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         Abstract. In this article we study different properties of the fuzzy real-valued 
sequence space  Fp)(l  like convergence free, solidness ,  sequence algebra and 
symmetricity . 
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1.  INTRODUCTION 
 
 
         The notion of   paranormed classical sequence spaces was studied  at  the initial 
stage by  Nakano [4]  and Simons [8] . Later on it  was  further investigated  from 
sequence space point of  view and  matrix classes involving  paranormed  sequence 
spaces were characterized by Maddox [3] and a large number of  workers in  the field    
of sequence spaces.  
 
         Throughout  the  paper  p = (pk )  denotes a  sequence of  bounded  strictly  positive  
numbers.  For  (ak)  and  (bk)  two sequences of  complex terms , we have the following  
well known inequality  
 
                                    { }kkk p

k
p

k
p

kk baDba |||||| +≤+  , 
   
where  D = max { 1, 2H-1 } and H = k

k
psup .  

 
         Let D  denote the set of  all closed bounded intervals  X =[ a1 , a2 ] on the real line  
R. For  X, Y ∈ D  we define  
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                   X ≤ Y   if and only  if  a1

 ≤ b1
  and   a2 ≤ b2 . 

 
                  d(X , Y ) = max( | a1

 - b1| , | a2 - b2 | ) ,  
 
where X =[ a1 , a2 ] and  Y =[ b1 , b2 ].  It is known that (D, d) is a complete metric space  
and  “ ≤ ” is a partial order on  D. 
 

A  fuzzy real number X  is a fuzzy set on R  and  is a mapping  X: R → I (=[0,1])  
associating each real number  t  with its grade of  membership X (t).  

 
         A fuzzy real number X is called convex , if  X (t) ≥ X (s)∧ X (r) = min (X (s) , X (t) ),  
where  s <  t <  r.  

 
         If  there exists to∈R such that X (t0)=1, then the fuzzy real number X  is called 
normal.  

 
         The α- level set of  a fuzzy real number  X,  0 < α ≤1, denoted  by X α is defined as  
X α  ={ t ∈ R : X (t) ≥ α}. 

 
         A  fuzzy real  number  X is  said  to be upper semi continuous if  for each  ε > 0 ,    
X-1([0, a + ε]), for all  a ∈ I  is open in the usual topology of R . 
 
    The set of all upper semi continuous, normal, convex fuzzy number is denoted by R(I). 

The set R of  real numbers can be embedded in R(I) if  we defined  
__
r ∈R(I)  by 

 

        
__
r  (t)  =   1,  if  t = r ,   

                =   0,  if  t  ≠ r . 
 
         The  absolute  value  of  | X |  of  X ∈R(I)  is defined by  ( see for instance Kaleva  
and Seikkala [2] )  
 
                         | X | (t) =  max { X(t) , X(-t) },  if  t ≥ 0 ,  
                                     =  0  ,                            if  t < 0.  
 

         Let  RIRIRd →× )()(:
__

be defined by  

                                         ),(sup),(
10

__
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Then 
__

d  defines a metric on R(I). We define  X ≤ Y if and only if  Xα ≤ Yα for any α ∈I. 
 

         The additive identity and the multiplicative identity in R(I) are denoted by 
_

0  and 
_

1  
respectively. 

185



 
2.  DEFINITION  AND  PRELIMINARIES 

 
         After the introduction of  R(I), different fuzzy real valued sequences were  
introduced  and  studied  by  Nanda [5],  Tripathy  and Nanda  [10],  Savas [7], Nuray and  
Savas [6],  Subrahmanyam [9], Das and Choudhury [1] and many others.  
 
         Throughout the article wF , bvF , cF , F

1l  denote the classes of  all , bounded  
variation ,  convergent and  absolutely summable  fuzzy real-valued sequence spaces . 

 
         A fuzzy real-valued  sequence {Xn} is said to be  convergent  to the  fuzzy real 

number X, if  for every  ε > 0 , there exists n0 ∈ N  such that ε<),(
__

XXd k , for all k ≥ n0 .   
 
      The set EF  of  sequences taken from  R(I) is said to be a sequence space of  fuzzy  
real number if, for  { Xi}, { Yi} ∈ EF , r ∈ R , Xi ∈ R( I) , Yi ∈ R(I) ,  
 
                     {Xi }+ {Yi } = { Xi + Yi }∈ EF   
            and      
                        r{ Xi} = { rXi}∈ EF,  
 
where,  r Xi(t) =  Xi (r-1t)   if  r ≠ 0 , 
            =  0             if  r =  0. 

 
         Let paper  p = (pk )  denotes a  sequence of  bounded  strictly  positive numbers. 
Nuray and Savas [6] defined the fuzzy real-valued sequence spaces Fp)(l  as follows : 
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         Taking pk = p for all k ∈ N, it represents the fuzzy real-valued sequence space F

pl  , 
for  1 ≤ p < ∞   introduced and  studied by Nanda [5] .   
 
