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Abstract 
Let G(V, E, W) be a graph with n vertices and m edges. 
Each vertex v is associated with a cost W(v). For any 
Q ⊆ V, the summation cost and the bottleneck cost of 
Q are defined as δ(Q) = ∑  and β(Q) = 

, respectively. Finding an 

independent dominating set D such that δ(D) or β(D) 
is minimized are two important fundamental graph 
problems, called the Weighted Minimum Independent 
Dominating Set problem (the WMIDS problem) and 
the Bottleneck Independent Dominating Set problem 
(the BIDS problem), respectively. This paper studies 
the WMIDS problem and the BIDS problem such that 
all vertices in F cannot be included in any feasible 
solution, where F is a given subset of V, called 
forbidden vertices. The resulting problems are called 
the RWMIDS problem and RBIDS problem, 
respectively. When W(v) = 1, for all v ∈ V, the 
WMIDS problem becomes the MIDS problem and 
RWMIDS problem becomes the RMIDS problem. The 
MIDS problem can be solved in linear-time on chordal 
graphs. We first prove that the RMIDS problem is NP-
Hard on chordal graphs and the RWMIDS problem 
can be solved in O(m)-time on split graphs. An O(n)-
time algorithm for the RWMIDS problem on trees is 
also proposed. Finally, we show that the RBIDS 
problem is linear-time equivalent to the BIDS problem 
on all classes of graphs. 
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1. Introduction 
Let G(V, E, W) be an undirected graph with n-vertex-
set V and m-edge-set E, and each vertex v is associated 
with a cost W(v). A subset D of V dominates V if there 
exists u ∈ D such that (v, u) ∈ E for each v ∈ (V - D) 
and D is called a dominating set of G. If (u, v) ∉ E, for 
all u, v ∈ D, then D is called an independent 

dominating set. Domination on graphs has received 
extensive research efforts due to its theoretical 
importance and wide-area applications. Most of 
previous studies on domination problems are to find a 
certain kind of dominating set D such that the 
summation cost, δ(D) = ∑ ∈Dv

vW )( , is minimized 

[2--6, 10--13, 15, 17, 18]. Meanwhile, we proposed an 
original study on finding a dominating set (an 
independent dominating set) D such that the 
bottleneck cost, β(D) = , is 
minimized [19, 20]. The problems of finding an 
independent dominating D such that δ(D) (β(D)) is 
minimized are called the Weighted Minimum 
Independent Dominating Set problem (the WMIDS 
problem) and the Bottleneck Independent Dominating 
Set problem (the BIDS problem), respectively. We 
consider the following two more general problems. 

)}({max vWDv∈

The Restricted Weighted Minimum Independent 
Dominating Set problem (the RWMIDS problem): 
Given a graph G(V, E, W) and F ⊆ V, find an 
independent dominating set D such that δ(D) is 
minimized and D ⊆ (V - F). 
 
The Restricted Bottleneck Independent 
Dominating Set problem (the RBIDS problem): 
Given a graph G(V, E, W) and F ⊆ V, find an 
independent dominating set D such that β(D) is 
minimized and D ⊆ (V - F). 
 

The set F in the above two problems indicates 
that all vertices in F cannot be included in any feasible 
solution and they are called forbidden vertices. 
Meanwhile, when W(v) = 1, for all v ∈ V, the WMIDS 
problem becomes MIDS problem and RWMIDS 
problem becomes the RMIDS problem. The WMIDS 
problem is a well-known NP-Hard problem. It has 
been known that the MIDS problem can be solved in 
linear-time on chordal graphs [5]. This paper will first 
prove that the RMIDS problem is NP-Hard on chordal 
graphs, but the RWMIDS problem is O(m)-time 
solvable on split graphs. Second, an O(n)-time 
algorithm for the RWMIDS problem on trees will be 
proposed. Finally, we will claim that the RBIDS 
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problem is linear-time equivalent to the BIDS problem 
on all classes of graphs. 

