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Abstract

It is only a formalized statement that the research
has carried out on inference with linguistic truth-
value, and it isn’t on a logical basis. An e ec-
tive inference system needs a sound and complete
logic as it basis. For using lattice-valued proposi-
tional logic LP(X) and -resolution principle on
L¢P(X), which were given by Xu, to deal with un-
certainty information which have linguistic truth-
value, in this paper, we discuss the properties of lat-
tice implication algebra Lg which consist of linguis-
tic terms: true, false, more true, more false, less
true, less false. The properties of Propositional
Logic LgP(X), and the structures of n  generalized
literals, n < 2, were obtained.
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1. Introduction

Since 1990, there have been some important con-
clusions on inference with linguistic truth-value.
In 1990, Ho [1] constructed a distributive lattice-
Hedge algebra, which can be used to deal with
proposition with linguistic truth-value. In 1996,
Zedah [2] discussed the formalization of some
words and propositions of natural language, he
gave the standardization forms of language propo-
sitions and production rulers, and discussed the
fuzzy inference, which have linguistic truth-value,
based on the fuzzy sets theory and the fuzzy in-
ference method. Between 1998 and 1999, Turksen
[4, 5]studied the formalization and the inference of
descriptive words, substantive words and declara-
tive sentence.

In 1993, Xu Yang [6] made lattice and impli-
cation algebra combined, and found a new algebra-
lattice implication algebra. In lattice implication

128

algebra, the implication operation, which is de-
scribed by axioms, is a generalization of kleene’s
implication. The lattice-valued propositional logi-
cal system LP(X), which is based on lattice impli-
cation algebra L, was constructed by Xu Yang [7].
The -resolution principle on LP(X), which is a
generalization of the classical resolution principle,
was given by Xu Yang [8]. The -resolution prin-
ciple can be used to prove a set of lattice-valued
logical formulas is -false (€ L). By using the
lattice-valued logic LP(X) to study the uncertainty
inference and automated inference which have lin-
guistic truth-value, in 2004, Pei Zheng and Xu Yang
[9] gave a lattice implication algebra model of a kind
of linguistic variable truth, and discussed the infer-
ence on it.

This paper, we gave a lattice implication al-
gebra Lg which consist of linguistic terms: true,
false, more true, more false, less true, less
false. The properties of Lg, and the properties
of LeP(X) were discussed. It will be a base for the
automated inference which deal with uncertainty
information with linguistic truth-value.

2. Preliminary

2.1. Implication algebra Lg

We call it a linguistic variable that the variable has
one word or one sentence of natural language as its
value. For studying the algebraic properties of lin-
guistic terms set which have hedge words, Ho gave a
Hedge algebra structure. For using lattice implica-
tion algebra and lattice-valued propositional logical
system LP(X) to deal with information which have
linguistic truth-value, we selected C' = {true, false},
H = {more, I, less}(I is the identity), and got a lat-
tice implication algebra Lg as Fig.1.

In Lg, the order-reversing involution “/”, which
is equivalent to the negative connection of natu-
ral language, is de ned as follows: true’ = false,



true

less false more true

more false less true

false

Fig.1 Hasse Diagram of Lg.

false’ = true, (more true) (more false),
(more false) = (more true) (less true) = (less
false)', (less false)' = (less true)’.

The implication operator “—” | which is equiv-
alent to the implication connection of natural lan-
guage, is de ned as Table 1. Here, T' = true, F' =
false, MT = more true, MF = more false, LT =
less true, LF = less false.

Table 1. Implication operator “—”

— F MF | LF | LT | MT | T
F T T T T T T
MF | MT | T T MT | T T
LF | LT | MT | T LT | MT | T
LT |LF |LF |LF | T T T
MT | MF | LF | LF | MT | T T
T F MF | LF | LT | MT | T

According to the properties of lattice implica-
tion algebra, we have the following theorem.

Theorem 1 For Lg, we have conclusions as fol-
lowing:

1. For arbitrary a € Lg, a — false = d/.

2. For arbitrary a € Lg,
less false — a = (less false)' V a,
less true — a = (less true) V a,

3. For arbitrary a € Lg, if a # more false, and
a # more true, then a V o' = true.

3. Main Results
3.1. Propositional logic LsP(X)

For convenience, we give some basic concepts of
L¢P(X).

