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Abstract

Distance metric is important in many applications.
When a dissimilarity measure is used, it is normally
required to be a distance metric. However when a
similarity measure is used, there is no formal re-
quirement. We propose a similarity metric defini-
tion and show its relationship with distance metric.
‘We also present general solutions of normalizing dis-
tance metric and similarity metric.

Introduction

Distance and similarity measures are widely used in
bioinformatics research and other fields. For exam-
ples sequence edit distance and tree edit distance are
used in many areas [4, 11], distance metrics are used
in constructing phylogenetic trees, distance metrics
are used for improving database search [6], and pro-
tein sequence similarity based on blosum matrix is
used for protein sequence comparison [7].

Distance metric is a well defined concepts. In con-
trast, although similarity measures are widely used
and its properties are studied and discussed [9, 8], it
seems that there is no formal definition for the con-
cept. In this paper, we propose a formal definition
of similarity metric and show its properties and its
relation to distance metric.

We also consider the problem of normalized dis-
tance metric and normalized similarity metric. Al-
though there are studies on normalize specific dis-
tance metrics [1, 2], there is no general solution. We
give general formulas to normalized a similarity met-
ric or a distance metric.

The Similarity metric and the
distance metric

Recall that a distance metric on a set X is a non-
negative function d(z,y) on the Cartesian product
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X x X of X satisfying the following properties for
any z,y,z € X:

1. d(z,y) =0ifand only if z = y

2. d(z,y) = d(y,z)

3. d(z,2) < d(z,y) + d(y, 2)

We say a distance metric d(z, y) is a normalized dis-
tance metric if d(z,y) < 1.

The Similarity metric definition

Given a set X, a function s(z,y) which assigns a
real value to every pair z,y € X is a similarity met-
ric if, for any z,y,z € X, it satisfies the following
properties:

+s(y, 2) < s(y,y) + s(z, 2)
= s(y,y) = s(z,y) ifand only if z =y
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The first property says that s(z,y) is symmetric.
The second property says that for any x the self
similarity is non-negative. The third property says
that for any z the self similarity is greater than or
equals to the similarity between z and any y. The
fourth property states that the similarity between
z and z through y is less or equals to the direct
similarity between z and z plus self similarity of y.
This property is the equivalent of triangle inequal-
ity in distance metric. The last proper states that
if s(z,z) = s(y,y) = s(z,y) then z = y which is
justified by the following lemma.

Lemma 1. Let s(z,y) be a real function satisfying
stmilarity metric condition 1 through 4, if s(z,z) =
s(y,y) = s(z,y), then for any z s(z,z) = s(y, 2).



Proof. From s(z,y) + s(y,2) < s(y,y) + s(z, z), we
have s(y,z) < s(z,z) and from s(y,z) + s(z,z) <
s(z,x) + s(y, 2), we have s(z, 2) < s(y, 2). 0

We say a similarity metric s(z,y) is a normalized
similarity metric if |s(4, B)| < 1.

Relationship between the similarity
metric and the distance metric

‘We now consider the relationship between the simi-
larity metric and the distance metric.

Lemma 2. Given a similarity metric s(z,y),
d(z,y) = S(z,w);S(y,y) _

Proof. Since s(z,z) > s(z,y) and s(y,y) > s(z,y),
d(z,y) > 0. If d(z,y) = 0, then s(z,z) = s(y,y) =
s(z,y) which implies that z = y. Since s(z,y) is
symmetric, then d(z,y) is also symmetric. For tri-
angle inequality, we have

s(z,y) is a distance metric.

d(z, 2)
B s(z,z) + s(z, 2)
= g s(z, 2)
— w +5(y,) = s(z,2) = s(y,9)

00D | y,0) - s(z) - 5(0,2)

= d(z,y) +d(y,2)

IN

Therefore d(z,y) is a distance metric. O

Lemma 3. Given a distance metric d(z,y), for any
k>1, si(z,y) = w — d(z,y), where o is
an arbitrary element, is a similarity metric.

