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ABSTRACT

The logical treatment of the theory of approximate
reasoning is of increasing importance both in fuzzy
logic and in artificial intelligence, and the most fun-
damental form of approximate reasoning seems to be
the generalized modus ponens (briefly, GMP) where a
major premise A — B and a minor premise A* similar
to A are given and a conclusion B* is required to be
deducted where A, A*, B, B* are abstract logic propo-
sitions. Zadeh first investigated a GMP-Like problem
where A, A* and B, B* were supposed to be fuzzy sub-
sets on universes X and Y respectively, and the com-
positional Rule of Inference (brieflyy, CRI) was pro-
posed. But it seems that CRI is a method of numer-
ical computing rather than logic deduction. The first
author of the present paper tried to endow fuzzy rea-
soning with logic framework and the so called Triple
I method was proposed based on the logical concept
of tautologies. The aim of the present paper is to
go a step further and propose a graded inference the-
ory with the characteristic that logic deductions being
graded by means of certain pseudo-metric on the set
of propositions. The soundness and complete theorem
is established.

Keywords: Lukasiewicz system, Ry system, fuzzy
logic, classical logic, graded inference, pseudo-metric.

1. PRELIMINARIES

Let S = {p1,p2,- -} be a countable set, elements of .S
are atomic propositions (briefly, atoms). Let F(S) be
the free algebra of type (-, —) generated by S where —
and — are unary and binary operations respectively,
elements of F(S) are popositions (or formulae). Sup-
pose that A, B are propositions of F(S), the following
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deduction rule shown by Eq.(1) is called modus po-
nens (briefly, MP):

A (1)
B

Suppose that A* is a proposition different from but
similary to A, then the following Eq.(2) is called gen-
eralized modus ponens (briefly, GMP) [5]:

A — B

A (2)

B*
Zadeh first investigated GMP-like problem where
A, A* and B, B* were supposed to be fuzzy subsets
A(x), A*(x) and B(y), B*(y) on universes X and YV
respectively, and the Compositional Rule of Inference

(briefly, CRI) was proposed and the conclusion B* can
be calculated by the following formula[9]:

B*(y) = sup{A*(z) A R.(A(z), B(y))|z € X},

yevy, (3)

where R, is Zadeh’s implication operator such that

Rz(a,b)=(1—a)V(aAb), abel0,1. (4)

The first author of the present paper improved, in
certain sence, the CRI method by proposing the so
called Triple I method of which the conclusion B* is
the smallest fuzzy subset of YV satisfying the condition
that

(A(z) = B(y)) = (A*(x) = B*(y)) = 1,

reEX,yeyY. (5)

where — is any implication operator having an adjoint
t-norm ® (i.e., a®b < c¢if and only if a < b — ¢), and
B* can then be computed by the formula [1-4]:

B*(y) = sup{4*(z) ® (A(x) = B(y))|z € X},

yevy. (6)



and it is pointed out that Eq.(6) is, in certain sense,
better than Eq.(3). But both Eq.(3) and Eq.(6) are
computation oriented rather than logical deduction
oriented eventhough the latter can be brought into
logic semantics[6]. The aim of the present paper is try
to establish a graded inference theory in fuzzy logic as
well as in classical propositional logic.

2.FUZZY LOGIC AND CLASSIC
LOGIC

As mentioned above, a proposition (or formula) is an
element of F'(S). Consider the unit inteval [0,1], define
on [0,1] a unary operation — : [0,1] — [0, 1] by letting
- =1—-a0 < a < 1), and a binary operation
—:[0,1]* = [0, 1] by letting

a—=-b=(1-a+bAl, a,be]|0,1] (7)

or

a—>b:{ 1

) agba
(L—a)Vb,

a>b, a,bel0,1], (8)

then ([0, 1],—,—) is an algebra of type (-, —). Oper-
ations — defined by Eq.(7) is called the Lukasiewicz
implication operator and denoted —; and that de-
fined by Eq.(8) is called the R, implication operator
and denoted —¢[8]. A mapping f : F(S) — [0,1] is
said to be a valuation of F(S) is v is a homomorphism
of type (=, =), i.e.,

