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Departamento de Mateḿatica Aplicada, Universidad de Zaragoza, 50009 Zaragoza, Spain

Abstract
In this paper we compare the de Casteljau algorithm

with a more efficient algorithm associated to another shape
preserving representation. We prove that the Bernstein ba-
sis is better conditioned than the basis associated to the
more efficient algorithm. Error analysis results are pre-
sented. Numerical experiments are also included.
Keywords: Error analysis, Bernstein basis, de Casteljau
algorithm, linear complexity, shape preservation.

1 Introduction
In computer-aided geometric design the usual represen-

tation of a polynomial curve is the so called Bernstein-
Bezier form (see [9] and [14]). The Bernstein-Bezier form
of a polynomialp(t) of degree less than or equal tom on
[0, 1] is given by

p(t) =
m∑

j=0

αj bm
j (t), t ∈ [0, 1], (1)

whereαj ∈ R, and

bm
j (t) =

(
m

j

)
tj(1− t)m−j , j = 0, . . . ,m, (2)

is the corresponding Bernstein polynomial of degreem.
The usual algorithm used to evaluate a polynomial in the
form (1) is the de Casteljau algorithm.

The collocation matrixof (u0(t), . . . , un(t)) at t0 <
· · · < tm in I is given by

M

(
u0, . . . , un

t0, . . . , tm

)
:= (uj(ti))i=0,...,m;j=0,...,n. (3)

A matrix is totally positiveif all its minors are nonnega-
tive and a system of functions is totally positive when all
its collocation matrices (3) are totally positive. In interac-
tive design we want the shape of a parametrically defined
curve to mimic the shape of its control polygon; thus we
can predict or manipulate the shape of the curve by choos-
ing or changing the control polygon suitably. In case of a
normalized totally positive basis one knows that the curve

imitates the shape of its control polygon, due to the varia-
tion diminishing properties of totally positive matrices (see
[11], [2] and [16]). If (u0(t), . . . , un(t)) is a normalized
totally positive basis then the curveγ inherits many shape
properties of the control polygon. It is well known that the
Bernstein basis is a normalized totally positive basis (see
[1]).

We say that we cut a corner of a polygonal arcC0 · · ·Cn

if we replace any vertexCi by either

(1− λ)Ci + λCi+1 (0 ≤ i < n)

or by
(1− λ)Ci + λCi−1 (0 < i ≤ n)

for some0 < λ < 1. We say that an algorithm is a corner
cutting algorithm if in each step of the algorithm we obtain
a polygonal arc by cutting corners from another polygonal
arc (see [6]). The de Casteljau algorithm is a corner cut-
ting algorithm. It is well known that corner cutting algo-
rithms present good stability properties because each step
is formed by convex combinations (see [15]).

Although for polynomial curves the usual evaluation al-
gorithm in CAGD is the de Casteljau algorithm, in some
circumstances other evaluation algorithms can be useful.
Horner algorithm is the usual evaluation algorithm for
polynomials and has linear complexity but it is not a corner
cutting algorithm and has many disadvantages in CAGD
with respect to the de Casteljau algorithm. Recently, a lin-
ear complexity corner cutting algorithm used for the eval-
uation of curves and surfaces is the Wang-Ball algorithm
(see [20], [19], [3], [12] and [18]). However, in [8] it was
proved that the Wang-Ball basis is not normalized totally
positive. In this paper we consider another representation
with a corner cutting evaluation algorithm which simulta-
neously satisfies linear complexity and that it is associated
to a normalized totally positive basis (see [4] and [5]).

Section 2 introduces the basic definitions and notations.
In Section 3 we compare the theoretical results of the error
analysis for the de Casteljau algorithm and for the algo-
rithm corresponding to the basis of Section 2. In particular,
we show that the backward error is lower for the second al-
gorithm and, in contrast, we prove that the Bernstein basis
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is better conditioned. In Section 4 we include numerical
experiments and the final conclusions.

2 Basic Definitions and Notations
In [4] J. Delgado and J. M. Peña introduced a new

basis and proved that the new representation preserves
monotonicity.

