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Abstract

A new algorithm to test thermodynamic infeasi-
bility of reaction fluxes in metabolic pathways is
presented. Once a flux has been computed the only
computational step involves the multiplication of
two matrices. This will be useful in large metabolic
networks which give rise to multiple fluxes that need
to be tested for feasibility. We applied this test to
the E. coli metabolic network.
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1 Introduction

Study of metabolic networks is important in predict-
ing the cellular behavior as a result of interactions be-
tween the different reactions occurring within the cell
(3,6). For example the flux balance analysis (FBA)
has proved to be useful for studying the steady state
kinetic rates (or fluxes) inside the cell (8). This ap-
proach is especially a valuable tool in the absence of
knowledge of detailed kinetic parameters of reactions
inside the cell. Recently there have been attempts
to further constrain the fluxes that are obtained by
FBA, to satisfy the second law of thermodynamics
by a method called energy balance analysis (EBA)
(1). The EBA eliminates thermodynamically infeasi-
ble fluxes that are got by applying FBA alone (4).

In this paper we incorporate the energy feasibil-
ity constraint that is akin to Kirchhoff’s potential

law (7) into the linear FBA theory. This places ad-
ditional constraints on the FBA solution space and
eliminates thermodynamically infeasible fluxes that
do not satisfy the loop law. The algorithm presented
here is a necessary condition for thermodynamic fea-
sibility, and it can be applied in the context of mul-
tiple fluxes. A single computation that involves the
multiplication of two matrices, is necessary to check
the thermodynamic infeasibility of multiple fluxes in
a metabolic network. This model will be useful in
predicting the behavior of large scale networks, espe-
cially in making predictions of gene regulation and
thermodynamic chemical potentials of the different
chemical reactions that go on inside the cell.

2 Flux and Energy Balance
Analysis

The theory of FBA invokes the law of flux conserva-
tion, and has been formulated as a linear program-
ming problem (8), where there is a linear objective
function to be optimized, which could for example be
to maximize growth, to maximize ATP production,
or to minimize glucose intake. The theory maximizes
an objective function that is a linear combination of
the fluxes.

max
f∈Zf

dT f (1)

where, Zf = {f ∈ Rn | Sf = 0, l ≤ f ≤ u } is a
set of n-component flux vectors satisfying FBA con-
straints of mass conservation, Sf = 0, S ∈ Rm×n is
a stoichiometric matrix, m is the number of reactants
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in the network. All vectors by default will be column
vectors. Also, d, l and u are vectors ∈ Rn of ob-
jective function coefficients, lower and upper bound
constraints on the fluxes respectively, and 0 is a zero
vector of size m. The inequalities in the set Zf are
componentwise for the vectors. For example, for a
substrate uptake flux fj , one can set lj and uj equal
to the corresponding experimentally measured value.
Also these lower and upper bound constraints can
be used to distinguish reversible and irreversible re-
actions, where lj > 0 for the latter. The vector of
objective function coefficients have to be determined
experimentally. For a realistic stoichiometric matrix,
the number of fluxes n exceeds the number of metabo-
lites m. So a convenient way to solve the above sys-
tem of underdetermined equations is to resort to lin-
ear programming.

Energy balance analysis on the other hand invokes
the second law of thermodynamics, as a consequence
of which, reaction fluxes are always in the direction
of decreasing chemical potential (5). This is the di-
rection in which the entropy of the reaction increases.
Since the FBA analysis gives rise to an infinite num-
ber of fluxes, many of these flux distributions violate
the second law and hence are infeasible. Hence, an
algorithm is developed to test for thermodynamic in-
feasibility.

