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What is diffusion? |

Wikimedia

Random motion of particles due to thermal energy




What is diffusion? Il

e Water molecules collide and move (net displacement)

e Displacement described by diffusion coefficient (D)




What is diffusion? Il

Anisotropic Isotropic Anisotropic

Wikimedia

Normally, diffusion is isotropic
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Diffusion in WM is anisotropic

e Diffusion is restricted by tissue boundaries, membranes, etc.

e Directionality of diffusion tells us about fibre
integrity /structure and orientation
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Fick's first law of diffusion

e The physical law that explains this phenomenon is called
Fick’s first law (Fick, 1855a, b), which relates the diffusive
flux to any concentration difference through the relationship

a9 9%
9t Pox

e For more than 1 dimension:
J=-DV¢ (1)

where J is the net particle flux (vector), ¢ is the particle
concentration, and the constant of proportionality, D, is called the
“diffusion coefficient”.

e Considering the fluid density p:

J=-pDV¢ b




D for H,O

e The diffusion coefficient for water at 37°C is approximately
[11]:

D=3 1079m2/5ec.




Diffusion displacement distribution
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Diffusion MRI Book [14]

e The Gaussian displacement distribution plotted for various
values of the diffusion coefficient when the diffusion time was
taken to be 40 ms.

e Larger diffusion coefficients lead to broader displacement

probabilities suggesting increased diffusional mobility. ‘




Einstein described the motion

e Using the displacement distribution concept...

e Explicit relationship between the mean-squared displacement
of the ensemble of molecules, characterizing its Brownian
motion, and the classical diffusion coefficient, D, appearing in
Fick's law (Einstein, 1905, 1926).

e For an ensemble of molecules in n-dimensional space:
(x*) =2nDA (3)
where <x2> is the mean-squared displacement of particles during a
diffusion time, A, and D is the same classical diffusion coefficient

appearing in Fick's first 1.




Diffusion as a Gaussian

e For a barrier-free medium, diffusion can be described by a
Normal distribution with N (0, 2tD), i.e.

e Zero-mean displacement
e Variance proportional to time and the diffusion coefficient




History of the Brownian motion and MRI |

e Robert Brown (1827): the first one to discover random
motions of pollen grains while studying them through
microscope.

Adolf Eugen Fick (1855): Fick managed to double-publish
his law of diffusion, as it applied equally to physiology and
physics. His work led to the development of the direct Fick
method for measuring cardiac output.

Einstein (1910): coherent description of diffusion emerged,
identifying the diffusion coefficient in Fick's law and the
variance of the particle displacement distribution that
describes the migration of particles.wikipedia




History of the Brownian motion and MRI Il

Nuclear magnetic resonance was first described and
measured in molecular beams by Isidor Rabi in 1938, and in
1944, Rabi was awarded the Nobel Prize in physics for this
work.

In 1946, Felix Bloch and Edward Mills Purcell expanded the
technique for use on liquids and solids, for which they shared
the Nobel Prize in Physics in 1952.

Purcell had worked on the development of radar during World
War Il at the Massachusetts Institute of Technology's
Radiation Laboratory.

His work during that project on the production and detection

of radio frequency power and on the absorption of such RF
power by matter laid the background for Rabi’s discovery of

NMR .wikipedia l




History of the Brownian motion and MRI |l

e Erwin Hahn (1950): the spin echoes were sensitive to the
effects of diffusion. He reported the reduction of signal of the
spin echo and explained it in terms of the dephasing caused by
translational diffusion of spins subjected to local magnetic field
gradients due to inhomogenities in the magnetic field.

Carr and Purcell (1952): showed that NMR spin echoes
could be sensitized to diffusion in a way that permits its direct
measurement.

Stejskal and Tanner (1965): introduced many innovations
that made modern diffusion measurements by NMR and MRI

possible. wikipedia
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The b-value

e A diffusion gradient can be represented as a 3D vector g
whose orientation is in the direction of diffusion and whose
length is proportional to the gradient strength.

e The gradient strength, or more often the diffusion weighting, is
sometimes expressed in terms of the b value, which is
proportional to the product of the square of the gradient
strength q and the diffusion time interval: [11]

b~ q*A

S(b)oc e /T2 5 7B




The diffusion MR signal attenuation

Diffusion contrast

No diffusion

signal

Diffusion \/

time

If diffusion is present, gradients cause a drop in signal.