Definition 2.1. Let (cm
0 (t), . . . , cm

m(t)), m ≥ 2, be the
system of polynomials on[0, 1] defined by:
• If m is evencm

i is given by




(1− t)m, i = 0
t(1− t)m−i, 1 ≤ i ≤ m

2 − 1
1− t

m
2 +1 − (1− t)

m
2 +1, i = m

2
ti(1− t), m

2 + 1 ≤ i ≤ m− 1
tm i = m.

• If m is odd, thencm
i (t) is defined as in the even case

whenever the integeri /∈ {m−1
2 , m+1

2 } and, otherwise,
cm
i (t) is given by

{
t(1− t)

m+1
2 + 1

2 [1− t
m+1

2 − (1− t)
m+1

2 ], i = m−1
2

1
2 [1− t

m+1
2 − (1− t)

m+1
2 ] + t

m+1
2 (1− t), i = m+1

2

In addition, in [5] J. Delgado and J. M. Peña demon-
strate that these bases are normalized totally positive (and
so satisfy many shape preserving properties) and provide a
corner cutting algorithm to evaluate curves of the form

γ(t) =
m∑

i=0

Pi cm
i (t)

with linear time complexity.
Let us now introduce some standard notations in error

analysis. Givena ∈ R, the computed element in float-
ing point arithmetic will be denoted by either fl(a) or by â.
As usual, to investigate the effect of rounding errors when
working with floating point arithmetic we use the model

fl(a opb) = (a opb)(1 + δ), |δ| ≤ u, (4)

although we also can use

fl(a opb) =
(a opb)
(1 + ε)

, |ε| ≤ u, (5)

with u the unit roundoff andop any of the elementary oper-
ations+, −, ×, / (see pp. 44-45 of [13] for more details).
Givenk ∈ N0 such thatku ¿ 1, let us define

γk :=
ku

1− ku
= ku +O(u2).

In order to perform error analysis of an algorithm, con-
ditioning of the corresponding problem is also a very im-
portant aspect that must be taken into account. Given

f(t) =
∑n

i=0 ciui(t), whereu = (u0, . . . , un) is a basis
of the corresponding space,

Su(f(t)) :=
n∑

i=0

|ci ui(t)|, (6)

is called a condition number for the evaluation off(t) with
the basisu (see [10], [16] and [17]). Let us observe that
Su(f(t)) depends on the basisu, on the functionf , and on
the pointt.

3 Error Analysis
The next two results have been obtained in [15] and

[7], respectively, and show backward and forward error
bounds of the de Casteljau algorithm and the algorithm cor-
responding to the basis of Section 2.

Proposition 3.1. Let bm = (bm
0 , . . . , bm

m) be the Bern-
stein basis defined on[0, 1] and let us consider the de
Casteljau algorithm. Letp(t) =

∑m
k=0 fk bm

k (t) (fk ∈ R
∀ k) be a polynomial of degree less than or equal tom
and let us suppose that2mu < 1, whereu is the round-
off unit. Then the valuêp(t) = fl(p(t)) calculated with
the de Casteljau algorithm satisfies

p̂(t) =
m∑

k=0

fk bm
k (t), where

|fk − fk|
|fk| ≤ γ2m (7)

and

|p(t)− p̂(t)| ≤ γ2m

m∑

k=0

|fk|bm
k (t) = γ2m Sbm(p(t)).

Proposition 3.2. Let us consider the basiscm =
(cm

0 , . . . , cm
m) and the corresponding corner cutting eval-

uation algorithm associated. Let us suppose that2mu <
1, where u is the roundoff unit. Then, ifp(t) =∑m

k=0 fk cm
i (t) (fk ∈ R ∀ k), the valuep̂(t) = fl(p(t))

calculated with the corresponding algorithm satisfies

p̂(t) =
m∑

k=0

fk cm
k (t), with

|fk − fk|
|fk| ≤ γik

(8)

and

|p(t)− p̂(t)| ≤
m∑

i=0

|fk| γik
cm
k (t) ≤ γ2m Scm(p(t)),

where

i0 = 2m, im = 2m,

ik = 2m + 2− 2k, 1 ≤ k ≤
⌊m

2

⌋
− 1,

ik = 2k + 2,

⌊
m + 1

2

⌋
+ 1 ≤ k ≤ m− 1,
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Figure 1: Evaluation of the polynomialp1
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Figure 2: Evaluation of the polynomialp2

and, in addition, ifm is oddim−1
2

= im+1
2

= m + 3 and,
if m is evenim

2
= m + 2.