One can partition the columns of the stoichiomet-
ric matrix S into non-redundant columns G ∈ Rm×ni

corresponding to the internal flux vector x ∈ Rni and
columns H corresponding to the boundary flux vector
y. The internal fluxes are between two metabolites
both of which are represented as rows in the stoichio-
metric matrix S. From the reduced row echelon form
(7) of G, one can find the null space matrix N of G,
GN = 0. The matrix N ∈ Rni×nl consists of nl basis
vectors of the null space of G, corresponding to the
number of simple loops nl in the network. Associ-
ated with each internal flux xi (ith component of x),
for reaction i, there is a chemical potential difference
∆µi. These potential differences belong to the set Ze,
satisfying a law similar to the Kirchhoff’s loop law in
electrical circuits (1), namely
Ze = {∆µ ∈ Rni | K∆µ = 0,β ≤ ∆µ ≤ α }.
Where, K = NT , 0 is a zero vector of size nl, β
and α ∈ Rni represent the lower and upper bounds

on the change in chemical potential ∆µ, and the in-
equality is componentwise. The absolute values of
the components in β and α mean nothing since the
constraints in the sets Zf , Ze and equation (2) can
be scaled by a positive constant without changing the
linear programming solution.

In addition, for x and ∆µ to be thermodynami-
cally feasible, they must satisfy the following nonlin-
ear constraint:{

xi∆µi < 0 for xi 6= 0 and ∆µi 6= 0,
xi = 0,∆µi = 0 otherwise. (2)

3 Thermodynamic feasibility
constraint

The number of rows nl of the K matrix gives the
number of loops or cycles in the network (Strang,
2003). If in any row j of the K matrix, Kj∗ =
[kj1, . . . , kjni

] (here, kjni
is the (j, ni)th entry of ma-

trix K) all the entries (there should be more than one
non-zero entry) are of the same sign, corresponding
to the set of positive fluxes for the jth cycle, then
the flux distribution is thermodynamically infeasible,
otherwise the flux distribution is cycle feasible.

It can be seen that to satisfy K∆µ = 0, for a single
row of the K matrix corresponding to a single cycle,
atleast one of the ∆µi should be of a different sign
from the rest of the other components in the ∆µ vec-
tor. This when combined with equation (2), prevents
the formation of loops along the flux direction in the
network, and hence satisfies the second law of ther-
modynamics. This idea will be used in the infeasibil-
ity testing algorithm presented in the next section.
The input to the algorithm is the matrix of internal
fluxes X that satisfy the FBA constraints, and the
metabolic pathway, which is specified by the sgn(K)
matrix. The sgn(x) function returns 1 for positive x,
-1 for negative x and 0 for x = 0. (For the matrix K,
the sgn function is taken elementwise). The internal
flux vectors for which thermodynamic infeasibility is
tested are columns of the matrix X. Two matrices
that keep track of the zeros in each cycle of the K
matrix and the zero fluxes in each flux vector of the
X matrix are maintained. This is a bookkeeping step
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which tells us the fluxes that are absent from a cy-
cle. From this information the number of non-zero
fluxes in a cycle can be computed. This gives rise to
a matrix I, whose rows correspond to the cycles in
the network. The jth column of I, I∗j corresponds
to the jth flux vector, which is the jth column of
matrix X. The column vector I∗j stores information
on the number of non-zero fluxes in each cycle. For
example, the ith flux component fi is zero in the jth
cycle , if kjifi = 0, and is non-zero otherwise.

4 Feasibility Algorithm

i) Compute J = sgn(K)sgn(X), L = J mod I. Here,
the mod operation is done componentwise.
ii) If the (i, j)th element of the matrix I, Iij = 1,
then the jth flux vector in the ith cycle is cycle
feasible.
iii) If the (i, j)th element of the matrix L, Lij 6= 0
and Iij 6= 1, then the jth flux vector corresponding
to the jth column of the X matrix, X∗j is cycle
feasible for the ith cycle of the metabolic network
corresponding to the i row of the matrix K, Ki∗.
iv) If Jij = 0 then cycle feasible, else if Jij 6= 0 and
Lij = 0 then thermodynamically infeasible.
v) Partition the columns of L into cycle feasible
and thermodynamically infeasible fluxes. Since
this is a necessary condition for thermodynamic
feasibility, the cycle feasible fluxes have to be further
investigated to see if they are thermodynamically
feasible or infeasible.

Two lemmas are proved regarding the correctness
and complexity of the algorithm.

