Fuzzy Integration and Luroth’s Theorem

Shih-Chuan Cheng and John N. Mordeson, Department of Mathematics/Computer Science, Creighton University,
Omaha, Nebraska 68178 USA

Introduction.

A fuzzy subset of a set X is a function from X into
the closed interval [0,1]. Let f be a fuzzy subset of X
and o € [0,1]. Let f, = {x € X | f(z) > a}. Then f, is
call a level subset of f. f is called convex if YA € [0, 1]
and Yo,y € X, fO + (1-N)y) > min{f(2), /(y)}.
It is known that f is convex if and only if f, is convex
VYa € [0,1], [3, Proposition 6.1, p.299]. We recall that a
monoid is a semigroup with identity. We let R denote the set
of all real numbers.

Fuzzy Numbers and Fuzzy Functions.

Let C,(R) denote the set of all piecewise continuous
functions of R into R. We let [a, b] denote the closed interval
where a,b € R and a < b. Let P(R) denote the set of all
fuzzy subsets of R.

Definition 1. [12] Let A be a fuzzy subset of R. Then A
is called a fuzzy number if and only if A has the following
properties:

(1) A is convex; B
(2) there exists unique xo € R such that A(zg) = 1;
(3) A e Cy(R).

We let F(R) denote the set of all fuzzy numbers.

We define @ and © on F(R) as follows: VA, B, Vy € R,
A® B(y)
sup {min {g(w), E(z)} ly=w+z,w,z € R}

and

A® B(y)
sm%mm{ﬁmxé@&|y:w-amzeR}
[12, p.59].

Theorem 2. Let @ and ® be defined on F(R) as above.
Then (F(R), ®) and (F(R), ®) are commutative monoids.

Proof. The proof follows from [12, p.60, 61]. O

Let A € F(R) and let a € [0, 1]. Since A is convex, A,
is convex. Thus A, is a connected closed subset of R. If we
define the fuzzy subset B of R by B(0) =1 and B(y) = 1/2
for y # 0, then B is a fuzzy number. If a € [0,1/2], then
B, = R. Thus the level sets of B need not be bounded
closed intervals.
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In the following X denotes a a nonempty set. We now
consider functions f of X into P(R) such that f(z) is a
fuzzy number for all z in X, [12]. We can consider such an
[ to be a function of X x R into [0,1] such that Vz € X,
f(x, ) is a fuzzy number.

Proposition 3. [7] Let f be a function of X into P(R)
such that f(x) is a fuzzy number for all z in X. Suppose that
Vo € [0,1], f(x), is a bounded closed interval. Then there
exist unique functions f~, f* of [0,1] x X into R such that

(1) Vo € X, f~(L2) (fF0
(nonincreasing) function of «;
(2) V(e x) € [0,1] x X, [~ (@) < [T (e,
(3) V(a,z) € [01]><Xf() = [f (e,
(4)Vx€X,f(,) fr(1,z).

Proposition 4. [7] Let g and h be functions of [0,1] x X
into R such that Vo € X, g(_, ) (h(_,)) is a nondecreasing
(nonincreasing) function of o and V(a,z) € [0,1] x X,
g(a,x) < h(a, z). Let f be the function of X x R into [0, 1]
defined as follows: V (z,y) € X xR,

fla,y) =sup{B€[0,1] |y € [9(B,),

x)) is a nondecreasing

x);
2). f* (0,2));

h(B, )]} -

If Ve € X, g(_,x) and h(_, z) are continuous functions from
the left, then
f(x)tx = [g(O&, Z’), h(a,x)] Yo € [07 1] .

Proposition 5. [7] Let g and h be functions of [0,1] x X
into R such that Vo € X, g(_,z) (h(_, z)) is a nondecreasing
(nonincreasing) function of o and V(a,z) € [0,1] x X,
g(a,z) < h(a,z). Let f be the function of X x R into [0, 1]
such that Va € [0, 1], f(2)q = [9(e, x), h(a, z)]. Then g(_, z)
and h(_,z) are continuous functions from the left Vo € X.
Furthermore,

F(@)(y) = sup {8 € [0,1] | y € [9(8,), h(B, )]}
if y € [9(0,2), h(0,z)] and f(z,y) = 0 otherwise.

Let g and h be functions satisfying properties (1), (2),
and (3) of Proposition 3 and which are continuous from
the left in o € [0, 1] for each x € X. Then by Proposition
4, there exists a function f of X x R into [0,1] such that
f(z), = [g(e,x), h(er, )] Yo € [0,1]. Now by Proposition
3, we have ¢ = f~ and h = f*. Thus we see that f~ and
fT are necessarily continuous from the left in o € [0, 1] for
each z € X.