2. The RMIDS Problem on Chordal 
Graphs and Split Graphs 
In the rest of this paper, an independent dominating 
set D containing no forbidden vertex will be called a 
restricted independent dominating set (a RID set). An 
edge (u, v) of a graph G is called a chord of a cycle Ω 
of G if u and v are two nonconsecutive vertices in Ω. 
G is called a chordal graph if each cycle with length 
greater than three has a chord [8, 9, 16]. To show that 
the RMIDS problem is NP-Hard on chordal graphs, 
the following NP-complete problem is used [7]. 
The Satisfiability problem (the SAT problem): 
Given a set X = {x1, …, xn} of Boolean variables and a 
collection C = {c1, …, cr} of clauses over X, is there a 
satisfying truth assignment for C? 
 

Suppose that X = {x1, …, xn} and C = {c1, …, cr} 
is an instance of the SAT problem. Let X′ = {x′1, …, 
x′n}, A = {a1, …, an}, P = {p1, …, pn}, D = {d1, …, dn}, 
B = {b1, …, bn}, and U = {u1, …, un}. A 
corresponding instance G(V, E) and F of the RMIDS 
problem can be constructed as follows: V = C ∪ U ∪ 
X ∪ X′ ∪ A ∪ P ∪ D ∪ B, E = {(cj, x) | cj contains x, 
for all cj ∈ C and x ∈ X ∪ X′} ∪ {(xj, uj), (xj, pj), (aj, 
pj), (x′j, uj), (x′j, bj), (dj, bj) | 1 ≤ j ≤ n} ∪ {(y, v) | for 
all y, v ∈ C ∪ U}, and F = C ∪ U. On the constructed 
graph G, the following lemmas can be proved. 
Lemma 1. Let Q be a RID set of G, i.e., Q ⊆ (X ∪ X′ 
∪ A ∪ P ∪ D ∪ B) and G(j) be the subgraph induced 
by {xj, uj, x′j, pj, bj, aj, dj}, 1 ≤ j ≤ n. Only one of the 
following cases could be true. (1) {xj, bj, aj} ⊆ Q. (2) 
{x′j, pj, dj} ⊆ Q. (3) {xj, x′j, aj, dj} ⊆ Q. 
 
Lemma 2. G can be constructed in O((n + r)2)-time 
and it is a chordal graph. 
Proof: It is easy to see that there are 7n + r vertices in 
G. So, G can be constructed in O((n + r)2)-time. Next, 
let Ω = {v1, …, vα}, α ≥ 4, be a cycle in G. The 
construction rule of G implies that Ω ∩ (A ∪ D ∪ P ∪ 
B) = ∅. Since all vertices in F = C ∪ U form a clique, 
if Ω contains at least three vertices in F, then Ω must 
have a chord. Thus, we only need to consider: (1) Ω 
contains no vertex in F, (2) Ω contains only one vertex 
in F, and (3) Ω contains exactly two vertices in F. It is 
easy to verify that a chord must exist in each case. 
Therefore, G is a chordal graph.  
 
Lemma 3. Suppose that Q is a minimum RID set of G. 
Then, the SAT problem has a solution iff Q  = 3n. 

Proof: If the SAT problem has a solution and let H be 
the set of TRUE literals, then H  = n. Put Rj = {aj, bj} 
if xj ∈ H. Otherwise, Rj = {pj, dj}, 1 ≤ j ≤ n. By 
Lemma 1, Q = H ∪ R1 ∪ R2 ∪ … ∪ Rn is a minimum 
RID set of G and Q  = 3n. 

Assume that Q  = 3n. Let H = Q ∩ (X ∪ X′). By 
Lemma 1, H  = n and either xj or x′j is included in H, 
1 ≤ j ≤ n. Setting the literals corresponding to the 
vertices in H to be TURE must satisfy the input 
Boolean formula.  
 
Lemma 4. The SAT problem can be reduced to the 
RMIDS problem on chordal graphs in O((n + r)2)-
time. 
 
Theorem 1. The RMIDS problem is NP-Hard on 
chordal graphs. 

 
We now consider the RWMIDS problem on split 

graphs. A graph is called a split graph if its vertices 
can be divided into two disjoint sets K and I such that 
K is a clique and I is an independent set [9, 21]. Let 
SG(V, E) be a split graph with V = K ∪ I = {k1, ..., ks} 
∪ {i1, ..., it}. For any RID set D, if FK ∩  < K , 
then either K ∩ D = {kj}, for some kj, or K ∩ D = ∅. 
Define δ0′(SG) = min{δ(D) ⏐ K ∩ D = ∅ and D is a 
RID set of SG} and δ1(SG) = min{δ(D) ⏐ K ∩ D = 
{kj}, for some kj,  and D is a RID set of SG}. It is clear 
that δ(SG) = min{δ0(SG), δ1(SG)}. 