Proof. It is clear that sg(z,y) = sg(y,z) and
sg(z,z) > 0. Since k > 1, with triangle inequal-
ity, it is easy to show si(z,y) < sg(z,z). From
51(2,2) = s(1,9) = s1(,9), we have d(z,y) = 0
which means that z = y. Finally, we have

Sk(za y) + sk(ya )
d(z, o)+d(y 0) d(d) y) d(y,o)-llc—d(z,o)

d(=z, 0)+d(z 0) d(y,O)zd(y,O)
d(z, 0)+d(z 0) d(y,O):d(y,O)

- d(ya Z)
- (d(wa y) + d(y7 z))

< P 4 - ((i(‘ra Z) + d(y,y))
— d(z, 0)+ (2,0) d(x, Z) + (y70)';’c' (y,0) _ d(y, y)
= (@) + 5k (v.9)

Therefore si(z,y) is a similarity metric. |

The relationship between a normalized similarity
metric and a distance metric is as follows.
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Lemma 4. If s(z,y) is a normalized similarity met-
ric, then (1 —s(z,y)) is a normalized distance met-
ric. If s(z,y) > 0 is a normalized similarity metric,
then (1 — s(z,y)) is a normalized distance metric.

Lemma 5. If d(z,y) is a normalized distance met-
ric, then 1—d(z,y) is a normalized similarity metric.

The normalized similarity met-
ric and distance metric

We first present results concerning normalized simi-
larity metric We then use those results and the rela-
tionship between distance metric and similarity met-
ric from the previous section to show the results con-
cerning normalized distance metric.

The normalized similarity metric

Given a similarity metric s(z,y), we now show how
to generate a normalized similarity metric base on

s(z,y)-

Theorem 1. Suppose that s(z,y) is a non negative
similarity metric, then

s(z,y)

S(ma y) = max{s(:c, x), S(ya y)}

is a normalized similarity metric.

Proof. Tt is clear that S(z,y) = S(z,y), S(z,z) >
0, and S(z,z) > S(z,y). Also since S(z, 3:) =
S(y,y) = S(z,y) implies s(z,z) = s(y,y) = s(z,y),
we know that z = y.

We now show that S(z,y) + S(y,2) < S(y,y) +
S(z, z). There are three cases.

1. s(y,y) > s(z,z) > s(z, 2).

- S(y,y)+8(y,y)
s(z,2) | s(y,9)
= S(y,y)+8(y,y)
s(z,2) | s(y,y)
= s@e) T s(n,y)



2. s(z,z) > s(y,y) > s(z, 2).

S(z,y) + S(y, 2)
s(z,y s(y,z
o (z,z + s(y,y
sy, y)s(z,y) + s(z,z)s(y, 2)
s(z,z)s(y,y)
s(y,y)(s(z,y) + 5(y, 2))
s(z,z)s(y,y)
(s(z,z) — s(y,9))s(y; 2)
s(z,z)s(y,y)
s(y,y)(s(z,2) + 5(y,9))
s(z,z)s(y,y)
(s(z,z) — s(y,9))5(y, y)
S(x z)s(y,y)
s(z,z)s(y,y)
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s(z,2)s(z,y) + s(z,)s(y, 2)
s(z,z)s(z, 2)
s(z,2)(s(z,y) + 5(y,2))
s(z,z)s(z, 2)
(s(z,x) — (2, 2))s(y, 2)
s(z,x)s(z, 2)
s(z,2)(s(z,2) + s(y,9))
s(z,x)s(2, 2)
(s(z, ) —
T s

=+

IN

5(2,2))s(y,9)
z)s(2, 2)
s(z,z)s(y,y)
z, 2)

8

s(z,2)s(z, 2) +

Theorem 2. Suppose that s(z,y) is a similarity
metric, then

s(z,y)
s(z,z) + s(y,9) -

is a normalized similarity metric.

Se) = @)

Proof. We omit the proof due to the page limit. [
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The normalized distance metric

Theorem 3. Suppose that d(z,y) is a distance met-
ric, then for any element o

d(z,y) min{d(z,0),d(y,0)} n 1

2max{d(z,0),d(y,0)} 2max{d(z,0),d(y,0)} ' 2

is a normalized distance metric.

