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Abstract. In this paper, we
introduce and study some new
sequence spaces of fuzzy num-
bers generated by an infinite
matrix A = (ank)(n, k = 1, 2, ...)

1. Introduction

Let C(Rn) denote the space of all com-
pact and convex subsets of L(Rn). The
Hausdorff distance between the sets A
and B of C(Rn) is defined by

δ∞(A,B) = max{supa∈Ainfb∈B‖a− b‖,
supb∈Binfa∈A‖a− b‖}.

It is well known that (C(Rn), δ∞) is
complete (not separable) metric space.

A fuzzy number is a function X from
Rn to [0, 1] so that
(i) X is normal, i.e. there exists an
x0 ∈ Rn such that X(x0) = 1,
(ii)X is fuzzy convex, i.e. for any
x, y ∈ Rn and 0 ≤ λ ≤ 1,

X(λx + (1− λ)y) ≥ min{X(x), X(y)},
(iii) X is upper-semi-continuous,
(iv) The closure of {x ∈ Rn : X(x) > 0}
denoted by Xc, is compact.

These properties imply that for each
0 < α ≤ 1, the α−level set Xα = {x ∈
Rn : X(x) ≥ α} is a non-empty compact
convex subset of Rn with the compact
support.
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If Rn is replaced by R, then obviously
the set C(Rn) is reduced to the set D of
all closed bounded intervals A = [A, A]
on R, and also

δ∞(A,B) = max
(|A−B|, |A−B|) .

Let L(R) denote the set of all fuzzy
numbers. The linear structure of L(R)
induces addition X+Y and scalar multi-
plication λX, (λ ∈ R) in terms of α-level
sets, by

[X + Y ]α = [X]α + [Y ]α

and

[λX]α = λ [X]α

for each 0 ≤ α ≤ 1 .
Define a map d : L(R)×L(R) → R by

d(X, Y ) = sup
0<α≤1

δ∞(Xα, Y α).

For X, Y ∈ L(R) define X ≤ Y if and
only if Xα ≤ Y α for any α ∈ [0, 1]. It is
known that

(
L(R), d

)
is a complete met-

ric space (see [1])
Recently, S. Nanda [5] studied the spaces

of bounded and convergent sequences of
fuzzy numbers and showed that they are
complete metric spaces.

Quite recently, M. Basarir and Mur-
saleen [2] defined some new sequence spaces
of fuzzy numbers by using the A-transforms
and studied some topological properties
and inclusion relations for these new se-
quence spaces.

We will need the following definitions
(see [5] and [7]).

Definition 1. A sequence X = (Xk) of
fuzzy numbers is a function X from the
set N of natural numbers into L(R). The
fuzzy number Xn denotes the value of the
function at n ∈ N and is called the n-
th term of the sequence. We denote by
w(F ) the set of all sequences X = (Xk)
of fuzzy numbers.
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Definition 2. A sequence X = (Xk)
of fuzzy numbers is said to be conver-
gent to a fuzzy number X0, written as
limkXk = X0, if for every ε > 0 there
exists a positive integer N0 such that

d̄(Xk, X0) < ε for k > N0.

Let c(F ) and c0(F ) denote the sets of all
convergent and null sequences of fuzzy
numbers, respectively.

Definition 3. A sequence X = (Xk) of
fuzzy numbers is said to be bounded if
the set {Xk : k ∈ N} of fuzzy numbers is
bounded. We denote by `∞(F ) the set of
all bounded sequences of fuzzy numbers.

It is straightforward to see that

c(F ) ⊂ `∞(F ) ⊂ w(F ).

In [5], it was shown that c(F ) and `∞(F )
are complete metric spaces with the met-
ric given by

ρ(X, Y ) = sup
k

d(Xk, Yk)

Definition 4. The sequence X = (Xk)
of fuzzy numbers is said to be almost
convergent to a fuzzy number L if,

lim
m

d̄(tmn(X), L) = 0, (1.1)

uniformly in n, where

tmn(X) =
1

m + 1

∑m

i=0
Xn+i

This means that for every ε > 0 ,
there exist a m0 ∈ N such that

−
d(tmn(X), L) < ε

whenever m ≥ m0 and for all n.

If the limit in (1.1) exist, then we write

ĉ(F )− limX = X0.

Let ĉ(F ) be the space of all almost
convergent sequences of fuzzy numbers.
It is evident that

ĉ0(F ) ⊂ ĉ(F ),

where ĉ0(F ) denotes the space of all al-
most convergent to zero of fuzzy num-
bers.

We now define [ĉ, p]0(F ) ,[ĉ, p](F ) and
[ĉ, p]∞(F )

If pm is a bounded sequences of strictly
positive real numbers. We define,

[ĉ, p]0 (F ) = {X = (Xk) ∈ w(F ) :

1
m

n∑

k=1

[d(Xk+n, 0)]pk → 0

as m →∞, uniformly in n}

[ĉ, p] (F ) = {X = (Xk) ∈ w(F ) :

1
m

n∑

k=1

[d(Xk+n, X0)]pk → 0

as m →∞, uniformly in n}

[ĉ, p]∞ (F ) = {X = (Xk) ∈ w(F ) :

sup
m,n

1
m

n∑

k=1

[d(Xk+n, 0)]pk < ∞
}

and call them respectively the spaces of
sequences of fuzzy numbers which are
strongly almost convergent to zero,strongly
almost convergent to X0 and strongly al-
most bounded.