Faster Diffusion = Less Signal
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Content of DTI data

@ 4D MR image, let it be M DWI volumes.
® bvals: 1xM vector with the value of b for each acquisition

©® bvecs: 3xM matrix where each column is a 3D unit vector
that represents the direction in subject space of the diffusion
gradient. (0,0,0) if =0




Acquisition parameters optimization

e There are many decisions to be made when choosing
parameters for a DWI imaging experiment:

Number of directions of diffusion weighting.
Number of b-values for diffusion gradients.

Tradeoffs with resolution

]

L]

e Echo train (measurement time) duration

o

e Flair DW EPI for elimination of CSF contamination




The Stejskal-Tanner equation

e The Stejskal-Tanner equation for a homogeneous medium
U= Soxexp(—bx*D)

o Sg is the signal with no diffusion gradients applied
e D is the diffusion coefficient

e The b-value units are actually se¢/mm?, this ensures that the
measured signal attenuation is unitless.




The diffusion tensor model |

e The assumption made in the diffusion tensor model [4] is that
local diffusion within a voxel may be characterized with a 3D

Gaussian distribution, whose covariance matrix is proportional
to the diffusion tensor, D.




The diffusion tensor model Il

e The resulting diffusion-weighted signal, u; along a gradient
direction r;, with b-value b; is modeled as:

Ui = Sgexp (—b,-r,-TDr,-) (4)

where Sp is the signal with no diffusion gradients applied. D, the
diffusion tensor is:

DXX
D=| Dy . (5)
DXZ

e In DTI, a diffusion tensor at a voxel is a 3 x 3 positive-definite

symmetric matrix D.




The diffusion tensor model 11

The diffusion tensor

Diffusion tensor:

3D ellipsoid

Diffusion tensor: approximate displacement with ellipsoid
Eigenvectors = axes of ellipsoid (direction of fibers)
Eigenvalues = size of axes (strength of diffusion)

Karla Miller




The diffusion tensor model IV

e It can be represented by its decomposition as:

D=2igigl +22828) +M383837 -

where A1 > A» > A3 and g1, g2, g3 are the eigenvalues and
eigenvectors of D




The diffusion tensor model V

Hagmann et al.

e In A, the diffusion tensor is shown as an ellipsoid (an
isosurface) with its principal axes along the eigenvectors (1,
A2, A3).

e In B, the diffusion tensor is shown as an orientation

distribution function. ‘




Calculating the tensor |

Diffusion Tensor Model. In each voxel:

b-factor for gradient j Unit vector representing the
(known) direction of gradient j (known)

\ /

sj= soexp(-b; xj" D x;) ‘
Signal measured after applying 3x3 Diffusion Tensor (unknown)

a Gradient j with direction x; and
b-factor bj(measured)

Signal measured with no
diffusion gradient applied

Stamatios Sotiropoulos
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Calculating the tensor |l
Ui = Soexp (—bi"iTDri>

by taking log on both sides and expanding.
let it be mmeasures:

4

—2birirmiz —b1rmirm 1
—2bara1r22 1

—2bm 'm1frm?2 1

linear equation

4
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Then its eigenvectors

The Diffusion Tensor Eigenspectrum

Once D is estimated, we get ADCs along the
scanner’s coordinate system. But we want
ADCs along a local coordinate system in each
voxel, determined by the anatomy.

~

Diagonalize the estimated tensor in each voxel!

A0 O
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\ eigenvectors - ei=direction of
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max diffusivity

eigenvalues: ADCs along e1,ez,e3
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Iso vs. Aniso |

Isotropic voxel Anisotropic voxel

Stamatios Sotiropoulos




Representing diffusion

The Diffusion Tensor : The ADC Profile or
Ellipsoid The DWI Signal “ADC Peanut”

Ree

s=spexp(-bxT D x) -log(s /s0)/b

Stamatios Sotiropoulos




Useful quantities from the diffusion tensor |

e Fractional anisotropy:

FA:\/gJ(Al—xz)

+ (A2 —2A3)2 + (A3 —1y)?

2
\AEFAZ+AS

The FA measures the fraction of the magnitude of D that can be
related to anisotropic diffusion in a mean-squared sense (i.e. the
extent of deviation from isotropic diffusivity in all direction).

Its magnitude is also rotationally invariant, and independent from
sorting of the eigenvalues.




Useful quantities from the diffusion tensor
[

e Mean diffusivity:

TI‘(D) . M+A+A3
3 3 ‘

MD =

e Principal diffusion direction:

e What direction is the greatest diffusion along? Info about
principal fibre orientation.
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Do not overinterpret!

