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Abstract

One special subalgebra of the algebra of fuzzy truth values is
the set of those elements that take only 0 and 1 as values. This
subalgebra is in one-to-one correspondence with the subsets
of the unit interval, but the operations do not correspond to
ordinary union and intersection. The automorphisms of this
subalgebra are studied here, resulting in showing that the
subobjects corresponding to finite subsets is a characteristic
subalgebra of the algebra of fuzzy truth values, and that the
subalgebra corresponding to closed intervals is also a charac-
teristic subalgebra. A number of facts about the automorphisms
of the subalgebra in question are proved, but we have not yet
succeeded in showing that it is a characteristic subalgebra of
the algebra of fuzzy truth values.
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1. The Algebra of Sets in M

We refer the reader to the previous paper Automor-
phisms of the Algebra of Fuzzy Truth Values I ,[2], for
notation and terminology. It is easy to verify that

S = ({0,1}*Y,u,m,0,1)

is a subalgebra of M = ([0,1][%%},1J,r,0, ). This sub-
algebra we call the algebra of sets in M. Its elements are
in one-to-one correspondence with the subsets of [0, 1],
but the operations do not correspond to ordinary union
and intersection of sets. A basic question is whether
automorphisms of M induce automorphisms of S, that
is, whether or not S is a characteristic subalgebra of M.
Note that S contains the subalgebra I of singletons, and
the subalgebra I?! of closed intervals. Also the set F
of finite sets in M, that is the elements of S that have
value 1 at only finite number of elements of [0, 1], is a
subalgebra of S. Thus we have the picture
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of subalgebras of M, and we know that I, the subalgebra
of singletons, is a characteristic subalgebra of M. Our
goal is to show that S is characteristic. We have not been
able to do that, but in endeavoring to do so, will get that
F and I?! are characteristic and some information about
the action on S of automorphisms of M

From [1], we have the following for any automor-
phism ¢ of M.

o ©(0) =0 and ¢(1) =1

e (1) =1and »(0) =0
o (@) is a singleton for any singleton @
° ({07 1}) = {07 1}
o o(ff) = o))" o(f1) = p(f)" for any f € M.

We will, as in [2], omit proofs which will appear later
in an expanded paper. The principal fact we develop is
Theorem 6 below.

Lemma 1: For a € [0,1] and ¢ € Aut (M
a@)=0Ve@) and ¢ (aVI) =¢(a) VL.

), p(0V

If f and g are sets, we say f is to the left of g
and write f < g if f () > 0 implies g (y) = 0 for all
y < z. Similarly, we say g is to the right of f and write
g > fif g(x) > 0 implies f(y) = 0 for all y > x.
This definition leaves open the possibility that f and g
are both nonzero at at most one point. Note that f < g
if and only if g > f. For singletons a, it is clear that
@ < g if and only if @” A g = g. If g is a set, this is
equivalent to the condition that @ A g% = a.



Proposition 2: Let a € [0,1] and let g € M. Then
a < gifand only if allg = g, and @ > ¢ if and only
ifafng=g.

We need to know when automorphisms preserve the

property of being to the left or right. In the following
corollary, we use the fact that ¢ (@) is a singleton.

Corollary 3: @ < g if and only if ¢ (@) < ©(g), and
a > g if and only if ¢ (@) > ¢(g).

It follows immediately from this corollary that if @ is
not to the right of g, then for any automorphism ¢ of
M, ¢ (@) is not to the right of ¢ (g). And if @ is not to
the left of g, then for any automorphism ¢ of M, ¢ (@)
is not to the left of ¢ (g). The properties of being not
to the right and not to the left can be characterized as
follows.

Lemma 4: Let a € [0,1] and g € S. If @ is not to the
right of g, then (@V1)Mg =aV g. If @ is not to the
left of g, then (OVa)Ug=aVg.

Lemma 5: If f € M is normal, then f& Vv % =1.

Theorem 6: Let a € [0,1], g € S, and ¢ € Aut (M).
Then ¢ (aV g) = ¢ (@) V¢ (9)-

By induction, we have the following.

Corollary 7: 1f g is a finite set in M, then ¢ (g) is a
finite set with the same number of elements. In fact, if
g=a1VazV---Va, then p(g) = ¢(a1) vV ¢ (az) v
Vo (an).

Corollary 8: The algebra F of finite subsets of M is
a characteristic subalgebra of M.

We now look at the algebra 112 of intervals in M.
Suppose g = [a,b]. Then @ < g and b > g. From
above, we see that ¢ (a) < ¢ (g) < ¢ (b). Moreover,
g=1aVg=>bVgso we know that p(g) = ¢ (a) Vv
©(g9) = ¢ (b) Vel(g). Letc = ¢(a) and d = ¢ (b).
Then ¢ (g) (¢) = ¢ (g) (d) = 1. But ¢ (g) is a convex
function. All this together yields the following.

Theorem 9: Let ¢ € Aut (M) and a < b in [0,1]. If
¢ (@) =7¢ and ¢ (b) = d, then ¢ ([a,b]) = [c,d].

Corollary 10: The algebra I[2lof intervals in M is a
characteristic subalgebra of M.

2. Comments

We have not been able yet to prove that S is a
characteristic subalgebra of Ml. If g € S, then g = Vyesa
for some subset S of [0, 1]. For any automorphism ¢
of M, ¢(9) = ¢(Vaesa) < (Vaesyp(a)). We need
this inequality to be an equality, but have not been able
to prove that yet, although we conjecture that equality
holds.
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The map M — S that takes an element g to the
element that is 1 when g > 0 and 0 otherwise is a
projection. The proof is straightforward. The equivalence
relation is to identify two elements if they are > 0 at the
same places. This is a congruence. This fact should be
useful in studying S.

The set of closed intervals forms a characteristic
subalgebra. We have shown that I and L are charac-
teristic subalgebras of M. Automorphisms of M carry
monotonic functions to monotonic functions of the same

type.
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