v(=A) = —w(4), A€ F(S), 9)

v(A = B) =v(4) » v(B), ABeF(S), (10)

where — can be — or —g. The set consisting of
all valuations of F'(S) will be deroted by Qr or Qo
whenever — 1 or —¢ are used respectively. More-
over, if we reduce [0,1] to be {0,1} and define on
{0,1},-0 = 1,-1 =0 and @ — b = 0 if and only if
a=1andb=0, then ({0,1},-,—) is also an algebra
of type (—, =), and the set consisting of all valuations
of F(S) will be denoted by Q*. Assume in the fol-
lowing Q is Qf, Qg or Q*. Let A be a proposition of
F(S), A is said to be a tautology if Vv € Q,v(A) = 1.
A is said to be a contradiction if Vv € Q,v(4) = 0.
Suppose that T' C F(S) and v € Q, if v(4) = 1 holds
for every member A of T', then we say that v is a
model of T'. Suppose that B € F(S), if v(B) =1
holds for every model v of I', then we say that I' im-
plies B semantically and denoted I' = B. Then B is
a tautology means that § = B, briefly, = B. These
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are logical semantics and it is classic logical seman-
tics if = Q*, and they are fuzzy logical semantics if
Q= Qr or 2 = Qy. The following are corresponding
logical syntactics.

For classical propsitional logic system L, there are
three axiom schems:

(L1) A— (B—= A)

(L2) (A-»(B—=C)) = ((A— B)—> (A= 0)).
(L3) (mA — -B) = (B — A).

For Lukasiewicz propositional logic system L.y, there
are four axiom schemes:

(Lul) A— (B — A).

(Lu2) (A= B) > ((B—=C)—= (A—>0¢)

(Lu3) ((A— B) > B) = ((B—= A) = A)

(Lud4) (A — -B) —» (B = A).

And for Ry propositional logic system L*, there are
ten axiom schemes:

(L*1) A— (B— AAB)

(L*2) (nA— -B)—> (B—= A)

(L*3) (A= (B—=>C))—>(B—(A—-0))
(L*4) (B—=>C)— ((A—= B)—= (4A—-0))
(L*5) A— ——A

(L*6) A— AVB

(L*7) AVB— BV A

(L*8) (A= C)AN(B—=C)—= (AVB— ()
(L*9) (ANB=C)=(A—=-C)V(B=()
(L*10) (A— B)V((A— B) - —=AV B)

where AVB =-(((A = (A —> B)) > A) - A) -
—|((A — B) — B)) ANB = —|(ﬁA \% ﬁB)

There is only one deduction rule, i.e., modus ponens as
shown in Eq.(1). Suppose that I' C F(S), B € F(S5),
we say that ' syntactically implies B and denoted
-, A, with A, = B
and Vi < n,A; € T or A; is an axiom, or there exist
J»k < i such that A; can be deducted from A; and
Ay, by using MP. In case I' = () we say that B is a
theorem if I' = B holds, and denoted + B.I' is said
to be consistent if ' F B and T' - =B do not hold
simutaneously [11]. The following theorems have been

I' - B if there is a sequence Ay, - -

proven:
Theorem A In classical propositional logic system
L,

A ifandonlyif T E A. (11)

Theorem B
system Ly,

[1] In Lukasiewicz propositional logic

A ifandonlyif T = A,T is finite. (12)

Theorem C [11]In Ry porpositional logic system £*,
is consistant.

F'+Aifandonlyif T'|=A,T (13)



Theorem A is a well known result in classical propo-
sitional logic system. Theorem C first appeared in [2]
and [11] proved it in a more elaborately way. These
theorems feature the soundness and adequacy of cor-
responding logic systems.

In the following we use the symbol A ~ B to denote
the fact that both - A — B and F B — A hold, and
A ~ B means that A and B are provably equivalent.
Similarly, A ~ B means both A -+ B and B — A
are tautologies and we say in this case A and B are

logically equivalent.