To compute δ0(SG), for H ⊂ I, the vertices in I - 
H are not dominated by H. If H is a RID set and K ∩ 
H = ∅, then H must be I itself, i.e., there has no 
solution if I ∩ F ≠ ∅. Therefore, the first task is to 
check whether I ∩ F ≠ ∅. If I ∩ F = ∅, then the 
second task is to check whether every vertex in K is 
adjacent to at least one vertex in I and the time-
complexity for computing δ0′(SG) is O(n). 

Next, we show how to compute δ1(SG). It is easy 
to see that δ1(SG) = ∞, if K ⊆ F. Let Q = K – F ≠ ∅. 
For any vertex kj in K, define Neighbor-I(kj) = {iq ∈ 
I⏐(iq, kj) ∈ E}. For any optimal solution V* containing 
some kj in Q, V* must contain all vertices belonging to 
I - Neighbor-I(kj), i.e., if (I - Neighbor-I(kj)) ∩ F ≠ ∅ 
in this situation, then δ1(SG) = ∞. It implies that δ1(SG) 
can be obtained in O(m)-time. 
Theorem 2. The RWMIDS problem can be solved in 
O(m)-time on split graphs. 

3. The RWMID Problem on Trees 
This section designs an O(n)-time algorithms for the 
RWMIDS problem on trees. The strategy used is the 
dynamic programming strategy [1, 14]. Given a tree T, 
we choose any vertex r to be the root and the tree is 
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denoted as T(r). Define δ(T(r)) = min{δ(D) | D is a 
RID set of T(r)}. For any non-root vertex x, the 
following notations are defined. (1) Denote T(x) as the 
subtree rooted at x and par(x) is the parent of x. (2) 
δ00(x)) = min{δ(D) | D is a RID set of T(x) such that 
par(x) ∉ D and x ∉ D}. (3) δ01(x)) = min{δ(D) | D is a 
RID set of T(x) such that par(x) ∉ D and x ∈ D}. (4) 
δ10(x)) = min{δ(D) | D is a RID set of T(x) such that 
par(x) ∈ D and x ∉ D}. For any vertex u, the 
following notations are defined. (1) δ0(T(u)) = 
min{δ(D) | D is a RID set of T(u) such that u ∉ D}. (2) 
δ1(T(u)) = min{δ(D) | D is a RID set of T(x) such that 
u ∈ D}. (3) δ(T(u)) = min{δ(D) | D is a RID set of 
T(u)}.  
Case 1. r ∈ (V - F), i.e., r is not a forbidden vertex.  

Above definitions derive the following formula. 
δ(T(r)) = min{δ0(T(r)), δ1(T(r))} <1> 
Among all children of r, suppose that X = {x1, …, 

xk} ⊆ F and Y = {y1, …, yq} ⊆ (V- F). To compute 
δ0(T(r)), if Y is not empty, then at least one vertex in Y 
must be selected. 

δ0(T(r)) = 

( ){⎪⎩

⎪
⎨
⎧

} ∅≠++
∅=∞

∑ ∑≤≤ ≤≠≤≤≤kj qjs sjqjj YyTyTxT
Y

1 101100 ,))((δ))((δmin))((δ
,

 <2> 
The next task is to compute δ1(T(r)). It implies 

that D ∩ (X ∪ Y) = ∅, for all feasible solution D. 
δ1(T(r)) = W(r) + 

 <3> ∑∑ ≤≤≤≤
+

qj jkj j yTxT
1 101 10 ))((δ))((δ

Case 2. r ∈ F, i.e., r is a forbidden vertex 
If Y is not empty, then at least one vertex in Y 

must be selected. This case is just equivalent to 
compute δ0(T(r)) as Case 1. 