But do not overinterpret your results! Always keep in
mind that the DTl model is an oversimplification of reality!
Different configurations can have same effect on FA, MD!

@

gz_J

F?@ <>9;\, ”) 8

FAY
WD H\,D Mo

Higher Myelin Cell

Swelling Density Loss Death

Stamatios Sotiropoulos

e The same can be said about any other existing brain diffusi.

model.




DTI data for the tensor model

e As the tensor model has 7 unknown parameters (S and Dj;) it
is needed to acquire at least:

e 1 volume without gradient weighting. b =0 (T2 weighted only)
e 6 gradient weighted volumes

e better if directions equally distributed in the sphere




The multi-tensor model |

e Using a multi-tensor model it is possible to estimate more than
1 “fibre” direction.

e Utilize constraints to make the model identifiable, although it
is an ill-posed problem.
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© The simple partial volume (PVM) model
The model




The PVM model |




The PVM model Il

e Imposes geometrical constraints on the different
compartments:

e The ball is a perfectly isotropic tensor

e The stick (from which orientations are estimated) is infinitely
anisotropic.

e f is the volume fraction that represent how much of the the
signal is explained by the corresponding stick.

e a.k.a. ball & stick model




The PVM model equation |

1 = So ((1 — f).e*bid_|_f,efb,-dr,-7-RARTr,->

Sp is the non-diffusion weighted signal value,

d is the diffusivity,

b; and r; are the b-value and gradient direction associated
with the it" acquisition,

f and RART are the fraction of signal contributed by, and
anisotropic diffusion tensor along, the fiber orientation (6, ¢).
That is, A is fixed as:

1 00
A=|1 000
0 00

and R rotates A to (6,¢). ‘




The PVM model equation |l

e Noise is modeled as Gaussian, where the parameter set @ now
has five free parameters:

W= (507d)f797¢)'




More than one fibre? |

How to encapsulate multiple fibres?

How to model more complex architecture
* Multiple sticks?
+ Multiple tensors?
» More sophisticated models?

Karla Miller




More than one fibre? |l

S




More than one fibre? Ill

e f; and RJ-ARJ-T are the fraction of signal contributed by, and
anisotropic diffusion tensor along, the jth fiber
orientation(6;, 9;).

e Thatis, A is fixed as:

1
A=| 0
0

and R; rotates A to (6;,¢;).




How many fibres should the model have?

The number of fibres is an initial input parameter of the model.
The number of fibres should be supported by the data.

Grossly: 1, 2 or 3 depending on how many directions your data
has.

The model has at least one fibre.

The following fibres can be determined using Automatic
Relevance Determination (ARD).




Automatic Relevance Determination (ARD)

ARD is a known technique used in Bayesian modelling from
the neural network literature.

The benefit of ARD is that any unnecessary parameters are
automatically forced to zero.

ARD requires the use of a certain type of prior on a parameter
whose relevance needs to be determined.

In FSL Xfibres, a log(f;) prior distribution is used when j > 1.




The assumptions |

e Each of these parameters is subject to a prior distribution,
which are chosen to be noninformative except for where we
ensure positivity:

sin(6)

% (0,)
Z (0,1)

[ (ad;bq)

e There will be a distribution, H(6;,¢;), of fiber orientations in
the voxel.

e In order to estimate this distribution we must build a model
which, given this distribution, could predict the

diffusion-weighted MR measurements. ‘




The assumptions |l

e Such a model clearly requires some assumptions.

e That the MR signal from the voxel is the sum of the signal
from arbitrarily small subvoxels
e The signal from each subvoxel behaves as described by Eq. 7.
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© The simple partial volume (PVM) model

Initializing and model fitting




The BedpostX pipeline

FDT forward model pipeline




The initialization

e Fit the tensor model to initialize a few parameters of the
model:

So

(6;,0;) from g1, g2, &3

°

o d=MD=x2

°

° 6 could be FA/num_fibres




The nonlinear optimization approach

e This will give a fit for the rest of parameters of the model:
sensitive to initial values.
e Options:

e Gradient descent
e Conjugate gradient
o Levenberg-Marquardt

e requires first-order partial derivatives of the model.
e the Hessian can be calculated with the Jacobian matrix
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© The simple partial volume (PVM) model

The sampling method




Why taking samples?

e When fitting a parametrized model to data [5], there are two
general approaches which may be taken.
@ Look for the set of parameters @ which best fit the data: a

point estimate of the parameters.
® The second approach is to associate a pdf with the parameters.