3. PSEUDO-METRICS ON F(5S)

Let A = A(py,---
,Pn are the atoms appeared in A, then

,Pn) be any proposition of F(S),
where pq, - --
A induces a mapping A : [0,1]" — [0,1] as follows:
A(zy,---,2,) is an expression obtained by connect-
ing x1,---,z, using - and — in the same way as
pL,
A(p1,---,pn) eg., if A(p1,p2,p3) = (p1 = —p2) = p3,
then A(z1,22,23) = (x1 = (1 — 22)) = x3 where —

,Pn. being connected using — and — to form

can be chosen to be =, or — corresponding to which
one of the systems L, or £* is considered. In [10] a
pseudo-metric was defined on F'(S) in L,y as follows:

p(lA,B)lz— .

f() fO | A(l‘l,---,l'n) _B('Tla"'axn) | dl’l"'dl'n,
(14)

where pi,---,p, are the atoms simutaneously ap-

peared in A and B, and it was pointed out in [10]
that Eq.(14) can be used to compute p(A4, B) even A
and B contains different atoms because one can, in
provably equivalent sense, use extensions A* and B*
instead of A and B correspondingly such that A* and
B* contain one and the same group of atoms. e.g., if
A =p1,B = ps, then let A* = (p1 Vp2 = p1 Vp2) —
p1,B* = (p1 Vp2 = p1 Vp2) — p2 and we see that
A* ~ A, B* ~ B. Hence it is not necessary to list all
the variables and Eq.(14) can be abbreviated as

p(A, B) :/ |A — Bldw, (15)

A

where dw = dz; - - -dxy, and A = [0, 1]™. Moreover, it

was proved in [10] that

p(A, B) :1—/A(Z—>§)/\(B—>Z)dw.

(16)

And it is exactly in this way, one can define pseudo-
metric by using Eq.(16) on F(S) in the logic system
L*.
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Lastly, the concept of truth degrees of formulae of
F(S) was introduced in the classical propositional sys-
tem L in [9], and a pseudo-metric was defined as fol-
lows:

d(A,B)=1—7(A—> B)AT(B — A),

A, B e F(S). (17)

Now we see that a pseudo-metric can always be defined
on F(S) no matter which of the logic systems Ly, £*
or L is under consideration.

4. A GRADED INFERENCE
THEORY

Assume in the subseguent that F'(S) is the free algebra
of type (-, —) generated by S = {p1,p2,---} and p
is a pseudo-metric on F(S). Let w = wy---w, be
a sequence in F'(S), then we use I(w) to denote the
length n of w.

DEFINITION 1. Let I be a subset of F(S),.A be
the set consisting of all axioms, '* =T U A, and w =
wy - --wy, be a sequence in F(S). Define d(I',w), the
degree to which w deviates from ', by induction on
I(w) as follows:

(i) If l(w) = 1,d(T, w) = p(w,T*).

(i) f w =w1 - wy (n > 1), then

dT,w) = plw,, T*)AV{dT,w; - -wi)k <n}v
V{p(wia F*) v P(wj,r*)|7:,j <n,
{wi,wj) H wn})

DEFINITION 2. Let I' be a subset of F(S),B €
F(S). Then the error Eded(T", B) with which I" Syn-

tactically implies B is defined as follows:

Eded(T',B) = A{dT,w)|lw=w- - wy

is a consistent sequence in
F(S)a Wy = B}

(18)

DEFINITION 3. Let ' be a subset of F(S),B €
F(S). Then the error Econ(I', B) with which I' se-
mantically implies B is defined as follows:

ANp(Z,T)[E
is a finite consistent subset of F'(S),

¥ B}, 19)

where I'* =T U A, p(Z,T*) = V{p(4,T*)|A € £}.
THEOREM (The Soundness nad Adequacy
Theorem) Let T' be a subset of FI(S),B € F(S),

Econ(T',B) =

then

Eded(T', B) = Econ(T, B). (20)
PROOF. First prove

Eded(T',B) < Econ(T, B). (21)