Now suppose we are given a function f of X x R into
[0, 1] such that Yo € [0,1], f(z) is a bounded closed interval
for each x € X. Then there are unique functions f~ and
ST satisfying properties (1) — (4) of Proposition 4 and
which are continuous from the left. By Proposition 4, f~
and f* define a function g of X x R into [0,1] such that
9(2)e = [f(a,2), fT (e, z)] YV € [0,1]. Thus f = g since
the level sets of fuzzy function uniquely determine it.

Definition 6. Let f be a function from X into P(R).
Then f is called a fuzzy function of X into R if and only if
f(z) is a fuzzy number for all € X such that f(z), is a
bounded closed interval.

Luroth’s Theorem for Fuzzy Intermediate Fields.

Luroth’s Theorem states that if F//K is a simple pure
transcendental field extension and F is an intermediate field
of F/K with E D K, then E/K is also a simple pure
transcendental field extension.

Let F/K be a pure transcendental field extension,
say F' = K(x), where x is transcendental over K. Let
L ={Ly | € Q} be a chain of intermediate field of /K,
i.e., VL, Lg € L with o # S, either L, D Lg or Lg D L,,.
Then ' C Q, {L, | @ € '} has a first element with respect
to D since [F': L] < oo V intermediate fields L of F/K
such that L. O K. Thus D well orders £, [10]. If |Q2] = oo,

F:ﬂLa

ac
when || = 0o

= oo since L is a chain. Thus, ﬂ L, =K
a€ef)

00. Since for any such L, ﬂ Lo=K

ae
and D well orders £, we have that there exists a one-to-one

function of Q onto N such that Vo, 8 € Q, L, D Lg if and
only if f(«) < f(B). Hence £L = {Lq,---,L;,---} where
Li DLi+lsi: 1725"'

Suppose that |Q| =

A fuzzy subset p of F is called a fuzzy intermediate field
of F/K if u is a constant on K, ie., Vk € K, u(k) = «
for some o € (0,1], and o > sup {p(z) | x € F\K}. Let u
be a fuzzy immediate field of F//K. Then, by the previous
paragraph, either u(F) = {1, -+ ,ay} for some n € N or
w(F) ={aq, -+ ,au, -} since every level subset of p is an
intermediate field of '/ K. By Luroth’s Theorem each ., /K
is a pure transcendental extension, say p,. = K(z;). Now
zi = fi(x)/gi(x) where f;(x) and g;(x) are polynomials in
x over K with no common factor of positive degree in x.
Let n = max {deg f,deg g}. Then z is algebraic over K (z;)
and [F': K(z)] = n. Moreover h(t,z) = f(t) — zg(t) is
irreducible in K (z)[t].

Lemma 7. Let F K(x) be a pure transcendental
extension of K. Let u be a fuzzy intermediate field of F//K.
If F = K(y), then u(y) = p(x).

Proof. By [2], there exists a,b,c,d € K such that y =
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(ax +b)/(cx + d) where ad — be # 0. Hence

ply) = min{paz +0), p(cx +d)}
> min{u(a), u(b), u(c), u(d), p(z)}
= p(z).
Similarly, p(x) > p(y). O
Lemma 8. Let ' = K(z) be a pure transcendental

extension of K. Let 4 be a fuzzy intermediate field of F/K.
Let o € pu(F) be such that p, O K. Then there exists z € F
such that p, = K(z) and pu(z) =

Proof. That z exists such that pu, = K(z) follows from
Luroth’s Theorem. Since z € p,,, 1(z) > «. Since o € p(F),

there exits y € p,, such that u(y) = a. Now y = f(2)/g(z)
for some polynomials f(z) and g(z) in z over K. Thus,

a = p(y) = min{u(f(2)), p(9(2))} = w(z) =

Hence, pu(z) = a. O

Definition 9. Let S be a set of fuzzy singletons in £’ such
that if x,, 25 € S, then o = . Let K be a subfield of F' and
w a fuzzy intermediate field of F//K. Then S is said to be a
weak minimal generating set of p over K if 1 = p|x(S) and
12 plr(S\{za}) Voo € 5.

Theorem 10. Let ' = K (z) be a pure transcendental field
extension of K. Let p be a fuzzy intermediate field of F/K.
Then the following assertions hold:

(1) Either p(F) = {1, - ,a,} for some n € N or
/’[’(F) :{a1) 7an’...}‘

(2) For each a; € u(F), p,, = K(z;) for some z; € F
and p(z;) = a.

d
) {(zi)a, [ i=1,2,
set of p over K.

Proof. That (1) and (2) hold follows from previous
discussions and the Lemmas. We now show that (3) holds.

-+ } is a weak minimal generating

Let Z = {(2i)a, |1=1,2,---}. Let Z; = Z\{(2j)a, }»
j=1,2,---. Then
1(Z;)(z;)

sup {Z Kiy i ((21)ay)™ - - del (((zj)aJ')ij)

c((Zm)an) ™ () | kiyeoi,, € K ki i)
= WUjq-niy,, M € N}

a1 < aj = p(Z) (%)

Hence Z is a weak minimal generating set for p over K.

