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Abstract— To the best knowledge of authors, none of existing Il. LINEAR DEPENDENCY ANDINDEPENDENCY OF
literatures is available for the linear dependency and indepen- INTERVAL VECTORS
dency test of interval vectors. In this paper, the definitions about ) . ) o
the linear dependency and independency of interval vectors are  Throughout this paper, we use the following basic defini-
given, and an effective way for checking the linear dependency tions. Our discussions are limited to the real space.
and independency of interval vectors is suggested. Definition 2.1: A real interval scalarz! is defined as:

Index Terms—Linear dependency, Linear independency, In- I ._— [z,7], wherez,7 € R and for allz € z!, there
terval vectors exists a corresponding such thatz = AZ + (1 — \)z with

0 < X <1, A € R. Then-dimensional real column interval
|. INTRODUCTION vectorx! is defined asx! := (zf,...,21)T and then x m
dimensional real interval matrix is defined from the interval

In information science, reliable computation and/or rovectors as:
bust control area, the model uncertainty problem has been X1 = (x{,x4,...,x])
effectively and popularly handled by “interval” concept. . . . .
Great amount of literatures are available under the namg .e |Interval vector and Imterval matrix can be written
of “interval” for example, interval algebra [1], [2], interval as. xt = [5’_)(] 7 and X° = [XE or, the;; can
polynomial [3], [4], Schur stability of interval matrices [5], be written as:x’" =[x —AX, Xy ;ﬁx} and XY X
[6], Hurwitz stability of interval matrices [7], [8], interval [Xo—AX, Xo+ AX], wherex, = ==, Xo = ==,
polynomial matrices [9], eigenvalues of interval matricesAx = % andAX = %
[10], [11], and robust control with parameter uncertainty [12], Based on [1], [2], the following interval arithmetics are
[13]. However, the property of interval vectors has not beeunsed in this paper.
fully studied. In fact, the basic concepts of interval vectors Definition 2.2: The intersection of two real interval
were defined in [1], [2], and as a specified example of thecalars =/ and 3! is defined as:z! N y! =
quasivector spaces, the interval vectors have been defingd | z € 2/ and z € y'}. The union of two real
in [14]. Particularly, the algebraic property of the intervalinterval scalarsz! and y’ is defined as:z! U y! =
vectors was studied in [15], but in these works, even thougf: | z € 2% or z € y}.
the linear combination of interval vectors has been studied, Definition 2.3: The addition of two real interval scalars
the linear dependency and independency conditions were ngt and y’ is defined and calculated as:! @ y! =
investigated. [z +y,7 + 7], the substraction is' oy! = [z — 3,7 — y] ,

In this paper, we define the linear (in)dependency o#ind the multiplication is
interval vectors. However overall mathematical property of ; ; . _ o
our definition is same to [15], only our definition is more or © ©Y = (min {zy, 27, 7y, 7y} , max {zy, 27, Ty, 77}
less based on linear algebra, while definitions given in [15fhe division should be carefully defined as [2]:
are based on the theory of the quasilinear spaces with group 1

structure. — = 0if 2’ =10,0]

This paper consists of as follows: In Section II, we provide — soif 2! = (0,01]
sufficient linear dependency and independency conditions of o . ; T
the interval vectors. Conclusions and possible applications in = —ooif 2/ =[07,0)
information sciences are discussed in Section Ill. _ 1) ..

= =, if >0
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Then, the division of two interval scalars is simply definedollowing equality holds:
and calculated ast’ 0y’ =2’ ® i

Definition 2.4: Theratio r,, between two interval vectors (Fay)1 0 (Fay)2 0o N (Fay o =0, 3
is defined and calculated as: where(r,,); can be defined as! © y!.
Proof: Sufficiency: Fromaix! @ asxi = 0, we have
oy =X\ Y = (2l @yl ol ) poma Bare =0 W
ay [;L{,xé,,xﬁ] = Oag [yfvyéavyr]z] (4)

