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Chapter 2

Unsupervised learning;:
Definitions and notations

Unsupervised learning concerns the problem of finding a function from unlabeled
data.

Cluster analysis and the related Vector Quantization design problem are
important techniques in many engineering and scientific disciplines. They have
applications in signal processing, pattern recognition, machine learning and data
analysis [97, 138, 73, 76, 148, 89]. A vast number of approaches have been
proposed to solve these problems, among them competitive neural networks have
been proposed as a kind of adaptive partitional methods [192, 3, 142, 172]. In
the most usual formulations of the Clustering or Vector Quantization problems
the assumption is that the underlying stochastic process is stationary and that
a given set of sample vectors properly characterizes this process. We will also
consider here a time-varying formulation for these problems.

Clustering [76, 89, 148, 268] is the task of grouping a set of data vectors into
groups or clusters, so that data vectors in the same cluster are more similar
to each other than data vectors belonging to differents clusters. The quality of
the solution is measured by a given clustering criterium function, based on a
similarity measure. Vector Quantization [97, 130, 131] tries to find a set of repre-
sentatives or codevectors that minimize the expected quantization error, based
on some appropriate distance, when encodes the set of data vectors. This pro-
cedure divides the data set into a number of subregions called Voronoi regions,
where all data vectors collected in them are represented by the corresponding
codevector.

Both problems can be formulated as nonconvex and nonlinear optimization
problems. Competitive Neural Networks are a class of procedures for stochastic
gradient minimization that have been applied to these problems. In Competitive
Neural Networks, neurons compite for activate (win) upon presentation of a
subset of the input data and modify their weights in response to this input set. In
neural networks, like Perceptrons or Adalines, the neurons adapted their weights

7
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in response to desired outputs (known) performing a supervised learning. In
competitive learning, input data with which it works lack the information about
the class it belongs, so this learning is referred as unsupervised learning. To
avoid falling into local minima during the learning process, a common approach
is to modify the basic adaptation rule so that, upon the presentation of an input
vector, not only are updated the winning neuron but also other neurons based
on their proximity to that input vector.

2.1 Clustering

Clustering methods may be divided into two main groups: Partitional Clustering
and Hierarchichal Clustering methods. Partitional Clustering methods generate
a single partition of the data in an attempt to recover natural groups present
in the data; they are antagonist of Hierarchichal Clustering tecniques which
organize the data into a nested sequence of groups [148].

Partitional Clustering problem can be formally described as follows: Given
N data vectors of d—dimensional metric space, stablish a partition of the data
vectors into M groups, or clusters, such that the data vector in a cluster are
more similar to each other than to data vector in different clusters. The value
of M may or may not be specified a priori. A local or global clustering criterion
must be selected. A global criterion represents each cluster by a representative
vector and assigns the data vectors to clusters according to most similar rep-
resentatives. A local criterion forms clusters by utilizing local structure in the
data. The steps to find a solution:

1. Choose a criterion,
2. Compute all possible partitions with M clusters , and,
3. Select the partition that optimizes the criterion.

This is a combinatorial problem. An alternative to optimize the criterion func-
tion is using an iterative technique that only is examined a small number of
partitions, thus starting with an initial partition, data vectors are assigned to
clusters in order to reduce the value of the criterion function. These methods
are computationally efficient but often converge to local minima of the criterion
function.

The criterion function commonly used is based on the square-error criterion
or within-cluster distortion for a fixed number of clusters. Starting from an
initial partition of the set of N data vectors into M clusters {Cy,Ca, -+ ,Cu}
such that cluster C; has n; data vectors and each data vector is in exactly one
cluster, so that Z£1 n; = N. The center of cluster C; is defined as the centroid
of the cluster: y; = ni Z;lzl xgl) where xg-l) is the jth data vector belonging to
cluster C;. The square-error for cluster C; is the sum of the squared Euclidean
distances between each pattern in C; and its cluster center y; and the total
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square-error or within-cluster distortion is computed as:
M i , T,
=33 () -w) ()
i=1 j=1

Partitions are updated by reordering data vectors to clusters in an attempt
to reduce this square-error, for example, allocating every data vector to its
closest cluster center according to a specific metric, such as Euclidean distance
or Mahalanobis distance. The objective is to find a partition containing M
clusters that minimizes &2 for fixed M. Different initial partitions can lead to
different final clustering solutions because algorithms based on square-error can
converge to local minima.

2.2 Vector Quantization

Let us assume a set of sample vectors, X = {xi,..,Xy}, each z; € R A
vector quantizer Q is a map from each x; into a finite set Y = {y1,...,ya} of
representative vectors or codevectors, usually called the codebook:

Q:RISY

where each y; € R? with and M is the size of the codebook.
A vector quantizer can be decomposed into two operations: vectorial encoder
C' and vectorial decoder D:

C:RY T
D:I— R?

where I = {1,..., M} is the number of different codes. The vector quanti-
zation map is usually defined by the nearest neighbor rule as vectorial encoder:

Cnn (x,Y) =ist. [[x—yill = jgir}w {e(x,y5)}

where ¢ (.) is a similarity measure. And vectorial decoder, that allows to
recover the codified image, is, thus, defined as:

D (Za Y) =Yi
Associated with each codebook there is a partition of the input space:

Ri={xeR|C(x,Y)=1i}

M M
U Rl = Rd; m Rl =0
i=1 i=1
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Given a measure of the reproduction error ¢ (x,X) = € (x,Q (x)). The Vector
Quantizer performance is measured by the expectation of this reproduction error

£ = By e (x3)] = / e (x,%) p (%) dx (2.1)

where p(x) is the probability density function (p.d.f.) of the input vectors.
When the source that generates the input vectors is stationary this p.d.f. re-
mains unchanged over time. Given a sample X = {x1,...,X,} the performance
(2.1) can be estimated computing the mean error over the sample

. 1 X
§= N;E(Xmg) (2.2)

Based on the similarity measure adopted, this partition of input space is differ-
ent. The most widely used error measure, and the one that we will effectively
use in our experimental work, is the squared Euclidean distance

by =lx-ylP=x-y) (x-y)

which is the base for the computation of the Euclidean distortion

M
& = PB[lx -yl xR,

=1

A special class of vector quantizers is the Nearest Neighbor quantizers in
which the partition of the input space is defined as follows

R; = {x|i = argmin{e (x,y,);i=1,..,M}}

when the distortion measure is the squared FEuclidean distance, the Nearest
Neighbor quantizer becomes a Voronoi quantizer, based on a Voronoi tesselation
of the input space. It must be noted that the partition of the input space induced
by the Nearest Neighbor quantizer does strongly depend upon the error measure
considered.

The problem of the design of a Vector Quantizer is the search for the code-
book that minimizes the distortion introduced by replacing the original x vectors
by their class representative y;:

g

When the error measure of the quantization is the squared Euclidean dis-
tance and the partition is based on the Nearest Neighbor approach, both Par-
titional Clustering [76, 89, 148, 268] and VQ can be formally stated as the
following optimization problem

M N
oy 1 2
mingf, = min Do I —yill* 6 (x5, Y) (2.3)

i=1 j=1
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where §; is the membership coefficient

. . _ 2
5 (x,Y) = 1 i=arg o {Hx vl } (2.4)
0 otherwise

2.3 Competitive Neural Networks

Competitive Neural Network (CNN) algorithms are derived to solve the Clus-
tering and Vector Quantization problems as adaptive algorithms that perform
stochastic gradient descent on a distortion like criterium function [268, 140,
142, 168, 172, 157], which varies from one scheme to another scheme network.
When the energy function is known, the learning rule associated with it can
be formally derived. Thus, the basic competitive learning rule or Simple Com-
petitive Learning (SCL) can be deduced as a minimization algorithm of the
within-cluster distortion in terminology of clustering or, in terminology of vector
quantization, the quantization distortion by the method of stochastic gradient
descent. However, most of the learning rules of CNN’s have been proposed on
intuitive reasoning and, in some cases, extremely difficult or impossible to derive
analytically the formulation of the objective function would be minimized by
these rules.

We start recalling the definition of the general competitive learning rule.
After that we give the formulations of the SCL, the Self-Organizing Map (SOM),
Fuzzy Learning VQ (FLVQ), Neural Gas (NG) and Soft Competition Scheme
(SCS) as instances of the general competitive learning rule. We discuss the
objective function minimized by each of these learning rules, and their relation
to the Euclidean distortion. The argument is that, as discussed in [43], the SOM
and other competitive neural networks can be taken as robust initialization
procedures for the SCL, when the goal is the minimization of the Euclidean
distortion. Similar arguments appear in the literature [30, 236, 270, 288, 292]
supporting diverse attempts to define robust Clustering/VQ algorithms.

2.3.1 The general Competitive Learning rule

The general expression of the learning rule for Competitive Neural Networks
has the following shape: x(¢) € X; 1 <i < M

yi(t+1) =yi(t) + i () @i (x (1), Y (1), 6 (1)) (x () — yi (1)) (2.5)

where M is the number of competitive units, y; (¢) and Y (¢) are the i-th
codevector and the codebook at adaptation time t. The neighboring function
® (.) defines the set of units that are adapted upon presentation of the input
vector x (t), by defining how the input vector affects the codevector y;, being
¢ the neighborhood control parameter for each particular neighboring function.
The «; (t) denotes the (local) learning rate, in order to guarantee theoretical
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convergence the learning rate must cope with the Robins-Monro conditions [89,
168, 174, 231, 268]:

o lim « (¢)=0,

t—o00
e Y C,a(t) =00, and
o Y20 (t) < oo

These conditions imply very lengthy adaptation processes, so that in practice

they are often overlooked.
Let us consider that this function remains fixed during adaptation

P (x (1), Y (1),0(t) =i (x,Y,0);Vi (2.6)

We can hypothesize that the learning rule is the stochastic gradient mini-
mization of an objective function. That means that we are assuming that the
neighboring function is the opposite of the instantaneous gradient of the hypo-
thetical objective function:

(bi (Xa Ya (b) = - £<I>

dyi

X

and that, under the appropriate conditions, this function can be deduced from
the neighboring function as follows:

§<I>:Ex

M
Z / —®; (x,Y,9) (x —yi) d}’z’} (2.7)
i=1

Usually, the neighboring functions vary during the adaptation or learning
process. The analytical form of the minimized function then becomes much
more complex, most of the times it remains unknown. A convenient approach
is to view the learning rule (2.5) as performing a cascade of minimizations of a
sequence of objective functions

&)= [ [0 Y0(0) - v p () dyidx

The limit of this sequence of objective functions will be determined by the limit
of their respective neighboring functions:

tli}’goq)i (X,Yad) (t>) = (b;k (X?Ya d)) = tli)rgog(b (t) = E‘IJ*

The application of (2.5) is, then, a minimization procedure of the limit ob-
jective function. It is expected that the application of the general competitive
rule (2.5) will produce a global minimization of the limit objective function g« .
The process is similar to an annealing [1] defined over the width and shape
of the neighborhood function. In the most common application of (2.5) the
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neighboring function will shrink to approach the Nearest Neighbor membership
function:

lim @, (x,Y,0(t) = d; (x,Y)

t—o0
Where the Nearest Neighbor membership function is (2.4) Therefore, the se-
quence of objective functions usually converges to the Euclidean distortion

Jlim &g () = &5 (2.8)

or to some equivalent function that has its minima in the same places. This con-
vergence is controlled by the specific parameter ¢ of the neighboring function.
Under this view, SOM, NG, FLVQ and SCS are taken as robust initialization
procedures for the SCL. Therefore, they are expected to improve the perfor-
mance of SCL in the global minimization of the Euclidean distortion. This
interpretation is in contrast with the interpretation of the neighboring functions
as modifications of the learning rate «; (), such as discussed in [30, 288]. We
consider that the learning rate must have the same scheduling in all cases, and
that the remaining coefficients characterize the sequence of objective functions
being minimized.

2.3.2 The Simple Competitive Learning

The Simple Competitive Learning (SCL) is the straighforward minimization of
the Euclidean distortion 2.3 [89, 140, 142, 168, 172, 268]. SCL algorithm is the
simplest adaptive algorithm for Clustering or VQ. It corresponds to the (2.5)
when the neighboring function is defined as the Nearest Neighbor function:

1 i=arg min {||x—yk||2}
k=1,..,M

0 otherwise

D, (Xa Y, ¢) =0; (X7 Y) = { (29>

There is not any neighborhood control parameter, thus ¢ = (). No neighbor-
hood is considered only the winning codevector is adjusted. The convergence
of the SCL to the optimal codebook will depend upon the initial conditions,
because of the local nature of gradient descent. The accuracy of the results will
also depend upon the learning rate parameter «; (t), whose scheduling will be
discussed at the end of this section. The SCL is the stochastic equivalent to the
Isodata algorithm or K-means.

2.3.3 The Self Organizing Map

The fundamental idea of self-organizing feature maps was originally introduced
by Malsburg [191] and Grossberg [133] to explain the formation of neural topo-
logical maps. Based on this work Kohonen [167, 168] proposed the model known
as Self-Organizing Maps (SOM) which has been successfully applied to a large
number of engineering applications up to date. A number of algorithms have
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been proposed in the literature based on the original idea, among them growing
structures like [87].

The SOM consists of the updating of the winner (in the Euclidean distance)
and his neighbors under a topological structure of the codevector indices. This
topological structure is specified by a distance defined over the set of indices.
Let us denote the winning unit as

w(xY) =arg min {|x— v’} (2.10)

The most general formulations of the SOM are given by neighboring functions
defined over the distance from the unit to the winning unit:

e (x,Y) =9 (jw(x,Y)—i);1<i<c

where ¢ (.) is a decreasing function and |.| is the distance defined over the index
space. We have chosen for our works the simplest definition of the SOM, in
which the index distance is the absolute distance and all the codevectors with
indices inside a neighborhood radius v are equally allowed to adapt. The time
invariant neighborhood is, thus, defined as:

(SOM) 1 JwxY)—i<v <i<
o, (x,Y,v) = { 0 otherwise i 1<i< M (2.11)
It is trivial to verify
lim @M (x,Y,v) =1; nr%@gso”“ (x,Y,v) =8 (x,Y)
V—>00 v—

so that (2.11) becomes the crisp membership for null v, and it is perfectly
fuzzy for large v.

The function minimized by (2.5) and (2.11) is an extension of the Euclidean
distortion [43, 142, 161, 168] in which each codevector contributes the distortion
due to the quantization of its input Voronoi tesselation and those of its neigh-
boring codevectors relative to itself. The time dependent neighboring function
is based on a time dependent neighboring radius v (¢):

1o (xY) —i <v(t)

1< <
0 otherwise l=isM

B (x Yo (0) = {
The neighboring radius is decreased gradually so that

%

limo(t) = 0= lim " (x, Y, v () = 5 (x, Y)

and therefore

. 2
Jim €qsonn (1) ~ €3

The functional convergence will depend on the parameters controlling the
neighborhood radius. The formal analysis of the convergence of the SOM is
a research topic by itself [66, 83, 84, 85]. Much of the study is devoted to
its convergence to organized states. From our perspective, the convergence to
organized states is only significative if the organized states ensure better initial
conditions for the minimization Euclidean distortion performed by the SCL rule.
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2.3.4 The Fuzzy Learning Vector Quantization

The Fuzzy Learning Vector Quantization (FLVQ) [30, 61, 158, 159, 211, 270]
has its roots are in the minimization of the Fuzzy Clustering criterium [26]. In
its definition FLVQ was proposed as a batch algorithm, howewer, we consider
it as an on-line algorithm in the class characterized by (2.5). The neighborhood
control parameter ¢ is the exponent m and the neighboring function has the
form (1 <i < M):

M o\ meT\
oY (x, Y m) = (wi (x,Y)" = Z(”X yz”) (2.12)

2
k=1 ”X - Yk”

where u; (x,Y) is the fuzzy membership function. This neighboring function is
well defined when x # y;. It can be shown [30] that this neighboring function
becomes the Nearest Neighbor function when m approaches 1 from above.

lim u; (x,Y)=46;(x,Y) = lim @EFLVQ) (x,Y,m)=10;(x,Y)
m—1+ m—1t
When m grows, the neighboring function becomes more fuzzy, but it is also
exponentially damped

ﬁgﬂmejz£?=>£gﬁf”@Nmewzo
so that, the learning rule (2.5) with the neighboring function given by (2.12)
becomes the SCL when m approaches 1 from above. When m grows to infin-
ity, all the codevectors are equally affected by the input, but this influence is
exponentially damped. Very big values of m give no adaptation at all. The
minimized function at constant m is related to the fuzzy clustering criterium,
although FLVQ can not be derived as an stochastic gradient descent of it. The
time dependent neighboring function is defined by changing the neighborhood
control parameter in time:

—m(t)

1

M . 2 m(t)—1

(I)EFLVQ) (x,Y,m (1) = Z <||xyz||2> 1<i< M (2.13)
o1 \lx =yl

The schedule starts from large values of m (¢) and decrease to 1.

tlim m(t) = 1T= tlim <I>§FLVQ) (x,Y,m(t) =0; (x,Y) (2.14)
—00 —00
= lim &grive (1) = € (2.15)
t—o0

The initial fuzziness due to the large values of m (7) would move all the code-
vectors to the region of the space occupied by the sample data. The proper
scheduling of m (7) is critical. Too long fuzzy periods will produce a collapse of
the codevectors to the sample mean. Too fast convergence to SCL will not give
any improvement upon it.
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2.3.5 The Soft Competition Scheme

The first reference found in the literature to the Soft Competition Scheme is
[288], where the SCS is proposed as a combination of simulated annealing and
SCL. In [30] the algorithm is revisited giving an statistical interpretation of the
neighboring coefficients. They are shown to be the a posteriori probabilities of
the input assuming a mixture of Gaussians as the model of the data distribu-
tion. Let us consider X = {x3,...,Xy} as a sample of a random vector X,
and let us consider the hypothesis of its probability density function being a
mixture of Gaussian densities: Py (x) = Zﬁlp (w;) U (x |pi, 2;) where p (w;)
are the a priori probabilities of the classes (clusters) and ¥ (x |u;, 2; ) denotes
a Gaussian density with mean p; and variance-covariance matrix 3; that mod-
els the conditional density p (x|w;) . Then, the clustering problem becomes a
search for the parameters (u;, 2;) that provide the best fit to the empirical dis-
tribution {P3% (x;)} computed from the sample. This search can be performed
as an stochastic gradient minimization of the Kullback-Leiber cross-entropy:

Ckr = Y iy Py (x;)log 1;’*; ((x}:)). In the case of diagonal convariance matrices,
Y= 021, the adaptation rule derived as the stochastic gradient descent of this
measure has the shape of a Competitive Neural Network (2.5) with a normal-
ized Gaussian as the neighboring function. Thus, for the SCS algorithm, the
neighborhood control parameter is the variance 0% assumed around the cluster

representatives, and the neighboring function has the form 1 <i < M:

—1
(I)ESCS) (x,Y,0) = |yZ,JI (Z\IJ |yk,ai1)> (2.16)

-1
_ M _
Y (Z o lx—yilo )
k=1

As with FLVQ), it is possible to show that:

lim <I>(SCS) ( (5C5) (x,Y,0)=46;(x,Y)

T —r 00

x,Y,0)=; lim®;

o—0

gl

and, therefore, that SCS converges to SCL for specific values of the neigh-
boring parameter. We have assumed the simplest model. This model can be
made more complex by allowing for each component of the mixture different
standard deviations o; , different standard deviations o;; for each axis or even
non-diagonal covariance matrices ;. The standard deviation is decreased to
perform the desired functional convergence. Therefore, we define the time de-
pendent neighborhood as 1 < ¢ < M:

M

-1
o599 (x, Y o (1)) = e~ 2lvillPo(®)? (Z —;lx—ywo(t)?) (2.17)

k=1

and the process starts from large values of the assumed standard deviation and
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decrease it to zero, so that

limo () = 0= lim 59 (x,Y, 0 () = 6; (x,Y)
—00

t—o0

- 2
= tlgglofqﬂscﬁ (t) = &g

This process is very sensitive to the scheduling of the variances. Too long
adaptations at big values of the standard deviation will collapse the codevectors
to the sample mean. Too fast convergence to SCL will not improve over SCL.

2.3.6 The Neural Gas

This Competitive Neural Network introduced in [193] shares the structure shown
in equation (2.5) characterized by the following time invariant neighboring func-
tion:

N (x,Y, ) = e (2.18)

where k; (x,Y) is the rank function that returns the position {0, ..., M — 1}
of the codevector y; in the set of codevectors ordered by their distances to the
input x: k; (x,Y) = {y; llly; — x| <lly: —x[|}. The neighborhood parameter
control ¢ is the temperature \. All codevectors are updated, there are not
properly defined neighbours, but the temperature paremeter A\ controls the span
of the effect that the presentation of an input vector has on the unit weights.
It must be noted that the neighborhood function in equation (2.18) is equal
to 1 for the winning unit w regardless of the temperature parameter. As the
temperature goes to zero, the neighboring function goes also to zero for the
non-winning units, converging to SCL:

im 2 (Y, ) =1 lme™ (x, Y, 0) = 5 (x,Y)
—

7
A—00

The time dependent neighboring function is based on a time dependent tem-
perature \ ():

NG (x,Y, A (1)) = e 0) (2.19)

The temperature is decreased gradually so that

lim A (#) =0 = lim N (x, Y, A (1) = 6 (x,Y)

t—o00 —00

and therefore

Jim &g oven () = &
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2.3.7 The setting of the learning control parameters

In this subsection we will discuss the setting of the critical parameters of the
competitive neural networks discussed above. We first discuss the learning rate
scheduling, because it is common to all of them. Later we discuss the schedul-
ing of each neighborhood parameter that controls the desired functional conver-
gence.

Here we assume the competitive neural networks as stochastic gradient de-
scent of a given objective function. In order to guarantee theoretical con-
vergence to a (local) minimum of the objective function, the learning rate
varies as the adaptation proceeds and it must comply with the Robins-Monro
conditions([89, 168, 174, 231, 268]): Tli_>noloa (1) =0, > a(r) = oo and

Y2 a2 (1) < oo

Contrary to [30, 288] we consider the learning rate as a control parameter of
the stochastic gradient approach and the neighboring function as a characteristic
of the objective function being minimized, therefore we do not mix them in a
single parameter. The learning rate schedule must be equally applicable to all
the algorithms. The one used in our work has the following features:

1. We assume a "one-pass”’ adaptation process. The sample is presented only
once to perform the adaptation.

2. Local learning rate for each unit «; (¢) i =1,.., M .

3. Linear scheduling of the learning rate
a;(t) =0.1(1—t;/N) (2.20)

where N is the sample size, and t; is the local adaptation time whose exact
computation depends on the learning rule.

Regarding the neighboring functions ®; (x,Y,¢ (¢)), we have chosen an expo-
nential decreasing of the neighborhoods. In general, the rate of convergence to
the null neighborhood is denoted r. Therefore we have assumed for the SOM,
NG, FLVQ and SCS

N

o (Y, 6 (1) =0, (xY) >

where N is the size of the sample, and t is the adaptation time. When r = 1
the neighborhood does not become the Nearest Neighbor in all the training.
There is not an SCL phase, and the convergence to SCL has no effect. As r
grows the convergence to SCL is faster and the SCL phase longer. We do not
consider r < 1 because it does not have any meaning in a one-pass adaptation
framework. The scheduling of the neighborhood sizes for the SOM, FLVQ and
SCS are given by the following expressions:

N
r

() = [(vo n 1)(1*%ﬂ 1> (2.21)
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11\~ N
m (t) = mo <mo> t> o (2.22)
o(t) = (oo + )"F) 1 4> g (2.23)

2.4 Frame Based Adaptive Vector Quantization

In this section we will review the definition of Adaptive Vector Quantization
and we will introduce the notion of Frame-Based Adaptive Vector Quantization.
Finally we will discuss the proper application of competitive neural networks
FBAVQ problems.

2.4.1 Adaptive Vector Quantization

In section 2 we have reviewed the stationary definitions for VQ and Cluster-
ing. The stochastic process {X (t;)j =0,1,2,...} modelling the data source
was a sequence of i.i.d. random vectors whose joint probability density function
(j.p-d.f.) remains time invariant

P(x (), X (tjmm)) =D (X (i) s X (timm)) st # (2.24)

where m is the memory span of the process. If the stationary process is Gaussian,
the mean and the second order moments are enough to characterize it.

In the non-stationary case, the j.p.d.f. is no longer time invariant. That is,
(2.24) does not hold for all time. The simplest non-stationary process is the ran-
dom walk or Wiener process, an unstable autorregresive process of unbounded
variance, that is sometimes used as a benchmark [86]. We can characterize an
stochastic process as locally stationary when it satisfies

p (X (tj) R < (tjfm)) = p(X (tl) sy X (tzfm)) it < ther; N >>0 (225)

that means that (2.24) holds for enough long finite periods of time. The adap-
tive approach computes on-line the modification of the Vector Quantizer. The
assumption of local stationarity is important for the adaptive approach, be-
cause it implies that enough data is available for adaptation. Adaptive VQ is
discussed in [97]. Basic approaches are the mean reduction, gain adaptation and
several strategies for codebook replenishment [58, 86, 295]. Competitive neural
networks have been proposed for Adaptive VQ. In [97] they were declared to
be of little use because of their long convergence times and lack of robustness.
In [176] they were retried for image sequences with some success due to the
care in the choosing of the initial conditions. In fact, most of the applications
of competitive neural networks to VQ have been reported on still images and
image sequences of small variability (i.e.: talking faces).The adaptive approach
produces a time varying VQ

X (t) = Q¢ (x) (2.26)
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whose quality measure is a time varying error expectation
§(t) = Ext[e (xx ()] = /6 (xX (1)) p (x,t) dx (2.27)

2.4.2 Sampling and local stationarity

The vector stochastic process {x (t)} being quantized comes from a sampling
procedure that may influence its probabilistic nature. When treating with scalar
processes, such as acoustic signals or financial time series, vector stochastic
processes are built up by aggregation of scalar samples [97]. In the general non
stationary case, the evolution of the underlying physical process is arbitrary
both in the functional form of its j.p.d.f. and in the speed of the changes. If the
sampling procedure is slow relative to the changes in the underlying physical
process, the sample will be composed of a sequence of (independent) vectors
obeying different p.d.f.’s Then, a sample obtained in a time window (t;,ty)
must be denoted as

N (tl,tf) = {X (tl) s ,X(tn)} with tl = ti;tf = tn (228)

where x (t;) is a sample of the signal random vector at time ¢; whose probability
density is denoted p (x,t;). Most instances of Adaptive VQ applied to image
processing assume that an still image obeys this characterization, and try to
perform intraframe adaptation. From our point of view, it is difficult in (2.28)
to asses some kind of local stationarity. Thus, the tuning of the algorithms is a
delicate task, and the results reported must be taken with caution. We assume
that the sampling process is fast relative to the underlying physical changes.
Therefore, the samples obtained in a time window can be considered a set of
i.i.d. random vectors. The sampling procedure produces a sequence of such
sets, which we denote

N(t) = {x1 (t),.0x, ()} t=0,1,2,.. (2.29)

where the p.d.f. p(x,t) remains invariant for the time window in which the
sample has been computed. We will assume ¢ to be the image or frame number,
and the same sample size n for all £. This approach can be called Frame-Based
Adaptive VQ.

2.4.3 Frame-Based Adaptive VQ

Adaptive VQ for lossy signal compression is analyzed in the framework of rate-
distortion theory [25]. However, AVQ can be of use for other tasks, such as
image segmentation [156, 158, 192, 210, 272, 276] or non linear projection
methods[161]. We define the Frame- Based Adaptive VQ (FBAVQ) as a mini-
mization of the accumulated quality measure

miny € (t)

t>0
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Where {Q;} is the sequence of coding functions produced by adaptation. For
Nearest Neighbor quantizers, the FBAVQ is defined as the search for the se-
quence of codebooks

Y(t) = {yl (t) o Ye (t)};t:0a1727“‘ (230)

that minimize the distortion of the sequence of quantizations performed using
them at each time instant. When the sampling procedure produces a sequence of
i.i.d. samples as in (2.29), and the distortion measure is the squared Euclidean
distance, the FBAVQ can be stated as the following minimization problem:

min Y& (1) =min > > Y-y 06 G (0. Y (1) (231)

t>0 t>0 j=1 i=1

2.4.4 Application of Competitive Neural Networks to Frame-
Based Adaptive VQ

Frame-Based Adaptive VQ as stated in (2.31) is a rather complex infinite time
dynamic programming problem. This problem can be made more tractable

assuming
min ) € (1) =)  ming ()

" >0 £>0

which becomes for a given sample, and the Nearest Neighbor Euclidean quanti-
zation

n c

min > €F(8) =) min Y > |x; (1) - yi (D)7 6 (x5 (1), Y (£)
{Y®} >0 >0 1840) S

The minimization of the sequence of time dependent error function can be
done independently at each time step. The adaptive application of the neural
network algorithms is done as follows: At time ¢ the initial cluster represen-
tatives are the ones computed from the sample of the process at time ¢ — 1.
The vectors N (t) = {x; (t),..,x, (t)} in the sample at time ¢ are presented se-
quentially and randomly as inputs to compute the adaptation equations and to
obtain a new set of cluster representatives. A distinctive feature of the exper-
imental work reported below is that we impose a one-pass adaptation at each
time step. That means that the sample vectors will be presented only once and
that the scheduling of the learning rate and other learning control parameters
are adjusted to that time constraint.