Proof. Let d(z,y) be a distance metric and s(z,y) =
d(z,0) +d(y,0) — d(z,y), then s(z,y) is a similarity
metric and s(z,y) > 0 by triangle inequality.
Therefore S(-’lf,y) = max{sfa(;za;) )s(y,y)}
ized similarity metric and 1—S(z,y) is a normalized

distance metric.
Therefore

1— s(z,y)
max{s(z, ), s(y,y)}
2max{d(z,0),d(y,0)} — d(z, o)
2max{d(z, 0),d(y,0)}
d(z,y)
2max{d(z, 0),d(y,0)}
max{d(z, 0),d(y,0)} — min{d(z, 0),d(y, 0)}
2max{d(z, 0),d(y,0)}
n d(z,y)
2max{d(z, 0),d(y,0)}
d(z,y)
2max{d(z, 0),d(y,0)}
min{d(z, 0),d(y,0)} N 1

is a normal-

— d(yv 0)

 2max{d(z,0),d(y,0)} = 2
is a normalized distance metric. O

Theorem 4. Suppose that d(A,B) is a distance
metric, then for any element o and k > 1

d(z,y)
d(x’y) + d(z,o)—]i}-d(y,o)

15 a normalized distance metric.

D(:L‘,y) =

Proof. Let d(z,y) be a distance metric and s(z,y) =
w —d(z,y), then s(z,y) is a similarity met-
ric.

Therefore S(z,y) =
malized similarity metric and
malized distance metric.

Therefore
1 s(z,y
2 s(z,z) + s(y,y

d(z,y)
d(z,y) + d(z,O)-}c—d(y,O)

S(Zi ) 3
o Ts(yy)—s(@y) 1S @ Dor-

1(1—5(z,y)) is anor-

is a normalized distance metric. ]



Applications

Set similarity and distance metric

It is easy to show that |A N B| is a similarity metric
and therefore, from the results of previous sections,
we have the following results.

e |AN B| is a similarity metric.

|AU B| — |AN B| is a distance metric.

|ANB| . . . .
e ———~ _—— is normalized similarity metric.
max{[A[,| B[} y

max{|A—B|,|B—A|}

is normalized distance metric.
max{[A[,| B[}

|ANB|
[AUB|

is normalized similarity metric.

|A—B|+|B—-A]|

[AUB| is normalized distance metric.

Information theoretic similarity and
distance metric

Let H(X) be the entropy of random variable X,
H(X]Y) be the conditional entropy, and M(X,Y)
be the mutual information between variables X and
Y, then it is easy to see that M (z,y) is a similarity
metric and from the results of previous sections, we
have the following results.

o M(X,Y) is a similarity metric.

e H(X|Y)+ H(Y|X) is a distance metric.

° % is a normalized similarity met-
ric.
max{H(X|Y),H(Y|X)}

max{H(X),H(Y)}
metric.

is a normalized distance

MXY) . . e . .
H(XY) 18 normalized similarity metric.

H(X|Y)+H(Y|X)
7Y)

(X is a normalized distance metric.

Sequence edit distance

It is well know that if the cost for basic operations
of insertion, deletion, and substitution, is a distance
metric, then the sequence edit distance d(s,t), de-
fined between two sequences s and t derived from
finding the minimum cost operation sequence that
transforms s to ¢, is also a distance metric.

Several normalized edit distances have
been proposed and studied [3, 5]. Exam-
ples are Ii(lirgl , mafEIS;T?I qp> and n(st) =

1242

p(|;’|t) |p is a path that change s to t}. Al-

though these are referred to as normalized edit
distance, they are not distance metric.

From the results of previous sections, choosing o
as the empty sequence, we have two normalized edit
distance metrics. If the indel cost is 1, then the
following is a distance metric.

d(s,;t)  min{|s],[¢]} L1
2max{|s|,|t|]} 2max{|s|,|t|]} 2
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