The addition, substraction, dot-product, and cross-product of

two interval vectors and interval matrices can be definegFrom Definition 2.4 and Definition 2.5, and using the

based on above scalar arithmetics. commutative and associative property of interval scalars, the
The interval arithmetics of a real interval scalar by itselfatio of each elements are

should be distinguished from the arithmetics of two different

scalar intervals. For the linear time invariant (LTI) systém v oy = (Tay)i
we use the following definitions: szl il = (Tay)i
Definition 2.5: If = is not time dependent (i.e., time Yi ‘
!nvarlqnt), the addition of a re?I |ntelrval scalaf b! |tielf sl il Ryl = (Fay)i @ y!
is defined and calculated as’ @ «' = [+ 2,T+7], Yi
the substraction ist! © 2/ = 0, and the multiplication sl = (ry)ioy! (5)

is 2! @ I = [a2,ﬂ2], where o = min{|z|,|Z|}; B = ) . . )
max{|z|, |7]}. The division is defined ast! @ 2! = 1 if By inserting (5) to the left-hand side of (4), the followings

o £100,0]. are true:

In linear algebra, the following linear (in)dependency a1 [(ay)1 @ 1, (Fay)2 @ Uk, (Fay)n ® y{b]T _
condition of the linear vectors is popularly used. o T

Definition 2.6: Without interval, whem different vectors ©az [Y1, Y25 Yn)
are given asxi, ..., X,, they are calledinearly independent < a; [(Fuy)1, (Tay)2, - > (Fay)n]” = —az [1,1,...,1]7
iff there exist only trivial solutionsd; = a; = --- = a,, = 0) T a2 T
such thaia;X; + agXs + - - - + a,X, = 0. Otherwise, they are & ey (ay)e, o (Fay)n]” = Ca 11,.1]
linearly dependentlf they are linearly independent, any (6)
cannot be produced by any combinations of other vectors.Here from (6), we have

Now, with the basic definitions given above, we define the ™ ™’ '
linear (in)dependency of interval vectors based on Defini- (Feg)1t N ()2 M- 0 (Foy)n = _%7 7)
tion 2.6. a1

Definition 2.7: With interval, let us suppose we have so, (Fyy)1 N (Fay)2 N N (Fgy)n = 0, We have2z =
different interval column vectors given ast, ..., xZ. They Thus, since onlya; = 0 is the solution for®2 =0, and
are calledlinearly independentff there exist only trivial 0 ¢ 2/ nzin...nzl and 0 ¢ v Nyin...Nyl, we have

solutions ¢; = ay = --- = a, = 0) such thata;x{ & ¢, =0.
asxt @ - @ ap,x!, = 0. Otherwise, we say that the interval Necessity: Let us suppose that
vectors ardinearly dependent
Before considering the general case, let us first consider (Fay)1 O (Fay)2 N - O (Fay ) # 0,

the linear (in)dependency of two interval vectors. Supposingen we can have, = 0 anda; # 0, or as # 0 anda; # 0.

that two interval vectors are given ag:andxj, and based on Thys, by definition, this is not linearly independent. m
Definition 2.7, two interval vectors are linearly independent | et ys further think the case € z/ Nzt n...NzL or

iff there exist only trivial solutionsi; = a; =0 suchthat  gcyfnyln. . Ayl

Theorem 2.20f 0 ezl nadn...nzl or0 eyl Nnyin
...Nyl, two interval vectors are then linearly dependent.

Here, notice that it is not easy to get solutions for (2)  Proof: With any a; anda; = 0, or with a; = 0 and
directly. However, if we use “ratio” concept, we can check@ny az, the following equality can be true:
the linear (in)dependency property easily, which is expressed
in the following theorem:

Theorem 2.1:Two n dimensional LTI interval vectors So, By Definition 2.7, the proof is completed. ]
xLylwith0 ¢ zinain...nzl, 0 ¢ylnyin...nyl, Although above theorems are effective for checking the
are linearly independent iff, from the ratiq,, of x!,y/, the linear (in)dependency of two interval vectors, it is difficult

to extend above theorems to more than three interval vectors.

LFor linear time varying case, we have to use Definition 2.3. Let us suppose that we have three different interval vectors,

arx! @ asxt = 0. (2)

(Z1X{ D (12X£ =0.
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which are given ast!, y!, z/ and we want to check the linear matrices and sy, = {s’, i = 1,...,k} is calledindex set
(in)dependency of them. The first task is to check the lineand s? is calledindex

dependency between two interval vectors. This task can beNow, we consider the interval vectors, x4, --- .. Let
performed from preceding results, but we also have to checls write these interval vectors in an interval matrix form such
the linear combination case. That is, we have to check is:

there exist trivial solutions; = a2 = ag = 0 such that X! .= (x{,x§,~ XI) (8)