2.5 Stationary clustering

Stationary cluster analysis assume that the data is a sample X = {x1,...,xn} of
an stationary stochastic process, whose statistical characteristics will not change
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in time. Non-stationary Clustering assume that the data come from a non-
stationary stochastic process sampled at diverse time instants. That is, the pop-
ulation can be modelled by a discrete time stochastic process {X;;t =1,2,...}
of unknown joint probability distribution. We do not assume any knowledge of
the time dependencies that could allow a predictive approach [3].

2.6 Non-stationary clustering

A working definition of the Non-stationary Clustering problem could read as
follows: Given a sequence of samples X (t) = {x;1 (¢),...,xn (t)};t=0,1,... of
the population obtain a corresponding sequence of partitions of each sample that
consists of a sequence of sets of disjoint clusters P (X (¢)) = {X1 (¢),..., X (¢)}.
This sequence of partitions minimizes a criterium function along time C =
Y +50C (t). In the general statement of the problem the difinition of the cri-
terium function is based on the definition of an appropriate distance. We follow
the conventional approach of using the Euclidean distance. We consider a se-
quence of codevectors or cluster representatives Y (t) = {y1(¢),...,ym (t)}
such that the desired partitions are defined by the nearest (Euclidean) repre-
sentative.
x; (1) € % (1) & i =arg_min {|x; (1) =y (8)]}

The criterium function that we will consider at each time step is, therefore, the
distortion (or whithin cluster variance)

N M

C (1) =33 lx () =i (0178 0, (1) Y (1),

b (s ()Y () = {1 i=arg min {lb (1) -y O}

0 otherwise
The Non-stationary Vector Quantization design problem can be stated as
the search for a sequence of representatives Y (¢t) = {y1 (¢),...,¥.(¢)} that
minimizes the error function, aka reconstruction distortion, £ = »",. E (t) .
The squared Euclidean distance is the dissimilarity measure most widely used
to formulate the criterium/error functions. The Non-stationary Clustering/VQ
problem can be stated as an stochastic minimization problem:

N M
min >SS |x; (6) — i ()70 (1), (2.32)
YO} 35 o
. | o
o= { 1 1= piny {0 v @7}
0 otherwise

The proposition of adaptive algorithms to solve this stochastic minimization
problem is based in two simplifying assumptions:
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1. The minimization of the sequence of time dependent error function can
be done independently at each time step.

2. Smooth (bounded) variation of optimal set of representatives at successive
time steps. Then the set of representatives obtained after adaptation in a
time step can be used as the initial conditions for the next time step.

The first condition implies that the problem can be decomposed into a sequence
of isolated problems. Therefore, bad solutions in a given time instant do not
degrade the overall response of the adaptive algorithm along time. Besides, if
we can compute an optimal solution for the stationary case, we can obtain an
optimal solution of the non-stationary case, through the computation of the
optimal solutions at each time instant.

The second condition implies that adaptive algorithms can be formulated
as independent local minimization procedures. The solution computed for the
previous time step can be assumed as a good initial condition for the next time
step. Therefore, the local minimization performed by the adaptive algorithm
can lead to (near) optimal results.

The adaptive computation of the cluster representatives along time can be
stated as follows:

e At time ¢ take as initial cluster representatives the ones already computed
from the sample of the process at time t — 1.

e Use the sample vectors X (t) = {x1 (¢),...,xn (¢)} to perform an adaptive
computation leading to the new estimates of the cluster representatives.

2.7 Omne-pass versus online algorithm versions.

Each algorithm described before has some control parameters, like the learn-
ing ratio, the neighbourhood size and shape, or the temperature. The online
realizations usually modify their values following each input data presentation
and adaptation of the codebook. The batch realizations modify their values
after each presentation of the whole input data sample. Both online and batch
realizations imply that the input data set is presented several times. On the
contrary, the One Pass realizations imply that each input data is presented at
most once for adaptation, and that the control parameters are modified after
each presentation.

In the case of conventional online realizations of the training process, ¢ either
corresponds to the number of iterations performed over the whole sample, and
the learning rate and neighbor size is fixed during iteration, or corresponds to
the input vector presentation number, and the learning rate and neighbor size is
updated at each presentation. The first scheduling is compatible with the batch
realization, where the whole sample is used to estimate the network parameters
and the computational time is naturally the number of sample iterations.

In the special case of one-pass realization of the training process, t is the
input presentation number and its maximum value is the sample size. These



24 CHAPTER 2. UNSUPERVISED LEARNING: DEFINITIONS ...

imposes strong schedules of the algorithm control parameters. In the experi-
ments, we use the following expression for the learning rate updating [60]:

t
N
a(t) = ap (‘2—1:)
where oy and «,, are the initial and final value of the learning rate, respec-
tively. Therefore the learning rate reaches its final value after N input vector
presentations.
In the neighboring function SOM (?7?), the neighboring radius h (¢) is defined

t/rN
as h(t) = [ho ('}1—2’) w — 1 where hy y hy are the initial and final neighbour-

hood radius, respectively. The parameter 7 determines that the neighbouring
function reduces to the SCL case (null neighbourhood) after the presentation of
the first 1/~ sample vectors. We have used 7 = 8 in most of our computational
experiments, and 1D unit index topologies. With this neighborhood reduction
rate, we can get after a quick initial unit ordering, a slow local fine-tuning
minimizing the distortion. We proposed this scheduling in [110] to approach
real-time constraints and other authors have worked with this idea [42] in the
context of conventional online realizations.

2.8 Initial codebooks

We have worked with three possible options to initialize codebooks:
e in Sample: random selection of samples of the (first) image.

e in RGB box: is an arbitrary codebook randomly generated in the input
space.

e Threshold algorithm: corresponds to a threshold guided selection of ele-
ments in the sample of the (first) image.

2.8.1 A simple threshold algorithm

In order to obtain initial estimates of the codevectors, a simple algorithm based
on a threshold applied on the Euclidean distance can provide good results.

The threshold algorithm starts by assigning the first sample vector as the
first codevector: y; = xy. It then goes over the sample until it finds a vector
X such that its Euclidean distance to each of the already found codevectors
{¥1,.,¥e;¢ < M} is greater than a threshold value 6:

Vis [lyi — xi] > 0

Then, this input vector becomes a new codevector y.+1 = x;. When the whole
sample has been examined without achieving the completion of the codebook
obtaining M codevectors, the threshold is halved and the search restarted until
M codevectors are found.

In our experiments the threshold value is given by the formula: d * 62, with
values for 0 = {8,32,...}.



Chapter 3

Applications

This chapter describes the main applications that have been considered in the
work of this thesis. Some of them have been developed in collaboration with
other researchers in the group. We will acknowledge this collaboration and
define the contribution of the PhD candidate to the global system.

3.1 Face localization

Most of the systems that dealt with some form of face information processing as-
sume the face localization problem as solved, and work upon very restricted face
images, most of them are like mugshots, with little background and constant
scale. They impose [55, 254, 275, 279] very severe illumination and position con-
ditions in order to abstract from the tasks of face localization and registration.
In essence, face localization is a two class classification problem. The complexity
of the face localization task is determined by several conditions: the dynamic
aspects of the scene, the relative size of the face on the scene, the background
and foreground (clothes) clutter, the variations in scale, pose, and orientation,
etc. Face localization remains an active area of research despite the apparent
global success reported in some papers. Some of the most successful attempts in-
volve the application of Artificial Neural Networks [184, 237, 238, 256, 275, 279].
The main problem of the application of Neural Networks to this problem is the
determination of the train and test datasets, and ensuring its generality. Arti-
ficial train patterns are generated to cover the range of transformations against
which invariance is desired (translation, rotation, tilt). Non trivial bootstrap-
ping methods [237, 238] are used to cover the non-face instances. Another
general concern is that of scale invariance. To obtain some scale invariance the
image must be resampled and processed at the expected scales. The conven-
tional solution is the construction of a pyramid of diverse resolution images over
which the Neural Network is applied [237, 238]. Other methods proposed for
face localization range from the famous eigenfaces [271], Belief Networks [290],
Hidden Markov Models [243], Genetic Algorithms [289] , to natural language
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parsing of image captions [253| combined with wavelet analysis. Recent works
[178, 52, 255, 262] also use the analysis of color for face localization.

The approach presented in [127] does not rely on data or on face models.
It is decomposed in two steps, the first tries to localize the head region based
on the analysis of the signatures of motion images. The second tries to pro-
vide confirmation of the head hypothesis through the color analysis of the head
subimage. The color analysis is performed as a color quantization process. The
color representatives are computed through an adaptive neural network tech-
nique, in fact a supervised version of the well known Kohonen Self Organizing
Map. The contribution of this PhD candidate to this work was the development
and application of the ideas about using SOM in a supervised way.

3.2 Image vector Quantization

3.3 Color Quantization

Color Quantization [141, 207, 185, 272], is an instance of the more general
technique of Vector Quantization (VQ) [97] in the space of colors. Color Quan-
tization has application in visualization, color image segmentation, data com-
pression and image retrieval [156]. The number of color representatives searched
is tightly related to the application. In visualization and compression applica-
tions the typical size of the color palette (codebook, color representatives) is
256, whereas for segmentation and retrieval tasks the size of the color palette
is smaller. We have chosen 16 as a typical number of color representatives for
these latter kind of applications. We do not deal with the problem of finding the
natural number of colors, which is a much more involved problem. Testing the
ability of the proposed algorithms to perform adaptive clustering into a fixed
number of clusters is preliminar to find out adaptively the natural number of
clusters. Besides, the definition of a numerical measure for the natural cluster-
ing problem is highly dependent of the application, and the subject of strong
discussion inside the Clustering community.
Color Quantization is a mapping of a multispectral image

f(xvy) = [fR (QT,y) 7fG (l‘,y) 7fB (x,y)] € [07 1]

into an indexed image f¢(z,y) € {1,...,c} where ¢ is the number of color
representatives, which we will denote Y = {yi,...,y.} with y; € [0,1]>. The
visualization of the color quantized image is done through the inversion of the
quantization f (z,y) = y; < f°(z,y) = i. Visual comparison with the original
image gives the perceptual evaluation of the color quantization. The numerical
evaluation of the quality of the color quantization can be done computing the
distortion

2= iy e
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From this description of the Color Quantization process it is obvious that it
belongs to the class of Clustering and VQ problems, the sample is given by all
or some of the image pixels, the vectors are defined in a 3D space, and the
criterion function corresponds to the quantization distortion. The design of
Color Quantizers can, therefore, use any of the tools developed for Clustering
and VQ, including Competitive Neural Networks. The Heckbert algorithm [141]
is a Clustering algorithm that performs a greedy search for the partition of the
image colors. In its original formulation it performs a recursive splitting of the
RGB space based on the histograms of the projections on the color axis. The axis
and the splitting point are selected according to the variance of the histogram
and its median. An improvement that ensures minimization of the distortion
(although not globally optimal because of its greedy nature) is to consider the
variances of the partitions [283] of the cube. This version of the algorithm will
be referred onwards as the minimum variance Heckbert algorithm. It gives near
optimal results, but its complexity is proportional to the dimension of the space
and the discretization of the space axes. Most practical implementations reduce
the number of values in each color axis from 2% to 2° by a direct truncation,
before applying the Heckbert algorithm.

3.3.1 Some applications of Color Quantization

Color Quantization has applications in visualization [141, 207, 185, 152], color
image segmentation [272], data compression [101, 59] and image retrieval [156].
Early applications of Color Quantization were addressed to visualization tasks
[141, 207]. The problem was to render color images for display in low color reso-
lution monitors. This can be of interest for games that require fast visualization
or that involve network communication. Nowadays monitors and visualization
devices do not require this reduction of the color space. A recent application for
CQ is the content-based retrieval of information in multimedia databases that
include color images [156, 258, 16, 150]. Usually the color space is partitioned
in regular intervals and the color histogram of the image is used as the feature
for the search. Color representatives are sometimes used to index the images in
the database [156]. These color representatives are computed using clustering
based techniques. There are also instances [297] that use the codebooks obtained
from Adaptive Vector Quantization for the search in image databases, where the
input vectors are subimage blocks. One of the recent applications of color pro-
cessing is the segmentation of video sequences [297, 57]. The variations in the
color histograms are used to identify the units (shots) in the decomposition of
the sequence. These units are then used for fast access into the sequence or to
construct an index for the organization of video databases. The non-stationary
clustering approach could be of use for this task providing that color represen-
tatives are used instead of color histograms. This is a stationary application
because past images can’t be quantized at each database increment. However,
given a suitable initial sample of the images to be stored in the database, the
techniques discussed in this paper can be applied.

The last class of applications of CQ address the segmentation of images.
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This segmentation is of interest for sensitive interfaces: the color detection of
faces, hands and other human features can be very effective [187, 178]. The
usual approach is the a priori identification in the color space of the region that
corresponds to face colors. This approach is very restricted to the images taken
to estimate the face color region. The adaptive techniques discussed in the paper
can be of interest to allow robust detection in case of illumination changes and
other sources of noise. Sensitive interfaces are of increasing interest for Personal
Computers an for control applications, such as enhancing the human interface
to robots. The optical flow is a very central issue in many computer vision
applications including robot navigation. The image segmentation obtained ap-
plying non-stationary CQ to the preprocessing of image sequences can be used
for the robust computation of the optical flow [123], and to other visién tasks,
such as stereo matching [286].

3.4 Vector Quantization for image sequences

Non-stationary Clustering problems assume a time varying population sampled
at discrete times. Therefore the Clustering of the data must be recomputed at
each time instant. A related problem is that of Adaptive Vector Quantization
[97]. The works reported here belong to the class of shifting-mean Adaptive
Vector Quantization [99]. Both the Evolution Strategy and the Competitive
Neural Networks are applied as adaptive algorithms for the computation of
the cluster representatives given by the cluster means at each time instant. Our
work fits in the original proposition of Holland [146] of evolution as a mechanism
for adaptation to uncertain and varying environment conditions

Color Quantization of images within a sequence contains the essence of the
paradigm of real time Non-stationary Clustering. Although sequences of im-
ages (video) lead naturally to the consideration of time varying Clustering/VQ
problems, the usual approaches to the computation of codebooks for both Color
Quantization and Vector Quantization of image sequences consider time invari-
ant distributions of colors [59] or image blocks [56], and apply conventional
Clustering methods. Some heuristic efforts [101, 58] have been reported that
try to cope with the time varying characteristics inherent to image sequences.
Our approach is to assume the problem as a Non-stationary Clustering problem
that may be solved by the application of Adaptive VQ algorithms: the Color
Quantization of the image sequences become the Dynamic Color Quantization
problem. We propose in ensuing chapters Competitive Neural Networks and
Evolution Strategies as Dynamic Color Quantization algorithms.

The process of Color Quantization is the codification of a color image into
a finite and small set of color representatives. Color Quantization design is the
problem of search for a set of optimal color representatives in a color image. The
optimality of such a set can be measured perceptually by displaying the inverse of
the image codification. It can also be measured quantitatively by computing the
distortion of the codification or the Signal-to-Noise Ratio (SNR). In the present
paper we present as experimental results both qualitative and numerical results
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(Distortion). From a numerical point of view, the search for the optimal color
representatives can be put into the general framework of Clustering based on
representatives or Vector Quantization design [97, 138, 73, 76, 148, 89]. Color
Quantization is then a Vector Quantization defined in the color space, usually
based on the Euclidean distance in this space. One relevant question is that
of the color space and the color distance employed. It is well known that the
Euclidean distance in the RGB space does not preserve the perceptual distance
between colors. There are several abstract color spaces [21], such as the Yuv
and the Lab spaces, defined by the CIE in order to obtain better preservation
of the perceptual distance, and new color spaces are being defined in order to
cope with the color equivalencies needed to support color processing in complex
distributed environments (i.e. Internet). It can be argued that performing
Clustering based on minimizing the Euclidean Distortion in the RGB color
space is doomed to give perceptually suboptimal results. However, there is a
growing body of evidence [221, 141, 152, 285, 187] showing that this perceptual
suboptimality is of no consequence for most practical applications. We assume
this framework to support our experiments in the RGB space.

3.4.1 Color quantization of image sequences

Given an image sequence {f;(x,y);t=1,2,,...}, the Color Quantization of
this sequence is obviously a Non-Stationary Clustering problem, in which the
searched partitions are the color quantizations of the images in the sequence
{ff(z,y);t=1,2,,...} and the infinite horizon criterion function is the accu-
mulative color quantization distortion

E=>E®=33|

t>0 t>0 z,y

folwy) — o)

The Color Quantization of the image sequence applies a sequence of color
palettes Y (t) = {y1(¢),...,yc(t)} , and it becomes Non-Stationary Color
Quantization when no predictive scheme can be applied in the computation
of the color palettes. The search for these color representatives varying in time
becomes an Adaptive Vector Quantization problem .

In a rather general statement the Non-Stationary Clustering problem is,
thus, an infinite time stochastic dynamic programming problem

To alleviate its complexity the adaptive assumption states that the problem can
be decomposed in time, so the global minimization can be achieved through
instantaneous minimization: .

min E(t)= min E (t).
1840} e o {Y®)}
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Figure 3.1: Benchmark distortion values obtained with the application of the
Matlab implementation of the Heckbert algorithm to compute the color quan-
tizers of 16 (a) and 256 (b) colors of the images in the experimental sequence.

The straightforward approach, under this assumption, is to perform indepen-
dent optimizations at each time instant. Independent optimization would, then,
give an optimal result if the optimization method is globally optimal. We have
applied this approach as the benchmark optimal results in our experiments ap-
plying the minimum variance Heckbert algorithm to each image independently.
However, time independent optimization discards any use of time dependencies
that could improve the accuracy and lower the computational burden. Truly
adaptive algorithms must profit from these unknown time dependencies, with-
out trying to uncover them. The adaptive approach assumes that the cluster or
color representatives found at time ¢ — 1 can be used as good initial conditions
for the optimization process at time ¢. That implies the assumption of smooth
variation of the optimal cluster representatives. Summarizing, the application
of Competitive Neural Networks as Adaptive Vector Quantization algorithms is
done as follows: At time ¢ the initial cluster (color) representatives are the ones
computed from the sample of the process at time ¢ — 1. The sample vectors at
the present time are presented sequentially as inputs to compute the adaptation
equations and to obtain a new set of cluster representatives. Obviously, for the
Non-Stationary Color Quantization case the time axis is the image number in
the sequence, and the sample data are the image pixel colors. To approach real
time performance we impose a one-pass adaptation at each time step, and small
samples. That means that the sample vectors will be presented only once and
that the scheduling of the learning rate and other learning control parameters
are adjusted to that time constraint.

3.4.2 Benchmarks

The sequence of images used for the computational experiments is presented in
Appendix . As a benchmark non adaptive algorithm we have used a variation
of the algorithm proposed by Heckbert [141] as implemented in MATLAB. As
a benchmark non adaptive algorithm we have used a variation of the algorithm
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proposed by [141] as implemented in MATLAB, we call this algorithm Min-
imum Variance Heckbert algorithm. This algorithm recursively partitions the
RGB unit cube along the axis of maximum variance. The partition is performed
by a plane orthogonal to the color axis chosen so as to minimize the sum of the
residual variances. A time efficient method to compute the residual variances
was presented in [283]. This method is implemented in many standard libraries.
However, the algorithm involves the pre-computation of all the potential vari-
ances. Its time and space complexity grows exponentially with the dimension
of the space, and the number of values of the discretization of each space axis.
Color representatives are computed as the center of mass of the resulting parti-
tion cubes. This algorithm has been applied to the entire images in the sequence
in two ways.

This algorithm has been applied to the entire images in the sequence un-
der stationary and non-stationary assumptions. Figure 3.1 shows the distor-
tion results of the Color Quantization of the experimental sequence to 16 and
256 colors based on both applications of the Heckbert algorithm. The curve
{CTV (t);t=1,.. .,24}, named Time Varying Min Var in the figure is pro-
duced assuming the non-stationary nature of the data and applying the Heck-
bert algorithm to each image independently. The curve {C’TI t);t=1,..., 24},
named Time Invariant Min Var in the figure, is computed under the assumption
of stationarity of the data: the color representatives obtained for the first image
are used for the Color Quantization of the remaining images in the sequence.
The gap between those curves gives another indication of the non stationarity
of the data. Also this gap defines the response space left for truly adaptive al-
gorithms. All the figures giving distortion results for the experimental sequence
will include these two curves as a reference frame.

3.5 Image filtering using Vector Quantization

VQ has been proposed for digital image processing [65]. It has been suggested
that the encoding/decoding process introduce some non-linear smoothing of the
image that removes some kinds of noise, especially speckle noise. We combine
the Bayesian approach to image processing [94, 149] with idea of VQ-based fil-
tering. In Bayesian image processing, given an observed image G we try to find
the resotored /segmented image F'. The a posteriori probability density is com-
puted from the a priori probability model and the likelihood model applying
Bayes’ rule. The desired result F' is usually computed as a either the mawi-
mum a posteriori (MAP) or mazimum likelihood (ML), which are the modes of
p(F=f|G=g)and p(G =g|F = f), respectively. In general, it is difficult to
obtain the marginal density p (G = g), however, the MAP and ML estimates do
not require it. Both estimation methods need to postulate models for the prior
p(F = f) and likelihood p (G = g |F = f) probability distributions. The prior
model specifies a broad class of images through the specification of probabilistic
relationships. The conditional probabilities can be postulated as a model of the
image degradations or of the transformation between the observed and desired
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image.

In the VQ Bayesian filter (VQBF) the codevectors are considered as convo-
lution masks, with the coordinate system origin centered in their middle pixels.
For VQBF processing, the image is not decomposed into blocks, rather we con-
sider at each pixel a neighborhood window of the same size as the codevectors.
The filtering process at each pixel is computed in two steps

e find the best matching codevector for the pixel’s neighboring window,
e the processed pixel takes the value of the codevector’s central pixel.

Thus, codevectors are a kind of probabilistic models of the pixel neighborhood.
To understand VQBF in the framework of Bayesian image processing, the fil-
tering application of the codebook must be interpreted as realizing some kind
of approximation of the posterior probability distribution of the desired image
result, so that VQBF corresponds to some kind of MAP estimation.

In our works we do consider that the codebook design intends to minimize
the Euclidean distortion. The VQ design method employed is not relevant class
now as long as it minimizes it. A well-known interpretation [23], in terms of
statistical decision theory, of the minimization of the Euclidean distortion beside
is as follows: assume a number of classes and feature vectors whose probability
density follows a mixture of class conditional densities. Further, assume that the
class conditional densities are Gaussian with identical unit covariance matrices
, and that the classes are equiprobable, then the minimization of the Euclidean
distortion is equivalent to maximum log-likelihood estimation of the parameters
of the model, the class means. Based on these parameters the MAP decision
is the Bayesian minimum risk decision. Thus, the filtering realized by VQBF
corresponds to a MAP image process, in which the classes are the gray levels of
the central pixel in the representative neighborhoods extracted from the image.
The detailed Bayesian analysis of VQBF properties deduces from the statement
of the posterior probabilities the prior and conditional models. This analysis is
presented in Appendix
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Chapter 4

Generalized Learning Vector
Quantization

Generalized Learning Vector Quantization (GLVQ) has been proposed in [209]
as a generalization of the Simple Competitive Learning (SCL) algorithm. The
main argument of GLVQ proposal is its superior insensitivity to the initial val-
ues of the weights (codevectors). We show that the distinctive characteristics of
the definition of GLVQ disappear outside a small domain of applications. GLVQ
becomes identical to SCL when either the number of codevectors grows or the
size of the input space is large. Besides that, the behaviour of GLVQ is incon-
sistent for problems defined on very small scale input spaces. The adaptation
rules fluctuate between performing descent and ascent searches on the gradient
of the distortion function.

4.1 Introduction

The GLVQ algorithm has been proposed in [209] as a generalisation of the LVQ
algorithm. However, the definition of LVQ given in [209] really corresponds to
what is usually known as SCL in the neural network literature. GLVQ propo-
sition is related to the Self-Organizing Map (SOM), (due to Kohonen [168])
in the sense that the updating of a neighbourhood of the winning codevec-
tor is the mechanism used to escape from the local minima of the distortion.
The authors claim that all the codevectors will be updated using the GLVQ
rules, unless there is a perfect matching of the input and winning codevector
(IIx (t) = y: (1)]|> = 0). In which case, the authors state that GLVQ reduces
to SCL. We show in section 4.3.1, that GLV(Q is identical to SCL, even in the
case of very imperfect matching, for clustering problems defined in non-small
spaces or that imply the searching for a non-small number of clusters. On the
other hand, in section 4.3.2 it is shown empirically that perfect matching is
not a sufficient condition for GLVQ to become identical to SCL. Even worse
situations may happen. For some very small input spaces, GLVQ may become
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inconsistent. Section 4.4 shows how inside very small input spaces GLVQ rules
may fluctuate between going down and up the distortion function.

The derivation of GLVQ follows from the proposition of a loss function,
closely related to the distortion. The codevector updating rules are derived as a
local (stochastic) gradient descent along this loss function. Some parallelism can
be found in this method of definition, and learning rules, with Soft Competition
[288, 267]. In the case of Soft Competition, the purpose is to minimise the cross
entropy (Kullback distance) of the input distribution and the distribution mod-
elled by the codevectors, taken as a mixture of Gaussian distributions whose
means are the codevectors. As with GLVQ, the Soft Competition rules update
all the codevectors after the presentation of each input vector. Soft-Competition
uses as neighbourhood coefficients the estimations of the conditional probabil-
ities of the input for classes represented by the codevectors. Soft Competition
has the additional problem of the estimation of the variances of the Gaussian
distributions, but it does not share the limitations of GLVQ that will be dis-
cussed in this letter. It will become clear that much of the trouble is due to
the definition of the loss function, as we refer to it looking for explanations of
undesired limit forms of the GLVQ rules.

Section 4.2 gives the definitions of SCL, LVQ and GLVQ. Section 4.3 gives
the conditions for GLVQ to behave identically to SCL. Section 4.4 discusses
the conditions for inconsistent behaviour of GLVQ. Section 4.5 summarises our
conclusions.

4.2 Definition of SCL, LVQ and GLVQ

We denote x (t) the input vector at time ¢, y; (¢) are the codevectors (weights) at
time ¢, Y is the whole codebook, a (t) is the learning rate (gain), and Ay; (¢) is
the adaptation of y; (¢) after presentation of input x (t). The definition of LVQ
given in [209] coincides with what is known in the neural networks’ literature
as the Simple Competitive Learning (SCL) rule [168, 142, 173, 169]:

Ay (t) = { a(t)(x(t)—yi(t) i= argmkin {||X(t) _— (t)||2} —w W

0 otherwise

SCL is the basic form of unsupervised competitive learning, and can be derived
as a stochastic gradient descent of the distortion:

N M

2
Je =Y lx; —yill* 6
=1 i=1
1 i =argmin {HXj - yk||2}
(52']' =4 (xj7yi) = k .
0 otherwise

where N is the sample size and M is the number of codevectors. The LVQ
algorithm was introduced by Kohonen [168, 169] as a supervised learning algo-
rithm, which assumes a priori knowledge about the classes to which the input
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vector and the winning codevector belong. Allowing ¢(x) to denote the class to
which x belongs, then the formal definition of LVQ reads as follows:

a(t) e (t) ~yi (1) (i =argmin {x(6) ~ v OIF}) Aelx(0) = ely: (1)
A= o - yi) (i =armmin {Ix () e OF}) Ace) £ ey (1)

0 otherwise

In the following, we will refer to SCL instead of LVQ. We will assume that
all the references to LVQ made in [209] were intended to SCL. This means that
the main purpose of the definition of GLVQ was to improve Simple Competitive
Learning trying to make it insensitive to initial conditions.

The GLVQ codevector adaptation rules are formally written as follows (with
a slight change in notation from the formulas in [209]):

Ay; (t) = a(t) (x (1) —yi (1) Ch i:argmkin{Hx(t)fyk (t)HQ} w
1 o () (x (1) = yk (1) C otherwise
1

=1 - —
Cy (t)+02

M
D)= Ilx(®) —y @)
k=1

The values of the coefficients C; and Cs perform the switch between the
GLVQ and SCL: C; = 1 and C5 = 0 imply that GLVQ is identical to SCL.
According to [209], the formal derivation of GLVQ follows from the stochastic
gradient descent of a loss function defined as follows.