Let A = (an,k) be an infinite matrix
of fuzzy numbers an,k, then we write

Amn(x) =
∑

k

amk[d(Xk+n, 0)]

if the series converges for each m and n.
We define

[
Â, p

]
0
(F ) = {X = (Xk) ∈ w(F ) :

∑

k

amk[d(Xk+n, 0)]pk → 0

as m →∞, uniformly in n}

[
Â, p

]
(F ) = {X = (Xk) ∈ w(F ) :

∑

k

amk[d(Xk+n, X0)]pk → 0

as m →∞, uniformly in n}
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[
Â, p

]
∞(F ) = {X = (Xk) ∈ w(F ) :

sup
m,n

n∑

k=1

amk[d(Xk+n, 0)]pk < ∞
}

and call them respectively the spaces of
strongly almost summable to zero, strongly
almost summable to X0 and strongly al-
most bounded sequences of fuzzy num-
bers X = (Xk).

If we take A = (amk) is a Cesáro ma-
trix of order 1, i.e.

amk = {
1
m , k ≤ n
0 , k > n

then [Â, p]0(F ) = [ĉ, p]0 (F ), [Â, p](F ) =
[ĉ, p] (F ) and [Â, p]∞(F ) = [ĉ, p]∞ (F ),
and further on taking pk = 1 for all k
these spaces are reduce to the following
new sequence spaces:

[ĉ]0 (F ) = {X = (Xk) ∈ w(F ) :

1
m

n∑

k=1

[d(Xk+n, 0)] → 0

as m →∞, uniformly in n}

[ĉ] (F ) = {X = (Xk) ∈ w(F ) :

1
m

n∑

k=1

[d(Xk+n, X0)] → 0

as m →∞, uniformly in n}

[ĉ]∞ (F ) = {X = (Xk) ∈ w(F ) :

sup
m,n

1
m

n∑

k=1

[d(Xk+n, 0)] < ∞
}

A metric d̄ on L(R) is said to be a
translation invariant if

d̄(X + Z, Y + Z) = d̄(X, Y )

for X,Y, Z ∈ L(R).

Proposition 1. If d̄ is a translation in-
variant metric on L(R) then
(i) d̄(X + Y, 0) ≤ d̄(X, 0) + d̄(Y, 0)
(ii) d̄(λX, 0) ≤ |λ| d̄(X, 0), |λ| > 1.

Proof. (i) By the triangle inequality

d̄(X + Y, 0) ≤ d̄(X + Y, Y ) + d̄(Y, 0)

= d̄(X + Y, Y + 0) + d̄(Y, 0)

= d̄(X, 0) + d̄(Y, 0)

since d̄ in a translation invariant.
(ii) By (i)

d̄(2X, 0) ≤ d̄(X + X, 0)

≤ d̄(X, 0) + d̄(X, 0)

= 2d̄(X, 0)

Hence by induction we get (ii).
Note that if A = (c, 1) and pk = 1 for

all k, then

tmn(X) =
1
m

m∑

k=1

[d(Xk+n, 0)]

=
1
m

n+m∑

k=n+1

[d(Xk, 0)].

Now

sup
m,n

tmn(X) ≤ sup
m

supk[d(Xk, 0)]
m

n+m∑

k=n+1

1

= sup
k

[d(Xk, 0)] (1.2)

and

sup
m,n

tmn(X) ≥ sup
1,n

t1,n(X)

= sup
n

[d(Xn+1, 0)]. (1.3)

From (1.2) and (1.3) we get [ĉ] (F ) =
`∞(F ).

Proposition 2. Let (pk) be a bounded
sequence of strictly positive real numbers.
Then,
[
Â, p

]
0
(F ),

[
Â, p

]
(F ) and

[
Â, p

]
∞

(F )

are linear spaces over the complex field
C, if d is a translation invariant metric.

Proof. This can be proved by using
the techniques similar to those used in
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Proposition 2.2. of Basarir and Mur-
saleen [2]

If X = (Xk) is strongly almost sum-
mable to X0, then we write

Xk → X0([Â, p](F )).

A pair (A, p) will be called strongly al-
most regular if Xk → X0 implies that
Xk → X0([Â, p](F )).

Theorem 1. Suppose that A ∈ (c0(F ),
ĉ0(F )) and p = (pk) converges to a
positive limit.

Then Xk → X0([Â, p](F )),
Xk → Y0([Â, p](F )) imply X0 = Y0 if

∑

k

amk 9 0(m →∞). (1.4)

Proof. Suppose that condition (1.4) holds,
A ∈ (c0(F ), ĉ0(F )) and pk → r > 0.
Further assume that Xk → X0 implies

Xk → X0([Â, p](F ))

and Xk → Y0([Â, p](F )), where d(X0, Y0) =
b > 0. Then we get

lim
m→∞

∑

k

amkuk,n = 0, (1.5)

uniformly in n, where

uk,n = d(Xk+n, X0)pk + d(Xk+n, Y0)pk .

By the assumption uk,n → br. Since
A ∈ (c0(F ), ĉ0(F )), uk,n → br implies
that

∑

k

amkd(uk,n, br) → 0, (1.6)

as m →∞, uniformly in n.
But we have

br
∑

k

amk ≤
∑

k

amkuk,n

+
∑

k

amkd(uk,n, br). (1.7)

By (1.5) , (1.6) and (1.7) it follows
that

lim
m→∞

∑

k

amk = 0.

Since this contradicts (1.4), we must
have X0 = Y0, and this completes the
proof. ¤

Finally we conclude this paper by stat-
ing the following theorem. We omit the
proof since it involves ideas similar to
those used in proving theorem 3.4. of
Mursaleen and Basarir [3]

Theorem 2. Let m1 and m2 be con-
stants such that 0 < m1 ≤ pk ≤ m2.
Then (A, p) is strongly almost regular if
and only if A = (amk) transforms null
sequences into almost null sequences, i.e.
A ∈ (c0(F ), ĉ0(F )).
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