Now, consider any non-root vertex u. Also, 
among all children of u, suppose that X = {x1, …, xk} 
⊆ F and Y = {y1, …, yq} ⊆ (V- F). 
Case 1. u ∈ (V - F), i.e., u is not a forbidden vertex 

δ00(T(u)) = 

( ){⎪⎩

⎪
⎨
⎧

} ∅≠++
∅=∞

∑ ∑≤≤ ≠≤≤≤kj js sjqjj YyTyTxT
Y

1 101100 ,))((δ))((δmin))((δ
,

≤q

 <4> 
δ01(T(u)) = W(u) + 

 <5> ∑∑ ≤≤≤≤
+

qj jkj j yTxT
1 101 10 ))((δ))((δ

To compute δ10(T(u)) means that u is already 
dominated by par(u).  

δ10(T(u)) = 
  <6> ∑∑ ≤≤≤≤

+
qj jkj j yTxT

11 00 ))((δ))((δ
Case 2. u ∈ V, i.e., u is a forbidden vertex 

In this case, δ01(T(u)) = ∞. The other two values, 
δ00(T(u)) and δ10(T(u)) are the same as Case 1. 

The boundary condition occurs when T(u) 
consists of the vertex u. Two possibilities could occur. 
Case 1. u is the root 

δ0(T(u)) = ∞ <7>   δ1(T(u)) =  <8> 
⎩
⎨
⎧

−∈
∈∞

)(),(
,

FVuuW
Fu

δ(T(u)) = min{δ0(T(u)), δ1(T(u))} <9> 
Case 2. u is non-root 
δ0(T(u)) = δ00(T(u)) = ∞ <10> 

δ1(T(u)) = δ01(T(u))  = <11> 
⎩
⎨
⎧

−∈
∈∞

)(),(
,

FVuuW
Fu

δ10(T(u)) = 0 <12> 
δ(T(u)) = min{δ0(T(u)), δ1(T(u))} <13> 
Lemma 5. Formulas <1> to <13> can be implemented 
in either O(1)-time or O(k + q)-time, except Formula 
<2> and Formula <4>. 
 
Lemma 6. Formula <2> and Formula <4> can be 
implemented in O(k + q)-time. 
Proof: ∑ ≤≤ kj jxT

1 00 ))((δ  can be computed in 

O(k)-time. Let δ(j) = 

∑ ≤≠≤
+

qjs sj yTxT
101 ))((δ))((δ , 1 ≤ j ≤ q. It is 

easy to verify that δ(j+1) = δ(j) - δ01(T(xj)) + δ01(T(xj+1)) - 
δ(T(xj+1)) + δ(T(xj)), 2 ≤ j ≤ q. Therefore, δ(1), … δ(q) 
can be computed in O(q)-time. This implies that 
Formula <2> and Formula <4> can be implemented in 
O(k + q)-time.  
 
Theorem 3. The RWMIDS problem con be solved in 
O(n)-time on trees. 

4. The RBIDS Problem 
Theorem 4. The RBIDS problem is linear-time 
equivalent to the BIDS problem on any class of graphs. 
Proof: Let G(V, E, C) and F be an instance of the 
RBIDS problem. The corresponding instance G′(V′, E′, 
C′) of the BIDS problem can be derived as: V′ = V and 
E′ = E, C′(v)= C(v), for all v ∈ (V - F), and C′(v)= η + 
1, where η = , for all v ∈ F. Let 

D be an optimal solution of the BIDS problem on G′. 
Case 1. β(D) ≤ η. It is easy to verify that D ⊆ (V - F) 
and D is also an optimal solution of the RBIDS 
problem on G. Case 2. β(D) = η + 1. By the rules of 
assigning C′(v), for all v, it implies that all subsets Q 
of (V - F) cannot form an independent dominating set 
of G′, i.e., the RBIDS problem on G has no solution. 
Since we do not change the class of graphs, the proof 
is completed.  

)}({max )( vCFVv −∈
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5. Conclusions 
The MIDS problem can be solved in linear-time on 
chordal graphs. This paper has shown that the RMIDS 
problem is NP-Hard on chordal graphs and the 
RWMIDS problem is O(m)-time solvable on split 
graphs. An O(n)-time algorithm for the RWMIDS 
problem on trees has also been proposed. But, we have 
proven that the RBIDS problem is linear-time 
equivalent to the BIDS problem on any class of graphs. 

In the future, it is worthy to identify the classes of 
graphs such that the time-complexities of the RMIDS 
problem and the MIDS problem fall into different 
complexity classes. Other types of domination issues, 
such as perfect domination, total domination, and 
connected domination, with forbidden vertices is other 
research direction deserving us to study in detail. 
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