N M

2
L=>>"lx—vil’ g (x;,Y)
j=1i=1
1 S =1
7 '7Y = -1 .
9 (x5, Y) {Zﬁil lIx; — kaz} otherwise

4.3 Convergence of GLVQ to SCL

We use the term convergence meaning the identity of behaviour of both algo-
rithms under certain conditions. The main statement of [209] is that GLVQ
is insensitive to initial conditions (initial codevectors) and that, so, it behaves
better than Simple Competitive learning for clustering applications. The au-
thors did not realise that GLVQ becomes identical to SCL algorithm when some
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parameters of the clustering problem grow, and that this happens rather unex-
pectedly. On top of that, the conditions assumed in [209] for GLVQ convergence
to SCL appear to be insufficient. Two extreme situations condition the conver-
gence landscape: imperfect and perfect matching. In the first case, the desired
behaviour of GLVQ is the significant updating of all the codevectors, whereas
SCL only updates the winner. In the second case, the desired behaviour is
the same as SCL. In both cases, GLVQ can behave against the desires of their
designers. In this section we discuss when and why this happens.

4.3.1 Imperfect matching: undesired convergence

Let us assume the occurrence of imperfect matching in the sense that all the
codevectors are almost at the same distance of the input. This situation roughly
corresponds to the initialisation of the codebook with values right outside of the
convex hull of the sample, or when the input is a wildshot (far away from any
other input). In this case, the distance of the input to the winner codevector
(yw (t)) is close to the distance to any other codevector:

e () = o (01 = 1 (t) =y ()]

Then, the normalisation factor D (¢) can be assumed to be approximated as
follows: ,
D (t) = M [jx (t) = yw (t)]| (4.2)

Under these approximations, the expression of the Cy and C5 coefficients can
be rewritten as follows:
1
- 2
M |[x(t) = yw (t)]]
-~ 1
Cy = 5 5 (4.3)

M2 ||x(t) = yw (1)

In the case of imperfect matching, GLVQ is meant to behave quite differently
from SCL, that is: C7 must be significantly smaller than 1 and C3 must be
significantly larger than 0. However, as the number of clusters or the expected
magnitude of the distance grows, it is obvious from the above expressions that
C1 converges to 1. Simultaneously, Cy converges even faster to 0.

i1 + Cy

Ch — 1
M — oo

2
[[I" = o0
Cg — 0
M? = oo
2
[[I" = o0

These expressions summarise the sensitivity of GLVQ to the number of
classes (codevectors) and the average magnitude of the distance on the input
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space. Increasing the number of classes forces the undesired convergence GLVQ
to SCL. Large input spaces imply large values of ||x (t) — yu (¢)||> which also
force this convergence. The effect of large input spaces can be also deduced
from a close look at the loss function that GLVQ tries to minimise. It can be
seen that Ly is bounded as follows:

Je (x) < Ly < Jo (x) +1
Where

M
Je(x) =Y Ix —vill* 6 (x,v3)
i=1

is the distortion introduced by quantizing input x with the codevector w;. When
Je (x) > 1 the loss function becomes the distortion, and then, the stochas-
tic gradient descent on Ly becomes the SCL. In some clustering applications
such as Vector Quantization of grey level images, [0,255]**% or [0,255]%*8 are
standard input spaces. Obviously, even for extraordinarily good codebooks, in
those applications J. (x) > 1 holds. The above discussion implies that GLVQ
can become identical to SCL in the case of imperfect matching. Outside some
restricting conditions (small number of classes and small scale input spaces)
GLVQ loses its more appealing property (the insensitivity to initial conditions)
because it unexpectedly becomes identical to SCL.

4.3.2 An illustrative experiment

A simple experiment was carried out to illustrate the foregoing analysis, and to
explore the sensitivity of the GLVQ coeflicients to the number of codevectors and
the scale of the input space. Simulated samples from a mixture of four Gaussian
distributions were generated as the sample input. Although the authors in [209]
give some discussions about learning rate scheduling, we have found that this is a
matter of secondary importance, that does not influence the inherent qualitative
features of the algorithms.

The first experiment was addressed to assess the convergence of GLVQ to
SCL as the number of codevectors grows. The sample points generated fall
inside [—0.6,1.2]> and the initial codebooks (+ in the figures) were generated
in a corner of this region. The expected behaviour of GLVQ was to update
all the codevectors driving them inside the sample. Figure 4.1(a) shows the
trajectories of the codevectors as updated by GLVQ in the case of M = 2.
Figure 4.1(b) shows the trajectories under SCL. The difference in behaviour of
both algorithms, putting aside the quality of the final solution, can be easily
verified. This difference disappears as the number of codevectors increases. In
the case of M = 10, the behaviour of GLVQ (shown in Figure 4.1(c)), and that
of SCL (shown in Figure 4.1(d)) are almost identical. The stuck codevectors
are minimally displaced by GLVQ. When the sample is scaled by a factor of 5,
the identity of behaviour of GLVQ and SCL can be appreciated even with only
two codevectors M = 2. Figure 4.2(a) and 4.2(c) show the behaviour of GLVQ
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Figure 4.1: Convergence in a toy example
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Figure 4.2: Undesired convergence in the toy example
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with M = 2 and M = 3, resp. Figure 4.2(b) and 4.2(d) show the behaviour of
SCL.

4.3.3 (Almost) Perfect matching: failed desired conver-
gence

Let us assume the occurrence of (almost) perfect matching of input and winning
codevector. Perfect matching can be naively characterised by the following
expression (y,, (t) is the winner codevector):

Ix () =y ()] =0

The authors in [209] state that this is the only condition that can lead to
C1 = 1 and Cs = 0 corresponding to desired convergence of GLVQ to SCL.
Let us examine the approximate expressions taken by the coefficients under this
assumption:

Another way to characterise the almost perfect matching comes from the con-
sideration of the relative magnitudes of the distances of the codevectors to the
input (y. (¢) is the winning codevector):

Wk 7 willx () = yx (017 > IIx () = yo ()]

It can be easily verified that this more general characterisation of almost
perfect matching leads to the same expressions for C; and C3. It becomes
obvious, that the magnitude of D (t) determines if C; = 1, so, (almost) perfect
matching is not a sufficient condition for GLVQ to become SCL. Other problem
dependent conditions, such as the number of codevectors and the scale of the
input space, and the instantaneous positions of the whole codebook determine
the value of D (t) and, therefore, the desired convergence of GLVQ to SCL, in
the case of almost perfect matching.

4.4 GLVQ inconsistent behaviour

Studying the desired convergence of GLVQ to SCL, we have found conditions
for inconsistent behaviour of GLVQ. It is expected that any codebook design
algorithm will perform a gradient descent on the distortion function. Inside
very small input spaces GLVQ becomes (temporarily) a gradient ascent search
on the distortion function, depending on the instantaneous value of D (¢). In
general, D (t) must be greater than 1 for Cy to be positive. Positive values of
C1 make the GLVQ learning rule a gradient descent of the distortion, whereas
negative values make it a gradient ascent of the distortion. Let us examine the
two extreme situations of perfect and imperfect matching.
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In the approximate expressions obtained in the case of perfect matching,
D (t) < 1 clearly imply negative values of C;. The expression of the GLVQ
rules under these circumstances (compare with (4.1) above) becomes:

Aye(t) { —a(t)(x (1) = yi () |1 5| i =argmin {|lx(6) =y O} = w
0 otherwise
(4.4)
In the case of imperfect matching, the approximate expressions of C; and
Cy in terms of D (t), deduced from (4.2) and (4.3), are:

M-—1
>
¢ M-D(t)
1
C2:M-D(t)

The expression of the GLVQ rules when become

{ —a () (x (1)~ yi () 1 = 5| i =argmin{Ix () — v O} = w

Ay; (t) =
il a(t) (x(t) —yx () ﬁ%t) otherwise

Both expressions of the GLVQ learning rule maximise the distortion instead
of minimising it. The behaviour of GLVQ becomes inconsistent for problems
defined in very small hypercubes, where the probability of finding D (t) < 1 is
significant (e.g. x € [0, 1/M]™).

Let us return to the loss function that originates GLVQ in search for some
explanation of this inconsistent behaviour. Note that it can be rewritten as
follows:

2, 1 2

1% (t) = yuw (@)l +m > Ix@®) —yr @)
k=1
k#w

L)

1 -
= )+ gy (x(0)

The GLVQ loss function is composed of the conventional distortion J, (x (t)),
plus some kind of global distortion J, (x (¢)) defined over the non-winning code-
vectors, weighted by D=1 (¢). As long as D (t) > 1, the main term in Ly is
the distortion Je (x(¢)). However, when D () < 1, the main term in Ly is
Je (x(t)). Then the minimisation of the loss function goes after the minimisa-
tion of the "global codebook distortion" instead of (and even against to) the
minimisation of the true distortion. In fact, the expression in equation 4.4 tries
to decrease Ly(;) through the increase of D (t), something unexpected for an
algorithm which is meant to search optimal codebooks.

Sometimes the algorithm will enter an oscillatory behaviour alternating gra-
dient descent steps, which the distortion (and D (t)) decrease, with gradient
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Figure 4.3: Inconsistent behavior of GLV(Q in the toy example obtained by
scaling the data

ascent steps, which increase the distortion and D (¢). To illustrate the incon-
sistent behaviour of GLVQ we scaled by a 0.1 factor the sample used in section
4.3.2. We have applied both GLVQ and SCL to this shrunk sample. This time
the initial codebook was a set of sample vectors. This choice of initial codebook
highlights the unfitness of GLVQ. Figure 4.3(a) shows the trajectories of the
codevectors under GLVQ. It can be appreciated the repulsive and attractive
phases of GLVQ rules. At first, the codevectors are expelled from the sample.
The expulsion is followed by a slow return, until they take positions on the sur-
face of a kind of "repulsion ball" that the GLVQ dynamics seems to generate
around the sample. Figure 4.3(b) shows the trajectories of the codevectors un-
der SCL following natural (distortion gradient descent) patterns. Finally, going
back to Figure 4.1(a), we have verified that its strange effects is due to the
fluctuation of D (t) around one.

4.5 Conclusions

In spite of the elegance of its definition and its ease of computation, GLVQ must
be taken with caution from the practical point of view. A previous analysis of
the problem that is intended to solve can show if GLVQ preserves in fact its
good qualities (insensitivity to initial codebooks), or if it will behave identically
to Simple Competitive Learning, or even if the application is impossible.

We have discussed the GLVQ sensitivity to the number of clusters and the
input space size. For a small space, we have shown empirically that a not
very large number of clusters is enough to lose the GLVQ characteristics. Also,
when the input space is enlarged, the number of clusters that make GLVQ
identical to SCL decreases drastically. We have shown how very small input
spaces can force the inconsistent behaviour (maximise the distortion) of the
GLVQ rules. Empirically, the alternance of behaviours of GLVQ appears under
mild conditions. Also, we have seen estrange phenomena such the existence of
"repulsion balls" at whose core is the sample. All these undesired results are
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related to the definition of the loss function, from which the GLVQ rules are
derived as a stochastic gradient descent.
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Chapter 5

Basic Competitive Neural
Networks as Adaptive
Mechanisms for
Non-Stationary Color
Quantization

In this chapter consider the application of two basic Competitive Neural Net-
works (CNN) to the adaptive computation of color representatives on image se-
quences that show non-stationary distributions of pixel colors. The tested algo-
rithms are the Simple Competitive Learning (SCL) and the Frequency-Sensitive
Competitive Learning (FSCL). Both, SCL and FCSL are the simplest adaptive
method based, respectively, on minimizing the distortion and on the search for
a uniform quantization. The aim of this paper is to study several computational
properties of these methods when applied to Non-Stationary Clustering (NSC)
as Adaptive Vector Quantization (AVQ) algorithms. We study experimentally
the effect of the size of the image sample employed in the one-pass adapta-
tion, their robustness to initial conditions and the effect of local versus global
scheduling of the learning rate. Results were published in [108].

Section 5.1 is an introduction to the chapter. Section 5.2 reviews FSCL
training algorithm. Section 5.3 presents their specific numerical settings for this
application. Section 5.4 presents experimental results. Finally, in Section 5.5
we present our conclusions.
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5.1 Introduction

When an image sequence is considered, the distribution of the pixel colors in the
color space will be time variant in the general case. The underlying stochastic
process is, therefore, non stationary and we can’t assume any model of the time
dependencies. The problem of Color Quantization on image sequences becomes
a Non-Stationary Clustering problem. In most of the formulations of the Clus-
tering or Vector Quantization problems, found in the literature, the assumption
is that the underlying stochastic process is stationary and that a given set of
sample vectors properly characterizes this process. The main line of research
that takes into account non stationary processes is that of Adaptive Vector
Quantization (AVQ) [97], where the dominant approach is that of codebook re-
plenishment [58, 86]. We will introduce in section 4 a general formulation of the
Non-Stationary Clustering problem, and the application of Competitive Neural
Networks as Adaptive Vector Quantization methods to solve it.

Competitive Neural Networks [192, 3, 142, 172, 272] are mathematically de-
rived as stochastic gradient minimization procedures. Sometimes the objective
function is known, such as it is the case of the Simple Competitive Learning
that minimizes the Euclidean distortion. Sometimes it is difficult to specify the
objective function and to provide a formal derivation of the learning rule. This
is the case of the Frequency-Sensitive Competitive Learning, which combines
the distortion minimization of the SCL with the search for a uniform quanti-
zation. Uniform quantization implies that the probability distribution of the
codevectors is uniform (not to be confused with a uniform decomposition of the
color space). To obtain an uniform quantization, FSCL tries to ensure that the
sizes of the clusters found in the sample are equal. However it does that penaliz-
ing the Euclidean distance while computing the nearest codevector to a sample
vector. This can’t be easily put into the formal framework of stochastic gradient
algorithms, but it constitutes a minimal variation of SCL intended to improve
its robustness (to avoid empty clusters associated with stuck codevectors). In
this paper we consider both SCL and FSCL as minimal adaptive algorithms
whose results can be extrapolated to more sophisticated strategies.

Despite their original definition as stochastic gradient minimization meth-
ods, CNN have been little applied to Adaptive Vector Quantization, because
of their lengthy convergence times, and their numerical sensitivities [97]. Most
works in the literature report their application to stationary VQ problems, such
as the codification of still images. As we have said before, the most success-
ful Adaptive Vector Quantization strategy is that of codebook replenishment
[97, 101, 58, 90, 86] whose optimality, however, has only been proved for sta-
tionary sources [295]. Codebook replenishment algorithms also pose serious
parameter tuning problems that have not been properly addressed in the lit-
erature. In this paper we try to show the usefulness of the CNN as Adaptive
Vector Quantization algorithms for general non-stationary sources. The case
of Non-Stationary Color Quantization is, thus, a representative of the general
AVQ problem. Our approach is to propose a fast adaptation schedule, based on
a one-pass adaptation over a small sample of each image in the sequence. Under
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this scheme, the computational cost of the adaptation is proportional to the size
of the sample, the size of the codebook and the dimension of the search space,
and can be calibrated for real time processing. In section 5, we explore the
sensitivity of the SCL and FSCL in this setting to the local/global scheduling
of the learning rate, the sample size, the codebook size and the global initial
conditions (the starting codebook for the whole sequence). The results reported
here will be also of interest when trying to asses the applicability of other CNN
architectures to the Non-Stationary Clustering problem. We have found that
the sensitivity to the codebook size is shared by the Self Organizing Map of
Kohonen, Neural Gas, Soft Competition, and other CNN [112, 110, 102].

5.2 FSCL algorithm

The SCL is, therefore, a local minimization algorithm, whose results will be
highly dependent of the initial conditions Y (0) = {y1(0),...,y.(0)} . One
of the more salient features of suboptimal solutions is the occurrence of stuck
codevectors, that is, codevectors whose corresponding cluster is empty. These
codevectors never win the competition and SCL adaptive rule never applies to
them. This situation must not be confused with the search for the natural
number of clusters, suboptimal solutions found by SCL must not be taken as
indicative of the “true” number of clusters. The reasoning behind the proposition
of FSCL is that one sure strategy to avoid bad local suboptimal solutions is to
ensure that no representative has an associated empty cluster. This is done in
an inverse way, by penalizing the bigger clusters. To achieve that, the FSCL
[3] keeps a count of how frequently each codevector is the winner and use this
information to adjust distances from an input to all codevectors. The distance
used to determine the codevector to be updated is

a (Il = yill?) =7 llx =yl (5.1)

where
-

=) 075 (x (k)
k=1

is the number of times that a codevector has been the winner and

. . ) _ . 2
69 (x (k) = I i=arg min {T” I (k) = vl } : (5.2)
0 otherwise

This new distance of eq. 5.1 penalizes the codevector that repeatedly wins
increasing his distance value and giving other codevectors a chance to win the
competition. FSCL employs the learning rule of SCL, but applying eq. 5.2 in-
stead of the conventional nearest neighbor rult to determine the neuron (code-
vector) to be updated.

The preceding discussion implies that FSCL can not be derived as a stochas-
tic gradient minimizer of the quantization distorsion. In fact, we haven’t found
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a formal definition of the true function minimized by FSCL. This function may
be intuitively seen as a minimization of the Euclidean distortion conditioned
to the uniform quantization of the space. That is, FSCL tries to ensure after
training that

. Once near uniform quantization is achieved, FSCL will try to minimize the
Euclidean distortion. The expected side effect is that the minimization of the
Euclidean distortion will become globally optimal. We consider FSCL as a basic
CNN because it is the minimal variation of SCL proposed up to date.

5.3 On the application of SCL and FSCL

In the experiments we have applied two kind of scheduling of the learning rate:
local and global scheduling. The local scheduling of the learning rate follows
the expression:

Ti
i = 1- *)
a; (1) ao( -
where

T — Z(Sz (X (k’))
k=1

and n is the subsample size. This expression implies that the learning rate
decreases linearly in the number of times that a codevector "wins" the competi-
tion. It also implies that a local learning rate only reaches the zero value if the
codevector "wins" for all the sample vectors. This local counter is identical to
the one maintained by the FSCL. Note however, that here the counter controls
the adaptation gain, whereas in FSCL it determines the winning neuron. There
is no interference between the two applications of the local counter.

The global scheduling of the learning rate, meaning that Vi; «; (1) = a (1) ,

follows the expression:
-
—ao (1 f) .
a(T) = ( -

This expression implies that the learning rate decreases with every sample data
which is presented to the Neural Network. Zero value is reached when the last
sample is presented. While global scheduling conforms to the theoretical for-
mulation, local scheduling of the learning rate is similar to perform as many
independent and simultaneous local adaptation processes as units. Part of our
works try to determine the benefits of local scheduling experimentally. Obvi-
ously the sequences of the learning rate parameters given by both local and
global strategies do not comply with the conditions imposed by the convergence
of the stochastic gradient approach. But it is the best approximation that works
under a "one-pass" adaptation constraint.

Up to this point, the CNN are applied to stationary data, represented by
a sample X . In the case of non stationary data, we have a sequence of data
samples {X (¢t) = {x1 (t),...,xn (t)};t=0,1,...} over which the adaptation
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Algorithm 5.1 Application of SCL and FSCL to the color image sequence
1. Assume an initial codebook Y (0) , ¢ = 0.

2. Update the clock t =t 4+ 1 and take the next sample X (¢) of size n.

3. Assume as the initial codebook the result of the adaptation at the previous
time instant Y (¢,0) =Y (t — 1,n)

4. Compute the sequence of adaptations of the codebook
{Y (¢t,7);7=1,...,n} applying either SCL or FSCL, to x(7) ex-
tracted from X (¢).

5. Resume the process from step 2.

rules of SCL or FSCL will be applied. In the non stationary case we have
two time parameters: that of the reality (¢) and that of the internal adaptive
computations (7). At each real time instant a complete adaptation process will
take place, the whole process is as Algorithm 5.1.

5.4 Experimental results

In this section we report some experiments performed on image sequences ex-
tracted from video sequences, aimed to evaluate the robustness of SCL and
FSCL as adaptive VQ algorithms for Non-Stationary Color Quantization, and
their sensitivity to diverse numerical parameters. The sequence of images used
for the experiment is a panning of the laboratory taken with an Apple CCD
color video-camera designed for video-conference. Original images have an spa-
tial resolution of 240x320 pixels. We have created two sequences. In one of them
each of two consecutive images overlap roughly 50% of the scene (sequencel),
in the other the overlap is of 33% (sequence2). The experiments refer to the
computation of sets of color representatives (color palettes) of size ¢ = 16 and
¢ = 256. These sizes of color palettes are representative of the ones that can
arise in segmentation and compression tasks, respectively.

The benchmark algorithm used is the minimum variance Heckbert [141] al-
gorithm, as implemented in MATLAB [283]. This algorithm has been applied to
the entire images in the sequences in two ways. Figure 5.1 shows the distortion
results of the Color Quantization of the experimental sequences to 16 and 256
colors based on both applications of the Heckbert algorithm. The results con-
sist of the distortion per image curves, and the total distortion over the entire
sequence shown in the figure legend. The curves named Time Varying are pro-
duced applying the algorithm to each image independently. This corresponds
to the optimal strategy for Non-Stationary Clustering, assuming the optimality
of the Heckbert algorithm. The curves called Time Invariant come from the
assumption of stationarity of the data: the color representatives obtained for
the first images are used for the Color Quantization of the remaining images
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in the sequences. Obviously, the distortion is greater in the Time Invariant
application. The difference between both curves increases as the time evolu-
tion of the color distribution departs from the initial one found in image #1
of the sequence. The gap between those curves gives an indication of the non-
stationarity of the data. From our point of view, this gap defines the response
space left for truly adaptive algorithms. To accept an algorithm as an adaptive
solution its response could not be worse than the Time Invariant curve. The
Time Varying curve defines the best response that we expect, although it is not
the sequence of global optima. In Figure 5.1, also it can be appreciated that
sequence2 curves change more smoothly than sequence! curves. The changes
in color distribution are smoother in sequence2, therefore, it can be expected
that the results of adaptive algorithms will be better for sequence2 than for
sequencel. Also it can be appreciated that the Time Invariant curve seems
to approach the Time Varying curve at the end of the sequence in all cases.
This behavior is due to the nature of the image sequences, they are extracted
from a closed panning of the scene, so that the final images almost coincide
with the initial ones, and their color distributions come close. This feature is
by no means general, it is obviously an artifact of our experimental data. From
a qualitative point of view the closeness serves also to test the ability of the
adaptive algorithms to come back to the original optimum.

In the following, the results of the application of the CNN will be given in the
relative framework of the Time Invariant and Time Varying Heckbert results.
The relative distortion (Eg (t)) shown in the figures is computed as Fr (t) =
%, where is the per image distortion of the color quantization with
the color palette computed by the CNN (either SCL or FSCL). The relative
distortion is negative when the CNN improves over the optimal Heckbert Time
Varying, and it is greater than 1 when the CNN does not behave adaptively
(gives results worse than the Time Invariant). We have appended to the legend
of the curves the accumulated value of the relative distortion along the sequence.

From the description in it is evident that the computational cost of the CNN
applied to find the optimal Color Quantization of each image is of the order
O(d.n.c), with n the size of the sample, d = 3 the dimension of the space, and ¢
the number of colors. To evaluate the performance of the algorithm as real time
restrictions are imposed, we have employed image samples of size n = 1,200
(samplel < 2% of image size) and n = 19,200 (sample2 = 25% of image size),
respectively. Whereas the distortion results in Figure 5.1 are produced by the
Color Quantization to a set of color representatives computed using all the
image pixels, both SCL and FSCL will be applied to a subset of the image
pixels, extracted randomly. The sequence of image samples sample! represents
a stronger real time constraint than sample2, and the application of both SCL
and FSCL will be one order of magnitude faster for samplel. The distortion
results shown in the figures and tables are the distortion of the entire images
when color quantized with the color representatives computed by the CNN upon
the specified image samples. Besides the real time considerations, the use of
image samples gives also some hints about the robustness and extrapolation
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abilities of both SCL and FSCL.

5.4.1 Sensitivity to codebook and sample size

The first set of experiments are performed assuming as the initial codebook the
color palette obtained by the Heckbert algorithm for the first image. This is
the best initial condition that we can think of to start the adaptation of the
remaining sequence, (note that all the curves start at zero). The results of this
set of experiments are shown in Figures 5.2 and 5.3. The experiment includes
the computation by SCL and FSCL of the color representatives under all combi-
nations of image sequence, sample size, color palette size and local versus global
scheduling of the learning rate. In all the cases, the codification into 256 colors
gives worse relative results. This result is quite important because it indicates
the sensitivity of the CNN performance to the size of the color palette. This
result, that we have found very general, implies that the proposition of adaptive
algorithms, CNN-like or other, that would search for the “natural” number of
clusters must be taken with great care, moreover if the distortion is a salient
component of the clustering criterion function. The inspection of the figures
shows that the algorithms perform adaptively in almost all the cases: the rela-
tive distortion is less than 1 most of the times. The exception occurs usually at
image #2 of the sequence. This can be explained by the narrow gap between
the reference curves at this point of the image sequence, however the algorithms
quickly recover.

Each of the plots show the result using both sample sizes. In general it can
be appreciated that the use of the bigger sample improves the results, although
the magnitude of this improvement is related to the codebook size. The above
mentioned sensitivity to the number of clusters searched can be appreciated if
we compare one-to-one the set of Figures 5.2(a), 5.2(c), 5.2(e), 5.2(g), 5.3(a),
5.3(c,) 5.3(e), 5.3(g) with the set 5.2(b), 5.2(d), 5.2(f), 5.2(h), 5.3(b), 5.3(d),
5.3(f), 5.3(h). This sensitivity is attributable to the ratio between the size of
the sample and the number of representatives searched: the sample-to-codebook
ratio. We have found that is a good ratio in many cases, samplel fits this
ratio for 16 colors and sample2 for 256 colors. The significance of this ratio is
confirmed by the following observations over the Figures 5.2 and 5.3:

e When searching for 16 colors the use of sample2 does not give an improve-
ment over the results obtained from samplel, according to the increase in
computational complexity.

e When searching for 256 colors, the use of sample2 improves significatively
the results over those given obtained from samplel.

This ratio is of interest to bound the real time applicability of our algorithms,
or the suboptimal results that can be expected from the use of small samples
imposed by real time constraints. In Tables 5.1 and 5.2 we have gathered the
global distortion results that summarize all the experiments, including the sensi-
tivity to initial conditions which will be discussed later. From those tables it can
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be seen that the impact of the sample-to-codebook ratio depends also of other
elements of the algorithms, such as the initial conditions and the scheduling of
the learning rate.

5.4.2 The effect of learning rate scheduling

The effect of the scheduling of the learning rate can be appreciated by the
comparison of the plots in Figure 5.2 with those in Figure 5.3. Also, in each
Table 5.1 and 5.2, we have a separate subtable for each scheduling strategy. Our
conclusion is that the global scheduling of the learning rate gives better results
than the local scheduling when the amount of available information increases.
However as the information becomes scarce, the local scheduling is more robust
and gives better results. To support this conclusion observe in Tables 5.1 and 5.2
that the results of the global scheduling subtable improve over the corresponding
ones of the local scheduling subtable when sample2 is used to search for 16
colors, and when applying the algorithm to sequence2 (which is smoother than
sequencel ) starting from relatively good conditions.

5.4.3 The effect of time subsampling

As we have said, sequencel was a more coarse time sampling of the original video
sequence. This coarseness would lead to more abrupt changes in distribution,
that would make sequencel less apt for adaptive computation. In Table 5.3, the
mean relative distortion per image has been computed, by averaging the entries
in Tables 5.1 and 5.2, and taking into account the number of images in each
sequence. This table allows to evaluate the impact of the supposed augmented
smoothness of sequence2. It can be seen from it that other factors have more
impact than the increased smoothness produced by a fine time sampling.

5.4.4 Robustness to initial conditions

If we, at this point, try to compare SCL results with FSCL results, the main
conclusions are:

e SCL performs better than FSCL starting from good initial conditions, and
high sample-to-codebook ratio is available.

e FSCL is more robust than SCL, as intended, in the sense that it improves
SCL when the algorithm starts from bad initial conditions and the sample
data is scarce.