De nition 1 Let X be a set of propositional vari-
ables, T = Lg U {1,—} be a type with ar(a) = 0,
ar(f) = 1 and ar(—) = 2 for every a € L. The
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propositional algebra of the lattice-valued proposi-
tional calculus on the set of propositional variables
is the free T-algebra on X and denoted by LgP(X).

In LeP(X), we write (1,z) as 2/, (—,z,y) as
x — y, and call the elements of Lg are constants.

De nition 2 If mapping v : LgP(X) — Lg is a
homomorphism of T algebra, we call v a valuation
of LgP(X).

It is clear that if v is a valuation of LgP(X),
then, for every a € Lg, we have v(a) = a. For arbi-
trary mapping ¢ : X — Lg, there exists a valuation
v of LgP(X), such that v|x = ¢.

Since LeP(X) and Lg are free T algebra and
have the same type, LgP(X) is also a lattice impli-
cation algebra.

De nition 3 F' and G are formulae of LeP(X),
if for arbitrary valuation v, v(F) = v(G), we call
F and G are equivalence, and denoted as F = G.

Theorem 2 For every logical formula F', then
1. false — F = true, true — F = F.
2. less true — F = (less true)' V F.
3. less false — F = (less false)' V F.

proof It is straightforward.

In lattice implication algebra Lg, more true —
more false and more false — more true do not
act like Kleene implications, and others act like
Kleene implications. According to Theorem 2, if
a # more false, a # more true, then a — F and
F — a are Kleene implications. Here, F is a logical
formula of LgP(X). It is well know that a logical
formula, which only contains Kleene implications,
can be translated into a conjunctive (disjunctive)
normal form.

3.2. Literals of LgP(X)

A lattice-valued propositional logical formula F' of
L¢P(X) is called an extremely simple form, for
short ESF, if a lattice-valued propositional logi-
cal formula F™* obtained by delating any constant
or literal or implication term appearing in F' is not
equivalent to F'. A lattice-valued propositional log-
ical formula F of LgP(X) is called an indecompos-
able extremely simple form, for short ITESF, if F is
an ESF containing no connective other than impli-
cation connectives and order-reversing involutions.
An IESF is called an n-IESF if there is n impli-
cation connective occurring in it.



De nition 4 All the IESF's of L¢P (X) are called
generalized literals.

For convenience, we call an n-IESF G an n-
generalized literal. In general, the constants and
variables of LgP(X) are called 0-generalized liter-
als, the order-reversing involution of variables of
L¢P(X) are called 1-generalized literals. If F' is
an n-generalized literal(n > 1), and F’ is also a
generalized literal, then F’ is a (n + 1)-generalized
literal.

According to De nition 4, a generalized literal
isn’t equivalent to a conjunctive (disjunctive) nor-
mal form of any subformulae of itself. In other
words, a generalized literal is an indecomposable
logical formula with respect to conjunction and dis-
junction, and it is a basic logical formula.

We let B = {more true, more false}, A
{more true, more false, false}.

Theorem 3 For every n-generalized literal F', n >
1, there is not constant occurring in F', or only the
constant of A is occurring in F.

Proof If n = 1, and there exists constant ¢
occurring in F, then F has the following forms:
¢ — x, x — c. Here, z is a propositional variable.
If ¢ ¢ A, F is equivalent to the formula of following:
x, true, ¢ Vo and 2’ V ¢. This contradicts that F'
is a 1-generalized literal.

Suppose the conclusion holds for n < k. If
n = k+1, according to the Lemma 11.3.2 [10], there
exist k1 generalized F; and ky generalized literal
FQ, such that F:Fl — FQ, k1—|—]€2—|—1 =k+1.1If
there is a constant ¢ occurring in F', then ¢ occurs
in Fy or Fy. If ¢ occurs in Fy, and k; = 0, then
F =c¢— Fy, ¢ ¢ A, and then F is the one of
the following forms: F = Fy, F = ¢ vV Fy. This
contradicts that F' is an n  generalized literal. if ¢
occurs in Fy, and k1 > 0, by the proof about n =1
and the hypothesis of induction, we have ¢ € A. If
c occurs in Fh, we can prove that the conclusion
holds similarly.

