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Abstract 

In computer-aided design, geometric modeling by 

constraints enables users to describe shapes by 

relationships called constraints between geometric 

elements. The goal is to capture the designer intent. 

Then the solution of the problem (i.e. finding the 

geometric elements) is to be derived automatically. 

In this paper, we describe a constraint-based 

modeler that uses a graph based decomposition-

recombination method to solve systems of 

geometric constraints.  

Key Words: Computer aided design, geometric 

constraints, constraints solving, graph-based 

solvers. 

1. Introduction 

In computer aided design, geometric modeling by 

constraints enables users to describe shapes by 

specifying a rough sketch and adding to it 

geometric constraints i.e. a set of required relations 

between geometric elements.  The constraint solver 

must then derive automatically the correct shape 

needed. 

 Many resolution methods have been proposed 

for solving systems of geometric constraints. We 

classify the resolution methods in four broad 

categories: symbolic, numerical, rule-oriented and 

graph-constructive solvers. 

In symbolic methods, the constraints are 

translated into a system of equations. Methods such 

as Gröbner bases or elimination with resultants are 

applied to find symbolic expressions for the 

solutions. These methods are "extremely" time 

consuming. They are typically exponential in time 

and space (see [5,9]). They can be used only for 

small systems. 

 Numerical methods (Newton-Raphson’s 

iteration, homotopy, Gaussian elimination and so 

on) for solving systems of equations are O(n
3
) or 

worse (see [2,11,14]). Most numerical methods 

have difficulties for handling over- and under-

constrained schemes. We can also mention the use 

of Cayley-Menger determinants to yield simpler 

algebraic systems (see [12,19]). Others optimize the 

resolution process by pruning the solutions space 

(see [15]). 

 Rule-based solvers rely on the predicates 

formulation (see [16,17,18]). Although they 

provide a qualitative study of geometric constraints, 

the "huge" amount of computations needed 

(exhaustive searching and matching) make them 

inappropriate for real world applications. 

 Graph-constructive solvers are stemming from 

graph theory. They are based on an analysis of the 

structure of the constraint graph. The graph 

constructive approach provides means for 

developing sound and efficient algorithms (see 

[4,7,8,13]). 

 In this paper, we describe a 2D constraint-based 

modeler that uses a graph-based decomposition-

recombination method to solve systems of 

geometric constraints. The algorithm described is 

an extension of the method given in [1]. 

 This paper is organized as follows. The graph 

representation of the constraint problem is 

explained in section 2. We present in section 3, the 

core algorithm that handles structurally well-

constrained problems. In section 4, we briefly 

compare our method with Hoffman et al.'s methods 

described in [8]. Finally, we give conclusions in 

Section 6. 

2. Constraints and graphs 

2.1. Graph representation 

Geometric modeling by constraints enables users to 

describe geometric elements such as points, lines, 

circles, line segments and circular arcs by a set of 

required relationships of distance, angle, incidence, 

tangency, parallelism and perpendicularity (see 

[3]). 
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In this paper, we will consider geometric 

elements that have two degrees of freedom and 

constraints that 'fix' one degree of freedom of each 

object related. 

 We use an undirected graph G=(V,E) where 

|V|=n and |E|=m to represent the constraint 

problem. The graph nodes represent the geometric 

elements and the constraints are the graph edges. 

2.2. Graph structure analysis 

Let us now give some definitions concerning the 

structural properties of the constraint graph. 

Definition 1 

A constraint graph G=(V,E) where |V|=n and 

|E|=m is structurally well-constrained if and 

only if  m=2*n-3 and m’ ≤ 2*n’-3 for any 

induced subgraph G’=(V’,E’) where |V’|=n’ and 

|E’|=m’ (see [10]). 

Definition 2 

A constraint graph G=(V,E) contains a 

structurally over-constrained part if there is an 

induced subgraph G’=(V’,E’) having more than 

2*n’-3 edges. 

Definition 3 

A constraint graph G=(V,E) is structurally 

under-constrained if it is not over-constrained 

and the number of edges is less than 2*n-3. 

3. Constraints solving  

3.1. Basic clusters forming 

After specifying a rough sketch and adding to it 

geometric constraints, the final solution must be 

derived automatically. The first phase of the 

algorithm is the formation of what we call "basic 

clusters". A cluster is a rigid geometric structure 

whose elements are known relatively to each other. 

A basic cluster in our meaning is a minimal dense 

graph and its sequential extension described by 

Hoffman et al. (see [6,7,8]). 

The running time of the algorithm to find all 

the basic clusters is in O(n(n+m)). This algorithm is 

network flow based degree of freedom analysis. 

3.2. Constraint graph skeleton 

When the first phase terminates, we must have a 

method to assemble all the basic clusters to form 

the final solution. For this purpose, we construct in 

the second phase of the algorithm the "skeleton" of 

the constraint graph. The skeleton is a graph 

Gs=(Vs,Es) which is obtained by the algorithm 

given below. 

Algorithm : 

1.  The nodes Vs of the skeleton are the nodes 

of the constraint graph that belong to several 

basic clusters (these nodes are marked with 

at least two basic clusters names). 

2.  The edges Es of the skeleton are obtained as 

follows : 

Es=∅; 

For  each basic cluster Ci  

Do pick the nodes {N1,N2,…,Nj} of Ci 

that belong to Vs; 

triangulate the set {N1,N2,…,Nj} by 

doing: Add* edge (N1,N2) to Es; 

For  k=3 to j 

Do  Add* edges (Nk,Nk-1) 

and (Nk,Nk-2) to Es; 

 If an added edge (s,t) to Es is not a member of 

the initial set of constraints then we insert a 

"virtual" constraint whose value is easily 

determined because the nodes s and t belong to a 

rigid structure (a basic cluster). The goal of the 

triangulation is to have a rigid structure for the 

skeleton. The "skeletonization" phase is computed 

in linear time. 