@ In the Bayesian framework, this distribution is called the
posterior distribution on the parameters given the data




Point estimate

e A special case of this is Maximum Likelihood estimation,
where we look for the set of parameters which maximize the
probability of seeing this realization of the data given the
model and its parameters:

a)ML:argmfezlxgz(Ym,l\/l) (11)

where Y is the data and M is the model.




Calculating the posterior distribution |

e The posterior distribution on the parameters given the data:

2 (Y|w,M) 2 (0|M)

P (0|Y,M) = F VM) (12)

e This posterior density allows us to ask the question of any
hypervolume ¥ in parameter space Q:

e “What is our belief given the measured data that the true
value of  is in ¥7".

e In the one-dimensional case, this question becomes, for any
(o, @1):
e “What is our belief that w lies between wy and @;?".




Calculating the posterior distribution |l

e These questions, and their answers, represent the uncertainty
we have in the values of the parameters .




Calculating the posterior distribution |l

e Unfortunately, calculating this pdfis seldom straightforward.




Random sampling the posterior pdf |

e One solution to this problem is to draw samples in parameter
space from the joint posterior distribution, implicitly
performing the integrals numerically.

e For example:

e We may repetitively choose random sets of parameter
values and choose to accept or reject these samples according
to a criterion based on the value of the numerator in Eq. 12.




Random sampling the posterior pdf Il

It can be shown (e.g., [9]) that a correct choice of this
criterion will result in the accepted samples being distributed
according to the joint posterior pdf (Eq. 12).
Such schemes generate independent samples from the
posterior pdf, e.g.:

e rejection sampling

e importance sampling
Any marginal distributions may then be generated by
examining the samples from only the parameters of interest.
However, these kinds of sampling schemes tend to be painfully
slow

e particularly in high-dimensional parameter spaces, as samples
are proposed at random, and thus each has a very small

chance of being accepted. ‘




Markov Chain MonteCarlo (MCMC) |

Markov Chain MonteCarlo (MCMC) (e.g., [8, 9]) methods are
a class of algorithms for sampling from probability distributions
based on constructing a Markov chain that has the desired
distribution as its equilibrium distribution.

Samples drawn from the posterior are no longer independent
of one another, but the high probability of accepting samples
allows for many samples to be drawn and, in many cases, for
the posterior pdfto be built in a relatively short period of time.

Usually it is not hard to construct a Markov Chain with the
desired properties [wikipedial.

The more difficult problem is to determine how many steps are
needed to converge to the stationary distribution within an

acceptable error. .



http://en.wikipedia.org/wiki/Markov_chain_Monte_Carlo

Markov Chain MonteCarlo (MCMC) I

e A good chain will have rapid mixing, i.e. the stationary
distribution is reached quickly starting from an arbitrary
position.

e Typical use of MCMC sampling can only approximate the
target distribution, as there is always some residual effect of
the starting position.

e More sophisticated MCMC-based algorithms such as coupling
from the past can produce exact samples, at the cost of
additional computation and an unbounded (though finite in
expectation) running time.




Examples of MCMC algorithms |

e Random walk algorithms

o Metropolis—Hastings algorithm: Generates a random walk
using a proposal density and a method for rejecting proposed
moves.

Gibbs sampling: Requires that all the conditional
distributions of the target distribution can be sampled exactly.
Popular partly because when this is so, the method does not
require any 'tuning’.

Slice sampling: Depends on the principle that one can sample
from a distribution by sampling uniformly from the region
under the plot of its density function. This method alternates
uniform sampling in the vertical direction with uniform
sampling from the horizontal 'slice’ defined by the current
vertical position.




Examples of MCMC algorithms |1

e Multiple-try Metropolis: A variation of the
Metropolis—Hastings algorithm that allows multiple trials at
each point. This allows the algorithm to generally take larger
steps at each iteration, which helps combat problems intrinsic
to large dimensional problems.




Examples of MCMC algorithms Il1

e More sophisticated algorithms use some method of preventing
the walker from doubling back.

e Successive over-relaxation: A Monte Carlo version of this
technique can be seen as a variation on Gibbs sampling; it
sometimes avoids random walks.

Hybrid Monte Carlo (HMC): Tries to avoid random walk
behaviour by introducing an auxiliary momentum vector and
implementing Hamiltonian dynamics where the potential
function is the target density. The momentum samples are
discarded after sampling. The end result of Hybrid MCMC is
that proposals move across the sample space in larger steps
and are therefore less correlated and converge to the target
distribution more rapidly. Some variations on slice sampling

also avoid random walks.