In fact, suppose that Econ(T, B) < ¢, then it follows
form Eq.(19) that there is a finite consistent subset ¥
of F(S) such that

p(E,I'") <e and ¥ | B. (22)

Since ¥ is finite and consistent it follows from Theo-
rem A-Theorem C that ¥ + B. Hence there exists a
proof sequence w = w; - - wy, such that wy € L(k <
n—1) and w, = B. Now there exist ¢, j < n such that
{w;,w;} F wy, and it follows from p(X,[*) < ¢ and
Definition 1 that d(T',w) < . Hence it follows from
Eq.(18) that Eded(T", B) < e. This proves Eq.(21).
Conversely, it remains to prove

Econ(T', B) < Eded(T, B). (23)

In fact, suppose that Eded(T', B) < ¢, then it follows
from Eq.(18) that there exists a consistet sequence
w = wi -+ Wy such that

d(l'yw) <e and w, = B. (24)

It follows from Eq.(24) and Definition 1 that

(i) p(B,IT*) = p(w,,I'*) < g, choose ¥ to be {B},
then ¥ |= B, ¥ is consistent and hence it follows from
Eq.(19) that Econ(T, B) < ¢, or

(ii) there are ¢,j < n such that {w;,w;} F B(hence
{wi,wi} | B) and p(w;,T*) < e, p(w;,[*) < ¢,
choose ¥ to be {w;,w;}, then ¥ |= B, ¥ is consistent
and it follows from Eq.(19) that Econ(T', B) < €. This
proves Eq.(23) and the proof of the main Theorem is
completed.

5.CONCLUSIONS

A unified graded inference theory is established which
is suitable for Lukasiewicz fuzzy logic, Ry fuzzy logic
as well as for classical propositional logic. The method
of the present paper can be used to propose a graded
inference theory in several predicate logics, and it will
be completed in forthcoming papers.

References

[1] P.Hijek, Metamathematics of Fuzzy Logic,
Dordrecht: Kluwer Academic Press. 1998.

[2] D.W.Pei and G.J.Wang, The completeness of the
formal system £*, Science in China(E) (in Chi-
nese), Vol. 32, No.1, 2002,pp 56-64.

101

[3] S.Song, C.Feng, E.S.Lee. Triple I Method of
Fuzzy Reasoning. Computers and Mathemat-
ics with Applications, 44(2002),pp1567-1579.

[4] G.J.Wang. The Triple I method with total in-
ference rules of fuzzy reasoning. Science in
China(E)(in Chinese), Vol. 29,No.1, 1999,pp43-
53.

[5] G.J.Wang. On the logic foundation of fuzzy rea-
soning. Information Sciences, Vol. 117,No.1,
1999,pp 47-88.

[6] G.J.Wang.Non-classical Logics and Approx-
imate Reasoning(in Chinese). Beijing: Science
in China Press, 2000.

[7] G.J.Wang, Hao Wang. Non-fuzzy versions of
fuzzy reasoning in classical logics. Information
Sciences, Vol.138, No.3, 2001,pp 211-236.

[8] G.J.Wang and W.Wang, Partial Valuations and
fuzzy reasoning, pp 196-213, in G.Chen, M.Ying
and K.Cai(eds), Fuzzy Logic and Soft Com-
puting, London: Kluwer Academic Publishers,
1999.

[9] G.J.Wang, L.Fu and J.S.Song, Theory of truth
degrees of propositions in two valued logic, Sci-
ence in China(A), Vol. 45, No0.9,2002,pp1106-
1116.

[10] G.J.Wang, Yee Leung. Integrated semantics and
logic metric spaces. Fuzzy Sets and Systems,

Vol.136, No.1, 2003,pp 71-91.

[11] S.M.Wang, B.S.Wang and G.J.Wang, A
triangular-norm-based propositional fuzzy logic,
Fuzzy Sets and Systems, Vol.136,No.1, 2003,

pp 55-70.

[12] L.A.Zadeh. Outline of a new approach to the
analysis of complex systems and decision pro-
cesses. IEEE Trans. Syst. Man Cybernet,
Vol.3,No.1, 1973,pp 22-44.