We can note that the skeleton can be empty if 

the constraint graph consist of only one basic 

cluster (the final scheme is then directly obtained). 

After constructing the skeleton, we form its 

basic clusters. If the skeleton consists of a single 

basic cluster, all its nodes are placed in the plane. 

Once the nodes of the skeleton are placed 

(computed), each cluster is positioned relatively to 

the skeleton by computing the three required 

parameters (two transitional and one rotational). 

Note that each basic cluster shares at least two 

nodes with the skeleton. The final scheme is then 

obtained. 

3.3. Recursive skeletonization 

Sometimes the skeleton graph consists of several 

basic clusters. In this is the case, we can't directly 

assemble the initial basic clusters. We do then a 

recursive skeletonization (skeletonization of the 

skeleton). This process is repeated until the final 

skeleton is formed by one basic cluster. The 

recursive skeletonization is computed in quadratic 

time. This final skeleton is placed in the plane. All 

the basic clusters are placed relatively to the related 

skeletons in the reverse order of the recursive 

"skeletoniztion". The solution is obtained when the 

basic clusters of the initial graph are positioned. 

The following algorithm abstracts the resolution 

process. 

Algorithm  

Solve (G) 

{ Find the basic clusters of G ; 

  if (number of clusters) > 1 

then  

begin 

G' := Skeleton of G ; 

Solve (G') ; 

Place the basic clusters of G relatively  

to the skeleton G’  ;  

end } 
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4. Comparison with other methods 

In this section we will compare our proposed 

algorithm for solving constraint graphs (where each 

vertex have two degrees of freedom and each edge 

fix one degree of freedom of each object related to) 

with the two algorithm proposed by Hoffman et al. 

(see [8]) called CA (Condensed Algorithm) and 

MFA (Modified Frontier Algorithm). We have 

restricted ourselves to these algorithms beacause 

they operate in an analoguous manner than ours. 

4.1. Comparison with CA method 

We will summarize here the CA method. The 

algorithm called Condensing Algorithm is applied 

repeatedly to constraint graphs to find minimal 

dense sub-graphs or clusters. A minimal dense 

cluster can be sequentially extended by adding 

more geometric objects one at a time, which are 

rigidly fixed with respect to the cluster. After a 

cluster has been thus extended, it is then simplified 

into a single geometric object, and the rest of the 

constraint graph is searched for another minimal 

dense sub-graph. The simplification of an extended 

cluster is done as follows : an extended cluster C is 

replaced by a vertex v of weight 3 ; all edges from 

vertices in C to a vertex w outside C are combined 

into one edge (v,w), and the weight of this induced 

edge is the sum of the weights of combined edges. 

After the simplification, another solvable sub-graph 

is found, and the process is continued until the 

entire graph is simplified into a single vertex. 
 The CA method has a major drawback. It  is not 

solvability preserving. Consider the constraint 

graph of figure 1. The vertex weights are 2 (each 

vertex has two degrees of freedom), the edge 

weights are 1 (each edge-constraint fixes one 

degree of freedom). The graphs ABCDNO, 

EFHGID and NMKLIJ are all dense/solvable. 

Suppose the cluster S1=ABCDNO was found and 

simplified into one vertex S of weight 3. Now the 

graph is not dense/solvable any more (see page 414 

in [8]). 

 

Fig. 1:  Original and simplified graph. 

 The algorithm CA is not strictly solvability 

preserving is that the removal of the vertices D and 

N looses valuable information about the structure 

of the solvable graph. On the other hand, our 

algorithm solves this case easily. See Figure 2 

below. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2:  Basic clusters and the skeleton. 

4.2. Comparison with MFA method 

We will describe briefly here the MFA method. 

Once a minimal or extended dense graph Si is 

discovered, the sub-graph induced by its internal 

vertices is contracted into one vertex (the core 

vertex). This core vertex is connected to each 

frontier vertex v of Si by a combined edge whose 

weight is the sum of the weights of the original 

edges connecting internal vertices to v. The frontier 

vertices, edges connecting them, and their weights 

remain unchanged. The weight of the core vertex is 

chosen so that the density of the entire simplified 

cluster is exactly equal to 3. This process of finding 

solvable Si and simplifying them is repeated, until 

the solvable Sm found is the entire remaining graph 

Gm. 

This process is illustrated by the sequence of 

simplification of the constraint graph (see pages 

424 and 426 in [8]) shown in figure 3 (left). 

Initially all vertices have weight 2, all edges have 

weight 1.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3:  Constraint graph and partial order of resolution. 
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 Our algorithm proceeds in a simpler manner 

than the MFA algorithm. First, it never creates 

additional vertex, as does the MFA method with 

core vertices. Moreover, the steps to solve a 

constraint graph are less than the steps needed in 

MFA method. Figure 4 shows how to solve the 

previous constraint graph with our method. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4:  Basic clusters and the skeleton. 

5. Conclusion 

We have described and implemented an algorithm 

that solves a system of geometric constraints using 

a graph-based decomposition-recombination 

method. This method is strictly solvability 

preserving and can deal with 2D constraint graph 

where each vertex have two degrees of freedom and 

each edge fix one degree of freedom of each object 

related to. Further studies must be conducted to 

deal with general constraint graphs i.e. where 

vertices can have more than two degrees of 

freedom and constraints can 'fix' more than one 

degree of freedom of each object related. 
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