Examples of MCMC algorithms IV

e Langevin MCMC and other methods that rely on the
gradient (and possibly second derivative) of the log posterior
avoid random walks by making proposals that are more likely
to be in the direction of higher probability density.




Examples of MCMC algorithms V

e Changing dimension

e The reversible-jump method is a variant of
Metropolis—Hastings that allows proposals that change the
dimensionality of the space. This method was proposed in
1995 by Peter Green of Bristol University.

Markov chain Monte Carlo methods that change
dimensionality have also long been used in statistical physics
applications, where for some problems a distribution that is a
grand canonical ensemble is used (e.g., when the number of
molecules in a box is variable).




The Metropolis-Hastings algorithm

MCMC Algorithm

higher res



file:fdt_xfibres_mcmc.png

Outline

© The simple partial volume (PVM) model

The improvements




The nonlinear signal decay

Diffusion contrast and b-value

si%nal {oss

ue to

signal (S) diffusion S = Soe_bD
(contrast!!l)

b-value (s/mm?)

Image contrast = signal loss due to diffusion
Simple relationship between contrast and D
Signal sensitivity to diffusion is given by “b-value”

Karla Miller




How many b-values?

b-value: how high is enough?
b=1000

b=100

Signal dlsplacement

Common rule of thumb: set b=1/D
In white matter, that gives b=1000 s/mm?2
Need some “shape” to the signal profile

Karla Miller




How many directions?

Directions: how many are enough?

Few directions More directions

Karla Miller




FDT Model 2 1

e An estimation of the standard deviation on d, the diffusivity
parameter, which will be called dy.

e The signal generated with this model is calculated as following

Ni=50<<1—1é75‘> - exp (ad-log (Bdﬁjb;)>+

N
Bd
fi. N 1
tLf exP(“" 8 <Bd+b;dr7 RARTy)) | ()

_d
dsztd

2
where oy = ddT, and By =
std




Would we need two balls? |

e To tackle the partial volume fraction effect (PVF) where CSF
and GM are mixed in the same voxel, an improvement is being
tested.

e Model 1 plus two parameters (v and D) to model the free
water found in cerebrospinal fluid (CSF):

,u,-:50<v(exp(—b,-D))+(1—v)(( 75) exp(—b;d)+
j=1

N
+) fi-exp (—bidr,-TRARTl’i))>7 (14)

where v represents the fraction of signal contributed by free water

and D the diffusivity in the free water compartment. ‘




Would we need two balls? |l

e The prior distributions on this model parameters are as follows:

P (S0) ~ U(0,)

P (d) ~ U(0,%)

'D(dstd) ~ U(O’oo)




Would we need two balls? Il

P (f2"’> ~ ARD

P (e{V) ~ |sin(8)]

P(of') ~ U(0.)

Values for D were estimated measuring an approximation of D
from CSF voxels in the ventricles of a multishell dataset, where
a mean of 372 and standard deviation of 57°.

First, we will try to estimate v from the CSF segmented
volume from a T2 acquisition (using FAST).

We might also need a hyperparameter in the prior of D to
chose what is the best mean and standard deviation for the
prior Gaussian curve in each voxel.
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Noise estimation




Noise estimation |

e In addition to the models a likelihood with Rician noise is
calculated, for that,

e A 7 parameter can be included in the MCMC to estimate the
Rician noise in the signal.

e The likelihood is estimated as:

N
likelihood = —Mlog () — Y pred;,
i=0

pred; = log (s;) — 7/2 (5,2 + ,LL,2) + loglo (T (u;si)),

where M is the number of elements in the signal vector s and loglo
is the natural logarithm of the 0th order modified Bessel function of
first kind




Noise estimation Il

[http://mathworld.wolfram.com /BesselFunctionoftheFirstKind.html]
(follows the exponential implementation of the Bessel function in

[17], Ch. 6).



http://mathworld.wolfram.com/BesselFunctionoftheFirstKind.html
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Model selection




What model to use?

e Model selection using Akaike Information Criterion (AIC) or
Bayesian Information Criterion (BIC) could be used to choose
a good model to fit the data.
o AIC = N-In(SS/N)+2M
e BIC = N-In(S§5/N)+ M-In(N)
where M is the number of model parameters, N the number of
measurements and SS the sum of squared residuals.
The best model minimizes BIC or AIC, BIC giving a higher
penalty for more model parameters, so it is more conservative.

e Isabelle Guyon has a recent publication on model selection.
[10]




Summary

e Introduction to diffusion
e The tensor model
e The FDT partial volume model

o MCMC sampling
e Model selection




Questions?
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