Ty An

I I I _
@ X ©azy’ ®azz’ = 0. Then, X! is anm x n interval matrix, so based on Def-

It looks quite tough to solve this simple equation, furthermor#ition 2.8, the corresponding square set &f can be

our ultimate goal is to find the general case such as: found as:Sy = {S% i=1,...,k} wherek = ma.

arx{ @ agxh & - - @ agx}, =0, and the corresponding index set &f/ can be found as
So, apparently, it is almost impossible to check the lineatX ~ {s', @ = 15*- . .’k}o.l Helre,l o frl:rther qeflne the center
(in)dependency of the interval vecto?s In the sequel, we Sduare matricesy, and calculate them as:
suggest one simple but very effective sufficient condition g4
for checking the linear (in)dependency of interval vectors Sx, = {53 == 5 1= 1,...,k},
xIxk .- xI where anx! is an interval vector irR™. For
the accurate description of our idea, we separately considgtqy yefine the radius square matricd$'y and calculate
three different cases. them as:

i S-S

Case—1:m>n. Case—2:m=n. Case—3: m<n ASx = ¢AS"' = 5 ,i=1,...,k

We only investigate Cask-In fact, Case2 and Case can
be investigated using the ana'ysis of Caséor Convenience' For our main result, notating the absolute Va.lue Of a matl‘iX
the following concepts are necessary. In the following< 4 bY [A] = (|a;|), the following lemma can be adopted from
n, m > n, matrix [16].
Lemma 2.1:For interval matrix X!, let its cen-

R ter matrix X, be nonsingular and the spectral radius
M1 Maz ... Ton p (|(Xo)'|AX) < 1, thenX? is nonsingular.
M= | M M3 ... M3n Now, for the linear independency test of the interval vector
: : -, : set, we suggest the following theorem:
M1 Mm2  v. Mopn Theorem 2.3:For ST € Sy, if there exists at least one

correspondingS, € Sx, and AS € ASx such thatSy

let us select whole possible x n sub-matrices, which are is nonsingular and (|(So)’1] AS) < 1, then the interval

expressed as:

. ‘ ‘ vectorsx!, xi, ... xI are linearly independent.
S11 S12 oo Slp Proof: Let us considerx’ = (x{,xi,---,xL), which
gi S51 Spy ... Shy is anm x n, m > n, interval matrices composed of the
| Lo ol interval vectors. It is a fact that the column vectors are
siosi, L.osi linearly independent if (and only if in the point of “rank”) the
, o . rank of X7 is n. Also from the fact that the row rank is equal
wherei = 1,...,k. Then, it is easy to notice that the totalto the column rank, so i§! has rankn, then the column

number of possible sub-matricés is calculated by: rank of X' is alson. Therefore, if any one of’ € Sx has

i m mim—1)(m—-2)---(m—n+1) row rankn, then X’ hasn column rank. So, by Lemma 2.1,
n n! for S, and AS corresponding taS’, if Sy is nonsingular
and p (|(So)~*| AS) < 1, then X' has full column rank,
. . ; because the nonsingular condition is equivalent to the full
M. The index ofn d|ﬁergnt row vectors of" is represented rank condition. Thus, since the full column rank indicates
by a set such asi* = {index of row vectors of M}, i = . : :
. . the linear independency, the proof is completed. [ |
1,...,k. For the accurate translation of our idea, we make i . .
e ) Remark 2.1:Theorem 2.3 checks the linear independency
a definition as follows: ) X A .
. ) . . of the interval vector set using finite interval matrices set.
Definition 2.8: In this paper, we call sub-matrices,; = . . . . )
I i The key idea of Theorem 2.3 is to investigate the linear
{8t i=1,...,k} as square setand S’ as sub-square . i .
independency of the interval vectors on the form of interval

2As far as authors are concerned, nobody has suggested this kind r&amx' Using the fact that the royv rank. 1S equal to cqlumn
questions and there is no existing solution. rank and the full rank condition is equivalent to the linear

Sub-matricesS? are composed of, different row vectors of
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In this paper, we suggested the concept of “linear depe;ll-d']
dency” and “linear independency” of interval vectors. For the
linear dependency and independency test, we suggested Uﬁif%
the regularity property of the interval matrix. As potential
applications of our result, the robust controllability, robust
observability, stability analysis, and null-space of interva{lS]
operators can be considered.
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