do not hold.

fore,g = his the required isomorphism. O

From the point of view of a user, Theorem 1 says thd.  Future research
if expert 1 and expert 2 supply two data tables which are
ordinally equivalent and agree on entires filled with 1'§uture research will be directed to results on scaling in-
the resulting collections of extracted clusters are, in faggriance w.r.t. so-called concept lattices with hedges [7]
almost the same. and w.r.t. attribute implications extracted from data tables
Next, we are going to consider what happens if wiith fuzzy attributes [6].
weaken the assumptions of Theorem 1 so that we assume
only I = l2. Requiringl; =1, |2 as above means that thé\cknowledgement
two experts agree on what it means that an objdatly Supported by grant No. 201/02/P076 of the Czech Sci-
has an attributg (i.e. 11(x,y) = 1 iff I2(x,y) = 1). How- ence Foundation and by institutional support, research
ever appealing such a requirement, it might be argued tpiin MSM 6198959214
it is not warranted. We need the following lemma.
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