Integration of a Fuzzy Function over a Crisp Curve.

In the remainder of the paper, X denotes the Cartesian
cross-product [a, b] X [c, d].

We let C : f(z,y) = 0 denote a crisp curve. Let f be a
Sfuzzy function of [a,b] X [c,d] into R C) [ f(a,z,y)dx
and (C) [ fT(a,z,y)dz exist Va € [0 1] then we say that



f is integrable over C.

Definition 11. Let f be a fuzzy function of [a,b] x e, d]
into R which is integrable over C. Then the integral of f over
C, written (C) [ f(z,y)dz, is defined to be the fuzzy subset
F of R such that Vr € R,

ﬁ(r) = sup{f8 € [0,1] |r€[ /f (B,z,y)d
o [ f*(m,y)dx}
if y € [(C) [ f(0,z,y)dz, (C) [ f7(0,z,y)dz] and

F(r) = 0 otherwise.

A parametrization of C will yield the integral of f in the
sense of [8].

Problem. Is F' a “linear transformation” as in [8], etc.?

Problem. Use the fuzzy version of Luroth’s theorem to
get a fuzzy parametrization of C'. Parametrization at levels.

Integration of a Crisp Function over a Fuzzy Curve.

Definition 12. A fuzzy ordered pair is a function A:Rx
R — [0, 1] such that the following properties hold:

(1) A is convex;
_(2) there exists unique (r0,71)
A(ro,ry) = 1;

(3) A is continuous.

€ R x R such that

Definition 13. A fuzzy curve C is a set of fuzzy ordered
pairs such that

C = {(’/‘0,7“1) ERXR| HAVECV',AV(TO,TI) = 1}

is a curve.
Definition 14. Let g be a function of [a,b] X [c,d] into
R. Let C be a fuzzy curve such that C' C [a,b] x [c,d]. Let

(60, 61) and (62, 65) Let A B € C be such that A(e()7 61) =1
and B(ez,e3) = 1. Define the function G of R into [0,1] as
follows:

G = sup

{sup {min {g(do,d1)7§(d2’d3)} |
(do,d1), (dz,d3) € 15} | De D}

where z = (D) [ g(z,y)dz and D € D.

We note that this definition reduces to the one given in
[12] for integrals of real-valued functions of one variable over
an interval. To see this, project the plane onto the z-axis and

CN'} Hence G =
sup { min Z(dmdl),é(dg,dg)} | (do, dy), (da, ds) eé} =

sup {min { A(do), B(dz) } | do, da € [eo, 2]}
= [g(z,y)dz, the integral being taken over the interval

so ¢ = d in the above definition. Then D = {

where
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[do, da].
Problem. Show that G is a fuzzy number.

Problem. Use the fuzzy version of Luroth’s theorem to
get a fuzzy parametrization of C. Parametrization at levels.

Integration of a Crisp Function over a Fuzzy Curve.

Problem. Use the fuzzy version of Luroth’s theorem to
get a fuzzy parametrization of C'. Parametrization at levels.

Integration of a Crisp Function over a Fuzzy Curve.
Another Possibility

The condition, V(z,y) € [a,b] x [e,d], f~(1,z,y) =
fT(1,z,y), will allow us to define a fuzzy curve in such a
way that a crisp curve can be associated with it in a natural
way by defining a function f of [a, b] X [¢, d] into R as follows:
fz,y) = f7(12v$,y) = er(l"rv y)~v (z,y) € la,b] x [c,d].
The equation C f(z,y) 0 stands for the curve
C;: f(a,x,y)=0and CF : fH(a,z,y) =0 Va € [0,1].

Definition 15. Let f be a fuzzy function of [a,b] x [c,d]
into R. Then a fuzzy plane algebraic curve is C : f(x,y) =0,
where f(x,y) is a polynomial.

Definition 16. Let g be a function of [a,b] X [c,d] into
R which contains the fuzzy curve C:f (:r y) = 0. Then the
integral of g over C, written (C) [ g(,y)dz, is defined to be
the fuzzy subset G of R such that Vr € R,

é(r) =sup{f €[0,1] |re
(€5) [ ot () [ st

0| [ st c;) [ ate.pas] |

r e |©) [atwscp) [ ol
o[ [ st ;) [ atepas]

for some 3 and G(y) = 0 otherwise.

if

Problem. Use the fuzzy version of Luroth’s theorem to
get a fuzzy parametrization of C'. Parametrization at levels.

Suppose there exists an isomorphism of f of F' into K (t).
Then f(u) is a fuzzy intermediate of F// K. This would seem

to give us a fuzzy parametrization.

Let a € p(F). If p, = K(u), then p has been characterized
above. We now consider when p, = K (u,v).
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