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ABSTRACT

Displaced subdivision [9] puts forth a number of at-
tractive features for editing, geometry compression, anima-
tion, scalability, and adaptive rendering of polygonal mod-
els. In this representation, a detailed surface model is de-
fined as a scalar-valued displacement map over a smooth
domain surface. The construction of the smooth domain
surface from a polygonal model is a challenging task in the
conversion process. We propose a new method for defin-
ing the smooth domain surface based on

√
3-subdivision

scheme and a linear time optimization technique. At some
fixed level of detail, the vertex and triangle complexity of
the displaced surface generated by the proposed method is
far less and the magnitude of the offset values defining the
displacement map are smaller and so it results in higher
compression ratios and better transmission speed. The pro-
posed algorithm creates surfaces of better quality, is com-
putationally more efficient and occupies less memory as
compared to the original algorithm [9]
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1 Introduction

Highly detailed and complex surface polygonal models
are commonplace. Representing these models as triangle
meshes has become a de facto standard where geometry of
a model is typically encoded by three scalar values (x, y, z)
representing the location of a vertex in 3D space and its
connectivity often irregular. Sheer size and irregular con-
nectivity of such meshes put a threat to manipulation, trans-
mission, storage, animation and rendering of surface mod-
els.

To overcome these issues, Lee et al. [9] proposed the
idea of displaced subdivision surface which represents a
surface model as a displacement map over a simple, smooth
domain surface. Although it lends a number of advantages
over the mesh representation, the conversion process puts
forth the challenging problem of finding the underlying
smooth domain surface. Lee et al [9] define domain sur-
face using subdivision surfaces because of their capability
of defining smooth surfaces of arbitrary topology, a mem-

ory intensive decimation approach and time consuming op-
timization technique. An alternative technique was pro-
posed to define smooth domain surface by Hussain et al.[6]
which exploits

√
3 subdivision technique [8], a memory ef-

ficient decimation approach and a linear time optimization
method. Although it reduces significantly memory over-
head and time complexity, the magnitude of scalar offset
values defining the displacement map is a little higher be-
cause of small wiggles in the domain surface and so the
compression ratio is not so good. The proposed technique
deals with this issue without increasing the complexity of
the conversion process.

The idea of displacing a surface by a function was first
introduced by Cook [1]. Guskov et al.[3] present an algo-
rithm for representing a surface as a normal mesh by suc-
cessively applying a hierarchy of displacements to a mesh
as it is subdivided. Their construction encodes most part of
the mesh as scalar displacements, a small fraction of ver-
tices need vector displacements to prevent surface folding.

The subsequent paper is arranged as follows. Section
2 briefs

√
3 subdivision surface and the algorithm has been

presented in Section 3. Results have been discussed in Sec-
tion 4. Section 5 concludes the paper.

2
√
3-Subdivision

Among subdivision schemes that perform on triangular
meshes, 4-8 subdivision [12] and

√
3 subdivision [8] are

based on 1-to-2 and 1-to-3 splits respectively and as such
are slower than Loop scheme [11] in the sense that they in-
crease the number of vertices (and faces) by the factor of
2 and 3 respectively instead of 4. As a consequence, using
4-8 subdivision and

√
3 subdivision schemes, more levels

of uniform resolution can be obtained if there is an upper
bound on the complexity of the generated mesh. For 4-
8 subdivision, the infinite position mask of a vertex is not
straight forward, so we have decided to use

√
3 subdivision

for defining smooth domain surface.
Topological operation of

√
3-subdivision performs a

1-to-3 split for every triangle by inserting a new vertex at
its center and introducing three new edges by connecting it
to each of the three vertices of the triangle; the old edges
are flipped to re-balance the valence of the mesh vertices.
Smoothing operator consists of two rules: one for odd ver-
tices and one for even vertices. For thorough treatment of
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Figure 1: (a) Edge collapse operation (b) Collapse of edge
e = {u, v} maps the edge ei onto e0i and the adjacent trian-
gle ti onto t0i.

the scheme consult [8].

3 Description of the Algorithm

The algorithm takes a triangle mesh as an input and outputs
the control mesh of the subdivision surface along with dis-
placement field values. The conversion process follows the
steps give below:

1. Simplification: The original mesh is simplified to ob-
tain the raw control mesh.

2. Optimization: The vertices of the raw control mesh
are optimized so that the domain surface closely fits
the original surface.