These conclusions are consistent with the proposition of SCL as a local opti-
mization procedures, and of FSCL as a global optimization procedure. The
global properties of FSCL ensure a good average result, but starting from good
initial conditions the pure local algorithm performs better. These conclusions
are made stronger when considering the robustness to initial conditions, eval-
uated in the second experiment. In Tables 5.1 and 5.2, we present the sum
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of relative distortion results of the Color Quantization of entire sequences ob-
tained applying the SCL and FSCL (with both global and local learning rates)
starting from various initial color representatives: the Heckbert color represen-
tatives for image #1 (Heckbert), a threshold based selection of the sample of
image #1 (Threshold), random points in the RGB cube (RGBboz) and a ran-
dom selection of samples of image #1 (Sample). The results given are the sum
of relative distortion through the sequence excluding image #1. The results are
not averaged of normalized anyhow regarding the sequence duration, therefore
entries for sequence2 are bigger than those for sequencel. Tables 5.1 and 5.2
show that there is a remarkable increment of distortion results due to initial
conditions. The worst case is the application of the SCL algorithms to search
256 representatives starting from the RGB box initialization. Also the tables
confirm that FSCL is more robust than SCL to very bad initial conditions but
their performance is comparable for good an reasonably good initial conditions.
SCL may even improve FSCL in very good initial conditions and numerical
circumstances: big sample and global scheduling of the learning rate.

In Figure 5.4 we show some of the responses to diverse initial conditions in
detail. The sequence considered is sequencel, the number of color representa-
tives is 16. The worst response is in Figure 5.4(a) for SCL using sample! and
a local scheduling of the learning rate. The algorithm tries to approach the
response obtained from the Heckbert initial condition, starting from the other
initial conditions. Starting from a good initial condition (Sample) the SCL
gives the same response after 5 images. Starting from a medium quality initial
condition (Threshold) the SCL recovers from the bad initialization after some
14 images. Finally the worst initial condition (RGBbozx) can not be recovered
in the duration of the sequence. On the other hand, the best case is that of
Figure 5.4(d), with sample2 and the global learning rate that recovers from the
bad initial conditions very fast, its response collapses after 2 or 3 images in the
one corresponding to the best initial condition. FSCL will be more robust than
SCL in the sense that the effect of bad initial codebooks is recovered faster by
FSCL than by SCL, under the same numerical settings. This can be appreciated
comparing Figures 5.4(a) and 5.4(b) with Figures 5.4(c) and 5.4(d).

5.4.5 Visual results

To give a visual qualitative appreciation of the Color Quantization results, Fig-
ures 5.5 to 5.10 show the results of color quantization to 16 color representatives
on images #2, #8, #12, and #20 of sequence2, under the application of some
instances of the algorithms discussed in the paper. These images were selected
because they show the sharper transition of color distribution. For each image,
we show the color quantized image (left), the color representatives found by the
algorithm (color bars in the middle), and color quantization error (right) as a
color image obtained from the error in each color axis. Figure 5.5 and 5.6 give
the visual results of the Time Varying and the Time Invariant application, re-
spectively, of the Heckbert algorithm over the entire image. The suboptimality
of the latter is appreciable from the inspection of the quantized images (left).
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The inspection of the error images (right) shows the increase in magnitude of
the error of the Time Invariant relative to the Time Varying strategy, as time
goes on.

Figures 5.7 and 5.8 show, respectively, the results of the application of SCL
and FSCL using the optimal initial conditions (Heckbert) and the small sample
of each image. It can be appreciated that the visual differences between the
quantized images (left) obtained from SCL and FSCL are almost negligible.
However, looking at the color representatives shown in the middle color bars, it
can be appreciated that the yellow color representative is not changed by SCL
(Figure 5.7, middle) although it is not used in the codification. This yellow color
does correspond to a stuck codevector, that it is not changed by SCL along the
whole sequence. The color representatives of FSCL (Figure 5.8, middle) follow
more closely the ones found by the Heckbert Time Varying application.

To illustrate the relative increase of robustness to initial conditions of FSCL
over SCL, the Figures 5.9 and 5.10 show, respectively, the results of their appli-
cation using the worst initial condition (RGBboz) and the small sample of each
image. The existence of stuck codevectors is conspicuous in Figure 5.9, while the
color representatives computed by FSCL in Figure 5.10 behave very similarly
to the ones shown in Figure 5.8, and again follow better the optimal color rep-
resentatives computed by the Time Varying Heckbert shown in Figure 5.5. The
error images in Figure 5.10 produced by FSCL are more smooth and of lesser
magnitude than those produced by SCL in Figure 5.9. The visual difference of
the quantized images obtained from SCL and FSCL is not so noticeable.

Regarding the visual evaluation of the results, we can conclude that the
adaptive neural algorithms improve significatively over the stationary solution
given by the Time Invariant Heckbert algorithm. Despite the existence of stuck
codevectors, SCL give visual results with a quality similar to the visual results
of FSCL.

5.5 Conclusions

Non-Stationary Color Quantization is the problem of finding optimal color rep-
resentatives in image sequences. It has been put into the framework of Non-
Stationary Clustering problems, and two basic Competitive Neural Network ar-
chitectures have been proposed as one-pass Adaptive Vector Quantization meth-
ods to solve the problem. The solution provided by the CNN is able for real time
implementation, given its computational cost, versus the cost of the Heckbert
algorithm. Besides real time considerations, these cost figures imply the CNN
methods can be applied to higher dimensional instances of Non-Stationary Clus-
tering problems (i.e. hyperspectral images) . In this paper we have concentrate
our attention on two basic CNN architectures: SCL and FSCL, trying to asses
their performance and numerical sensitivities. This work will be of interest in
understanding and anticipating the response of other CNN architectures on this
problem. We have found that both SCL and FSCL show some sensitivity to
the number of color representatives searched (the size of the codebook). This
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sequencel sequence?
c=16 c = 256 c=16 c = 256
S1 S2 S1 S2 S1 S2 S1 S2

Heckbert 25 29 66 29 47 28 95 47
SCL.  Threshold 9.1 34 15.0 81 11.0 3.2 23.0 13.0
Sample 36 32 150 72 36 32 230 10.0
RGBbox 120 6.4 320 16.0 150 85 52.0 250

Heckbert 34 47 62 25 37 51 90 438
FSCL  Threshold 6.7 4.6 150 7.2 80 5.7 23.0 12.0
Sample 33 46 150 57 4.7 51 230 96
RGBbox 32 48 210 54 31 52 330 86

Table 5.1: Accumulated relative distortion results of the Color Quantization
of experimental sequences with the color representatives computed adaptively
by the SCL and FSCL with local scheduling of the learning rates, for various
initial conditions, sample sizes (S1: samplel, S2: sample2) and number of color
representatives.

is expected to be a general sensitivity, and has been also found in other CNN
architectures. We have studied the response to changes in sample size, and the
implicit generalization ability of SCL and FSCL. A convenient ratio between
sample size and codebook size is 100 : 1. We have studied the effect of local
versus global scheduling of the learning rate, finding that the later is more effi-
cient when there is a surplus of training data, whereas the former provides an
additional robustness when the data is scarce. Finally, we have tested the re-
sponse of both SCL and FSCL to suboptimal initial conditions, finding that the
FSCL strategy of looking for uniform quantizers provides greater robustness to
bad initial conditions. Our conclusion is that one-pass application of CNN can
be a successful family of Adaptive Vector Quantization, qualified for real-time
and high dimensional applications.

Figuras y tablas
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sequencel sequence?
c=16 c =256 c=16 c =256
S1 S2 S1 S2 S1 S2 S1 S2

Heckbert 26 -043 75 3.1 38 -1 11.0 4.6
SCL  Threshold 9.8 0.44 180 85 12.0 0.25 28.0 13.0
Sample 4.1 0.05 180 74 4.7 -039 28.0 11.0
RGBboxr 13.0 3.7 360 17.0 160 7.0 57.0 29.0

Heckbert 34 1.1 73 26 30 21 10.0 4.0
FSCL  Threshold 9.0 1.1 190 73 90 26 290 13.0
Sample 35 095 190 6.0 44 24 290 96
RGBbox 47 14 280 68 45 23 450 11.0

Table 5.2: Accumulated relative distortion results of the Color Quantization
of experimental sequences with the color representatives computed adaptively
by the SCL and FSCL with global scheduling of the learning rates, for various
initial conditions, sample sizes (S1: samplel, S2: sample2) and number of color
representatives.

sequencel sequence2
(18 images) (27 images)
c=16 c =256 c=16 c = 256

S1 52 S1 52 S1 52 S1 S2

SCL 0.14 0.07 0.39 0.17 0.16 0.03 0.37 0.17
FSCL 0.19 0.16 037 014 0.12 0.13 035 0.16

Table 5.3: Mean per image relative distortion, computed averaging the entries
in Tables 5.1 and 5.2 and taking into account the different number of images in
each sequence.
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Figure 5.2: Relative distortion results for sequence! with local learning rates
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Figure 5.5: Results of the Color Quantization of image #2, #8, #12, and #20
of the experimental sequence2 with the 16 color representatives (middle images)
computed by Heckbert using full size images (Time Varying). On the left the
quantized images, and on the right the error images.
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Figure 5.6: Results of the Color Quantization of image #2, #8, #12, and
#20 of the experimental sequence2 with the 16 color representatives (middle
images) computed by Heckbert using #1 image (Time Invariant). On the left
the quantized images, and on the right the error images.
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Figure 5.7: Results of the Color Quantization of image #2, #8, #12, and #20
of the experimental sequence2 with the 16 color representatives (middle images)
computed adaptively by the SCL with local learning rates, using samplel, and
Heckbert initial condition. On the left the quantized images, and on the right
the error images.
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e ]

Figure 5.8: Results of the Color Quantization of image #2, #8, #12, and #20
of the experimental sequence2 with the 16 color representatives (middle images)
computed adaptively by the FSCL with local learning rates, using samplel, and
Heckbert initial condition. On the left the quantized images, and on the right
the error images.
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Figure 5.9: Results of the Color Quantization of image #2, #8, #12, and #20
of the experimental sequence2 with the 16 color representatives (middle images)
computed adaptively by the SCL with local learning rates, using samplel, and
RGBbozx initial condition. On the left the quantized images, and on the right
the error images.
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Figure 5.10: Results of the Color Quantization of image #2, #8, #12, and #20
of the experimental sequence2 with the 16 color representatives (middle images)
computed adaptively by the FSCL with local learning rates, using sample!, and
RGBboz initial condition. On the left the quantized images, and on the right
the error images.



Chapter 6

Experiments Color
Quantization of Image

Sequences using
Neighborhood based
Competitive Neural Networks

In this chapter we discuss the application of several competitive Neural Networks
to Frame-Based Adaptive Vector Quantization (FBAVQ) methods. The task of
Non-Stationary Color Quantization is a manageable instance of FBAVQ, for
which there is an almost optimal benchmark algorithm that serves to validate
the neural network results. The Simple Competitive Learning (SCL) is the
basic adaptive algorithm for Vector Quantization (VQ). The Self Organizing
Map (SOM), Fuzzy Learning Vector Quantization (FLVQ) and Soft Competition
Scheme (SCS) are presented as adaptation rules that converge to the SCL.

6.1 Introduction

The approach taken in this work is to assume that the end application is the
design of a Vector Quantizer that minimizes the Euclidean distortion. There-
fore, the straightforward neural approach is the application of the SCL. We
view other competitive neural networks as modifications of the SCL aimed to
improve its robustness against bad initial conditions [43] and its overall perfor-
mance. Here we will consider the Self Organizing Map (SOM) [168], an on-line
version of the Fuzzy Learning Vector Quantization (FLVQ) [30] and the Soft-
Competition Scheme (SCS)[30, 288]. We have focused in the SOM, FLVQ and
SCS because they can be seen to become the SCL rule for limit values of the

69
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neighboring function control parameters. Therefore, their objective functions
can be assumed to converge to the Euclidean distortion. An efficient scheduling
of these control parameters can lead to a fast, robust and efficient minimiza-
tion of the Euclidean distortion. The main computational constraint imposed
in the experiments described here is the one-pass adaptation. We have imposed
the same scheduling of the learning rate parameter in all the algorithms, trying
to isolate the influence of the neighboring functions. The neighborhood reduc-
tion was the same exponentially decreasing function for the SOM, FLVQ and
SCS. We try to isolate the effect of the shape of the neighboring function from
the scheduling of its decrease. Best results in all cases were found when the
convergence to the SCL algorithm was fast.

The consideration of time varying data in its more general case leads to
Adaptive Vector Quantization (AVQ). Which becomes Frame Based AVQ when
dealing with image sequences. We formulate FBAVQ problems as the dynamic
search of the optimal representatives based on the sample data at each time in-
stant. Neural Networks have been of little practical application in AV(Q, because
of their slow convergence [97]. The most common AVQ approaches are based
on codebook replenishment algorithms [86], which pose severe tuning problems.
One-pass neural networks described here can be easily tuned, posses strong ro-
bustness and are relatively fast. Their computational complexity grows linearly
with the dimension of the space and the sizes of the codebook and the sam-
ple. Adaptive Color Quantization (ACQ) of image sequences is an instance of
FBAVQ. The task is to find the optimal set of color representatives in the RGB
color space for each image in the sequence. The non-stationary character of the
data comes from the unpredictable color distribution of the pixels in the im-
ages. We report the results of a series of computational experiments that show
the performance of the SOM, SCS and FLVQ on this task. These experiments
continue those reported in [109, 110].

6.2 Experimental results on Adaptive Color Quan-
tization

Color Quantization can be stated as a Clustering problem in a 3D space: the
unit cube of RGB color representations. Color Quantization has applications
in visualization and compression of color images [71, 141, 152, 277, 285], image
segmentation based in color features [187, 207, 272] and image retrieval from
image databases [156]. When image sequences are considered [90], the Adap-
tive Color Quantization is an instance of Frame-Based AVQ in the RGB color
space. Over the experimental non-stationary data we have applied the minimum
variance Heckbert algorithm that gives the optimal benchmark to validate the
results of our competitive neural network algorithms. After that, we apply the
SCL to show the basic neural adaptation. Then the SOM, FLVQ and SCS are
applied as robust modifications of SCL. We explore their robustness against the
degradation of the global initial conditions.
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6.2.1 The Non-stationary experimental data

The sequence of images used for the experiment is described in Appendix The
reference Heckbert algorihtm and the results that set the benchmark for the
experiments in this chapter are described in Chapter

The experiments perform the quantization to 16 and 256 colors, we as-
sume that 16 colors is representative of segmentation tasks, and 256 of com-
pression /visualization tasks. For the Heckbert algorithm the color quantizers
were computed using the entire images. The remaining algorithms (SCL, SOM,
FLVQ, SCS) were applied to pixel samples of the images to compute de color
representatives. These color representatives are then used to color quantize the
entire images, and their distortion results are compared with the results of the
Heckbert algorithm. From previous chapter results , we have detected a certain
sensitivity of the algorithms to the sample size, so we have selected a priori
adequate sample sizes for the tasks intended: 1600 pixels for ¢ = 16 and 25600
for ¢ = 256.

As results we give the distortion results along the image sequence shown in
the figures. All these distortions refer to the quantization of the full size images.
In the headings of the graphs the global distortion (the sum of the individual
image distortions) is given for a more global comparison. We have gathered the
most significant global distortion results for the full size images in Table 3. The
magnitudes of the distortions are, obviously, greater for the quantization to 16
colors than for the quantization to 256 colors.

6.2.2 The reference algorithm: Minimum Variance Heck-
bert

As reference non adaptive algorithm we have used a minimum variance version
of the algorithm proposed by Heckbert [141] with the enhancements proposed
in [283] to compute the local variances for each partition (we have used the
MATLAB implementation). This algorithm performs the successive partition
of the unit cube based on the minimization of the inner variance of the result-
ing partitions. It implies the computation of the residual variances produced
by each cutting plane, and its complexity is therefore of the order of the RGB
cube discretization. It is almost optimal, but its computational cost is very high
and can not be applied to higher dimensional problems, because its complexity
grows exponentially with the dimension of the data space. On the other hand,
our neural network algorithms have a complexity that grows linearly with the
number of color representatives, the size of the sample and the space dimen-
sion. That means that our approach can be extended to higher dimensional
problems, while the Heckbert algorithm could not. Figure 2 shows the results
of the application of the Heckbert algorithm to the non-stationary experimental
data searching for the optimal quantizer to 16 and 256 colors. This algorithm
has been applied to the entire images in the sequence in two ways. Assuming
the non-stationary nature of the data it has been applied to each image inde-
pendently, this gives the optimal results shown in Figure 2a,b. The curve is
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denoted Time Varying in the figures. The assumption of the stationarity of the
data supposes that all the sequence is quantized with the color representatives
obtained for the first image, which gives the worst results in Figures 2a,b. The
curve is denoted Time Invariant in the figures. The Time Varying and Time In-
variant applications of the Heckbert algorithm are useful to define the adaptive
behavior in our experiments. They give upper and lower bounds for the remain-
ing algorithms. An algorithm will not be considered to perform adaptively if
its distortion is greater in any point than the Time Invariant Heckbert. On the
other side, the Time Varying Heckbert is the best response that we expect from
any adaptive algorithm.

6.2.3 The Simple Competitive Learning

In Figure 6.1 we show the results of the application of the one-pass adaptation
of SCL, with the scheduling of the learning rate discussed above, embedded in
the results of the Heckbert algorithm. In Figures 6.1(a) and 6.1(b), the initial
codebook for the sequence was the Heckbert codebook of the first image, and
the adaptation starts in the second image. It can be appreciated that the SCL
performs adaptively in the sense discussed in previous section: it improves upon
the Time Invariant application of the Heckbert algorithm, but is less optimal
than the Time Varying. To stand out the relative distance to the optimal
we present in Figures 6.1(c) and 6.1(d) the distortion of the SCL application
relative to the Time Varying and Time Invariant Heckbert results. These curves
are computed as:

. SCL (#i) — Time Varying (#1) .
L , = ;1=2,3,... (6.1
SCLretative (#1) Time Invariant (#i) — Time Varying (#1)’ 1=2,3,.. (61)

Therefore SCL,ejative (1) is negative when the SCL response improves the
optimal Time Varying. It is greater than 1 when it gives a non adaptive response,
worse than Time Invariant. It is clear from the comparison of 6.1(c¢) and 6.1(d)
the degradation induced by the increase in the codebook size.

The initial condition for the sequence, the Heckbert codebook for the first
image, is rather optimal. In Figures 6.1(e) and 6.1(f) we test the response to
other initial conditions. These are assumed to be the codebooks for the first
image in the sequence, and are used to start the adaptation process. These
initial codebooks are:

e in Sample: is a good initial codebook extracted from the sample of the
first image. They do not coincide in the 16 and 256 color case.

e in RGBbox: is an arbitrary codebook randomly generated in the RGB
cube, it is the worst initial-codebook case.

e Threshold (umbral): corresponds to a threshold guided selection of ele-
ments in the sample of the first image.
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SOM FLVQ SCS
Vo = mo = og =
1 8 0 | 7 [ 4 | 2 01 [ 2 | &

)

r=11102.20 | 106.20 | 99.07 | 96.87 | 93.00 | 84.04 | 95.31 | 442.2 | 236.20

r=21| 7208 | 71.49 | 91.47 | 90.94 | 86.96 | 84.74 | 85.85 | 149.2 | 85.24

r=41| 7080 | 70.15 | 85.34 | 85.91 | 84.87 | 84.56 | 81.77 | 125.8 | 85.62

r=6| 7270 | 69.37 | 85.39 | 85.31 | 85.48 | 84.66 | 81.67 | 113.7 | 84.43

r=8| 74.11 70.48 | 87.18 | 86.15 | 87.22 | 86.01 | 82.43 | 108.8 | 82.57

Table 6.1: Sensitivity exploration in the case of 16 colors.

It can be appreciated that for relatively good initial conditions, SCL partially
recovers after the second image. However, it remains performing worse than
when starting from the optimal initial codebooks of Figures 6.1(a) and 6.1(b).
The worst response corresponds to the worst initial condition, the effect of the
bad initialization is propagated through all the image sequence. We will show,
reproducing this experiment with SOM, FLVQ and SCS, that they effectively
improve the robustness of SCL.

6.2.4 Sensitivity to control parameters of SOM, FLVQ and
SCS

We have started the experimental study of SOM, FLVQ and SCS performing
a sensitivity experiment. The initial condition is the Heckbert codebook of the
first image, and the adaptation is performed as proposed in The sensitivity ex-
periment is restricted to the distortion results over the sample data. From these
results we decide the optimal setting of the neighboring function control param-
eters, and we use the corresponding codebook to perform the quantization of the
full size images in the sequence, assuming that the optimality will extrapolate
from the sample to the full size image.

Table 6.1 shows the global distortion results on the sequence of samples
of 1600 pixels when quantized to 16 colors with SOM, FLVQ and SCS under
different combinations of the setting of the initial neighboring parameters and
convergence rate to SCL. The inspection of the table reveals that the worst
results are obtained when there is no proper SCL phase (r =1 ). In general the
fast convergence to SCL improves the results. In the SOM the initial radius is
a secondary factor of performance. In the FLVQ, the initial exponent is most
significative when mqy = 2, for mg > 2 the FLVQ is rather insensitive to this
parameter. In the SCS the effect of the initial standard deviation is strong.
The local estimations 7,9 (computed to give the maximum non overlapping
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SOM FLVQ SCS

vy = mo =

1 128 | 10 | 2 01 | 70
r=1 {3855 | 394.8 | 387.5 | 350.5 | 439.5 | 527.5
r=2|3024 | 3045 | 351.8 | 341.2 | 361.7 | 359.6
r=4 2942 | 2946 | 352.2 | 346.3 | 342.9 | 352.0
r=6|2955 | 291.2 | 343.4 | 349.0 | 329.4 | 349.8
r=28|299.2 | 288.7 | 357.0 | 349.9 | 323.1 | 355.6

gp =

Table 6.2: Sensitivity exploration in the case of 16 colors.

confidence balls of 95% confidence) give good performances, although not the
optimal. The optimal rates of convergence to SCL is » = 6 in all cases The
optimal initial neighboring parameters are vy = 8, mg = 2 and oy = 0.1.

In Table 6.2 shows the global distortion results on the sequence of samples
of 25600 pixels when quantized to 256 colors. The performance in the table, im-
proves with the rate of convergence to SCL. The initial values of the neighboring
function parameters are secondary factors. The optimal convergence rates to
SCL are r = 8,2,8 for SOM, FLVQ and SCS, respectively. The optimal initial
values are vg = 128, mg = 2 and o9 = 0.1. Figure 6.2 shows the results of
the application of the SOM, FLVQ and SCS under the optimal settings of the
control parameters for each algorithm deduced from the results in Tables 6.1
and 6.2.

Figures 6.2(a) and 6.2(b) show the distortion of the quantization to 16 and
256 colors of each full size image in the image sequence. The SOM gives the best
results. In general, the three algorithms improve over the SCL. Figures 6.2(c)
and 6.2(d) show the relative distortion (computed similarly to (6.1)). It can be
appreciated that the one-pass SOM sometimes finds better color representatives
than the optimal application of Heckbert. Finally, to stand out the improvement
over SCL, 6.2(e) and 6.2(f) show the per image substraction of the distortion
results of the algorithms from the ones of SCL. The three algorithms show
significative improvements.

6.2.5 Sensitivity to initial codebooks

The experiments discussed in this subsection extend the works reported in [109]
and [110] were we have already explored the sensitivity of the SOM to problem
and control parameters. In the experiments of previous subsections, the adaptive
process starts in the second image, assuming as initial codebook the Heckbert
codebook of the first image, which is a rather good initial condition. Now
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codevectors .
Initialization SCL | SOM | FLVQ | SCS
number
Heckbert 5686 | 4733 | 5689 5441
16 in Sample 6512 | 4733 | 6398 5970
in RGBbozx 10320 | 4740 | 10470 | 10080
Threshold 6044 | 4740 | 5884 5560
Heckbert 1412 | 1209 | 1414 1338
056 in Sample 1653 | 1227 | 1665 1607
in RGBbozx 2191 | 1223 | 2227 1833
Threshold 1653 | 1204 1693 1642

Table 6.3: Sensitivity to initial conditions.

we consider the response of the FBAVQ with SOM, FLVQ and SCS to worse
initial conditions and compare them to the results obtained with SCL. The
initial codebooks are the same used in 6.1(e) and 6.1(f) of . The setting of the
neighboring function parameters is the same applied to obtain Figure 6.2. As in
these figures the results given are the per image distortion of the quantization
of the full images with the codebooks computed from the samples. Global
distortion results are reproduced in Table 6.3.

Figures 6.3(a) and 6.3(b) give the results of the FLVQ with 16 and 256 color
representatives, respectively. It can be appreciated that the improvements re-
spect to SCL are minor. Figures 6.3(c) and 6.3(d) give the results of the SCS
with 16 and 256 color representatives, respectively. They show a systematic im-
provement over SCL, although not a very big one. Finally, the best results are
obtained with the SOM, which shows an astonishing robustness. Whereas the
effect of the bad initial conditions is propagated by the FLVQ and SCS through
the whole sequence, the SOM collapses almost completely to the optimal be-
havior from the second image. This robustness has great practical implications
for real time video processing. It allows almost arbitrary initializations.

6.3 Conclusions and further work

We have started recalling the definitions of Clustering and Vector Quantiza-
tion in the stationary case, to arrive to the definition of Frame-Based Adaptive
Vector Quantization (FBAVQ). The problem of Adaptive Color Quantization
of image sequences fits in the framework of FBAV(Q. Competitive Neural Net-
work algorithms are stochastic gradient descent minimizations of given objective
functions. These objective functions can be seen to converge to the Euclidean
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distortion in some cases. These functional convergence depends on some neigh-
boring function parameters. We consider the SOM, FLVQ and SCS algorithms
as minimization processes whose final goal is the minimization of the Euclidean
distortion. They perform that by minimizing a sequence of objective functions
that converge to the Euclidean distortion. This process is aimed to obtain
greater robustness to initial conditions and enhanced performance compared
with the bare SCL. For each algorithm we identify the parameters of the neigh-
boring functions that control the functional convergence. We apply an expo-
nential schedule of these parameters that results in fast adaptation, enhanced
performance and robustness. Fast and robust adaptation allow the application
of SOM, FLVQ and SCS to approach real time FBAV(Q. We tested them on
the Adaptive Color Quantization of image sequences. From the computational
experiments, the SOM appears as the more robust and efficient algorithm.

We plan to work on the extension of the approach presented here to other
neural and fuzzy algorithms for clustering. Other line of work is the application
of this fast scheduling to higher dimensional problems, and to embed Adaptive
Color Quantization into real time video processing systems. Our approach is
computationally competitive: its complexity grows linearly with the dimension
of the space and the codebook and sample sizes.

6.4 Sensitivity to sample size;?

A random sample of 1600 image pixels is presented once to the Neural Net-
work for both size of codevectors ¢ = 16 and ¢ = 256. The comparison of
Figures 2a,3a,4a,5a,6a with Figures 2b,3b,4b,5b,6b shows that the algorithms
behave much better in the case of 16 representatives. This difference is at-
tributable to the ratio between the size of the sample and the number of rep-
resentatives searched. For 256 representatives a sample of 1600 pixels con-
stitutes a very small sample. Some sensitivity experiments that we are per-
forming support this analysis. However, note that the algorithms still perform
adaptively most of the time. The SOM and Neural Gas algorithms do im-
ply entropic criteria that try to maximize the distribution of the cluster rep-
resentatives. To introduce this kind of criteria in the application of the SCL
and Soft Competition, we have considered the heuristic [153] of penalizing the
most numerous clusters by weighting the distance to the cluster representative:
d(x,y:) = 7 |x — yi||>, where 7; = > ey 0i (x (k)) for SCL (also called FSCL in
[3]), and 7; = >, _, H; (x(k),Y (k)) for the SCS. The results of this approach
are show in Figures 6.4(c, d) and Figures 6.5(c, d). It can be appreciated that
the use of this weighted distance has some effect, greater in the case of SCS.
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Figure 6.1: Per image distortion results of the quantization of the full size im-
ages with the codebooks computed by the SCL on the image samples. (a, ¢, €)
16 color representatives and samples of 1600 pixels. (b, d, f) 256 color repre-
sentatives and samples of 25600 pixels. (a, b) distortion results. (c, d) relative
distortion results. (e, f) sensitivity results starting from initial codebooks dif-
ferent from the Heckbert codebook of the first image.



78

Distortion

2500

2000

1500

1000

500

CHAPTER 6.

+ SOFTSCH (5441)
o FLVQSCH (5889)
% SOM (4733)

08

06

04

02

+ SOFTSCH (1319)
o FLVQSCH (1613)
* SOM (03613)

02

100

50

50

-100

-150

-200

2 4 6 8

10 12 14 16 18 20 22 24

Images

()

16

+ SOFTSCH (-244.9)
© FLVOSCH (-123)
SOM

(-9528)

8 10 12 14 16 18 20 22 24
Images

(e)

Distortion

EXPERIMENTS CQ OF IMAGE SEQUENCES ...

