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1 Introduction

Ribonucleic Acid (RNA) sequences play numerous im-
portant roles in biology. To perform their functions, RNA
sequences fold into stable higher-order structures by form-
ing intra-strand base pairings. Generally, an RNA sequence
can be viewed as a sequence of characters over the alphabet
set {A, C, G, U}, and the base pairing occurs between the
bases A and U, G and C, or G and U by hydrogen bonding.
An RNA secondary structure consists of both paired bases
and single bases.

Although RNA sequences can change throughout evo-
lution, the higher-order structures that determine its func-
tion are maintained by selection. Therefore, to determine
the similarity between two RNA sequences, it is better to
compare their structures. The question of aligning two
RNA secondary structures has been studied for some time
[1,3,4,5,6,8,9, 10, 11]. Some of these methods require
the specification of a gap opening penalty, but it is not clear
how much we should assign to it for the RNA secondary
structure alignment.

In this paper, we would like to propose an algorithm
to align two RNA secondary structures, in which we get
around the question of assigning gap opening penalty. We
adopt the idea first proposed in [2] by David Sankoff, for
any two given RNA secondary structures A and B, we
would like to find an optimal alignment of them with ex-
actly I(1 > 0) blocks which only consist of substitutions
(no gaps are allowed in the blocks). Thus we transform the
question of assigning gap penalty to the question of finding
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exact number of blocks.

2 Basic Definitions

Before proceeding we first introduce some basic con-
cepts and the computation model. For our convenience, we
use A and B to represent two RNA secondary structures,
A; to represent the sth base in structure A, (A;, 4;) to
represent a base pair (if the context is clear, we only use
(4,7)), Api,j to represent the bases in A indexed from 4 to j
inclusively.

Concept 1: (RNA Secondary Structure) An RNA sec-
ondary structure of an RNA sequence A is a set of base
pairs, say S, which should satisfy the following conditions:

1. Forany base pair (A;, A;), it must be one of the canon-
ical base pairs, A-U (U-A), G-C (C-G) or G-U (U-G).

2. For any two base pairs (A4;,, A;,) and (A;,, Aj,), ei-
theri1 =19 and j1 :jz oriq 75 19 and jl # jg, jl 75 19
and iy # ja.

3. If h < i < j < k, then S cannot contain both (Ap, 4;)
and (4;, Ag).

4. If S contains (A4;, A4;), then |j —i| > 4.

In an RNA secondary structure, if A; pairs with 4;, we
define p(¢) = j and p(j) = i. The smaller of the two values
i and j is called the 5’ end of a base pair, the larger one is
called the 3’ end. If A; is a single base (it does not pair with
any other bases), then we define p(¢) = i.
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Figure 1. Pairwise RNA structure alignment and the edit operations

We adopt the computation model introduced in [10], in
which the edit operations are extended to be operated upon
RNA base pairs. An RNA base pair is treated as an entity.
We have single base insertion, deletion and substitution,
and base pair insertion, deletion and substitution. When a
deletion or an insertion is applied to a base pair, both of the
bases consisting of the base pair are deleted or inserted. A
substitution of a base pair results in substituting both of the
bases. Figure 1 shows the possible operations applied to an
RNA secondary structure alignment.

Concept 2: (Global RNA Secondary Structure Alignment)
Given two RNA secondary structures A and B, we define
the alignment (A’, B') of A and B as following:

1. A'is A and B’ is B except some spaces (‘—’) are in-
serted and [A'| = |B'|.

2. If A} is a single base in A’, then either B] is a single
base or a space (‘—’); and vice versa.

3. If (A}, A}) is a base pair in A’, then either (Bj, B;) is
a base pair or both of them are spaces (‘—’); and vice
Versa.

