A New Model in Forecasting Dynamic Correlations

Ray Y Chou® Nathan Liu®> Chun-Chou Wu?

! Institute of Economics, Academia Sinica
2 Department of Management Science, National Chiao-Tung University
® Department of International Trade, Chung Yuan Christian University

Abstract

This paper proposes a range-based Dynamic Con-
ditional Correlation (DCC) model, which is an
extension of Engle’s return-based DCC maodel. In the
DCC model, the conditional correlation coefficients
are estimated by a dynamic model for the product of
the pair-wise return series with each normalized by
their conditional standard deviations. The conditional
standard deviation is calculated by using a univariate
GARCH for the return series. We use the Conditional
Autoregressive  Range (CARR) model of Chou
(2005a), as an alternative to the univariate GARCH in
the DCC first-step estimation. The substantial gain in
efficiency in the volatility estimation can induce an
efficiency gain in forecasting the time-varying
correlation coefficient. Empirical results using in-
sample and out-of-sample data are supportive.
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1. Introduction

It is of primary importance in the practice of portfolio
management, asset allocation, and risk management to
have an accurate estimate of the covariance matrices
for asset prices. When valuing derivatives, forecasts of
volatilities and correlations over the whole life of the
derivative are usually required. The univariate
ARCH/GARCH family of models provides effective
tools to estimate the volatilities of individual asset
prices. For a survey of this vast literature, see
Bollerslev, Chou, and Kroner (1992), and Engle
(2004). It is, however, still an active research issue in
estimating the covariance or correlation matrices of
multiple, especially large sets of asset prices. Early
attempts include the VECH model of Bollerslev,
Engle, and Wooldridge (1988), the BEKK model of
Engle and Kroner (1995), and the constant correlation
model of Bollerslev (1990), among others.

In a series of papers, Engle and Sheppard (2001),
and Engle (2002a), and Engle, Cappiello, and
Sheppard (2003) provide a solution to this problem by
using a model entitled the Dynamic Conditional
Correlation Multivariate GARCH (henceforth DCC).
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The conditional covariance estimation problem is
simplified by estimating univariate GARCH models
for each asset’s variance process. Carrying on by using
the transformed standardized residuals from the first
stage, and estimating a time-varying conditional
correlation estimator in the second stage, the DCC
model is not linear, but can be estimated simply with
the two-stage methods based on the maximum
likelihood method.

In this paper, we consider a refinement of the DCC
model by utilizing the high/low range data of asset
prices. In estimating the volatility of asset prices, there
is a growing awareness of the fact that the range data
of asset prices can provide sharper estimates and
forecasts than the return data based on close-to-close
prices. Studies of supporting evidence include
Parkinson (1980) and more recently Alizadeh, Brandt,
and Diebold (2001), Chou (2005a, 2005b) and Chou,
Wu, and Liu (2004). Chou (2005a) proposed the
Conditional Autoregressive Range (henceforth CARR)
model where can capture the dynamical volatility
process and obtained some insightful evidence in real
data. In light of the success of the range-based
univariate volatility models, it is natural to inquire
whether this estimation efficiency can be extended to a
multivariate framework, in this case of the DCC model.

2. Correlation Estimation and the
DCC Model

The DCC model can be shown as follows.
H, =D,R,D,,

Rt = diag{Qt}_Uz Qtdiag{Qt}_Uz .

Here, Dy is the kxk diagonal matrix of time-varying
standard deviations from univariate GARCH models
with \/ﬁ on the i diagonal, where \/K is the square

root of the estimated variance. and
Q,=So(u'-A-B)+AoZ, ,Z ,+B-Q,,

A and B are parameters and o denotes the
Hadamard matrix product operator. The symbol ¢ is a
vector of ones and S is the unconditional covariance of
the standardized residuals. Finally, z =D *xr, are

the standardized but correlated residuals. The variable
I represents the returns of assets. The returns can be



either mean zero or the residuals from a filtered time
series, i.e.
rt||l—1 ~N(@O,H,)-

The conditional variances of the components of Z;
are, in other words, equal to 1, but the conditional
correlation matrix is given by the variable of R;. It is
important to recognize that although the dynamic of
the D, matrix has usually been structured as a standard
univariate GARCH model, it can extend to many other
types. Later on, we shall propose to use the
Conditional Autoregressive Range (CARR) model of
Chou (2005a) as an alternative.