10 12 14 16 18 20 22 24
Images

256
+ SOFTSCH (-7321)

o FLVQSCH (-8071)
* SOM (2027)

8 10 12 14 16 18 20 22 24
Images

()

Figure 6.2: Distortion results of the quantization of the full size images in the
sequence with the codebooks obtained by the SOM, FLVQ and SCS with optimal
settings of neighborhood parameters deduced from Tables 6.1 and 6.2. (a, c, €)
16 color representatives computed from the samples of 1600 pixels. (b, d, f) 256
color representatives computed from the samples of 256 pixels. (a, b) absolute
distortion results per image. (c, d) relative distortion results per image. (e, f)
per image substraction from the SCL distortion results.
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Figure 6.3: Per image distortion results that show the sensitivity to initial
conditions of the SOM, FLVQ and SCS. The codebooks for the first image
selected as discussed in the text. The neighboring function parameters set as
in Figure 6.2. (a, ¢, d) 16 color representatives computed from the samples of
1600 pixels. (b, d, f) 256 color representatives computed from the samples of
256 pixels. (a, b) distortion results of the FLVQ. (c,d) distortion results of the
SCS. (e, f) distortion results of the SOM.
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Figure 6.4: Distortion results of the quantization of the full size images in the
sequence with the codebooks obtained by the SCL for (a) 16 and (b) 256 color
representatives. SCL with penalized distance or FSCL for (c¢) and (d) 256 color
representatives.
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Figure 6.5: Distortion results of the quantization of the full size images in
the sequence with the codebooks obtained by the SCS for (a) 16 and (b) 256
color representatives. SCS with penalized distance for (c¢) and (d) 256 color
representatives
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Figure 6.6: Distortion results of the quantization of the full size images in the
sequence with the codebooks obtained by the SOM (a) 16 color representatives
and (b) 256 color representatives.
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Figure 6.7: Distortion results of the quantization of the full size images in the
sequence with the codebooks obtained by the NG (a) 16 color representatives
and (b) 256 color representatives.



Chapter 7

A sensitivity analysis of the

SOM for NSC

In this chapter we recall [110] the study on the sensitivity of the Self Orga-
nizing Map (SOM) parameters in the context of the one-pass adaptive com-
putation of cluster representatives over non-stationary data. The paradigm of
Non-stationary Clustering (NSC) is represented by the problem of Color Quan-
tization of image sequences has been introduced in Chapter .

Section 7.1 gives some introductory remarks. Section 7.2 specifies the appli-
cation of the SOM to the one-pass adaptive computation of cluster representa-
tives in the general NSC problem. Section 7.3 discusses the experimental results
obtained. Finally, section 7.4 gives some conclusions.

7.1 Introduction

Cluster analysis and Vector Quantization have applications in signal processing,
pattern recognition, machine learning and data analysis [97, 138, 73, 76, 148, 89].
A vast number of approaches have been proposed to solve these problems, among
them Competitive Neural Networks [192, 3, 168]. Conventional formulations as-
sume that the underlying stochastic process is stationary and that a given set of
sample vectors properly characterizes this process. Non-stationary processes are
dealt with applying a predictive approach to reduce the non-stationary problems
to the stationary framework [97]. This chapter continues on the exploration of
the efficiency of competitive neural networks as one-pass adaptive algorithms
for the computation of clustering representatives in the non-stationary case
whithout knowledge of a time dependence model [112, 109]. [110] and [109]
focus on the Self Organizing Map (SOM) [168]. The one-pass adaptation frame-
work is not very common in the neural networks literature, in fact the only
related references that we have found are [53, 180]. This restriction imposes
very strong computational limitations. The effective scheduled sequences of the
learning parameters applied to meet the fast adaptation requirement fall far

83
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from the theoretical conditions for convergence. A sensitivity analysis is justi-
fied in order to asses the behaviour of the SOM under a wide range of conditions
and parameter values.

Color Quantization of image sequences is an instance of the Non-stationary
clustering problem. Color Quantization has practical applications in visuali-
sation [141, 207, 185], color image segmentation [272], data compression [101]
and image retrieval [156]. One-pass adaptation is enforced by the real time
constraints of the processing of each image whithin the sequence.

7.2 Adaptive application of SOM to Non-stationary
Clustering

Stationary cluster analysis assume that the data is a sample X = {x1,...,x,} of
an stationary stochastic process, whose statistical characteristics will not change
in time. Non-stationary Clustering assume that the data come from a non-
stationary stochastic process sampled at diverse time instants. That is, the pop-
ulation can be modelled by a discrete time stochastic process {X;;t =1,2,...}
of unknown joint probability distribution. We do not assume any knowledge of
the time dependencies that could allow a predictive approach [97].

A working definition of the Non-stationary Clustering problem could read as
follows: Given a sequence of samples X (¢) = {x1 (¢),...,x, (£)};t=0,1,... of
the population obtain a corresponding sequence of partitions of each sample that
consists of a sequence of sets of disjoint clusters P (X (t)) = {X1 (¢),..., X1 (t)}.
This sequence of partitions minimizes a criterium function along time C =
> +50C (t). In the general statement of the problem the difinition of the cri-
terium function is based on the definition of an appropriate distance. We follow
the conventional approach of using the Euclidean distance. We consider a se-
quence of codevectors or cluster representatives Y (¢) = {y1 (¢),...,yn (t)} such
that the desired partitions are defined by the nearest (Euclidean) representative.

x; (1) € X, (1) i =arg min {[lx; (1) —yu ()]}

The criterium function that we will consider at each time step is, therefore, the
distortion (or whithin cluster variance)

C(t) =D > lIx; () = yi (B)11*6: (x; (1), Y (1),

j=1i=1

6i<xj<t>7v<t>>={1 i=arg min {|x; () =y ()}

0 otherwise

The adaptive computation of the cluster representatives along time can be
stated as follows:



7.2. ADAPTIVE APPLICATION OF SOM TO NON-STATIONARY CLUSTERINGS5

e At time ¢ take as initial cluster representatives the ones already computed
from the sample of the process at time ¢ — 1.

e Use the sample vectors X (t) = {x1 (t),...,X, (t)} to perform an adaptive
computation leading to the new estimates of the cluster representatives.
Specifically, we use the Self Organizing Map (SOM) in this chapter.

For notational simplicity, let us denote X = {xi,...,%X,} the sample of the
process at a given time instant. We recall that the SOM is a particular case of
the general Competitive Neural Network algorithm:

Yi(r+1) =yi(r) + i (1) Vi(x(7), Y (1)) (x(1) =i (1));x (1) € X, 1 <i < e

where 7 is the order of presentation of the sample vectors. One-pass adaptation
means that each sample vector will only be presented once for the learning
of representatives. In their general statement, Competitive Neural Networks
are designed to perform stochastic gradient minimisation of some distortion-like
function. In order to guarantee theoretical convergence, the (local) learning rate
must comply with the conditions:

Jim a; (1) = 0,

Zai (1) = o0,
7=0

oo
Z a? (1) < o0.
7=0

However, the "one pass" adaptation schedule does not comply with these
conditions implying very lengthy adaptation processes. In the experiments, the
learning rate follows the expression :

(- Tl Y (1))

n

a; (1) = 0.1 <

This expression implies that the learning rate decreases proportionally to the
number of times that a codevector "wins" the competition. The adaptation
induced by the neighbouring function does not alter the local learning rate. It
also implies that a local learning rate only reaches the zero value if the codevector
"wins" for all the sample vectors. This expression of the learning rate is the
best we have found that fits in the one-pass adaptation framework. Obviously
the sequences of the learning rate parameters given by it do not comply with
the conditions that ensure the theoretical convergence of the stochastic gradient
minimization algorithm.

We recall that the function V; (x,Y) is the so-called neighbouring function.
According to its definition, the shape of the distortion function minimized and,
therefore, the qualitative properties of the learning rule equilibria can be very
different. In the case of the SOM the neighbouring function is defined over the
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space of the neuron (cluster) indices. In our works we have assumed a 1D topol-
ogy of the cluster indices. The neighbourhoods considered decay exponentially
following the expression:

1 ir—i| < [(vo—i—l)eiv*TlOg(voil)-‘

0 otherwise

Vi (x(1),Y (1)) = 1<i<e,

where i* = arg k_nllin c{||x (1) — ¥k (7')||2}

The size of the sample considered at each time instant is n. The initial neigh-
bourhood radius is vg. The expression ensures that the neighbouring function
reduces to the simple competitive case (null neighbourhood) after the presen-
tation of the first 1/v* vectors of the sample. Along the experiments v* is the
neighbourhood reduction rate.

7.3 Experimental sensitivity results on the Color
Quantization of an image sequence

The sequence of images used for the computational experiments is presented
in Appendix . As a benchmark non adaptive algorithm we have used a vari-
ation of the algorithm proposed by Heckbert [141] as implemented in MAT-
LAB. This algorithm has been applied to the entire images in the sequence
under stationary and non-stationary assumptions. Figure 7.1 shows the distor-
tion results of the Color Quantization of the experimental sequence to 16 and
256 colors based on both applications of the Heckbert algorithm. The curve
{CTV t);t=1,.. .,24}, named Time Varying Min Var in the figure is pro-
duced assuming the non-stationary nature of the data and applying the Heck-
bert algorithm to each image independently. The curve {C*7 (t);t =1,...,24},
named Time Invariant Min Var in the figure, is computed under the assumption
of stationarity of the data: the color representatives obtained for the first image
are used for the Color Quantization of the remaining images in the sequence.
The gap between those curves gives another indication of the non stationarity
of the data. Also this gap defines the response space left for truly adaptive al-
gorithms. All the figures giving distortion results for the experimental sequence
will include these two curves as a reference frame.

The adaptive application of the SOM assumes that the adaptation process
starts with the second image, taking as initial cluster representatives the as-
sumed color representatives for the first image. In the two first experiments the
initial codebook was the Heckbert palette for the first image. The adaptation is
performed over a random sample of the pixels of each image. In the experiments
that foloow, we have tried to explore the sensitivity of the SOM to the following
parameters: number of clusters (codebook size), size of the sample taken from
each image, neighbouring function parameters: neighbourhood initial size and
reduction rate, and, finally, the initial color representatives of the whole process
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(the assumed color representatives of the first image). The scheduling of the
learning rate remains the same through all the experiments.

The first experiment tries to evaluate the sensitivity of the SOM to the
sample size and the number of cluster representatives (codebook size) searched.
Two codebook sizes have been considered 16 and 256 colors. The neighbouring
function parameters were set to vg = 1 and v* = 4 for 16 colors, and vy = 8
and v* = 4 for 256 colors. Figure 7.2 shows the results of the SOM for several
sample sizes. These results consist of the sequence of distortions over the image
sequence of the Color Quantization using the color representatives computed
adaptively by the SOM over the image samples. The first general conclussion
that can be drawn from this figure is that the SOM performs adaptively under
a wide variety of conditions, but that it is clearly sensitive to the sample size.
A closer inspection of the figure leads to the conclussion that the SOM is highly
sensitive to the number of color representatives (clusters) searched. The sample
sizes 100 for 16 colors and 1600 for 256 have the same ratio of sample size to
codebook size (roughly 6:1). However, the response of the SOM in either case is
qualitatively very different, it is clearly worse in the 256 colors codebook case.
In the case of the the 16 color codebook, as the sample size grows, the distortion
curves overlap very fast in near optimal results. In the case of 256 colors this
convergence to near optimal results (as the sample size grows) is very smooth.
The influence of the sample size seems to be stronger in the 256 colors codebook
case. Finally, if we consider the highest sample:codebook ratio that appears in
both figures (100:1), we note that the response in the 16 colors codebook case is
qualitatively better than in the 256 colors codebook case. Our main conclussion
from this first experiment is that the codebook size is the prime factor in the
performance of the SOM. Once the codebook size is fixed, the size of the sample
used for the one-pass adaptation can be a very sensitive performance factor.

The second experiment was intended to explore the sensitivity of the SOM
to the neighbouring function parameters: the initial neighbourhood vy and the
neighbourhood reduction rate v*. Not all the combinations of codebook and
sample size tested in Figure 7.2 are retried in this experiment. The measure
of the behaviour of the color quantizers computed by the SOM is the accumu-
lated distortion along the entire image sequence. This measure was computed
from the samples instead of the entire images (the magnitudes of the errors can
not be compared between surfaces). This simplification is justified because we
are interested in the qualitative shape of the response surface, and because we
have observed that the distortion of the color quantization of the entire image
is proportional to that of the of the sample. The values of the neighbouring re-
duction factor tested were {1,2,3,4,5,8} and {1.25,1.3,1.5,2,3,4} in the case
of 16 and 256 colors, respectively. The initial neighbourhoods considered were
{1,2,3,4,5,8} and {2,8,16,32,64,128} in the case of 16 and 256 colors, re-
spectively. Figures 7.3 and 7.4 show the results, and Table 7.1 summarizes the
experimental design. Shown in the figures are both the response surfaces (Fig-
ures 7.3(a), 7.3(c), 7.3(e), 7.4(a), 7.4(c)) and the projections on the experiment
axes (Figures 7.3(b), 7.3(d), 7.3(f), 7.4(b), 7.4(d)).

The study of Figures 7.3 and 7.4 confirm the previous assertion of the impor-
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Sample Size

codebook 100 400 1600 4096 | 6400 | 12800 25600
16 surface | fig. 7.3(a) | fig 7.3(c) | fig. 7.3(e)
project. | fig. 7.3(b) | fig 7.3(d) | fig. 7.3(f) | - - - -
256 surface fig. 7.4(a) fig. 7.4(c)
project. - - fig. 7.4(b) | - - - fig. 7.4(d)

Table 7.1: Summary of the neighbouring function sensitivity experiment results

tance of codebook and sample size. The sensitivity of the SOM to the setting
of the neighbouring function parameters varies strongly with them. In the case
of the smaller sample:codebook ratio (6:1) (Figures 7.3(a), 7.4(a)) the response
surface has a counter intuitive shape. It appears that for this ratio the best
results are obtained with the smaller initial neighbourhoods. This result may
be due to fluctuations produced during the reordering phase of the SOM by the
combined effect of the sparse distribution of the small sample and the relatively
big initial neighbourhood. For a more sensible ratio (100:1), whose results are
shown in Figures 7.3(e) and 7.4(c), the response surface has a more natural
shape giving the best results for the largest initial neighbourhood. The com-
parison of Figures 7.3(c) and 7.3(e) confirms the quick convergence of the SOM
to the optimal behaviour as the sample:codebook ratio grows, in the case of
16 colors. The examination in both Figures 7.3 and 7.4 of the projections of
the surfaces reveals a very clear trend for the neighbourhood reduction rate. In
general, a reduction factor such that the neighbourhood disappears after pre-
sentation of one quarter of the sample gives the best results in all the cases.
After codebook and sample size, the neighbouring reduction rate seems to be
the next significant performance factor. With all the other performance factors
set to appropriate values, the optimal values of the initial neighbourhood are
the largest ones.

The last experiment conducted was the exploration of the sensitivity to the
initial codebooks. As said before, the previous experiments were conducted
starting the adaptive process in the second image of the sequence, assuming
the initial codebook to be the Heckbert palette (Matlab) for the first image.
In Figures 7.5 and 7.6 it is shown the response of the SOM to other settings
of the initial codebook: a threshold based selection of the sample of image #1
(Thresh), random points in the RGB cube (RGBbox) and a random selection
of the sample of image #1 (Sample). For 16 colors the SOM parameters were:
sample size 1600, vg = 1, and v* = 4. For 256 colors sample size was 25600,
vo = 128, and v* = 4. Figures 7.5(a), 7.6(a), 7.6(c) show the distortion along
the image sequence of experimental images together with the benchmark re-
sults. Let us denote {C’SOM t);t=1,..., 24} the sequence of distortion values
obtained from the color quantizers computed by the SOM starting from a given
initial codebook. Figures 7.5(b), 7.6(b), 7.6(d) show these sequences relative to
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the error committed when assuming stationarity, that is for each initial condi-
tion we plot:

CSOM (t) _ CTV (t)
{ CTI(t) = CTV (1)

Figure 7.5 shows that the SOM is quite insensitive to initial conditions for
small codebooks. However Figures 7.6(a) and 7.6(b) show a rather high sen-
sitivity to the initial codebook. The obvious hypothesis for this degradation
is that our one-pass implementation of the SOM can not perform properly the
self-organization phase when the codebook size is relatively large. To test this
idea, we have applied a simple ordering by components to the codebooks be-
fore starting the adaptation with the SOM. The results are shown in Figures
7.6(c) and 7.6(d). Given a good ordering of the initial cluster representatives,
the SOM becomes insensitive to initial conditions regardless of codebook size.
We can conclude that the our one-pass SOM is capable of performing fast self-
organization in the case of small codebooks, but as the size of the codebook
grows it becomes very sensitive to the bad ordering of the initial cluster rep-
resentatives. The strong influence of the network size (the number of clusters)
extends to the ability of our one-pass SOM to recover from bad initial topological
orderings of the neurons that incorporate the cluster representatives.

;t:17...,24}

7.4 Conclusions

This chapter has explored the sensitivity of the SOM as a one-pass adaptive al-
gorithm for the computation of cluster representatives in the framework of NSC
problems from an experimental point of view. The NSC paradigm is exempli-
fied in the problem of Color Quantization of image sequences. The experiment
results reported in this chapter show that the SOM is a very robust algorithm
when we try to perform one-pass adaptive computation of cluster representa-
tives in the non-stationary case. In the sensitivity experiments, we have found
that the SOM is highly sensitive to the number of clusters searched, that is,
to the size of the network to be adapted. The number of clusters searched im-
pose restrictions on the size of the sample used. These two problem parameters
condition the response of the SOM to changes in the neighbouring function pa-
rameters. Finally, when the SOM is quite insensitive to initial conditions, for
small codebook sizes. For larger codebooks, the one-pass SOM is sensitive to
the topological ordering of the initial cluster representatives.
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Figure 7.1: Benchmark distortion values obtained with the application of the
Matlab implementation of the Heckbert algorithm to compute the color quan-
tizers of 16 (a) and 256 (b) colors of the images in the experimental sequence.
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Figure 7.4: Sensitivity to the neighbouring function parameters vy and v* of
the SOM applied to compute the color quantizers of 256 colors (see Table 7.1),
measured by the accumulated distortion along the experimental sequence.
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Chapter 8

Convergence of the SOM from
the point of view of GNC

We want to present controversial empirical results about the relative conver-
gence of batch and online neural network vector quantization (VQ) learning
algorithms. Convergence of the Self-Organizing Map (SOM) and Neural Gas
(NG) is usually contemplated from the point of view of stochastic gradient
descent (SGD) algorithms of an energy function. SGD algorithms are char-
acterized by very restrictive conditions that produce a slow convergence rate.
Also they are local minimization algorithms, very dependent on the initial con-
ditions. It is the commonplace belief that online algorithms have a very slow
convergence, while the batch are faster and give better results. However, some
empirical results show that one-pass on-line training realizations of SOM and
NG may perform comparable to more careful (slow) realizations. Moreover,
other empirical works suggest that SOM is quite robust against initial condi-
tions. In both cases the performance measure is the quantization distortion.
That empirical evidence leads us to propose that the appropriate setting for
the convergence analysis of SOM, NG and similar competitive artificial neural
network clustering algorithms is the theory of Graduated Nonconvexity (GNC)
algorithms.

Section 8.1 gives an introduction to the chapter. In Section 8.2, we present
the definitions of online and batch versions of SOM and NG. Section 8.3 discusses
the formulation of the SOM and NG as GNC algorithms. Section 8.4 gives the
results the experimental results over several datasets. Finally, Section 8.5 is
devoted to conclusions.

8.1 Introduction
Both SOM and NG algorithms have the appearance of stochastic gradient de-

scent (online) algorithms [89] in their original definitions, that is, whenever an
input vector is presented, a learning (adaptation) step occurs. It has been shown

95
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that an online version of the NG algorithm can find better local solutions than
the online SOM [193]. Online realizations are very time consuming due to the
slow convergence rate of the stochastic gradient descent. To speed up compu-
tations, there have been proposed batch versions of both algorithms. Batch
realizations correspond to deterministic gradient descent algorithms. The pa-
rameter estimation is performed using statistics computed over the whole data
sample. The batch version of SOM was already proposed in [170] as a rea-
sonable speed-up of the online SOM, with minor solution quality degradation.
In the empirical analysis reported in [82], the main batch SOM drawback is
its sensitivity to initial conditions, and the bad organization of the final class
representatives, that may be due to poor topological preservation. Good execu-
tion instances of the batch SOM may improve the solutions given by the online
SOM. On the other hand, the online SOM is robust against bad initializations
and provides good topological ordering, if the adaptation schedule is smooth
enough. The batch version of the NG algorithm has been studied in [298] as a
clustering data algorithm. It has been proposed as a convenient speed-up of the
online NG too.

Both the online and batch algorithm versions imply the iteration over the
whole sample several times. On the contrary, one-pass realizations visit only
once the sample data. This adaptation framework is not very common in the
neural networks literature; in fact, the few related references that we have found
[180, 92, 54| come from the signal processing and speech coding literature. The
effective scheduled learning parameter sequences applied to meet the fast adap-
tation requirements of one-pass training fall far from the theoretical conver-
gence conditions of SGD algorithms. However, in the computational experi-
ments shown in this chapter, the distortion results are competitive with the
conventional SOM and NG online and batch versions. If we take into account
the computation time, the superior performance of the one-pass realization be-
comes spectacular.

SGD algorithms are local minimization algorithms, therefore sensitive to the
initial conditions. However, the works reported in [42] show that the SOM can
be very insensitive to initial condition variability when the goal is VQ design.
These results lead us to think that may be other frameworks for the study of
SOM and NG convergence better suited than the theory of SGD algorithms. We
postulate that both SOM and NG are instances of the Graduated Nonconvexity
(GNCQC) algorithms [40, 154, 202, 203, 204], which are related to the parameter
continuation methods [9] (more detailed information in Appendix A). GNC
algorithms try to solve the minimization of a non-convex objective function by
the sequential search of the minima of a one-parameter family of functions, which
are morphed from a convex function up to the nonconvex original function. In
the SOM and NG the neighborhood control parameters may be understood
as performing the role of graduating the nonconvexity of the energy function
minimized by the algorithm. Therefore the training of both the SOM and the
NG can be seen as a continuation of the minimum of a sequence of energy
functions starting from a convex one and ending with the highly nonconvex
distortion function.
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8.2 Algorithm definitions

Each algorithm applied below has some control parameters, like the learning
ratio, the neighbourhood size and shape, or the temperature. The online re-
alizations usually modify their values following each input data presentation
and adaptation of the codebook. The batch realizations modify their values
after each presentation of the whole input data sample. Both online and batch
realizations imply that the input data set is presented several times. On the
contrary, the one-pass realizations imply that each input data is presented at
most once for adaptation, and that the control parameters are modified after
each presentation. In the experiments, the learning rate follows the expression
[60]:

t

where ag and «,, are the initial and final value of the learning rate, respec-
tively. Therefore after N presentations the learning rate reaches its final value.

Both the SOM and NG are particular cases of the general Competitive Neural
Network algorithm. The definitions of the online versions of SOM and NG
algorithms has been gathered in Chapter 2 in Section 2.3. For one-pass versions
go to Section . Next the batch versions.

8.2.1 Batch versions of SOM and NG

So called batch algorithms correspond to deterministic gradient descent algo-
rithms. The adaptation is performed based on the whole data sample. Goal:
speed up online versions with minor solution quality degradations.

Kononen’s Batch Map [170, 168] defined the batch version of SOM algorithm.
Among its advantages, there is no learning rate parameter and the computation
is faster than the conventional online realization. This algorithm can be viewed
as the LBG algorithm [186] plus a neighbouring function. The input space is
partitioned into Voronoi regions associated to unit weights, and the input data
sample is partitioned accordingly:

Vi(t) ={xeX|w(x) =i}

where ¢ corresponds to the iteration number over the sample and unit weights
are fixed during iteration, so that w (x) is the winning unit index ?? . The
estimation of the unit weights is performed computing an arithmetic mean over
the unit Voronoi region and those of its neighbor units:

X
it = D g
x€eU,;(t)

where

un= U v

li—i|<h(t)
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and |U;| means the cardinality of U;. As in the other versions, to determine
the radius of the neighborhood we applied the following expression:

The expression ensures that the neighboring function reduces to hy after 7
iterations. This final neighborhood radius is equivalent to the LBG algorithm:
the unit weight is computed as the arithmetic mean of its corresponding Voronoi
region. It must be noted that the neighboring function of the Batch SOM is
equivalent to the crisp neighborhood for the online training.

A definition of Batch NG [298] arises from the thought of changing the con-
tribution of each input vector to the unit weight estimation as a function of the
ordering of the unit relative to the input vector, freezing the online realization
of NG. The estimation of the unit weights in the Batch NG reads as follows:

B D Hi(x,Y (1), A(t)x
yi(t+1)= S Hi (%, Y (8), A (1)

As with the Batch SOM, the Batch NG converges to the LBG algorithm:
only the Voronoi region corresponding to each codevector contributes to its
estimation when the temperature reaches its final value. The ranking function
and A parameter are equal than in the one-pass case. The neighbour-region
contribution decays exponentially due to the evolution of \ according to the
following expression:

Where \g and Ay its initial and final value. The expression ensures that the
neighbouring function reduces to the simple competitive case (null neighbour-
hood) as it happens with SOM.

8.3 SOM and NG as GNC algorithms
8.3.1 GNC definitions

GNC algorithms appear in the field of image and signal processing for segmen-
tation, restoration and filtering applications. As such, there is some need to
adapt the vocabulary and general formulation to the SOM and NG. The ba-
sic formulation of the GNC approach [40, 202, 204] is that the function to be
minimized is the MAP estimate of a sampled surface corrupted by additive
noise M (x) = D (x) + N (z). This MAP estimate p (R = D |M) is obtained
minimizing the energy:

E[R] = ~logp(M|D = R) ~logp (D = R) = B4 [R] + E. [R]
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where E4[R] is the data term and E [R] is the smoothness term. The data
term is quadratic under the usual signal independent Gaussian noise assumption,
and the smoothness term express any a priori information about the surface.
In [202] the smoothness term is formulated over the surface gradient. The GNC
function general formulation is:

E[R]=) (M (z) - R(x))* + E, [R] (8.1)
x

where the smoothness term depends on some parameter E; [R] = f, (R).
The key of GNC methods is that the function to be minimized F [R] is embedded
in a one-parameter family of functionals E, [R] so that the initial functional is
convex, and the final functional is equivalent to the original function Ej [R] =
E[R]. The minimization is performed tracking the local minimum of E, [R]
from the initial to the final functional. One key problem in GNC is to ensure
that the initial functional is convex [202]. Other problem is to ensure that there
are no bifurcations or other effects that may affect the continuation process.
If the initial functional is convex, the algorithm becomes independent of the
initial conditions because it will be feasible to obtain the global minimum of the
initial functional regardless of the initial condition, thereafter the continuation
of the local minima will be strongly determined. If there are no bifurcations
or other effects in the continuation process, then the global minimum of the
initial functional can be tracked to a global minimum of the target functional.
It must be recalled that one of the properties that the SOM and NG show over
the bare SCL algorithms is the robustness against bad initial conditions [42],
given a powerful clue to interpret them as GNC algorithms. It seems that for
NG and SOM it is very easy to ensure the convexity of the initial functional

and that the continuation is also an easy process

8.3.2 SOM and NG functionals.
The NG was proposed [193] as the minimization of the following functional,

1 M
200 2 / dPvP (0) by (ki (v,w)) (v — w;)*

Eng (w,\) =

that we discretize and rewrite according to previous definitions of data sam-
ple X and codebook Y, as here

1
20 (\)

2
H; (X,Y, )‘) ”Xj - yi”

WE
] =

E.s (X, Y, N) =

i=1j=1

where H; (x,Y, ) is the neighboring function of equation . Note that we
can reorganize it as follows:
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N 2
Eng (XvYa )‘) = N My Zj=1 ||Xj - yw(xj)H )
+ Zj:l > i=1 H; (%, Y, ) |Ix; — yill (8.2)
i £ w(x)

Where we have noted that H,(x,) (X;, Y, A) = 1 and therefore the first term
in equation (8.2) is equivalent to the first term in equation (8.1). The second
term in equation (8.2) corresponds to the smoothing term in equation (8.1). For
the SOM, when the neighborhood function is the crips one given in equation it
is assumed that the functional minimized by the SOM is the extended distortion
(although [241] proves that minima of the extended distortion are not the fixed
points of the SOM rule in the general):

M N
Eson (X, Y, h) =" " H;(x;, Y, h) [x; — yill” (83)
i=1 j=1
_ _ 1 jwx)—i<h
Hi(x, Y, h) = { 0 otherwise

Again it is easy to decompose the functional in a structure similar to that
of equation 8.1.

N 2
Esom (X,Y,h) = v u 2ie1 HXJ' *Yw(xJ')H )
+ Ximx o Hix Y h)x =il
P4 w(x;)

Therefore, it seems that the SOM can also be assimilated to a GNC algo-
rithm.