         Nuray and Savas [6] have studied some of the properties of the space Fp)(l  and 
have shown that it is a complete metric space under the metric defined by  
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where M = max ( 1 , H ) . 
 
Taking  pk= 1, for all k∈N, we have the space 
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  A sequence space EF  is said to be normal (or  solid ) if  (Yi ) ∈EF  whenever  
│Yi│≤│ Xi│ for all  i ∈ N  for some {Xi}∈EF. 
 
         Let  K = { k1 < k2 < - - - }⊆ N and E be a sequence space. A K-step  space of E  is a 
sequence space })(:){( Exwx nk

E
K i

∈∈=λ .  
  
         A  canonical  preimage of a step space E

Kλ  is a set of canonical preimages of all 
elements in E

Kλ , i.e.,  y  is in canonical preimage of E
Kλ  if and only if  y is canonical 

preimage of some x ∈ E
Kλ . 

 
         A sequence space E is said to be  monotone  if it contains the canonical preimage of 
all its step spaces ( i.e., if for all infinite K ⊆ N  and  (xn) ∈ E the sequence (αnxn), where 
αn = 1 for n ∈ K and αn = 0 otherwise, belongs to E).  
 
         Remark .  From the above definitions  it is follows  that  “ if  a fuzzy real-valued  
sequence space EF is solid, then it is monotone ” . 
 
         A sequence space EF is said to be symmetric  if  (Xπ(n)) ∈ EF , whenever (Xn) ∈ EF,  
π(n) is a  permutation of  N. 
 
         A  sequence  space EF  is said to be a  sequence algebra  if  ( Xn .Yn) ∈ EF ,  
whenever   (Xn), (Yn) ∈ EF. 
 
         A sequence space is EF is said to be convergence free  if  (Yn) ∈ EF, whenever  

(Xn)∈ EF  and  Xn= 
_

0  implies Yn  = 
_

0 . 
 

3.  MAIN  RESULTS 
 
         In this section we prove the results of this article. 
 
          Theorem 1.  The sequence space  Fp)(l  is solid, as such is monotone. 
 
         Proof .  Let (Xk) ∈ Fp)(l  and (Yk)∈wF be such that |Yk| ≤ |Xk| for all k∈N.  Then we 
have the inequality  
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Thus (Yk) ∈ Fp)(l  . Hence the space Fp)(l   is solid.  
 
The space Fp)(l is monotone follows from Remark 1.  
  
          Theorem 2. The space Fp)(l  is not convergence free.  
 
         Proof . The result follows from the following example . 
 
         Example 1.  Let the sequence (pk) be defined by  pk = 2 for all k odd and pk = 3 for 

all  k even. Consider the sequence (Xk) defined by 
___

1−= kX k , for all k ∈N and 
__
kYk =  for 

all k ∈N.  Then (Xk) ∈ Fp)(l , but (Yk)∉ Fp)(l . Hence the space Fp)(l  is not 
convergence free.  
 
          Theorem 3. The space Fp)(l  is not symmetric.  
 
         Proof . The result follows from the following example . 
 
         Example 2.  Let the sequence (pk) be defined by  pk = 1 for all k odd and pk = 2 for 

all  k even. Consider the sequence (Xk) defined by 
___

2−= kX k , for all k odd and 
__

1−= kX k  
for all k even. Then (Xk) ∈ Fp)(l . Consider the rearrangement (Yk) of (Xk) defined as 
 
                           (Yk) = (X2, X1, X4, X3, X6, X5, X8, X7, X10, X9, . . . . .  ). 
 
         Then  (Yk)∉ Fp)(l . Hence the space Fp)(l  is not symmetric.  
 
          Theorem 4. The space Fp)(l  is a sequence algebra.  
 
         Proof . The result follows from the following inequality 
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         Theorem 5.  Let pk > 0 and qk > 0 for all k∈N. Then Fq)(l ⊂ Fp)(l  if and only if      

                                              
k

k

k q
p

inflim− >0                             -  -  -  -  -  -  -  -  (1)  

 
         Proof.  Let  (1) holds, then there exists β>0 such that pk > βqk, for sufficiently large 
k. Hence the inclusion follows from the following inequality : 
 
         For large values of  k, we have 
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         Conversely, suppose that the inclusion holds, but (1) fails. Then there exists a 
sequence (ki) of naturals such that ki < ki+1 for all i∈N and  

ii kk qip < . Define the  

sequence  (Xk) defined by  ik

i

q
k iX

2
−

=  for all i∈N and  Xk = 
__

0 , otherwise. Then X = (Xk) 

∈ Fq)(l . We have  
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         Hence (Xk) ∉ Fp)(l . 
 
          The following result follows from the above result. 
 
         Corollary 6.  Let pk > 0 and qk > 0 for all k∈N. Then Fq)(l = Fp)(l  if and only if      

                                              
k
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p

inflim− >0  and 
k

k
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q
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         We have the following result in view of the above result. 
 
         Proposition 7.  Let 0 < inf pk ≤ pk ≤ sup pk < ∞. Then Fp)(l = Fl . 
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