According to the mathematics induction, the
conclusion holds for every number n.

Theorem 4 For every a,b € B, we have
1. (a = b) = a=a;
2b—-((b—a)=b—a.

Proof We only give the proof of conclusion (1).

If a = b, it is clear that conclusion holds.

If a # b and a = more false, then (a — b) —
true — more false = a, that is to say the

conclusion holds.

a =
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If @ # b and a = more true, then (a — b) —
a = more true = a. This completes the proof.

Theorem 5 For arbitrary logical formula F and
a,b € B, we have

1. (a—F)— (F—=b)=F —b
2. (a— F)—>b=F'Vb.

3. (F—b)—F=F

). F—(F=b=F—b

ProofWe only give the proof of conclusion (1), oth-
ers can be given similarly.

If a = b, we know that the conclusion (1) holds
by properties of lattice implication algebra.

If a # b, for arbitrary valuation v of LgP(X),
it w(F') € B, we can prove

(@ = v(F)) = (v(F) = b) =v(F) = b
easily; if v(F') ¢ B,
(a— v(F) = (v(F) = b) = (v(F)va') — (v(F)'Vb)

(v(F) Vb) A true = v(F) Vb=v(F) —b.

Hence, (a — F) — (F — b) = F — b holds by the
arbitrarily of valuation v.

De nition 5 We call a logical formula F a im-
plicative formula, if F' only contains non-Kleene’s
implicative connection.

Theorem 6 For every logical formula F  of
Ls¢P(X), there exist implicative formulae Fji, j €
J, k€ K, where J, K are nite indexing sets, such
that F = vV N Fy.

jeJkeK
Proof If F' is an implicative formula, it is clear that
the conclusion holds.

If F has 1 Kleene’s implicative connective, then
F' is one of the following forms: a — z, v — a.
Here, a # more true, and a # more false. We know
that the conclusion holds by Theorem 1.

Suppose that the conclusion holds when F' con-
tains k£ implicative connectives. If F' contains k + 1
implicative connectives, and F' = a — F}, where
this implicative connective is Kleene’s implicative
connective, then ¢ — Fy = o’ V F; by Theorem 1,
and F' can be translated into a conjunction of sub-
formulae Fy and Fj which have a’ and Fy as its
subformulae respectively, by Theorem 2. Since the
numbers of implicative connectives occurring in Fy
and Fy are all less than k, according to the hypoth-
esis of induction, there exist logical formulaes F' jl,w



j e Ji, ke K, and F? j€ Jo, ke Ko, Ji, Ky,

Jk
where Jo, Ko are nite indexing sets, such that
Ff= VvV A Fy FS= Vv A F2.
Vo jen ke, P T e kek, IR
Let J=J1UJo, K =K1 UKo,
Fi, Jj€Ji,ke Ky
o true, j € Ji, k€ Ko;
k= true, j € Jo, k€ Ky;
FJ»Qk, 7€ Jo,k € K.

It is clear that F' = VvV A Fj;, and the conclusion
jeJ keK

holds.
According to the mathematical induction, the
conclusion holds for arbitrary logical formula F'.
According to Theorems 4, 5 and 6, we can get
the theorems as following.

Theorem 7 The 0-generalized  literals, 1-
generalized literals and 2-generalized literals
of L¢P(X) are as following: ¢, z, x — a, b — =,
z =y (x = a) - b a#b (b - x) — b,
(b= a), (@ —b), (@—b) =y (b—a)—y,
( =y —a (@ -y —z @y -z
T y—z,r—(r—2),r—- (Y —a), v,
b—(b—x),b— (x—y).

Here,c€ Lg,a € A, be B, x,y,z € X.

4. Conclusion

This paper discussed the properties of Lg and
L¢P(X), and gave the structure of generalized lit-
erals of LgP(X). The logic L¢ P(X) provided a log-
ical foundation for uncertainty inference including
incompletely comparable information with truth-
value: true, more true, less true, false, more
false, or less false. The work of this paper also
provided a foundation for the further study, we
could select the resolution level € Lg, study if
two generalized literals of LgP(X ) are -resolvable,
prove the soundness theorem and the complete-
ness theorem about this -resolution principle on
Le¢P(X), and give the automated reasoning method
based on this -resolution principle, etc.
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