8.3.3 Convexity of SOM and NG initial functionals

The next problem is to find the conditions for convexity regarding the neighbor-
hood parameters, so that they can be set to ensure an initial convex functional.
This is a trivial task for both SOM and NG. The second derivative of the SOM
functional relative to the unit y; reads:

N
1
ViEsom (X, Y, h) = 5 ZHz (xj,Y,h) (8.4)

Jj=1

The condition for convexity is that all these second derivatives must be
greater than zero for any given sample data:

VX;Vi; ViEsowm (x,Y,h) >0
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Figure 8.1: The three benchmark data sets (a) S-shaped, (b) Cantor set and (c)
mixture of Gaussian distributions.

Setting the neighborhood radius to encompass the whole network ensures
that condition. For 1D unit index topologies h = M/2 is a sufficient condition
for convexity of the initial functional minimized by SOM. Note that if the neigh-
borhood function is not always nonnegative (i.e.: the Mexican hat neighborhood
function) this condition will work. The second derivative of NG functional rela-
tive to a unit is like equation (8.4). As the NG neighborhood function is always
positive, although it can take very small values, the condition for convexity is
even more general, any non zero temperature will ensure theoretical convexity
of the target functional. Moreover, it guarantees that the successive function-
als minimized as the temperature decreases are convex up to the limit of zero
temperature, which may be a reason for the good performance of NG. This
is not true for SOM. A subject for further work is the study of the minimum
continuation process performed while decreasing the neighborhood.

8.4 Experimental results

The experimental results presented is this section are meant to stress the idea
that SOM and NG must be considered as a kind of GNC algorithms. . They
show that, contrary to what is to be expected from a SGD algorithm, SOM and
NG fast training sequences of the one-pass realizations performance is compa-
rable to slow careful training sequences and Batch realizations.

8.4.1 Experimental data sets

We have done the computational experiments on three 2D benchmark data sets
which have already been used in [60, 88, 54] for evaluation of clustering and
VQ algorithms. They are visualized in Figure 8.1: (a) S-shaped distribution (b)
Three-level Cantor distribution, (¢) A mixture of Gaussian distributions.

The first distribution is constructed with 2000 data points that fall on an
S-shaped curve defined by the equation y = 8z3 — x, where x is uniformly
distributed in the interval [—0.5,0.5]. The three-level Cantor set (2048 data
points) is uniformly distributed on a fractal; it is constructed by starting with
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Figure 8.2: The 3D benchmark data sets (a) Cantor set and (b) mixture of
Gaussian distributions, with sample VQ solutions obtained by the SOM

a unit interval, removing the middle third, and then recursively repeating the
procedure on the two portions of the interval that are left. And the third data
set is a collection of 500 data points generated by a mixture of ten Gaussian
distributions with = € [—0.5,0.5] and o2 = 0.001.

We have applied the algorithms to higher dimension data, thus the three
level Cantor Set (16384 data points) and the mixture of Gaussians (2000 data
points) have been extended to 3D. The Figure 8.2 shows two 3D data sets with
some SOM VQ solution.

The well known Iris dataset has been also tested. The data contains four
measurements for 50 individuals from each of the three northern american
species of iris flowers.

We have also worked on well known AVIRIS hyperspectral image: the Indian
Pines used and described, for instance in [134]. The image is a 145x145 pixel
image, where each pixel has 220 bands. In Figure 8.3 display the 170th band.
For the hyperspectral image the task is to find the clustering of the pixel spectra.

8.4.2 Algorithm details

The codebook initialization used in this paper is a random selection of input
sample data. The codebook size is set to ¢ = 16 codevectors for 2D and 3D
datasets, ¢ = 3 for the Iris data and ¢ = 17 for the Indian Pines image. The num-
ber of presentations has been established in a maximum of 50 for conventional
online and batch realizations of the algorithms. Nevertheless, we introduce a
stopping criterion on the relative decrement of the distortion, the process will
stop if it is not greater than £ = 0.001. For SOM algorithms the neighbourhood
parameter values have been: hg = M/2 + 1; hy = 0.1, and for NG algorithms
Ao = M/2; Ay = 0.01. In both one-pass version algorithms the learning rate val-
ues are ag = 0.5 and a = 0.005 . We have executed 100 times each algorithm
for 2D and 3D datasets, and 50 times for others. The algorithms tested are:
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Figure 8.3: The 170th band of the hyperspectral image Indian pines.

the online conventional realizations of SOM and Neural Gas (NG), the batch
versions (BSOM and BNG) and the online One Pass realizations (SOMOP and
NGOP).

8.4.3 Quantitative results of the experiments

Begin by analyzing the results obtained on 2D benchmarks datasets. In Figures
8.4(a), 8.4(b), and 8.4(c) we present the mean and 0.99 confidence interval of the
distortion results of the tested algorithms for each data set. We have also taken
into account the computation time. In Figures 8.4(d), 8.4(e), and 8.4(f) the
y-axis corresponds to the product of the final distortion and the computation
time as measured by Matlab. The inspection of the figure reveals that the
relative efficiencies of the algorithms measured by the final distortion, depend
on the nature of the data. For example, the One Pass SOM improves the online
and batch algorithms on the Cantor data set, it is similar on the Gaussian
data set and falls behind in the S-shaped data set. Although this is not the
main concern of this paper, the distortion results show that the Neural Gas
improves the SOM most of the times, confirming the results in the literature
[193]. The batch realization sometimes improves the online realization (Cantor
and S-shape), sometimes not (Gaussian).

The main motivation of our work was to compare batch and One Pass re-
alizations, from Figures 8.4(a), 8.4(b), and 8.4(c) the One Pass SOM improves
the batch SOM in some cases (Gaussian and Cantor) and is almost equal in the
S-shape data, when all the algorithms behave almost identically. However, the
One Pass Neural Gas improves the batch realization only on the Cantor data
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Figure 8.4: Results on the three 2D benchmark algorithms. The distortion
on the (a) Gaussian data, (b) Cantor data set and (c) S-shaped data. The
distortion times the computational time for (d) Gaussian data, (e) cantor data,
and (f) S-shaped data.
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Figure 8.5: 3D Cantor Set. (a) The distortion times the computational time.
(b) Evolution of the quantization distortion as function of the number of input
vectors used in the estimation, measured in multiples of sample size.

set. When we take into account the computation time in Figures 8.4(d), 8.4(e),
and 8.4(f), the improvement of the One Pass realization over the batch and con-
ventional realizations is spectacular. It can also be appreciated the improvement
of the batch realization over the conventional online realization. The reasoning
behind Figures 8.4(d), 8.4(e), and 8.4(f) is that, even when the One Pass real-
ization give a much worse solution than the batch and online realizations, the
time constraints may be so strong that a suboptimal solution is preferable than
the optimal one. In this setting, the One Pass realization could be very useful.

For the 3D Cantor Set, the mixture of 3D Gaussians, the Indian Pines image
and the 4D Iris dataset, Figures 8.5(a), 8.6(a), 8.7(a), and 8.8(a), respectively,
display the product of the final distortion and the computation time as measured
by Matlab. Figures 8.5(b), 8.6(b), 8.7(b), and 8.8(b), a sample trajectory of the
error during the training process. Some common pattern of all these plots are:
(a) NG and BNG have a much more smooth decrease than SOM and BSOM,
however they reach comparable results. (b) The one-pass instances perform a
very fast decrease to values comparable to the other realizations. A pure SGD
algorithm without any GNC property could not obtain the results in the Figures
8.5, 8.6, 8.7, and 8.8. These results are repeating in all the experiments we are
performing up to date.

In Tables 8.1 and 8.2 we present the results for the 50 repetitions of the
algorithms on the 4D Iris Dataset using random initializations. We note the
shocking result of BSOM that may be due to its inability to produce a proper
topological organization of the units or to its high sensitivity to the initial con-
ditions. Table 8.1 presents the average, standard deviation and width of the
99% confidence interval of the quantization distortion at the end of the train-
ing. The one-pass realizations give results comparable to the conventional online
algorithms, which improve over the batch realizations. The results show very
small variance, therefore the realizations are very insensitive to initial conditions
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Figure 8.6: 3D Mixture of Gaussians. (a) The distortion times the compu-
tational time. (b) Evolution of the quantization distortion as function of the
number of input vectors used in the estimation, measured in multiples of sample
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Figure 8.8: Iris dataset. (a) The distortion times the computational time. (b)
Evolution of the quantization distortion as function of the number of input
vectors used in the estimation, measured in multiples of sample size.

Distortion
mean Std. Dev. 99 CI
SOM 80.10 | 4.306e-014 | 1.569e-014
BSOM | 681.91 | 4.594e-013 | 1.673e-013
SOMOP | 79.91 4.002¢-005 | 1.458e-005
NG 80.10 0 0

BNG 82.35 1.005e-013 | 3.660e-013
NGOP 81.38 | 4.8667¢-010 | 1.773e-010

Table 8.1: Distortion results obtained for the 4D Iris dataset.

like GNC algorithms.

In Table 8.2 we present the results in terms of distortion multiplied by com-
putational time (measured in minutes). In this measure the computational time
acts as an amplifier of the distortion results. We prefer it to others (e.g. the
ratio distortion/time) because it preserves the optimality sense of the distortion
(the lower the better). In this table we find that the one-pass realizations per-
form almost an order of magnitude better than conventional online and batch
realizations.

In Tables 8.3 and 8.4 we present the results for 20 repetitions of the al-
gorithms applied to the the Indian Pines hyperspectral image. Again, over
this data set the one-pass realizations perform equally well than the conven-
tional online realizations and the batch realizations. Batch realizations show an
extremely high variance, due to their sensitivity to initial conditions. The on-
line realizations, on the other hand, are almost insensitive to initial conditions.
When taking the computational time into account the one-pass realizations per-
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Distortion*Comp.time
mean Std. Dev. 99 CI
SOM 11.39 | 3.992¢-014 1.454e-014
BSOM 19.18 | 11.592e-013 | 4.223e-013
SOMOP | 1.89 | 0.882e-005 | 0.321e-005
NG 10.94 0 0
BNG 9.01 3.695e-013 | 1.346e-014
NGOP 2.72 1.259¢-010 | 0.459e-010

Table 8.2: Distortion times computational time for the 4D Iris dataset.

Table 8.3: Distortion results obtained for the Indian Pine hyperspectral image.

Table 8.4: Distortion times computational times for the Indian Pine hyperspec-

tral image.

Distortion

mean Std. Dev. 99 CI
SOM 8.256e+10 | 1.565e-05 | 9.017e-06
BSOM | 8.274e+10 | 3.346e+08 | 1.927e+408
SOMOP | 8.270e+10 | 2.475e-05 1.425e-05
NG 8.256e+10 | 1.750e-05 1.008e-05
BNG 8.273e+10 | 4.501e+08 | 2.592e+408
NGOP | 8.250e+10 | 1.819e-05 1.048e-05

Distortion*Comp.time

mean Std. Dev. 99 CI
SOM 1.491e+13 | 1.333e-05 7.680e-06
BSOM | 3.940e+12 | 3.086e+08 | 1.777e+08
SOMOP | 2.453e+11 | 1.036e-05 | 5.966e-05
NG 5.402e+13 | 9.792e-05 | 5.640e-05
BNG 1.998¢+13 | 5.921e+08 | 3.410e+08
NGOP | 1.229e+12 | 5.379¢-05 | 3.098e-05
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formance is an order of magnitude better than the other realizations.

8.5 Conclusions

The paradoxical empirical results reported here showing that the one-pass re-
alization of the SOM and NG can obtain competitive performance in terms of
distortion, and much better than the “conventional” batch and online realiza-
tions in terms of computational efficiency (time x distortion) leads us to the
idea that these algorithm’s performance is more sensitive to the neighborhood
parameters than to the learning gain parameter. Neighborhood parameters can
be seen as the parameter of a family of functional whose limit is the quan-
tization distortion. Therefore, training of the SOM and the NG can be seen
not as a straight minimization of an energy function but as a continuation of
the minimization process over a sequence of functionals tuned by the neigh-
borhood control parameter. If the starting functional is convex the algorithms
can be considered as Graduated Nonconvextity (GNC) algorithms. Indeed we
have shown that the NG and SOM energy functionals can be easily seen as the
canonical GNC functionals [202, 204, 203, 39]. Also, it ease to find sufficient
conditions on the neighborhood radius for the initial functional to be convex.
Moreover, it is ease to verify that in fact the NG functionals are convex up to
limit zero temperature, which explains its smooth behavior.
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Chapter 9

Local Stochastic Learning
Rule

We have worked [122, 121] on studying the effect of substituting the determin-
istic encoding process by an stochastic counterpart in the competitive learning.
A stochastic approximation to the nearest neighbour (NN) classification rule
is proposed for Vector Quantization (VQ). This approximation is called Local
Stochastic Competition (LSC). Some convergence properties of LSC are dis-
cussed, and experimental results are presented. The approach shows a great
potential for speeding up the codification process, with an affordable loss of
codification quality. Moreover, when we apply this approach to a competitive
learning process, such as SOM, we obtain a Local Stochastic Learning Rule
(LSLR) which is applied to compute the codebook for image vector quantiza-
tion (VQ).

9.1 Local Stochastic Competition

Following work started in [122, 121], we propose here a Local Stochastic Com-
petition (LSC) decision rule for the enconding phase of VQ. The LSC rule is
intended as a distributed stochastic approximation to the Nearest Neighbour
(NN) rule usually applied in VQ to perform the mapping of the input vector
into the codebook. We have found in the literature [273, 249, 64] some at-
tempts to speedup the computation of the NN decision rule employed in the
VQ codification phase. These approaches used the fact that quite frequently
the decision that a codevector is not the nearest neighbour of an input vector
can be taken without fulfilling the computation of the Euclidean distance. They
didn’t involve any loss of accuracy and didn’t propose any kind of computational
distributed scheme. The LSC is a significative departure from that, because it is
a stochastic approximation that involves loss of classification accuracy, thought
it has a potential for greater speedups given fully distributed implementations.

The LSC is related to Radial Basis Function (RBF) neural network archi-
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tectures [139, 35, 212, 287, 274] applied to function approximation or interpo-
lation. The function domain is decomposed into a set of overlapping regions,
each characterised by a kernel function whose parameters usually are the cen-
troid and width of the region. The most usual kernel functions are Gaussian.
From a Bayesian classification point of view [76], the use of Gaussian kernels can
be interpreted as the approximation of the input distribution by a mixture of
Gaussian distributions, each characterised by its mean and variance parameters.
Each Gaussian distribution models the probability that a given input belongs to
a class. Our approach assumes this kind of probabilistic framework. We assume
that each codevector represents a separate class, being the mean of the Gaussian
distribution. We assume that variance parameters can be estimated, either by
the codebook design algorithm, or from the codebook itself. In the experiments
reported below, the later has been assumed. Under these assumptions, LSC,
then, consists in the parallel sampling of the a posteriori probabilities of the
codevector classes, taken as independent one-class problems. Note that, in the
same framework, NN corresponds to the optimal Bayesian decision rule when
the class variances are identical.

Given an input vector to be encoded x,, and a codebook Y = {y1,...,ym},
the LSC proceeds by sampling independently for each codevector y; a Bernouilli
distributed random variable of parameters (py, (¢),1 — py, (2)):

llxn =il

pn(i)=P(x, €R;)=¢ T

where R; corresponds to the input space region corresponding to y;, o; is the
standard deviation associated with codevector y;. That is, each p,, (7) is inter-
preted as the probability that x,, belongs to the class represented by y;, taken
as an independent one-class classification problem for each codevector. If the
sampling is positive for more than one codebook, the tie-breaking is a random
selection. Sampling is repeated until at least one codevector is selected. An
algorithmic description of the sequential execution of the LSC classification of
an input vector x,,, as done for our experiments is given in Algorithm 9.1. Func-
tion f (k) is and increasing function to ensure that the input vector is classified
eventually. We use f (k) = 2¢~1 for fast convergence. This process could be
easily implemented in parallel, running a separate processor for each codevector
in the codebook. An algorithm of the process associated with each codevector
could read as Algorithm 9.2. The wait operation means that the process is idle
waiting for either an input vector or the signal to try again the classification.
The signal operation outputs the positive or negative response. A dedicated
process solves ties and decides retrying classification. The expected speedup of
the parallel implementation of the codification process comes from the substi-
tution of the sequential search through the codebook by the parallel test of the
separate one-class probabilities.
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Algorithm 9.1 LSC sequential execution
1. Step_0: k=1

2. Step_1: Built up the probability vector p = (p,, (i, k) ;i =1,..., M) com-
puted as follows:
Pn (i k) = et
with ¢; (k) = f (k) ;.
3. Step_2: Sample the probabilities in p: Built up the set
Sk =A{yi € Ylpn (i,k) Z ui },
where (ug,...,up) are random numbers uniformly distributed in [0,1) .

4. Step_3: If |Si| = 0 then increase k by 1 and goto step-1.

5. Step_4: If |Sk| > 1 perform a random selection with equal probabili-
ties in the set Si. If codevector y; is chosen then the codification is:
Crsc(xn, Y) =1

Algorithm 9.2 LSC independent process of each codevector
wait for input x,, or retry

case new input k=1

case reintent k =k + 1

Compute
llxrn—vill

Dn (17 k‘) —e  ti(k)

Generate a random number u. If p, (i,k) > u signal 1, if not signal 0.
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9.1.1 Convergence

To ensure that LSC will converge, eventually giving some response, function
f (k) must be monotonically increasing with k. The faster the increase, the
shorter the response time. Mathematically, LSC generates, for a given x,, a
random sequence of sets {S1,..., Sk} with |Sg| =0 for k < K, and |Sk| = 0.
The stopping condition for this process is, therefore, to find a non-empty set
of positive responses. It is easy to verify that the probability of finding a non-
empty set increases as the process goes on. The probability of finding an empty
set at trial k is

- . M o
P(ISk =0x,, Y) =@ =pn (i, k) =] (1 —e am > .

i=1 i=1

Given that f(k) is increasing:

lln =yl

lime #® =1,
k—o0
therefore,
P (|Sk| = 0xn, Y) =0,
and finally:

P(ISk| > 0%, Y) =1.

The increasing nature of f(k) is of great relevance, both theoretical and practi-
cal. In our experiments we have chosen the exponential expression f (k) = 2F~1,
because of the emphasis we put in speeding up the classification process. The
fast increase of the variance term has the side effect of increasing the probability
of bad classifications [122].

The last topic that remains to be discussed is the estimation of the variance
parameters. In the image V(Q experiments we have estimated these variance
parameters from the codebook itself as follows. Let D; denote the minimum
distance from codevector y; to any other codevector:

D; = min{[ly; —y;ll;j=1,...,M;j #i}.

We compute the mean minimum distance between codevectors

1 XM
D:M;Di.

The estimate of the standard deviation associated with codevector y; is, then,
computed as follows:

S

[ ]
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Figure 9.1: Original grayscale image for the experiments

9.2 Results of LSC on image VQ

We apply LSC to image VQ based on a given codebook. A gray level image is
a matrix of pixels, each pixel taking values in the discrete set {0,1,...,255}. A
row-wise vector decomposition of dimension d of the image is a succession of vec-
tors X = {x1,..,xx}, each x; composed of d row-adjacent pixels. Consecutive
vectors correspond to non overlapping sequences of pixel indices. Column-wise
and matrix-wise decompositions can be defined as well. A VQ of the image is a
map from each x; into a natural number, that transforms the vector decompo-
sition into a sequence of codes {¢1, .., cn}, each code corresponding to the index
of a codevector in the given codebook Y = {y1,...,yn}. The compression rate
obtained by VQ depends on the number of different codes and the dimension
d of the image vector decomposition. In this experiment we use 256 codes, so
that the compression rate will always be d : 1.

We have performed a set of experiments of codification/decodification on the
to the vector decomposition of the image shown in Figure 9.1. The codebook
was obtained applying the threshold algorithm to obtain the initial codebook,
and SCL to improve over it. The experiment parameters were the dimension
of the vector decomposition d, and the threshold parameter 8. The quality
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NN LSC
]e\d SNR & | SNR 6 s

27.0 466 | 23.4 1012 70
16 | 24.3 1328 | 20.5 3532 69

8 32| 226 1878 | 19.1 5851 68
64 | 22.3 1655 | 19.3 8063 72
8 | 264 373 | 23.3 1217 79
39 16 | 234 822 | 19.0 4281 74

32| 22.2 1196 | 18.0 8251 T
64 | 249 1057 | 20.6 4530 78

Table 9.1: Enconding results for NN and LSC coding for varying d and 6 (M =
256).

NN LSC
M |SNR 6 | SNR 0 s

128 | 25.4 791 | 22.0 1547 34
256 | 27.0 466 | 23.4 1028 71
512 | 28.3 208 | 24.6 602 144
1024 | 30.8 50 | 26.6 234 304

Table 9.2: Encoding results for NN and LSC for increasing number of codevec-
tors M (d =8 and 6 = 8).
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Figure 9.2: NN codification with a M = 1024 codebook.
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Figure 9.3: LSC codification with a M = 1024 codebook.
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measures computed are the distortion (§) and signal-to-noise ratio (SNR). The
expected speedup (s) of LSC over NN is computed as the number of codevec-
tors divided by the mean number of trials that LSC performs until giving a
classification response. Tables 9.1 and 9.2 show the numerical results. Table
9.1 shows the results of NN and LSC codification with M = 256 codevectors of
varying dimension (8, 16,32, 64) obtained by application of SCL to the result of
the threshold algorithm with threshold parameters 8 = 8 and 6 = 32. Increas-
ing d gives greater compression ratio. The variation of § was intended to give
different initial conditions for SCL.

Table 9.2 shows the results of increasing number of codevectors M. The
codebooks are also obtained by application of the threshold and SCL algorithms.
Figure 9.2 shows the decodification of the test image after NN codification using
a codebook with 1024 codevectors of dimension 8. Figure 9.3 shows the decodi-
fication of the LSC codification with the same codebook. This precise codebook
was chosen because it is the one that has the greater expected speedup.

From the data in both tables, it can be perceived an almost constant degra-
dation of the LSC codification relative to NN. The observation of the images in
Figure 9.2 and 9.3 shows that this degradation can be acceptable, for applica-
tions without severe quality requirements. On the hand, table 9.2 shows how
the expected speedup increases with the number of codevectors, which makes
LSC a suitable alternative for applications with large codebooks.

9.3 Local Stochastic Learning Rule

We proposed the Local Stochastic Learning Rule (LSLR) as a variation of the

Soft-Competition Scheme (SCS) [96] which is a variation of the SCL and SOM

where updating the representatives is weighted by the estimations of the a pos-

teriori probabilities Py (i) of vector x; belonging to the class of codevector y;.
It is defined as follows:

Ay (k) = i (k) Py () (xx — yi (K))

e— e —yi(R)|Ia; 2 (k)

P, (i) =
k(1) S Iy (I (8
i

The neighborhoods depend on the input vector and all the codevectors are
adapted in each presentation of an input vector. This rule can be derived as a
stochastic gradient descent of the cross-entropy or Kullbak distance between the
input distribution and the distribution modelled by the codevectors, which is
assumed as a mixture of gaussians whose means are the codevectors. Derivation
over the variances of these gaussians (assumed o;] covariance matrices), gives
the stochastic gradient descent rule on the variances:

I — i (b)|* — do? (k)
a7 (k)

Ao (k) = a; (k) Py (4)



122 CHAPTER 9. LOCAL STOCHASTIC LEARNING RULE

(remember that d was the dimension of the vector decomposition). Our
Local Stochastic Learning Rule (LSLR) is derived from the above rules simply
by taking as "a posteriori" probabilities the unnormalized exponential of the
distance. The LSLR rules read:

Ay (k) = a; (k) pr. (3) (xx — yi (F))

Ixi. = yi (k)|* — do? (k)

Ao (k) = i (k) pr (i) o3 (k)

where
i € Crsc (xx, Y (k))

P (6) = e~ Ixe=yi BP0

The adaptation is applied to the codevectors selected by LSC [2, 11|, denoted
Crsc in the above formulas. Taking the unnormalized pg(i) as the estimates
of the "a posteriori" probabilities, introduces numerical instabilities, and the
loss of the formal justification of the rules. However, it allows fully distributed
computation, because the rules can be applied in parallel to all the codevectors.
In the experiments reported here, we have performed a scheduling of the gain
parameter identical to the one performed for SCL. Figure 4 shows the image after
codification /decodification with the codebook obtained by LSLR, starting from
the initial codebook that produces the image in Figure 2. From the comparison
of Figures 3 and 4, it can be concluded that the loss of quality of LSLR is
acceptable, and that it definitely improves over the initial codebook. More
extensive numerical results are given in the next section.

9.4 Results of LSLR on VQ of images

We have performed a set of experiments of codebook computation on the image
in Figure 9.1, applying the threshold algorithm to obtain the initial codebooks,
and SCL and LSLR to improve over them. Both, SCL and LSLR, were applied
only once to the vector decomposition of the image. The experiment parameters
were the dimension of the vector decomposition d, and the threshold parameter
0. The quality measures computed are the distortion (4) and signal-to-noise
ratio (SNR). The expected speedup (s) of LSLR over SCL is computed as the
number of codevectors divided by the mean number of trials that LSC performs
to select a non-empty set of codevectors to be updated by LSLR rules [128].
Table 9.3 shows the numerical results. From the data in Table 9.3 we may
conclude that LSLR generally improves over the initial codebook, but less than
SCL. The SNR seems to be a more faithful measure of the quantification quality.
LSLR produces a steady increase of the SNR, without reducing significantly
the distortion. The examination of both table 9.3 and Figure 9.4 leads to the
conclusion that LSLR is a good stochastic approximation to SCL. From the
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INITIAL SCL LSLR
|0 [ d|SNR 4 [SNR 4 |[SNR 4 s
242 789 | 27.0 466 | 255 693 90
16 | 21.8 2296 | 24.3 1328 | 22.8 2219 80
® |52 | 198 3801 | 226 1878 | 210 3796 74
64 | 19.1 3712 | 22.3 1655 | 21.1 3735 74
8 [ 221 613 | 264 373 | 25.0 527 118
4o | 16| 208 1395 | 234 822 | 227 1295 106

32 | 204 1965 | 22.2 1196 | 22.2 1813 97
64 | 23.2 1513 | 24.9 1057 | 24.7 1290 95

Table 9.3: Comparative results of SCL and LSLR for varying threshold param-
eter f and image vector decomposition dimension d.

point of view of the performance, LSLR shows a great potential for speeding
up the codebook computation, provided a fully parallel implementation. It can
be expected that this speedup would increase with the number of codebooks,
making it useful for practical applications, where large codebooks may happen.
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Figure 9.4: Image after codification/decodification with the codebook obtained
with LSLR.



Chapter 10

An Evolution Strategy for
near real-time Color
Quantization of image
sequences

Color Quantization of image sequences is a case of Non-stationary Clustering
problem. The approach we adopt to deal with this kind of problems is to
propose adaptive algorithms to compute the cluster representatives. In previous
chapters we have studied the application of Competitive Neural Networks to
the one-pass adaptive solution of this problem. One-pass adaptation is imposed
by the near real-time constraint that we try to achieve. In this chapter we
define an Evolution Strategy for this task . Experimental results show that
the proposed Evolution Strategy can produce results comparable to that of
Competitive Neural Networks.

The chapter is organized as follows. Section 10.1 gives an introduction.
Section 10.2 recalls the adaptive approach to Non-stationary Clustering/VQ.
Section 10.3 presents the Evolution Strategy for Non-stationary Vector Quanti-
zation. Section 10.4 presents the experimental results. Section 10.5 gives some
conclusions on the application of Evolution Strategy to NSC.

10.1 Introduction

Evolution Strategies [19, 20, 197]have been developed since the sixties. They
belong to the broad class of algorithms inspired by natural selection. The fea-
tures most widely accepted as characteristic of Evolution Strategies are: (1)
vector real valued individuals, (2) the main genetic operator is mutation, (3)
individuals contain local information for mutation so that adaptive strategies
can be formulated to self-regulate the mutation operator. However, many hy-
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brid algorithms can be defined, [197] so that it is generally difficult to assign a
definitive "label" for a particular algorithm. Nevertheless, we classify the algo-
rithm proposed here as an Evolution Strategy because it fits better in the above
characterization than in the accepted characterizations of Genetic Algorithm or
Genetic Programming.

Non-stationary Clustering problems assume a time varying population sam-
pled at discrete times. Therefore the Clustering of the data must be recomputed
at each time instant. A related problem is that of Adaptive Vector Quantization
[97]. The works reported here belong to the class of shifting-mean Adaptive Vec-
tor Quantization [99]. Both the Evolution Strategy and the Competitive Neural
Networks are applied as adaptive algorithms for the computation of the clus-
ter representatives given by the cluster means at each time instant. Our work
fits in the original proposition of Holland [146] of evolution as a mechanism for
adaptation to uncertain and varying environment conditions

Evolution Strategies fall in the broad family of stochastic algorithms. These
algorithms are characterized by slow convergence and large computation times.
As we are trying to apply them in a near real-time framework, we impose two
computational restrictions in their application:

1. One-pass over the sample adaptation and

2. we use subsamples of the data to estimate the cluster representatives for
the whole data set at each time instant.