4. There are no opposing spaces in the alignment, e.g. —.

The optimal alignment of A and B is the one which has
the maximum score over all possible alignments of 4 and
B. Let S(A’, B') be the score of alignment (A’, B'), we
define S(A’, B') as:

S(A!, B")=del_single(A’, B') + ins_single(A', B")+
sub_single(A’, B') + del_pair(A', B')+
ins_pair(A', B') + sub_pair(A', B')
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where del_single(A', B"), ins_single(A',B') and
sub_single(A’, B') are the total scores of deletion,
insertion and substitution of the single bases in the
alignment (A’, B') respectively; and del_pair(A’, B'),
ins_pair(A', B") and sub_pair(A’, B') are the total scores
of deletion, insertion and substitution of the base pairs in
the alignment (A’, B") respectively.

Concept 3: (Aligned block) An aligned block ( block for
short) is a maximum run of substitutions in an alignment
(A, B".

In other words, there are no insertions and deletions in
the aligned block and aligned blocks are always flanked by
insertions and/or deletions.

3 Algorithm

By adopting the computation model in [10], we can de-
sign a simple algorithm for the question of aligning two
RNA secondary structures, which follows the sequence
alignment paradigm, such as Needleman-Wunsch algorithm
[7]. We define a scoring function § as following:

’

5
1 =0or j = 0 but not both
A = B;
i#0andj #0andp(i) =iandp(j) =j
(Apiy, Ai) = (Bp(j), Bj)

0(i,J) = <

\ 1#0andj #0andp(i) >iandp(j) > j

i#0andj # 0andp(i) < iandp(j) < jor



where + is the score of inserting/deleting a base, A; — B;
is the score of substituting single base A; with single base
Bj, and (Ap;), As) = (By(j), Bj) is score of substituting
a base pair (A,;), Ai) with (B,(;), B;).

Let Dy(i1,%;71,7) be the score of the alignment be-
tween Ap;, 5 and By, 51, which has k blocks and A;, is
aligned with Bj;,, and the deletion of A; is the last oper-
ation in the alignment; Iy (i1,4;71,7) be the score of the
alignment, which has & blocks and A;, is aligned with B;,,
and the insertion of B; is the last operation in the alignment;
My (i1,4; j1, j) be the score of the alignment, which has &
blocks and A4;, is aligned with B, , and the substitution of
A; and B; is the last operation.

Note that we require that A;, be aligned with B;,. Thus
the alignment of Aj;, ; and By;, ; contains at least one
block. We first describe how to compute the alignment be-
tween Ay;, ;) and By, j1, where A;, and By, are 5’ ends of
base pairs. The following are recurrence equations neces-
sary to compute the alignment. Definitions 1 to 4 are bound-
ary equations.

Definition 1 (Boundary conditions)

D1 (i1,01551,51) =0

I (i1,41;41,51) =0

M (i1, 41551, 1) = 0(p(in), p(j1)) /2
At a block boundary it is assumed that both A;, and Bj,
are 5’ ends of a base pair and they are aligned, only
M, (41,11 j1, j1) is defined. For convenience, we set 0 to
D (i1, 415 J1, 41) and Iy (i1, @15 g1, Jr)-

In the alignment of A, ;,) and By,, if A;, is aligned
with Bj,, then the rest of the operations in the alignment
are deletions, thus only Dy (i1,1%;71,71) are defined. For
convenience, I (i1,%; j1, j1) and My (é1,4; 1, 71) are set to
a relatively small number. Therefore we have:

Definition 2 (Boundary conditions) For any i; < ¢ < is,
D (i1, 4541, 41) = D1(in,i — 151, j1) + 6(4,0)
Iy (i1,%; 51, J1) = D1(i1, 45 41, 41) +6(0, 51 + 1)
My (i1, 45 1, 41) = (i1, 45 51, J1)

and similarly:

Definition 3 (Boundary conditions) For any j; < j < jo,

I (41,1551, 5) = L (41,0135 51,5 — 1) + 6(0, 5)
Dy (1,915 J1,7) = I (i1, 41541, 5) + 6(i1 + 1,0)
Ml(il,il;j1,j) = Dl(ilail;jlyj)
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When k£ = 0 or k > 1, there are some cases which are
not defined.