3. Subdivision and Sampling: The difference between
the original surface and the domain surface is sampled
as displacement field values.

Figure 3 illustrates the conversion process. In the
sequel, the main procedures involved in the conversion
process have been elaborated.

3.1 Simplification

A fast, simple and memory efficient error metric proposed
in [7] and the half-edge collapse transformations have been
exploited for simplifying the triangle mesh for obtaining
the raw control mesh. A typical half-edge collapse trans-
formation u → v, has been shown in Figure 1(a). The
vertex u and the two triangles incident on the edge e = {u,
v} are eliminated and in the remaining triangles incident on
u, u is substituted with v. The cost of this transformation is

Cost(u→ v) =
P
e∈E

θeAe

whereE = {e0, e1, e2, e3, e4} and Aei is the area of the tri-
angle t 00i = {u, v, v1} described by the edge ei as it moves
when the edge e is collapsed and θei is the angle between
the normals of the adjacent triangles ti and t0i before and

after the transformation, see Figure 1(b). For the sake of
efficiency, θei is approximated by 1− nti · nt0i .

To ensure that the normal space of the original sur-
face is locally preserved, the edge collapse transformation
u→ v , which results in significant normal deviation at the
vertex v, is not allowed.

3.2 Optimization of the Control Mesh

The raw control mesh obtained in the preceding section is
optimized so as the vertex positions of the resulting smooth
subdivision domain surface closely fits the original surface.
For achieving this objective, a very simple and rigorous
technique has been proposed that is based on the

√
3 sub-

division rule used for positioning a vertex at subdivision
level m, see [8]. In particular for m = 1, this rule can be
expressed as

p1 = γnp+ (1− γn)p
∞

where γn = ( 23 − αn). But the smoothing rule for even
vertices, see [8], yields

p1 = (1− αn)p+
αn
n

n−1P
i=0

pi.

Considering all the r vertices of the raw control mesh and
these two equations, we end up with a linear system of
equations whose one equation is

1

3
p+

αn
n

n−1X
i=0

pi = (1− γn)p
∞. (1)

where p∞ is the limit position of p, and pi (i = 1, 2, · · · , n)
are 1-ring neighbors of p.

Solving this linear system, we can get the optimal po-
sition of the vertices, but the problem with this approach
is that it results in excessive undulations in the smooth do-
main surface. To discourage such undulations and improve
the quality of the resulting smooth domain surface, we in-
troduce additional degrees of freedom and then set these
degrees of freedom by optimizing some energy functional
subject to the linear constraints (1). We exploit the energy
functional proposed in [4], which is defined as

E =
X
e∈E
(De)2 (2)

where E is the set of all edges of the control mesh, and
De is the difference between the normals to the triangles
incident on the edge e and is expressed as

De = ωiepi + ωjepj + ωkepk + ωlepl

where {pi, pj , pk, pl} are vertices of the triangles incident
on the edge e, ωie = le

∆kji
, ωje =

le
∆lij

, ωke = −
le∆jlk
∆kji∆lij

,

ωle = − le∆ikl
∆kji∆lij

,∆ijk is the signed area of the triangle
(i, j, k) and le is the length of the edge e. These areas and
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Figure 2: (Left) Stencil of edge e, (e) is the set of vertices
in the stencil. (Right) The sets of vertices V (i) and V F (i)
in 1-ring neighborhood (dark shaded) and in flapped 1-ring
neighborhood (dark and light shaded without pi), respec-
tively, of the vertex pi, and E(i) is the set of bold edges.

length are computed after applying hinge map on the stencil
of the edge e (see Figure 2) taking e as hinge and rotating
one of the triangles so that it lies in the plane of the other
triangle.

We choose this energy functional because it not only
discourages excessive undulations in the smooth domain
surface, but also smooths and preserves locally the normal
space of the control mesh, and so results in offset values of
smaller sizes.