Lemma 1: (correctness lemma)
The algorithm correctly tests a flux vector for
thermodynamic infeasibility.
Proof: In step (ii), Iij = 1 means that the jth flux
vector has one non-zero flux in the ith cycle, hence it
is cycle feasible, by setting the corresponding change
in chemical potential to zero. In step (iii), Lij 6= 0
iff Jij 6= Iij or −Iij or Jij = 0, hence the ith row of
K has entries with different signs, hence it is cycle
feasible for the jth flux vector. In step (iv), Jij = 0

iff the ith row of K has entries with different signs
which cancel each other, and hence is cycle feasible.
But, Lij = 0 iff Jij = Iij or −Iij , hence the ith row
of K have all positive or negative sign entries and
hence is thermodynamically infeasible for the jth
flux vector.

Lemma 2: (complexity lemma) The algorithm has
polynomial complexity.
Proof: Matrix multiplication is polynomial.

The output of the algorithm is the L matrix. Its
entries tell, which cycles are thermodynamically in-
feasible, as a result of some fluxes. These fluxes are
then said to be thermodynamically infeasible. The
remaining fluxes are cycle feasible that have to be
tested for thermodynamic feasibility or infeasibility,
since this algorithm is only a necessary condition for
testing thermodynamic feasibility. The algorithm can
be used as a building block to larger programs for
metabolic networks.

5 Application to E. coli

We use the stoichiometric matrix S of the model E.
coli system from Table 1 of (3) for our FBA/EBA
analysis. The reaction network contains 19 metabo-
lites linked by 23 reactions (Figure 1 in (3)) Out of
these 23 fluxes there are 3 external or boundary fluxes
and the rest 20 are internal fluxes. The network con-
sidered takes glucose as input and produces acetate
and carbon dioxide. The energy and the metabolites
involved in this process are used for the synthesis
of proteins, DNA, RNA etc. We applied our algo-
rithm to maximize the production of biomass flux,
which is a linear combination of the different fluxes
with experimentally determined stoichiometric coef-
ficients. These coefficients are for the conversion of
key metabolites to biomass. In the FBA optimization
the internal fluxes are unrestricted, and only satisfy
the flux balance constraint. The C02 and acetate
fluxes come from the literature (references found in
(3)) Since only the relative rates matter, the glucose
flux is set to 1, and all other fluxes are normalized
with respect to it.
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The G matrix is formed by considering the
columns of the following internal fluxes from Table 1
of Delgado and Liao (1997):
x = [Jpgi, J3, Jpep, Jpyk, Jpdh, Jace,
J8, Jict, J11, J12, Jppc,
J14, J15, J16, Jtkt, Jtal, Jresp, Jatp, Jbiomass, Jglyox]
and the H matrix is formed from the columns of the
external fluxes y = [Jgluc, qCO2 , qace].
The null space of the G matrix is of dimen-
sion 1, hence the K matrix consists of one row,
corresponding to a single loop in the network.
K = [0, 0, 0, 1, 1, 0, 0,−1,−1,−1,−1, 0, 0, 0, 0, 0,
− 1,−3, 0, 1]. From the non-zero entries of the K
matrix, we see the following 9 fluxes form a cycle:
[Jpyk, Jpdh, Jict, J11, J12, Jppc,
Jresp, Jatp, Jglyox].

Applying the algorithm one finds
that the internal flux vector x =
[0.87, 0.85, 1.58, 1.92, 2.71, 0.27, 0.56,−1.03,−1.11,
− 1.11,−1.38, 0.12, 0.09, 0.03, 0.03, 0.03, 1.80, 2.95,
0.0001, 1.59]T is cycle feasible, infact it is is
thermodynamically feasible, but the vector
x = [0.87, 0.85, 1.58, 48.51, 49.31, 0.27, 0.56,−47.63,
− 47.71,−47.71,−47.98, 0.12, 0.09, 0.03, 0.03, 0.03,
− 44.80,−136.84, 0.0001, 48.19]T is thermodynami-
cally infeasible.

6 Conclusions

In this paper we give a simple algorithm to test the
thermodynamic infeasibility of metabolic pathways.
It can test the infeasibility of many flux distributions
at once, and hence can be incorporated into algo-
rithms for computing fluxes in large metabolic path-
ways. This algorithm has been tested on the E. coli
pathway.
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