Definition 4 (Boundary conditions) For0 < k <1,k # 1,

Dy (i1, i15 41, 51) = Ix(in, i15 41, 51) =

My (i1,i1551,J1) = —00

forl<k<l,iy <i<igandj; <j<ja,

Dk(ibi;jl:jl) = Ik(lbza]l:)l) = Mk(7’1727.71).71) = -
Dy (i1, 15 J1,5) = Ix(iv,i15J1,5) = Me(i1,41;51,5) = —00

fori; <i<igandj; <j < ja,
DO(ilai;jhj) = 10(21727.717.7) = MO(ZI7Z7.717.7) = -

We may then proceed with the processes of substitution,
insertion and deletion which we define next.

Definition 5 Substitutions: When a substitution occurs at
A; and By, there are three cases to consider:
case A: both A; and B; are single bases,

Dy_1(ir,i—1;51,5 — 1)
I (in,i — 1551,5 — 1)
Mk(ihi - 17.717.7 - 1)

Mk(ibi;jl:j) = 6(Z7.7)+ma‘x

case B: both 4; and B; are base paired and at 3’ end,
My (i1, 45 j1, 5) = max{M", M?}
where
MY =65@i,5)/2+

)
max {

Dy (i1, p(i) — 151, p(4) — 1)
I (31, p(i) — 1; 51, p(4) — 1)

i S Dipo-1(p(i),i = 1;p(3),5 — 1)
max kak’fl(p(i)ai - 17p(.7)7.7 - 1)
\ Mk—k’(p(i)ai_l;p(j)aj_l) )

M? =4(i,5)/2+
( Mk’(ll,p(l)_l,]l,p(J)_1)+ )

-~

m’%,x{ Dy (pgz),.z — l;p(.]),:] -1)
K=t | maxq T (p(i),i—1;p(5),5 — 1)
L My_p1(p(),i — 1;p(),5 = 1) )

case C: otherwise undefined,

Mk(ilai;jlaj) = -



In case A, when A; aligns with B; after an insertion or
deletion then we initiate a new block, otherwise we extend
a block.

In case B, the condition means p(i) < ¢ and p(j) < 7,
and base pairs (A,;), 4;) and (Bp;) B;) align. This breaks
the alignment between Ay;, ; and By, ;5 into three parts: 1.
alignment of A;, ;-1 and B, p;)—1); 2. alignment of
Alp(s),i—1] and Byjy,i—15; 3. Ai and B;. To calculate the
number of blocks correctly, we have nine cases to consider,
since there are three possibilities at A,;—1 and Bpj)—1
and another three at A;_; and B;j_;.

When there is an insertion or a deletion at A,;_; and
B,(jy—1, the alignment of A,; and B,; initiates a new
aligned block, therefore if there are &’ blocks in Ay, ni)—1
and By, p(j)—1], We need k — &' blocks from the second and
the third part alignment. If there is an insertion or deletion
at A;_, and B;_4, part 3 is an individual aligned block, so
in this case we need k& — k' — 1 aligned blocks from part
2; otherwise we need k£ — k' blocks. This is handled by
equation M1,

When there is a substitutionat A,,;_; and B,(;)_1, then
the aligned block starts from A,,;y and By,(;) is merged into
the last aligned block in part 1. Furthermore, if 4; ; and
B;_; are aligned, part 3 is not an individual aligned block
either. Thus we need k — k' + 1 aligned blocks from part
2, otherwise, we need k — k'. This is handled by equation
M2,

For case C, there are three possibilities to consider: 1.
If A; is a single base and B; is a base pair (or vice versa),
we do not allow single base to be aligned with any part of
base pair; 2. If A; is a 3’ end base and B; is a 5’ end base
(or vice versa), this violates condition of case 2; 3. If both
A; and B; are 5" end base of a base pair. In this situation,
the same as the third described in definition 6, also violates
the condition of case 2. For these cases, no substitution
operation is allowed.