3. The adaptation must be performed in one generation. Therefore there is
no possibility of performing a process that may resemble a global random
search at each adaptation time instant.

4. The computations must be based on subsamples of the data available
at each time instant. The available data is a frame in the sequence, a
sample of size much lesser than that of image will be used to reduce the
computation.

For the Evolution Strategy, restriction (1) implies that only one generation is
computed at each time instant. For the Competitive Neural Networks, this
restriction implies that the sample data is presented only once, therefore the
learning parameters must have a very fast decrease.

Color Quantization [141, 207, 185, 272] is an instance of Vector Quantization
(VQ) [97] in the space of colors. Color Quantization has application in visual-
ization, color image segmentation, data compression and image retrieval [156].
In this work we do not deal with the problem of finding the natural number of
colors. This is a more involved problem than looking for a fixed number of color
representatives, and some of the results discussed in Section 10.4 recommend
that it must approached cautiously, and after being satisfied with the results of
quantization to a fixed number of colors. In summary, Color Quantization to
a fixed number of colors of image sequences [101] is a case of Non-stationary
Clustering, dealt with performing Adaptive Vector Quantization.
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The specific features of the Evolution-based Adaptive Strategy analysed in
this chapter are:

1. It is intended to deal with a time varying environment. Therefore the
fitness function will be time dependent.

2. Individuals are defined as components of the solution instead of repre-
senting complete solutions. This implies the existence of a global fitness
function for the entire population, on top of the individual fitness func-
tions. The algorithm is expected to produce as a cooperative solution the
best population to solve the problem. In this respect, our approach re-
sembles largely the so-called Michigan approach to the design of Classifier
Systems.

3. Due to the problem representation chosen, the selection looks for entire
populations, so that there is a strong interaction between parents and
children in the evaluation of the selection operator.

4. Mutation is the only operator that introduces evolution-like variability.
The parameters guiding the mutation, which can be referred as self-adaptation
parameters, are deduced from the interaction with the environment.

5. In our final proposition mutation is performed deterministically to ap-
proach real time response. However, even in this extreme setting the
Evolution-based Adaptive Strategy that we will propose below remains a
stochastic algorithm whose source of stochasticity is the input data

6. The population of the proposed algorithm is the set of cluster representa-
tives, each individual is a color representative in the [0, 1]® real subspace
that defines a cluster in the color space of the image pixels via the Voronoi
tesselation induced by the whole population.

7. The main evolutive operator is mutation.

8. The mutation operator is based on the local cluster covariance matrices,
which guide and regulate its realization. We have not used recombination
operators.

The assumption of a time varying environment must not be confused with the
case of a noisy environment [81, 4]. From our point of view the latter is a
particular case of the former. The uncertainty associated to the environment is
perceived by the algorithm through the variability of the fitness function. In the
case of noisy environment as formulated in [81], each evaluation of the fitness
function involves a sampling procedure. This sampling procedure assumes a
stationary random process as the source of the fitness function values. On the
other hand, our approach assumes that the fitness function value will vary due
to the inherent Non-stationarity of the environment. The fitness is measured
upon a sample of the process. This sample is considered as representative of the
environment for a limited amount of time. While the data sample remains the
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same, the fitness is a deterministic function. As far as the environment remains
stationary, succesive data samples will posses the same statistical characteristics
and the fitness function will continue to be (almost) the same. Unpredictable
changes in the environment produce significant changes on the statistics of the
data sample and, therefore, changes in the landscape of the fitness function.
The Evolution-based Adaptive Strategy tries to adapt as fast and smoothly as
possible to the environment changes in an unsupervised way.

10.2 Non-Stationary Clustering/VQ

Cluster analysis and Vector Quantization are useful techniques in many engi-
neering and scientific disciplines [97, 138, 73, 76, 148, 89]. In their most usual
formulation it is assumed that the data is a sample of an stationary stochastic
process, whose statistical characteristics will not change in time. Non-stationary
Clustering and Vector Quantization assume a time varying population sampled
at diverse time instants that can be modelled by a discrete time non-stationary
stochastic process . If a model is known (or assumed), a predictive approach [97]
would reduce the problem to a stationary one. The general formulation of the
Non-stationary Clustering problem does not assume any model of the process.

A working definition of the Non-stationary Clustering problem could read as
follows: Given a sequence of samples X (¢) = {x1 (t),...,x, (£)};t=0,1,...0b-

tain a corresponding sequence of partitions of each sample P (X (¢)) = {X; (¢), ...

given by a sequence of sets of disjoint clusters minimizing a criterium func-
tion C = 7,.,C (t). The Non-stationary Vector Quantization design prob-
lem can be stated as the search for a sequence of representatives Y (t) =
{y1(t),...,y.(t)} that minimizes the error function, aka reconstruction dis-
tortion, £ = >, E(t) . The squared Euclidean distance is the dissimilarity
measure most widely used to formulate the criterium/error functions. The Non-
stationary Clustering/VQ problem can be stated as an stochastic minimization

problem:
in 57373 I ()~ i (1)1 65 (1),

t>0 j=1 i=1
. ) )
sy ={ b = an b O -}
0 otherwise

The proposition of adaptive algorithms to solve this stochastic minimization
problem is based in two simplifying assumptions:

e The minimization of the sequence of time dependent error function can
be done independently at each time step.

e Smooth (bounded) variation of optimal set of representatives at successive
time steps. Then the set of representatives obtained after adaptation in a
time step can be used as the initial conditions for the next time step.

;X (1)}
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The adaptive application of Evolution Strategies to Non-stationary Cluster-
ing/VQ is done as follows:

1. At time ¢ the initial population is given by the set of representatives/
codevectors computed from the sample of the process at time ¢ — 1.

2. A series of generations are computed starting from this initial population
to compute the representatives for the clusters of the sample at time ¢.

3. The fitness function is related to the distortion of the representatives,
coded somehow in the population, relative to the sample at time t.

4. This process is repeated for the sample at time ¢ + 1, and thereafter.

A distinctive feature of our proposed Evolution Strategy is that only one gener-
ation is computed to perform the adaptive step. In practice, we have extracted
a subsample of each image in the sequence as the data samples for both the
Evolution Strategy and the Competitive Neural Networks.

10.2.1 Clustering with ES

A representative sample of the works found in the literature dealing with cluster-
ing problems via Evolutionary Computation is [8, 15, 18, 29, 27, 32, 41, 47, 151,
163, 188, 189, 198]. The common approach of all these works is the mapping
of complete clustering solutions to population individuals. The fitness function
is the ad-hoc clustering criterion function. The authors propose a wide variety
of representation of clustering solutions as population individuals, ranging from
the set of cluster representatives to the membership (hard or fuzzy) matrices
of the clusters. Evolution operators, recombination and mutation, are defined
suitably to be closed operators on the representation chosen.

Our conclusion from the literature review, is that most of the Evolutionary
approaches suggested for clustering could not be applied to the non-stationary
case in a stringent time frame. They can not guarantee a reasonable response
in a reasonable time. Most of the approaches found in the literature have a big
uncertainty about the proper setting of the algorithm parameters (population
size, mutation and crossover rate, the appropriate operators,...). Assuming that
the previous criticisms could be properly answered, the computational com-
plexity of each generation is usually very big , so that even in the case that the
evolutionary approach is used with a computational limit imposed, this limit
will be necessarily very high for practical applications of the kind we are inter-
ested in. We have honestly tried to address the problem in a way that is both
computationally effective and gives good solutions, assuming its suboptimality.

10.3 The Evolution Strategy for NSC/VQ

A pseudocode representation of the general structure of the algorithm of Evo-
lution Strategies is presented in Algorithm 10.1 [20]:
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Algorithm 10.1 Evolution Strategy pseudocode
1. t:=0

2. initialize P(t)
3. evaluate P(t)

4. while not terminate do

(a) P’'(t):= recombine P(t)

(b) P”(t):= mutate P’(t)

(c) evaluate P"(t)

(d) P(t+1):=select (P"(t)UQ)
) t

(e) t=t+1

5. end while

We have defined each individual as a single cluster center, so that the entire
population gives a single solution to the VQ of a given sample. In the case
of NSC/VQ the sample is time varying, in fact the generation number is the
discrete time of sample capture. That is, ¢ is the data sampling time as well as
the Evolution Strategy generation counter. The population at generation ¢ is
denoted P (t) ={y;(t);i=1,...,¢c} .

10.3.1 Fitness function

The local fitness of each individual is, its local distortion relative to the sample
considered in this generation:

Z 1% (¢ (B)11% 015 (2) -

The fitness of the population as a whole can be evaluated as

=3 R

corresponding to the objective function to be minimized. Our population fitness
corresponds to the within cluster scatter Sy of the clustering specified by the
population. The well known equation relating the within cluster and between
cluster scattering,

S =Sw + 5B,

can be related to the above Evolution Strategy fitness functions as:

=3 Ix -3 @O = F 0+ i () -3 @)
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where S (f) remains constant as far as the same data sample is considered,
and ¥ (¢) denotes the centroid of the entire data sample considered at time t:
X(t) ={x1(t),...,x,(t)}. We expect that the Evolution Strategy will im-
plicitly react through the above equation balancing the minimization of the
population fitness, from the local optimization of individual cluster representa-
tives, and the maximization of the between cluster scattering. This justifies our
working hypothesis that the local optimization of individual cluster distortions
will eventually lead to the global optimization of the entire set of cluster centres.

10.3.2 Mutation operator

The mutation operator is a random perturbation that follows a normal distri-
bution of zero mean and whose covariance matrix is estimated from the data
in the cluster associated with the individual to be mutated. There are three
algorithm design questions to answer at this point:

1. Which individuals will be mutated?
2. How many mutations will be allowed? and,
3. What information will be used to compute mutations?.

Our proposed Evolution Strategy performs a guided selection of the individuals
subjected to mutation. The set of mutated parents is composed of the individ-
uals whose local distortion is greater than the mean of the local distortions in
its generation. More formally:

M@t)y={i|F;t)>F(t)}.

Regarding the number of mutations, the algorithm approaches as much as
possible to a fixed number of mutations m, so that the number of mutations per
individual m;(t) will depend on the size of M (t), that is: m; (t) = [m/M (t)] .
Regarding the information used to generate mutated individuals, we use the lo-
cal covariance matrices of the sample partition associated with each individual.
We apply a deterministic approximation to the theoretical random mutation
operator in order to avoid the variability introduced by random sampling. Mu-
tations are computed along the axes defined by the eigenvectors of the estimated
local covariance matrix:

X (1) = (3 (1) =i (8)) (x; (&) =y ()" 635 (8).

1 n
=1

n—1

J

Let A; = diag ()\é;j =1, 2,3) and ¢, = diag [eé;j =1,2, 3] denote, respec-
tively, the eigenvalue and eigenvector matrices of ¥; (t). Then the set of muta-
tions generated along the axis of eg- is:

Pi(t) ={yitaxXjej;k=1,...,m} (t),ie M (t)},

Jog0
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mj; (t) = round (mﬁh) ,
22 k=1 M
k
@)
The set of individuals generated by mutation is

P () =P ).

2]

ap = 1.96

10.3.3 Selection operator

Finally, following the (u 4+ \)-strategy, to define the selection of the next genera-
tion individuals we pool together parents and children Q = P (t). Selection can
not be based on the original individual fitness functions F; () because they do
not have information about the interaction effects introduced by the mutation
generated individuals. The optimal approach to the implementation of the se-
lector operator consists in computing the fitness of all the possible populations
of size ¢ extracted from P” (t) U P (t). That means to compute the population
fitness functions a number of times given by the combinatorial expression:

G

c

This computational burden largely questions the feasibility of applying this
approach in any real time application. Therefore, we have tested two alternative
selection operators of lesser complexity. We will describe them in the order of
decreasing complexity and optimality.

Selection operator 1

One way to reduce the complexity combinatorial growth of the selection opera-
tor is to try to explore the solutions in order, performing a greedy search. The
greedy selection procedure results in a complexity that roughly grows quadrati-
cally with ¢ and A\. More precisely it requires the computation of the population
fitness function ¢ (¢ + A + 1) times. The procedure tries to select the cluster rep-
resentatives in order of decreasing distortion. Given a set of currently selected
cluster centers {y;,,...,¥i.} C P”(t) U P (t), with k < ¢, we select the next
cluster center as the one that added to the previous selected ones produces
the smaller distortion: the minimum of the (¢ + A\ — k) distortions that can be
computed based on the sub-populations that can be formed adding one clus-
ter representative (individual) to the k already selected. More formally, this
selection operator S! can be described as follows:

P(t+1) =S8 (P"()UQ) =P () C (P () UQ),
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where the set P* (t) = {yi,,--.,¥:.} is constructed iteratively by selecting the
indices applying the following recursive expression (note that we drop the time
index for simplicity):

n
. . 2 kalu{i}
i =arg _min E E Ix; —yull 5jz )
i¢ly_1 lel_1U{i} j=1

where I, = I;_1 U {ix}, and Iy = O are the sets of indices considered at each
step of the iteration, and the membership function is dependent on this set:

7 1 l:argmin{Hx‘fyiHQ}
0 = i€l J
0 otherwise

Selection operator 2

Let be m’ = P” (t) the number of individuals effectively generated by mutation.
The fitness function used for selection of an individual is the distortion when the
sample is codified with the codebook given by P” (t)UQ — {y;}, more formally:

c+m’ n
FE) = > D Ik () —ye ()7 65, (¢),
k=1 =1
ki
1 k=arg min {Ix; 0 =y I}
g I=1,....c+m'
0 otherwise

The selection operator S? selects the ¢ best individuals according to the
above fitness:

Pit+1)=8*P'H)uQ)={y; € P*(t);i=1,...,c},

P*(t) = {y i |l <k = FS (1) > FS (1) }

The computation requirements of this selection operator are quadratic in
the number of cluster representatives, and they can be made linear using the
simple programming trick of precomputing the two nearest cluster representa-
tives. However, this selection operator is clearly suboptimal. The experimental
works try to asses the trade-off of its suboptimality versus its computational
efficiency. This second definition of the selection operator involves the fitness
of the whole population with the addition of the mutations generated. This
makes the algorithm sensitive to the number of mutations generated. A large
number of mutations decrease the discriminatory power of F;° (t). The number
of allowed mutations must be carefully chosen. In the experimental results it
has been allowed as many mutations as individuals in the population.
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10.3.4 The adaptive application of the ES

The adaptive application of the Evolution Schema involves the mapping of the
two discrete time axes: the data time parameter 7 and the generation ¢ of
the Evolution-based Adaptive Strategy. The most conventional approach would
allow for several generations between data samples, so that :

t
T= { TJ + 1,
where T is the number of evolution generations allowed between input data
samples. In the context of Color Quantization of image sequences, T is the
number of generations computed between presentations of image samples. The
initial condition corresponds to the initial color representatives provided for the
first image, and the adaptation starts upon the sample from the second image. A

distinctive feature of our experiments below is that we impose a one generation
per frame framework, that is T = 1.

10.4 Experimental Results

The experimental data has been described in Appendix .

As a benchmark non adaptive Clustering algorithm we have used a variation
of the one proposed by Heckbert [141] as implemented in MATLAB following
[283]. This algorithm partitions the RGB cube using an exhaustive minimum
variance search. It is almost optimal, and its complexity is proportional to the
discretization of the color space [283].

In the application of the Evolution-based Adaptive Strategy described in the
previous section to Dynamic Color Quantization, the data samples at each time
instant were sets of pixels picked randomly from the image. This image sub-
sampling was aimed to approach as much as possible the real time constraints.
The algorithm was applied in the one-generation time schedule, starting on the
sample of the second image, and using as initial population P(1) the Heckbert
palette of the first image. The populations P(t) are the color palettes used to
perform the Color Quantization. The results of the Evolution-based Adaptive
Strategy are always shown together with the benchmark curves of figure , in
order to show its adaptive behavior. The historical sequence of our experiments
started in fact with the selection operator S2, so in the following it is the default
selection operator unless stated otherwise.

In the experiments reported in this chapter we have used samples of 1600
pixels to perform the adaptive computations, and, unless stated otherwise, the
distortion results correspond to the Color Quantization of the whole images.
We have selected the task of Color Quantization to 16 colors as representative
of the general class of image segmentation tasks based on the color information.
Color Quantization to 256 colors is representative of compression tasks. The
experimentation with these two number of color representatives shows that the
algorithms are sensitive to the number of clusters searched.
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As a general inspection of Figures 10.1 to 10.3 will confirm, the qualitative
performance of the algorithms (their error relative to the optimal application of
the Heckbert algorithm) decreases as the number of clusters searched increases.
This result must be hold in mind when trying to design adaptive algorithms
that look for the natural number of clusters (color representatives).

The first set of results refer to the application of the Evolution Strategy with
the theoretical random mutation operator. These results are shown in Figure
10.1, and consist of the distortion of the Color Quantization of the 1600 pixels
image samples. We have performed 30 repetitions of the adaptive application of
the Evolution Strategy. We give in the figure the average and 95% confidence
interval of the results of these repetitions. It can be seen that the random
mutation operator introduces a high uncertainty on the quantization results.
This uncertainty is greater in the images that show the greater distribution
variation relative to their predecessor in the sequence. It can be also appreciated
that the confidence intervals are more large in the case of 16 colors than in the
case of 256 colors.

The random mutation operator produces some very bad results, sometimes
much worse than the Time Invariant applicaton of the Heckbert algorithm.
That is, the random mutation operator gives a significative probablity of having
responses well far from the desired adaptive one. We propose the deterministic
formulation of the mutation operator to avoid this uncertainty. The results
of the application of the Evolution Strategy with the deterministic mutation
operator on the experimental sequence are shown in Figure 10.2 given by the
curves of asterisks (*). Also shown in the figure are the results of the best
replica found with the application of the random mutation operator, denoted
by the curve of zeroes (0). In this and subsequent figures, the distortion results
refer to the Color Quantization of the whole images. The figure shows that
the deterministic operator gives a good approximation while reducing greatly
the computational requirements. The Evolution Strategy with the deterinistic
mutation operator performs adaptively almost all the time. As can be expected
from the one generation schedule, it is not able to adapt to very big variations
in the pixel distributions, such as it is the case in the transition from images
#10 to #11 (refer to the data visualizations in Appendix ). However it shows
a quick recover after this sudden transition of distributions.

Figure 10.3 compares the results obtained with the Simple Competitive
Learning (SCL) and the Evolution Strategy (ES) with a deterministic muta-
tion operator. For the case of 16 colors it can be seen that their behavior is
quite similar. However the Evolutionary Strategy shows a quicker recover after
sudden changes, improving over the Simple Competitive Learning after them
(frames #12 and #13). The response of the SCL is smoother and has a kind
of momentum that gives a slower but better recovery (frames #14 and #15).
In the case of the 256 colors the responses are similar. Both approaches seem
to be sensitive to the quality of the response (relative to that of the Heckbert
algorithm) when the number of color representatives (clusters) increases. Both
of them seem to behave adaptively most of the time, if the population changes
are smooth enough.
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We have performed an exploration of the sensitivity of the deterministic
Evolution-based Adaptive Strategy to the ratio of sample size to the number
of colors. Obviously, sample size influences the computational requirements, so
that small samples are preferred. The tradeoff is the degradation in the response
obtained due to the loss of information. Figure 10.4 shows the distortion of the
Color Quantization of the entire images with palettes of 16 colors computed by
the Evolution-based Adaptive Strategy varying the size of the sample from 400
to 25600 pixels, which means a variation of the ratio sample:codebook from 6:1
up to 1600:1.

It can be appreciated in Figure 10.4 that increasing the sample size improves
the response of the Evolution-based Adaptive Strategy, approaching that of the
Time Varying Min Var algorithm. An optimal tradeoff between efficiency and
computation requirements could be identified with a sample size of 1600 pixels
(a sample:codebook ratio of 100:1). There is, however, an strange effect for the
biggest sample size. The Evolution-based Adaptive Strategy gives an anoma-
lous response for image #15 and recovers its adaptive behavior afterwards. It
must be noted the suprisingly quick recovering. This unexpected degradation
of the response may be related to the definition of the significance measure
employed by the selection operator S? applied in the experiments up to now.
The significance measure decreases its discriminative power as the number of
color representatives searched increases. It can be easily seen that approaches
in the average as ¢ grows. The number of samples per cluster will decrease in
the average, so that cluster will be near-empty for large ¢. That means that
the ability of Selection Operator S? to discriminate good individuals decreases
accordingly. This sensitivity could explain the anomaly in Figure 10.4(d).

To test this hypothesis we have formulated the Selection Operator S'. We
propose it as a complexity intermediate solution between the linear but sub-
optimal Selection Operator S? and the infeasible optimal selection operator.
The idea behind the next experiment is that if the Evolution-based Adaptive
Strategy with Selection Operator 1 recovers the anomalies, the responsibility
for them would not lie in the deterministic mutation operator, but in the in-
correct choice performed by the Selection Operator S?. This would allow the
safe proposition of the Evolution-based Adaptive Strategy with the determin-
istic mutation operator as a reduced complexity Dynamic Color Quantization
algorithm.

Figure 10.5 shows the results of the final experiment that compare the re-
sponse that both selection operators give in the application of the Evolution-
based Adaptive Strategy (with the deterministic mutation operator) in the case
of 16 colors. There is a general improvement of the response in all sample sizes
tested. The Selection Operator S' improves in the case of bad sample size
selection, the strange effect detected for sample size 25600 disappears, and it
performs better in the case of very small (400) samples.

These results have two meanings. The first one is the expected conclussion
that Selection Operator S! improves the convergence of the Evolution-based
Adaptive Strategy, a natural result. However, the quadratic growth of its com-
plexity is a serious impediment for its practical application. Selection Operator
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S? is more sensitive to the size of the sample and the number of mutations, due
to the definition of the significance. However, it is very efficient computation-
ally, and can be of practical use for real time applications, if properly tuned.
On top of that, we remind the reader that Color Quantization is an instance
of the general Clustering problem, where much bigger problems can be posed.
The second, is the confirmation that the deterministic mutation operator can
be applied without introducing serious degradations of the algorithm response.
The anomalies seem to be due to the selection operator used.

10.5 Conclusions

We have proposed an Evolution Strategy for the adaptive computation of color
representatives for Color Quantization that can be very efficiently implemented
and reach almost real time performance for highly variable color populations.
We have tested it on an experimental sequence of images. Some general conclus-
sions can be drawn from our experiments. The first is that the algorithms tested
perform as desired. They profit on the previous time solutions to compute fast
adaptations to the present time data. The second is the sensitivity of the adap-
tive algorithms to the number of clusters or color representatives searched. This
sensitivity is demonstrated by the relative degradation (in front of the optimal
application of the Heckbert algorithm) of the responses. This sensitivity must
be taken into account when trying to design adaptive algorithms that look for
the natural number of color representatives.

We have been able to propose a deterministic mutation operator that re-
tain the adaptive nature of the Evolution Strategy proposed, while avoiding
the uncertainty introduced by the random mutation operator. Our Evolution
Strategy performance is comparable to that of some well known Competitive
Neural Networks, validating it as an appropriate adaptive algorithm.

Most of the works done on Clustering deal with stationary data, assumed
to come from a time invariant population. In this paper we deal with non-
stationary data that comes from a population whose characteristics change with
time. We have given working definitions of Non-stationary Clustering and Adap-
tive Vector Quantization. We have found that the problem of Color Quantiza-
tion of image sequences is an instance of Adaptive Vector Quantization, that
we have termed Dynamic Color Quantization. We have designed a Dynamic
Color Quantization experiment that shows the characteristics that are specific
of Non-stationary Clustering problems: a sequence of population distributions
that show an unpredictable smooth (bounded) change.

We propose an Evolution-based Adaptive Strategy for the adaptive compu-
tation of the cluster representatives at each time, and we have applied it to
the computation of the color representatives for the Color Quantization of the
experimental image sequence. The design of this algorithm has a main compu-
tational constraint: it must approach real time performance as much as possible,
with the lowest variance induced by the algorithm itself. This lead us to formu-
late a deterministic version of the mutation operator, something very unusual in



138 CHAPTER 10. AN EVOLUTION STRATEGY FOR CQ ...

the Evolutionary Computation literature. However, the algorithm remains an
stochastic algorithm whose source of randomness lies in the data points them-
selves. We also enforce a one-pass adaptation schedule of the application of
the Evolution-based Adaptive Strategy, that means that only one generation is
computed from each real world time instant. Each time instant a sample of the
data was considered. For Dynamic Color Quantization, we take a small sample
of the image pixels, compute one generation of the Evolution-based Adaptive
Strategy and use the resulting population to color quantize the entire image.
The optimal selection strategy is infeasible, due to its large computational cost.
This has forced us to propose two greedy suboptimal selection operators of
linear and quadratic complexities, respectively. The Evolution-based Adaptive
Strategy with the linear complexity suboptimal selection operator and the de-
terministic mutation operator performed adaptively for almost all the cases. An
anomaly appeared for a large sample case. We tested the quadratic complexity
selection operator combined with the deterministic mutation operator on the
problematic case. The improved response backs the use of the deterministic
mutation as a feasible approach, loading the responsability for the anomalous
behavior to the selection operator . Therefore, the definition of the selection op-
erator does influence more than we expected the response of the algorithm. The
deterministic mutation operator does not introduce biases that could produce
degradations of the algorithm.

Our work shows also the general feasibility of the so called Michigan ap-
proach, which can be applied to a wide variety of problems, besides the original
classifier systems. There is, however an unavoidable tradeoff of complexity.
The Michigan approach simplifies the individuals, the global population fitness
functions introduces complexity in the definition of the selection operator. The
Pittsburg approach maps the whole problem into each individual, but the in-
dependence of fitness functions makes the definition of the selection operator
trivial. Further work must be addressed to explore this tradeoff in a diversity
of problems.
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Figure 10.1: Mean distortion results and 95% confidence intervals of the appli-
cation of the Evolution Strategy with the random mutation operator and the
second selection operator S? upon image samples of size n = 1600 (a) with
¢ =16, m = 16. (b) with ¢ = 256, m = 256.
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Figure 10.2: Distortion results on the image sequence from the Color Repre-
sentatives computed by the Evolution Strategy with the best codebooks found
after 30 replica of its application using the second selection operator S?, the
random mutation operator, and the ones found with the deterministic operator.
(a) ¢ =16 and (b) ¢ = 256
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Figure 10.3: Distortion results on the image sequence from the Color Represen-
tatives computed by the Simple Competitive Learning (SCL) and the Evolution
Strategy with a deterministic mutation operator and the second selection op-
erator 82, over image samples of size n = 1600. (a) ¢ = 16 and (b) ¢ = 256.



CHAPTER 10. AN EVOLUTION STRATEGY FOR CQ ...

2500
2000
1500
S
b=
=l SRR .
B
1000 ) .
500 — K K
TN -,
R
™~ LN d
o Ko QS
O 2 4 6 8 10 12 14 16 18 20 22 24
Imades
(a)
2500
2000
= 1500
5
=]
=]
B
51000
X
500
Q\ /Z‘/(/\X)\& <
:agj“isaﬁ
o 2 4 6 8 10 12 14 16 18 20 22 24
Images

()

2500

2000
1500
5
=
=
B
=1000 . |
500 k /
] \d&;«\ J
o 6 & 10, 12 14 16 18 20 22 24
Images
2500
2000 |
1500}
5]
=
=)
B
S1000}|
= QX p j/
¥$@K\w€ x
% 6 & 10 12 14 16 18 20 22 24

Images

()

Figure 10.4: Sensitivity of the Evolution-based Adaptive Strategy with selection
operator S? and deterministic mutation operator to the size of the sample,
¢ =16, m = 16. (a) 400, (b) 1600, (c) 6400, (d) 25600 pixels.
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Comparative results of the application of the deterministic

Evolution-based Adaptive Strategy with Selection Operator 1 and 2. ¢ = 16,
m = 16. Samples of size 400 (a) , 1600 (b) and 25600 (c).
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Chapter 11

Vector Quantization Bayesian
Filtering based on an
Evolutionary Strategy

In this chaper we use codebooks obtained from the Evolution-based Adaptation
Strategy for Vector Quantization (VQ) of Chapter 10 for VQ Bayesian Filter
(VQBF) (Appendix B) applied to noise removal and segmentation of a high-
resolution T1-weighted Magnetic Resonance Image. We compare our approach
with other more conventional smoothing filters. The results show that VQBF
performs a smoothing that preserves region boundaries and small details. It does
not show the strong boundary diffusion and displacement that are common to
smoothing filters. Border detection on the filtered images is also presented.