As for parameters A and B, it is shown that if A, B,
and (:2'- A—B) are positive semi-definite, then Q;
will be positive semi-definite. If any one of the
matrices is positive definite, then Q; will also be so.
For the ijth element of R;, the conditional correlation

matrix is given by q; /,/q;q;, - As to the con-

ditional covariance, it can then be expressed using the
product of conditional correlation between these two
variables and their individual conditional standard
deviations. Engle and Sheppard (2001) show results
that simplify finding the necessary conditions for R; to
be positive definite and hence a correlation matrix
with a real, symmetric positive semi-definite matrix,
with ones on its diagonal line. The log-likelihood of
this estimator can be written as:

T
L=—%Z(klog(2x)+Iog\Ht\+rt'H;1rt)
t=1
__E u 'N-lp-1Q-1
= 22(k|0g(2;z)+Iog\DthD[Hr[ D,'R;'D, r[)
t=1
Here, Z; ~ N(O,R;) are the univariate GARCH
standardized residuals. Based on Engle (2002a)’s
argument, we can perform the estimation in two steps.
This estimator will no longer be efficient, but still
consistent. Let the parameters in D, be denoted ¢ and

the additional parameters in R; will be denoted by ¢ .
The log-likelihood function can be split into two
respective parts:
L(0.4)=L,(0)+Lc(0.9)-

The former term expresses the volatility part:
L, (8)= —%Z(n log(27) + Iog\Dt\2 +1,'Dr, )

t
The latter term is the correlation component:

1 oo .
LC(6:¢)=_EZ(IOQ‘R1‘+21 R, 1Zt -Z, Zt)'
t

The volatility part of the likelihood is the sum of
the individual GARCH likelihood if D; is determined
by a GARCH specification.

L 0)-- 355 oo e, |

it
This can be jointly maximized by separately
maximizing each term. If Dy is determined by a CARR
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specification, then the likelihood function of the
volatility term is

LV(9)=—;Zﬁl{log(znwzlog(z;w2;2;]7

t i it
where 2, is the conditional standard deviation as

computed from a scaled expected range from the
CARR model.

The second part of the likelihood will be used to
estimate the correlation parameters. As the squared
residuals are not dependent on these parameters, they
will not enter the first-order conditions and can be
ignored. The two-step approach to maximizing the
likelihood is to find
6 = arg max{L,, (6)},
and then take this value as given in the second stage,
m;ax{LC (6, ¢)}

It is shown in Engle and Sheppard (2001) that
under reasonable regularity conditions, consistency of
the first step will ensure consistency of the second step.
The maximum of the second step will be a function of
the first-step parameter estimates, and so if the first
step is consistent, then the second step will be too as
long as the function is continuous in a neighborhood
of the true parameters.

For the CARR volatility structure (return-based
conditional volatility model):

SRk,t = uk,t uk,t | It—l - exp(l;')’ k:1’2

A =0+ Ry + B

* . . . o
Zlf,t = rk,t /ﬂ’k,t Owhere /Ik,t = ad]k x ﬂ’k,t O adJk ==

o)

k
where R, is the high/low range in logarithm, of the

K" asset during time interval t, & and 1, are

respectively the unconditional variance of the return
series and the sample mean of the estimated
conditional range of the series k. This is a special case
of the multiplicative error model of Engle (2002b).
The specification of the exponential distribution of the
disturbance term provides a consistent although
inefficient estimator for the parameters. For specific
discussions also see Chou (2005a).

In the following analysis, we use two alternative
versions of DCC. The first one is the standard DCC
with  mean reversion (henceforth MR_DCC),
discussed in Engle (2002). The second one is the
integrated DCC (henceforth 1_DCC). Both of these
two models are simplified versions of the general
expression.

The MR_DCC is constructed by the following
equation.