Definition 6 Deletions: For deleting A;, whether A4; is a
single base or is part of a base pair,

Dy (i1,1 — 1541, 5)
I(i1,i— 1551, 5)

My (iv,i— 1551, 5)

A deletion neither initiates nor extends a block, so that the
number of blocks is not changed. For A;, we need to con-
sider three cases, where A; is a single base, 5’ or 3’ end of
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a base pair. Firstly in the trivial case where A; is a single
base we take the maximum of the three possible operations
before the deletion. Secondly, if A; is at 5’ end of a base
pair, the 3" of A;, namely A, is out of our range now,
so deletion of A; also does not cause a problem. Thirdly,
deletion of A; if itis a 3’ end base is also not problematic
since we already have deleted the 5’ end A,;). That dele-
tion occurred during the consideration for substitution of a
base pair handled in case B of definition 5.

Definition 7 Insertions: The definition for insertions is
similar to that of deletion. For inserting B;, whether B;
is a single base or part of a base pair,

Dy (i1,4;51,5 — 1)
Ii(iv,i5 51,5 — 1)
Mk(ilai;jlaj - 1)

Definition 8 For the very first cell of matrices D, I and M,

Ik (i1, 35 51, 5) = 6(0,4) + max

D0(070; 070) = 10(0707070) =0 (1)
MO(OaO; 070) =—00 (2)

for0<i<m,j=0andk =0,

Mo(O,Z,0,0) IO(Oa’Lr()aO) (5)

for0<j<mn,i=0andk =0,

M0(070707.7) = D0(070707J) (8)

fori<i<mandl<j<n,

Mo(0,4;0,5) = —o0 (11)

for0<k<l,0<i<m,and0<j<mn,

and,

M1(0,1;0,1) = 6(1,1)(or 6(1,1)/2 or —o0) (14)



To start the alignment of Ap; ,,,) and By ,,), we there-
fore need to create two aligned artificial bases Ay and By.
These do not contribute to the aligned blocks, so we set
Moy(0,0;0,0) to be —co. We define M;(0,1;0,1) explic-
itly which is the earliest starting point of a aligned block,
where A; and B; could be single bases or 5’ end of base
pairs. As Ay and By is only for definition purpose, we only
need to define Dy, Iy and M.

Given these definitions we can now describe a bottom-up
algorithm to compute the alignment of two RNA secondary
structures. The algorithm first calculates the sub-alignment
between each pair of (41,42) and (j1, j2) and stores the nec-
essary values, then uses those stored values to compute the
desired alignment.

Algorithm for computing RNA structure alignment
with | aligned blocks

1. fork=1tol
for each pair (i1,42) in A
for each pair (51, j2) in B
Use definitions 1 to 5 to compute matrices
Dy, I, and M;, and store the values.
Use definitions 6 to 8 to compute the values of
Dy(0,m;0,n), I;(0,m;0,n), M;(0,m;0,n).

2. The optimal score is:
ma»X{Ml (0; m; 0, TL), D, (07 m; 0, n)a I (07 m; 0, n)}

3. Trace back to find the alignment itself.

This algorithm finds the optimal alignment of A and B
which has exactly [ aligned blocks. Suppose that there are
p1 base pairs in A and p, base pairs in B, then it is easy to
see that the algorithm needs time O(I2mnp;p2) and space
O(lmm).

4 Discussion

The advantage of this algorithm is that although it re-
quires the specification of the maximum number of blocks,
it circumvents the need for the definition of a gap opening
penalty in the scoring function. Given modern fast comput-
ers, when [ is not too large, the increasing time complexity
is tolerable. A possible extension of this work would be
to adopt the computation model proposed in [8] to allow
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operations that break base pairs so that conservation of sec-
ondary structure absolute. Another possible direction would
be in the alignment of two RNA tertiary structures with [-
block.
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