The previous results shows that the backward error
bound (8) corresponding to the basiscm is slightly smaller
than the backward error bound (7) corresponding to the
Bernstein basisbm. However, the following result proves
that the Bernstein basisbm is always better conditioned
than the basiscm.

Theorem 3.3. Let bm = (bm
0 , . . . , bm

m) and cm =
(cm

0 , . . . , cm
m) be the bases defined by formula (2) and Def-

inition 2.1, respectively. ThenSbm(p(t)) ≤ Scm(p(t)) for
all polynomialp of degree at mostm and for allt ∈ [0, 1].
Proof. Let Am be the matrix of change of basis such that

cm = bm Am. By Theorems 5 and 6 of [5] the basiscm

is totally positive. Then, by Theorem 4.3 of [1] the ma-
trix Am is totally positive and, in particular, nonnegative.

Hence the result follows from Lemma 2.1 of [17] (see also
Proposition 1 of [10]).

4 Numerical Tests
The numerical experiments performed in this section

have been carried out in double precision floating point
arithmetic and we have compared the computed evalua-
tions with the exact evaluations obtained with Mathemat-
ica. We have performed two kinds of numerical experi-
ments comparing relative errors when evaluating polyno-
mials through the de Casteljau algorithm (using the Bern-
stein basisbm) and the algorithm presented in [5] (using
the basiscm). On one hand, we considered random poly-
nomials of degree 10 and 20, and we observed that both
algorithms behave very well.

On the other hand, we considered two polynomials
which were originally studied by Wilkinson (see [21] and
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[22], where he showed ill-conditioning properties of the
roots):

p1(x) :=
20∏

k=1

(
x− k

20

)
, p2(x) :=

20∏

k=1

(
x− 2

2k

)
.

We can observe in Figures 1 and 2 that the de Casteljau
algorithm presents a better behaviour close to the roots of
the corresponding polynomial. The explanation of this fact
in spite of the less backward error of the algorithm associ-
ated to the basiscm (see Propositions 3.1 and 3.2) comes
from the better conditioning of Bernstein basis (see Theo-
rem 3.3). However, the polynomials that usually appear in
CAD do not present the pathological behaviour of Wilkin-
son polynomials and have a low degree. So, we can benefit
from the greater efficiency of the algorithm associated to
the basiscm when we use polynomials without problem-
atic stability properties.
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el disẽno de curvas y superficies”, PhD thesis, Uni-
versidad de Zaragoza, 2005.

[8] J. Delgado, and J. M. Peña, “On the generalized
Ball bases”, To appear in Advances in Computational
Mathematics.

[9] G. Farin, “Curves and Surfaces for Computer Aided
Geometric Design” (4th edition), San Diego, Acad-
emic Press, 1996.

[10] R. T. Farouki, and T. N. T. Goodman, “On the opti-
mal stability of Bernstein basis”, Math. Comp., 65,
pp. 1553-1566, 1996.

[11] T. N. T. Goodman, “Shape preserving representa-
tions” In T. Lyche, and L. L. Schumaker, eds., Mathe-
matical Methods in CAGD, Academic Press, Boston,
pp. 333-357, 1989.

[12] W. Guojin, and C. Min, “New algorithms for evaluat-
ing parametric surface”, Progress in Natural Science,
11, pp. 142-148, 2001.

[13] N. J. Higham, “Accuracy and Stability of Numerical
Algorithms”, SIAM, Philadelphia, 1996.

[14] J. Hoscheck, and D. Lasser, “Fundamentals of
Computer Aided Geometric Design”, Wellesley,
AKPeters, 1993.
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