Q,=So(ti-A-B)+AcZ ,Z '+BoQ,,,
For I_DCC, the dynamic structure simplifies to:



Q =AcZ Z[,+(1-A)°Q,

Like the specific property of volatilities, the
correlation also unobservable. We use daily data to
construct the proxies for the weekly-realized
correlation observations. The purpose of such doing is
to extract these so-called “measured correlation”,
denoted MCORR, as one kind of benchmark in
determining the relative performance of the return-
based DCC model and the range-based DCC model
for the time being. The MCORR; s defined as

MCORR, = 32 o
Tzt

where 7 denotes the trading days during the week t
and p| is the correlation coefficient at the i" trading

day of the week t. This series is obtained from using
the daily returns data and fitting them with a
MR_DCC model.

On the other side, we perform the tailor-made
regression framework proposed by Mincer and
Zarnowitz (1969) for the in-sample comparison.

In constructing the comparison of in-sample data in
our subsequent empirical analysis, several related
models are included, such as MA(100), EWMA with
A =0.94 Here one just uses the estimated
correlation regression on the realized correlation, and
the correlation is similar in the same manner. For a
simple regression, the R-squared can be used as a
rough proxy for the model’s performance.

For completeness, we also perform out-of-sample
forecast comparisons. It is very straightforward to
derive the formulation in computing the out-of-sample
conditional correlation for a bivariate MR_DCC
specification. Given T as the sample size, the T+1%
observation is obtained by:

|:q1,T+1 qu,T+1:|:|:1 q12:|o|:1_a1_b1 1_a3_b3:|+
Oora ot 0, 1] |l-a,—-b, 1-a,-b,

|:a1 as} . le,T Ziv 2y + |:bl ba} . { O Gor }
a 8, | | L1,y Z;T b, b,| [Gpr ar
where p. | = Uo7 / Op71:Q2741 -

For the period of t+h, with h > 2, the correlation is:
|:qLT+h q12T+h:| ={ 1 q12:|o|:1_a1 _bl l_as _bx}
Ooran Yaren (hz 1 1_a3 _b3 1_32 _bz

+ |:a1 +b a,+ bs} o[ Ou1na q12,T+h—1:|

a3 + b3 a2 + b2 q12,T+h—1 q2,T+h—1

Since the values for the out-of-sample correlation
forecast derived from the I_DCC model are constants,
we abridge the redundant explanation. In addition to
the range-based and return-based DCC models, the
MA(100) is introduced for an out-of-sample predictive
comparison. Empirically speaking, we still take the
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value of R-squared as an indication for the comparison
of preciseness.

3. Evaluation of Conditional
Correlation Forecasts

The data employed in this study comprises 835 weekly
observations on the S&P500 Composite (henceforth
S&P500), the Nasdaq stock market index, and the
yield for 10-year treasury bond (Tbond) spanning the
period January 4, 1988 to January 2, 2004. We retrieve
the ranges and returns data for the entire period from
Yahoo’s database.

Table 1: In-sample Correlations Forecasting
MCORR =%t 7/1/3trelum +&,
MCORR, =y, + 7,0 + &3,

_ ~ return ~ range
MCORR =7y +710 " +7:P1 " +&
Paneldy:  S&PS00 and Hasdag

MCOEE ¥ ¥, . B
Fetum 0,251 (104257 0.707 (246911 0400

ME _DrCC Rage 0347 (16 937) 0,597 (24 5307 0330
EOTH 0.257 (105241 0.445 (7435 0.258 (3.277) 0425

Fetmm 0250 r7.8067 0.705 (182214 0316

IDCE Range 0280 (10 676) 0.672 (21,5547 0.350
EOTH 0.171 [5.689) 0363 (6.545) 0.44010.122) 0.392

BIALOD 0259 (9.421) 0699 (2123 0330
Enp. Smocthing 0375 (20.745) 0,555 (25.732) 0489
Danel B, S&LS00 and Thond

Fetam 0030 (4.524) 0848 (57.328) 0.7

ME DCC Range 0023 (3.789) 0,360 (70,0517 0.500
EOTH 0.021 (3.621) -0.399 ¢3.513) 1.256 (11.066 0.803