Now for optimal position of the vertices, the prob-
lem is to optimize the energy functional (2) subject to the
linear constraints (1). Employing the method of Lagrange
multipliers, this problem is equivalent to the solution of the
following system of linear equations

ηipi +
X

j∈V F (i)
δijpj +

X
k∈V (i)

αnk
nk

λk +
1

3
λi = 0 (3)

1

3
pi +

αni
ni

X
l∈V (i)

pl − (1− γni)p
∞
i = 0 (4)

where ηi =
P

e∈E(i)
(ωie)

2, δij =
P

{e∈E(i)|j∈V (e)}
ωieω

j
e, for

E(i) and V (e) see Figure 2, V F (i) and V (i) are the sets
of vertices in the flapped 1-ring neighborhood and 1-ring
neighborhood of the vertex pi (see Figure 2) and (λ1, λ2,
λ3, · · · , λr) is the vector of Lagrange multipliers, r being
the number of vertices in the control mesh.

Equations (3) and (4) are rows of a large linear system
of order 2r. Since the number of non-zero entries in each
row is much smaller than 2r, so the system is a sparse linear
system. So the problem of optimizing the vertex positions
decomposes into the problem of solving three independent
sparse linear systems, one for each of the three coordinates
of the vertex positions. We solve each of the system using
biconjugate gradient method [13] which yields an accept-
able solution in O(r) time.

The goal is to optimize the position of each vertex on
M̃0 such that its limit position is on the original surface

M when M̃0 is subdivided up to level k, and the vertices
of M̃0 form a subset of the vertices of M because M̃0 is
generated by applying half-edge collapse transformations,
so each of p∞i in the above system is treated as a vertex on
M̃0 and the system is solved for the optimal positions of
pi’s on the optimized control mesh M0.

3.3 Subdivision and Sampling

Optimized control mesh M0, obtained exploiting the tech-
niques presented in the previous subsections, is refined up
to k subdivision levels using refinement operators of

√
3-

subdivision scheme. Then, each vertex of the resulting sur-
face M̃kis pushed to its limit position using infinite posi-
tion operator of the scheme for getting the smooth surface
Mk, which serves as the domain for representing the given
surface polygonal model as displacement map. The nor-
mal at each vertex is computed and to capture the details
of the original surface model as a scalar displacement map
defined over the smooth domain surface Mk, for each ver-
tex of Mk, its signed distance along its normal from the
original polygonal model M is computed. The position
of a vertex on Mk and its normal define a straight line;
the length of the segment of this line between the vertex
and the original surface is the measure of the offset value,
which is positive if intersection occurs in the direction of
the outward normal otherwise it will be negative. This line
may have multiple intersections or the original surface may
be oriented in the wrong direction with respect to this line.
If the directed line is intersected at more than one points,
then we pick the one closest to the domain surface. In the
second case we reject the intersection. To compute the in-
tersections efficiently, we store the original triangle mesh
in an OBB tree data structure [2].

4 Results and Discussion

Using our implementation of the proposed algorithm de-
scribed in the preceding sections, we converted many
closed triangle meshes, available in the public domain, into
displaced

√
3-subdivision model representation and found

encouraging results. Due to space constraints, we present
here the conversion results of only one model in Figures
3, after defining optimized control mesh, it is refined up
to subdivision level 4 and then the vertices of the resulted
mesh are pushed to their infinite positions by applying infi-
nite position mask. The total time taken by this conversion
process on 550 MHz Pentium III PC is 78.25 sec. which is
far less than that taken by the method of Lee et al. on PC
of similar configuration.

5 Conclusion

A new algorithm has been presented for defining smooth
domain surface for displaced

√
3-subdivision surfaces,

which is not only fast and memory efficient but generates
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Figure 3: (Top row: left) Original Venus model M (# faces
268,686; size on disk 9.67 MB) is read in and the algorithm
creates (middle row: left) raw control mesh M̃0 (#faces
796), then it is optimized to get (middle row: right) control
mesh M0. Finally, M0 is subdivided to get (bottom row:
left) smooth domain surface Mk, k = 4. The difference of
M and Mk is encoded as (bottom row: right) displacement
field. (Top row: right) Displaced

√
3 subdivision surface

(#faces 64476, size on disk 460KB (24KB for control mesh
and 336KB for displacement map)).

displaced surfaces of good quality having higher compres-
sion ratios. As our main contribution is the efficient method
for the construction of smooth domain surface, so the dis-
placed subdivision surfaces generated by our algorithm of-
fer all those benefits as have been demonstrated by Lee et
al., i.e. compression, editing, animation, and scalability.
The only limitation of this algorithm is that it converts only
closed polygonal surface models.
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