Rebm 0023 (3.539 0965 (59.105) 0.794

LDEC Range 0007 (1.164) 0045 (72435 0.811
EOTH 0008 [1.45%) 0.13% (L1613 0533 (7.730) 0.811

hIA100 -0.017 r-1.704% 0.890 (366257 0.587
Exp. Smocothing 0025 (3.947) 0846 (67.370% 0.792
Panel ©:  Hasdag and Thord

Fetmn 0.026 r5.5517 0.851 ¢57.019 0777

ME DCC Range 0020 (6.574) 0,318 (67.5007 0.816
EOTH 0.031 (7.113) -0.437 (-5.573) 1233 (16.445) 0.821

Febmm 0032 r6.8351 0955 (57.5457 0.792

ILDeC  Range 0018 (3087 0,390 (60.005) 0802
EOTH 0.022 (4.9700 0351 (3.944) 0.572 (6.777) 0.807

MA100 0017 (-2.707) 0871 (42423 0.658
Exp. Smocthing  0.030 r6.28%) 0.758 (62.500) 0.776

Table 1 describes the in-sample forecasting
performance for MCORR. With the exception of the
correlation between the S&P500 and Nasdaq indices,
all of the estimates of R-squared for the range DCC
model are statistically preferred to the return DCC
model.

The exponential smoothing model seems to
perform well in the sample for correlation forecasting,
but poorly for the out-of-sample forecasting.
Technically, based on the exponential smoothing
model, it obtains a constant value when we predict the
out-of-sample correlation between any two variables.
Finally, no matter what market data is used, the
MA100 is the worst model in our in-sample



correlation forecast performance comparison. It is
apparently that the range proxy fitting to the in-sample
forecasts of correlation is again better on the setting of
the DCC model.

We adopt the procedure of a rolling sample to
estimate the out-of-sample forecasts using MR_DCC
and |_DCC specifications for both the return-based
and range-based models. For each individual model,
we compute the out-of-sample forecasts for the
horizons of 1, 2, 3, and 4 weeks. In all cases, we re-
estimated the estimates 100 times. We then use a
simple regression to compare the explanatory power of
these various forecasts on the realized covariances or
correlations.

Table 2: Out-of-Sample Correlations Forecasting

MCORR, =y, + 7.0 +&
F-squared WIE i
Forecast horizon retuwrm-based range-based Ivle 100
Panelf: S&P500 and Masdag

1 0.z10 0.548 0.044
2 027e 0.474 0.07a
3 0242 0.407 0.109
4 0.199 0.32s 0.153
Panel B:  S5&PS00 and Thond
1 0.421 0.631 0.165
2 0.441 0.547 0.134
a3 0.206 0.463 0.09s
e 0229 0.328 0.045
Panel Z: Hasdag and Thond
1 0.593 0.724 0.443
2 0673 0.754 0.397
3 0.705 0.706 0.348
< 0.71e 0.654 0.2e9

Table 2 reports the value of R* from a linear
regression of MCORR on each of these out-of-sample
forecast series. The overall result is consistent
whatever out-of-sample horizon is chosen. We achieve
a confirmation that the DCC-range model is more
powerful then DCC-return model when the forecasting
intervals of correlation are during one-month period.
With the exception of the relationship between the
Nasdaq index and the Thond yield for the four weeks
out of sample prediction, all of the estimates of R-
squared for any other market data witness the
inference.

4. Conclsions

In this paper, a new estimator of the time-varying
correlation matrices is proposed utilizing the range
data by combining the CARR model proposed by
Chou (2005a) and the framework of Engle (2002a)’s
DCC model. The advantage of this range-based DCC
model outperforming the standard return-based DCC
model hinges on the relative efficiency of the range
over the return data in estimating volatilities. Using
weekly returns of S&P500, Nasdag and 10-year
treasury bond rates, we find consistent results that the
range-based DCC model outperforms the return-based
models in estimating and forecasting correlation
matrices, both in-sample and out-of-sample. It also
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can be applied to larger systems in a manner similar to
the application of the return-based DCC model
structures that is demonstrated in Engle and Sheppard
(2001). Future research will be useful in adopting
more diagnostic statistics or tests based on value at
risk calculations. Applications to the estimation of
optimal portfolio weighting matrices and the
calculation of the dynamic hedge ratio in the futures
market will also be fruitful.
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