Section 11.1 gives an introduction to the chapter. In Section 11.2, we present
the VQ Evolution-based Adaptation Strategy. Section 11.3 presents the results
on the application to an image and comparison with other conventional ap-
proaches. Finally, Section 11.4 gives some concluding remarks.

11.1 Introduction

Vector Quantization (VQ) [97, 148, 156] is the process of replacing the signal
vectors by representatives chosen from a set named codebook. Its main ap-
plication is in signal compression, although sometimes it is used as a feature
extraction method for classification or as a signal filtering method [65]. This
chapter reports experimental results on the use of VQ for filtering puroses. We
follow an uncommon approach in the way we decompose and process an im-
age, the VQ Bayesian filter (VQBF') which has been formalized in Appendix B.
Given a codebook, VQBEF is a convolution-type of operation which process each
pixel in two steps:

e determine the codevector that encodes the vector given by a pixel and its
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neighborhood, and
e substitute the pixel by the central element in the codevector.

The encoding process is a Maximum A Posteriori (MAP) classification and,
thus, VQBF performs a kind of Bayesian image processing [?, 282]. In this
Baysian context the VQBF distinguishing features are:

e the probabilistic model is given by the codebook,
e the model estimation consists in the search for the optimal codebook; and

e the process does not involve complex and lengthy relaxation procedures
(i.e.: simulated annealing [?]), only the search for the nearest codevector.

VQBF approach, therefore, needs to solve the general problem of codebook
design, which is a kind of clustering problem. Between the possible techniques
that can be used to compute the codebook there are some methods based on
evolutionary algorithms [8, 15, 18, 27, 32, 41, 47, 151, 163, 188, 189, 198, 31, 136].
In this chapter, we apply an Evolutionary Strategy [106] which is a variation of
the one already presented in Chapter 10. We recall here its main features:

e vector real valued individuals,
e the genetic operator is mutation, and
e mutation is based in individuals local information.

e the population is the codebook, each individual a codevector, which induce
a Voronoi partition over the input space, and a clustering of the sample.

e The mutation operator is guided by the estimated covariance matrices of
the clusters.

e We have not defined any cross or recombination operators.

e The selection operator extracts the next generation population from the
pool of parents and offspring generated by mutation. Experiments in this
chapter use two types of selection operators, one that selects a fixed preset
number of individuals for the next population, and other one that tries to
determine the optimal number of individuals.

11.2 The Evolutionary Strategy specific features

The algorithmic structure of the ES is the same as in Algorithm 10.1, which
we do not need to reproduce here. The population at generation ¢ is de-
noted P(t) = {y;(¢t);i=1,...,¢} . The local fitness of each individual is,
its local distortion relative to the sample considered in this generation:F; (t) =
Do % (1) =y ®)|? di; (t) . The fitness of the population as a whole can be
evaluated as F (t) = Y i, F; (t). The data sample used is X = {x1,...,X,}.
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The mutation operator is the same described in Section 10.3 of Chapter 10 with
the only difference that we consider here an annealing process on the width of
the spread mutation generation parameter:

asz(t)W,

where C (t) decreases to zero smoothly, thus reducing the scale of the mutation
perturbations. We assume that there is a monotonic improvement in the so-
lution in each generation. Finally, we define two selection operators following
the (p + \)-strategy with an elitist constraint to ensure convergence: the se-
lected population is accepted only if it improves on the previous one. We pool
together parents and children generated by mutation Q = P (¢). The first selec-
tion operator considered is identical to S? defined in Section 10.3. The second
selection operator will be denoted S? for notational consistency. This operator
is designed to look for the optimal number of codevectors.

Let us denote F'® (t) the fitness of population P” (t) U P (¢). Now, we define
F? (t) as a linear combination of local distortion and entropy increment for
each individual y;. We previously normalize both terms to the interval [0, 1].
Depending on the relative weight 7, the selection operator gives more priority
to the local distortion or to the entropy increment:
F} (t) = D} (t) + nAH; (1),

K2

where the local distortion D? (t) is identical to the individual fitness defined in
Section 10.3 to formulate selection operator , that is:

c+m’ n
2
Di(t)=" > D lxj—yr W5 (1),

k=1 7=t
k#£1i

1 k=arg min {Ix; =y 017}

g Il=1,...,c+m
5kj (t) = 1 #’L
0 otherwise

The entropy of each individual H; (¢) is computed along the same strategy fol-
lowed to compute the local distortion: we compute the entropy of population
P’ (t)U P (t) — {y: (t)} for each y; (t) € P"” (t) U P (t). The individual entropy
increment is measured by AH; (t) = H (t) — H; (t), where H (t) is the entropy
of the whole population. Let n; the number of data items classified into the i-th
individual decision region, then we calculate H;(t) as:

ct+m/ 1 1

n; ng
k=1

ki
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The selection operator S? iteratively adds the best individual until a stopping
condition is met. This stopping condition is defined over the relative increment
of the accumulated fitness functions of the selected individuals that can be above
a predetermined threshold T

P(t+1)=8(P"()UQ) = P* (1),

P (t) = {Yilv"'vyiz

1j <ij11 = Flf (t) > Fif“ (t) &
> T}

In this section we present the visual results of the application of the VQBF based
on the codebooks computed by the ES over a high resolution MRI image. The
sample size used by the ES for the codebok design was the 10% of the original
image. In experiments with selection operator S? the number of generations is
set to 30 and the number of codevectors is set to m = ¢ = 16. In experiments
testing the selection operator S3, the number of generations is set to 20 and
the initial number of classes is the same as before. Other parameters for the
evolution strategy are T' = 0.03 (selection threshold) and = 0.5 (more priority
to local distortion than to entropy increment).

At the time, the end interest of these images is for medical-biological inspec-
tion, so the visual evaluation was the prime concern. Therefore, we present the
visual results of the application of VQBF and several conventional approaches:
the Median filter, the Gaussian smoothing, Gray level Morphological filters and
the Wiener filter with noise self-estimation. To highlight the differences of the
different filtering approaches, we show in the figure the equalization of the im-
ages after filtering. In all the cases we have considered neighborhoods of size
3x3, 5x5 and 7x7.

The approach has been tested over a Magnetic Resonance image obtained by
the Unit of Magnetic Resonance of the Universidad Complutense. The original
image is of 718x717 pixels and is shown in Figure 11.1(a). The objective of the
work is to enhance the image with some denoising algorithm and to detect the
infected region enclosed by a white square in Figure 11.1(a). The processing of
the image must therefore, eliminate the Gaussian noise while preserving most
of the structure of the image, specially in the interest region. To appreciate the
denoising effects of the algorithms we perform the equalization of the original
image (Figure 11.1(b)) and of the images after filtering shown in Figures 11.2
to 11.8.

The usual method to process noisy images before segmentation, when there
is no known model of the distortion and the noise, is the application of smooth-
ing filters. The results obtained by the application of the median filter, Gaussian

& erj_:ll Fia (t) - Zn:l F’rfl (t)
et Fi ()

m=1"m

11.3 Experimental results



11.4. CONCLUSIONS 149

smoothing, gray level morphological filters and the Wiener filter appear, respec-
tively, in Figures 11.2 to 11.6. The results of our VQBF with fixed number of
classes are shown in Figure 11.7 and with variable number of classes in Figure
11.8. Figures 11.9 to 11.16 shows the borders detected in the filtered images by
applying a Laplacian operator on the filtered image and thresholding it.

If we consider the results in terms of denoising and region segmentation,
the general effect of conventional smoothing filters (Gaussian, Morphological,
Median and Wiener) is a diffusion that distorts the region definition, blurring
its boundaries. This negative effect increases as the size of the kernel increases.
However, the VQBF shows a good denoising response while preserving the region
definitions. Focussing into the infected region highlighted in Figure 11.1(a), it
can be appreciated that the interest region is heavily blurred in Figures 11.2
to 11.6 while it is well preserved in Figures 11.7 and 11.8. Besides, VQBF
shows no degradation by over blurring as the kernel size grows. The effect of
our strategy to determine the optimal number of clusters can be appreciated
comparing Figures 11.7 and 11.8, with Figures 11.15 and 11.16. Although the
number of classes found is greater than in the constant size case, the visual
results show some improvement, especially in the images of the detected borders.
The search for the optimal number of classes produces the disappearance of the
darker tissues in the image. However the infected region is well preserved in all
the cases.

Focusing on the borders detected before and after filtering the image, the ex-
cellent properties of the VQBF are more clearly exhibited. Figure 11.9 shows the
borders detected in the original image. The smoothing decreases the magnitude
of the detected borders, displaces and diffuses them. The extreme bad result is
for the Gaussian smoothing with kernel 7x7 whose detected borders have a very
small magnitude that needs a very low threshold. Conventional filters either
loose the interest region or preserve many noisy borders. As the codevector
dimension increases, the VQBF border detection improves. The detection of
the optimal number of classes gives the best results in terms of isolating inter-
esting regions. Both instances of the 7x7 VQBF preserve the main boundaries,
especially in the interest region.

11.4 Conclusions

We have worked the application of an Evolution-based Adaptation Strategy to
estimate a vector quantizer with fixed and variable number of classes that is
applied as filtering mechanisms in the framework of VQBF. We have shown
the results of those approaches against the results obtained by other conven-
tional filtering and smoothing techniques widely used for noise removal. Ours
approaches do not blur the image as the neighborhood size increases, and at
the same time the noise is removed more efficiently as the neighborhood size
increases. This is more evident in the parts of the image that correspond to
empty space, where our approach removes almost all the noise. The border
detection also shown that VQBF defined regions of interest with accuracy.
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Figure 11.1: Original image with the interesting region indicated by a white
square (a). After equalization (b).

3x3 5x5H <7

Figure 11.2: The results of with Median Filter with several neighborhood radius
sizes after equalization.

3x3 5xH <7

Figure 11.3: The results of with Gaussian Filter with several variance parame-
ters after equalization.
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=7
Figure 11.4: The results of with Opening+Closing Morphological Filter with
several neighborhood radius, after equalization.

5xH <7

Figure 11.5: The results of with Closing+Opening Morphological Filter with
several neighborhood radius, after equalization.

3x3 5xH <7

Figure 11.6: The results of with Wiener Filter with several neighborhood radius,
after equalization.
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5x5 <7

Figure 11.7: The results of ES + VQBF filtering with several neighborhood
radius using selection operator S?, with 16 codevectors, after equalization.

5xH
Figure 11.8: The results of ES + VQBF filtering with several neighborhood
radius, after equalization. The number of classes is determined automatically

by selection operator S? (number of classes obtained from left to right: 24, 21,
and 22).

Figure 11.9: Borders detected in the original image (threshold 32).
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3x3 X7

Figure 11.10: Borders of images filtered with Median Filter method and several
neighborhood /radius sizes (threshold 16).

3x3 <7

Figure 11.11: Borders of images filtered with Gaussian Filter method and several
variance values (threshold 12).

3x3 5xH

Figure 11.12: Borders of images filtered with Opening+Closing Morphological
Filter method and several neighborhood radius sizes (threshold 32).
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3x3 5x5H

Figure 11.13: Borders of images filtered with Closing+Opening Morphological
Filter method and several neighborhood radius sizes (threshold 32).

3x3 5x5 <7

Figure 11.14: Borders of images filtered with Wiener Filter method and several
neighborhood radius sizes (threshold 12).

3x3 5xH <7

Figure 11.15: Borders of images filtered with ES-VQBF method and several
neighborhood radius sizes, using selection operator S2. The number of classes
is constant ¢ = 16. (threshold 32).
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3x3 5xH <7

Figure 11.16: Borders of images filtered with ES-VQBF method and several
neighborhood radius sizes, using selection operator S3. The number of classes
is constant ¢ = 16. (threshold 32).
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Chapter 12

Occam Filters for VQBF
number of classes

This chapter reports the application of an approach to the determination of the
number of codevectors in a VQBF approach based on the idea of Occam filters.
Occam filters use the fact that signal noise can be cancelled out by the signal loss
produced by a lossy compression algorithm. In VQBF, the compression control
parameter is the number of codevectors in the codebook. Tuning this paramater
to obtain noise cancellation in the image is equivalent to try to determine the
number of image block classes in the image.

Section 12.1 gives an introduction. Section 12.2 reviews the definition of
Occam filters. Section 12.3 dicusses the application of Occam filters to VQ
design. Section 12.4 presents some experimental results. Finally, Section 12.5
gives the chapter conclusions.

12.1 Introduction

Occam filters were proposed by Natarajan in [199, 200, 201]. It consists in the
aplication of lossy compression algorithm as a signal filter to remove additive
noise. The approach in founded in the noise cancellation induced by the com-
pression/decompression process. It has been shown [201] that the approach
works for general additive noise if the compression algorithm is admissible.

We work on the application of the Occam filter approach to the estimation
of the natural codebook size in the VQ design process [97]. Other approaches
to codebook size determination found in the literature consist in the addition of
regularization terms to the clustering objective function minimized to perform
the codebook design [49], or the formulation of heuristics for the growing and
pruning of the codebook, sucha as the Growing Neural Gas [87]. The Occam fil-
ter approach gives a clear intuition on the meaning of the codebook size selection
process, corresponding to a measure of the noise-free signal complexity. This
interpretation is adequate for the unsupervised segmentation processes that we
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perform, specifically on the MRI data.

The Occam filter approach involves estimation of the rate-distortion curve,
mapping the distortion obtained after compression/decompression to the com-
pression ratio. Therefore, codebook estimation must be repeated a large number
of times. In this chapter we apply the SOM [168] in on-pass training schedule
[110]. The experimental results refer to the segmentation of MRI data of a
human embrio.

12.2 Occam filters

The idea of using compression algorithms as low-pass filters is not new, but
Natarajan [199, 200, 201] gave it a more precise formulation. We consider the
vector quantization referre to a given codebook of the image data as a lossy
compression algorithm. If we try to tune the number of classes needed to obtain
noise cancelation by compression signal loss, without signal degradation, the we
are determining the optimal number of classes for data clustering. We reproduce
in this section some of the original arguments for Occam filters in their more
general view.

Conjecture 1. When a lossy compression algorithm is applied to a noisy signal,
fitting the signal loss to the noise magnitude, signal loss and noise tend to cancel
each other instead of accumulate.

We recall some notation:

e We consider Baire functions in the [0, 1] interval, whithout loss of gener-
ality.

e For a Baire function f and a natural number n, f, is the sequence of
samples of f uniformly separated by 1/n. Specifically

fo=470), f(A/n), f(2/n), ... f((n=1)/n)}. (12.1)

e A sequence f, is a vector in [0,1]", therefore, the difference between two
sequences f, and g, is their vector difference. A norm in this space is
denoted ||f,||. The norm Iy is defined || f,|l, = 2 S0 (f (i/n))”.

e Relative to a norm |.||, a lossy compression algorithm C' is a programme
taking as input a sequence f,, and a tolerance € > 0, producing as output
a binary string binario s codifying the sequence g,, under the constraint

an - gn” <€

e A decompression algorithm D takes as input the binary string s = C (f,, €),
producing the recovered sequence g, = D (s).

e The signal loss introduced by C' (i.e. mean square error) is d = ||f — g|| =

E{(fi-9)"}.
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Algorithm 12.1 Coding/decoding filtering algorithm

input fn
begin Let ||v|| be the noise magnitude
Run compression C' (fn, ||v||)

Run decompression D to obtain the filtered sequence g,
end

e v is a random variable modeling noise, v,, is a sequence of n independent
observations of v.

° fn = f,, + v, is the noise corrupted sequence.
e Noise magnitude is defined as ||v]| = lim |jv,]| .
n—oo

Definition 2. The lossy compression algorithm C' is admissible if the recon-
struction error g— f and the recovered signal g are uncorrelated, i.e. (f —g)-g =

0 where f-g=E{fig:}.

Definition 3. The rate-distortion curve for a lossy compression algorithm C,
denoted R¢ (f,d), is the compression ratio (average number of bits per input
data) for signal source f as a function of distortion d.

Definition 4. The rate-distortion for source f is minimum over all possible
lossy compression algorithms

R(f,d) = min{Rc (f,d)} . (12.2)

The fundamental convergence theorem of Occam filters [201] is as follows:

Theorem 5. Let it be g the signal obtained by the compression and decompres-
sion of signal f+v using an admissible compression algorithm C'| with maxumum
loss tuned to ||v]|. The residual noise of the reconstructed signal is bounded by

If =l _ (2+ﬁ)\/Rc<f+v,|v||> (12.3)

171l —R (v, o) 117

where R’ (v, ||v||) is the left derivative of the rate-distortion function R(f,d)
relative to the distortion d evaluated in d = ||v|| .

Theorem’s proof can be found in [201]. This theorem is the formalization
of the intuition driving to the definition of Occam filters: if a noisy signal
is compressed by an admisible compression algorithm with the loss tuned to
the noise magnitude, then noise and loss tend to cancel out, with the signal
loss extent depending on the noise incompresibility related to the signal. The
general algorithm is presented in Algorithm 12.1.

The intuitive justification for the process is as follows:
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1. Suposse that we can have access to the noise source, computing the rate-
distortion curve for C (v, €) .

(a) For € > ||v|| the ratio will be high, because we can approximate noise
by a constant inside this tolerance.

(b) For € < ||v|| compression ratio will be small and decreasing with e.

2. Supposse that we can have access to the clean original signal, computing
the rate-distortion curve for C (f,,¢€)

(a) For high values of € the compression ratio will be high.

(b) For small values of ¢ the compression ratio will be low.
3. When we compute the ratio-distortion curve for the noisy signal C (]/”\n, e)

(a) For € > ||v|| signal dominates noise and the curve follows the original
signal rate-distortion curve.

(b) For e < ||v]| noise dominates signal and the curve follows the noise
rate-distortion.

(¢) FOr € = ||v| la curve has an elbow that can be detected as the
maximum of the second derivative.

12.2.1 On the noise magnitude estimation

Practical application of Occam filters depend on the noise magnitude ||v|| esti-
mation. [200] proposed method first builds an estimation of the rate-distortion
curve, second finds the inflexion point corresponding to the maxima of the sec-
ond derivative of this curve. Finally, the distorsion coordinate of this inflexion
point is the estimation of the noise magnitude ||v||. This identification follows
from the idea that the distortion ratio curve can be approximated by two linear
functions, defined in two disjoint regions of the distortion domain

Re (f +v,d) =~ ard;d > |||, (12.4)

and
Re (f +v,d) = asd;d < |jv]|.. (12.5)

For d > ||v||, contribution of the compression of the noise to the compression
ratio is constant and small, and the slope «; is small. For d < ||v|| contribution
of the noise compression to the compression ratio is big, dominating the signal
compression, thus slope as is big.

In practical applications we found that the second derivative is very sensitive
to variations in the estimation of the rate-distortion curve. We have estimated
the slopes of the linear approximations, a; and as from points in the curve that
can be assumed with certainty to be in the appropriate regions. We select the
inflexion point as the nearest point in the rate-distortion curve to the intersection
between both linear approximations.
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12.3 VQ and Occam filters

VQ [97] is defined for 3D image data as follows: we have data samples X = {xq, ...

with x; € R4X4X4_that is, samples from a stochastic process defined in a real
Euclidean space of dimension d x d x d, the vector quantizer is given by the
codebook Y = {y1,..,y.} formed by codevectors y; € R?*4X4 where c is the
size of the codebook. The coding operation is defined as

e(x) =argmin{||x —y,|l;i=1,..,c} (12.6)
and the decoding operation is defined as
£ (i) = yi, (12.7)

recovering the original space signal from the codification using the codebook.
For the design of the codebook we use the Self Organizing Map (SOM) For
compression applications, the image is decomposed into non-overlapping image
blocks, each image block assumed as an independent vector. In VQBF codevec-
tors are referenced around their central pixel:

- d d
= |y —= < <. 12.
Yi (yl7m7n7 9 = l7m7n =~ 2) ( 8)

For convolution like operators, the image is not decomposed into image blocks.
Instead, we process a sliding window of size d x d x d centered in each pixel

fijn= |:fi+l,j+m,k+n§ —g <lym,n< (21] : (12.9)
VQ-BF filtering is defined as:
oo = uagar. (12.10)
VQ-BF segmentation is computed as:
wi gk = € (Fiji) - (12.11)

Codevectors embody the probabilistic model of the pixel’s neighboring window.
As seen in the Appendix we can assume that the filtering and classification
operators correspond, respectively, to the following MAP decisions:

P (figk = Y600 Eik) = 0w c(e0)» (12.12)

and
P (wid’k =W |f”k) = w,e(fijk) (1213)
Aplication of Occam filters at VQBF design is as follows:

1. Fix the definition of the codevector space,
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2. Compute the rate-distortion curve of the VQ compression using non-
overlapping image blocks,

3. Compute the inflexion point of the rate distortion curve, and
4. Apply the codebook of optimal size to the VQBF image processing.

Some specific difficulties of the application of the Occam filter to the VQ de-
sign: the control parameter of this process is the compression rate specified by
the number of codevectors, therefore, application of VQ is not guided by dis-
tortion, it only gives a sample of the distortion that we can obtain with such
number of codevectors. The uncertainty on the compression loss implies that
the distortion-rate curve will be very noisy. Estimation of the noise magnitude
based on the inflexion point is, therfore, subject to uncertainty. The estimation
of the distortion-rate curve can be made more precise repeating the design of
the VQ at each number of codevectors, increaing the computational cost. Be-
sides, there are two parameters determining the compression ratio: number of
codevectors and codevector dimensionality. As a consequence there is no sin-
gle rate-distortion curve. In the search process for the optimal codebook size
and dimensionality, we have computed several rate-distortion curves exploring
these parameters. Finally, all the process is conditioned to the VQ compression
algorithm being admissible, which is the subject of the next proposition.

Proposition 6. Consider an input signal whose probability distribution can be
modeled as a mizture of Gaussians. The VQ whose codebook is composed of the
Gausstan distributions’ means is an admissible compression algorithm.

Proof: If the input signal follows a mixture of Gaussians, then, the compres-
sion loss is a Gaussian distributed random variable of zero mean. The
expectation of (f — g) - g is trivially zero due to the independence of the
error and the signal recovered after compression and decompression with
the VQ

E{(f-9)-9t=E{(f-9)} E{g}=0. (12.14)

12.4 Experimental results

The intended task is the unsupervised segmentation of a 3D MRI data of a
human embryo. The volume is made of 128 slices of 128 x 256 pixels each. We
denote the data [f; jr;¢,7 =1,..,128;k = 1, ..,256] . Data contains some illumi-
nation artifacts due to the experimental nature of the coil employed. Figure
12.1 shows some slices after the range transformation for visualization to 256
grayscale.

The unsupervised segmentation consists in the VQBF labelling of the pixels
on the basis of the pixels’ windows in order to obtain

[wijkiirg=1,..,128k =1,..,256]. (12.15)
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Figure 12.1: Some slices of the 3D data of an embryio used in the experiment
of Occam filter detemination of the optimal number of classes.
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In order to visualize the image regions identified by each class, we compute the
binary images:
f;"’;k;i,j =1,.,128;k =1, ..,256} , (12.16)

*

where fi, = 1if w; jx = w*, and f;f;,k = 0 otherwise for w* = 1,..,c. We
determined ¢ by the Occam filter methodology. Each 3D data of a given class
has been rendered as follows: we considered half volume rotating aroud the Z
axis to show the identified structure from several vewpoints. Figure 12.2 shows
some of the views obtained from segmentation using image blocks of size 5x5x5
as codevector dimension. The orientations in the figure have been selected to
highligtht the differences between classes. Class number is in the segmented
region visualization.

Figure 12.3 shows rate-distortion curves and inflexion points (highlighted by
small squares) computed for diverse codevector dimensions. The specific inflec-
tion point for codevectors of dimension 5 x 5 x 5 is ¢ = 35. In Figure 12.2, it can
be appreciated that the first classes correspond to the saline solution containing
the embryo. Classes 3 to 11 seem to be several layers between the embryo inners
and the outside. From class 12 onwards, there are several regions of the embryo
identified. Some volumes segmented are sparse, noise like. Others show strongly
connected components. Classes 28, 29 and 30 identify two separate connected
components that may correspond to the brain and abdominal regions. The
class ordering may be explained by the topological preservation of SOM. The
first codevectors correspond to the lower magnitude windows. Vector magni-
tude seems to increase with class number, so the last classes have the strongest
signal.

The Occam filter has mitigated the unbalanced class problem introduced
because the saline background solution has a big percentage of the volume.
Codebooks with large dimension tend to assign many codevectors to this back-
ground. The Occam filter approach reduces the number of codevectors employed
to model the background to three.

12.5 Conclusions

This chapter shows the results of applying the Occam filter approach to the
optimal codebook size problem for a VQBF application. We find this number
as the inflexion point of the rate-distortion curve of the image compression using
VQ. To speed up computations we employ a sample of the entire image (volume).
Once the codebook size is determined, the codebook is computed using all the
image information. The SOM is used as a robust and fast codebook design
algorithm. Finally, the codebook is used by a VQBF algorithm to perform the
segmentation of the image. Visual results show a big spatial coherence of the
detected classes with a small number of spurious classes.
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34

Figure 12.2: Visualization of the classes identified by the Occam filter plus
VQBF. Image block size is 5 x 5 x 5.
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Chapter 13

Supervised SOM for color
face localization

In [127] we reported the design of face localization system decomposed in two
stages. The first stage tries to localize the head region based on the analysis
of the signatures of temporal difference images. It has been described in Ap-
pendix C. The second stage aims to provide confirmation of the head hypothesis
through the color analysis of the head subimage. The color analysis is performed
as a color quantization process. The color representatives are computed through
an adaptive neural network technique, which is a supervised version of the well
known Kohonen’s Self Organizing Map (SOM). The contribution of the PhD
candidate to the system [127] was the design of this specific SOM application
and it is described in this chapter.

There have been some works that use color for the task of face localization
[62, 110, 255, 262]. These works are based on a characterization of the a priori
distribution of the skin color in the color space. They assume their color models
to be invariant under capture conditions, illumination, camera distortions and
so on. On the contrary, our proposition in this document is to apply an adaptive
approach, so that face skin color representatives will be estimated from small
samples of images. In the next sections we describe the computation of the color
representatives and the experimental results.

13.1 Supervised vector quantization using SOM

The color process for face detection is a two class classification problem. Each
pixel either corresponds to a face-skin color or not. This classification can be
defined in terms of a Color Quantization of the images. We perform a supervised
quantization where the SOM is applied independently either to face-skin pixels
or to non-skin-face pixels. Two SOM networks are trained independent and
simultaneously, in one pass over the sample data. The definitions of SOM are
given in Section . The process can be summarized as follows:

169
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1. Select a set of images for training, define the regions of interest that de-
lineate the face region in the image. Select sample sets of pixels inside S!
and outside SV the face regions in the images.

2. Train, in one pass over the sample set S*, the SOM for the face-skin pixels
Y! = {y}, . yi} , where ¢ is the number of color clusters associated with
face-skin.

3. Train, in one pass over the sample set S°, the SOM for the non-face-
skin pixels, Y = {y?,..,y%}, where ¢ is the number of color clusters
associated with non-face-skin.

4. For a pixel in a test image, find the nearest color representative in (YO7 Yl) .
If the color representative belongs to Y the pixel is assigned to the face
class.

Once a head subimage has been extracted applying the signature processing,
the pixels are color quantized and classified as face or not-face pixels. The
confirmation of the existence of a face is given based on the comparison of
the percentage of face pixels with a decision threshold. As will be seen in
next section, this threshold is not very high usually, because the skin region is
usually relatively small in the images selected. A ratio of face pixels of 0.3 is
too conservative and leads to many false rejections, because the head subimages
found by the procedure described in Appendix C usually contain many other
head features like neck and hair.

13.2 Experimental results

Regarding the numerical setting of the SOM for this task, we may say that
the size of the samples for the experiments reported below were |S 1‘ = 10500;
‘50’ = 12500; the number of units for both SOM instances was ¢ = ¢’ = 16, the
initial neighborhood washy = 8, the initial learning rate was ap = 0.1 and the
rate of convergence to the null neighborhood was hy = 1.1.

Figure 13.1 shows some of the head subimages used to train the supervised
SOM. Figure 13.2 shows the hand defined regions of interest that are used to
extrac face color pixel train and test samples. Note that the eyes, eyebrows,
lips and other features that do not share the skin color are also included in the
region of interest. That means that some noise level in the class assignment must
be accepted by the training algorithm. In Figure 13.3 we plot the per image
accuracy of correct classification results of the pixel color classification on test
images not included in the training set. In Figure 13.4 we plot the corresponding
per image specificity (ratio of the number of pixels correctly assigned as face to
the total number of pixels assigned as face) and sensitivity (ratio of the number
of pixels correctly assigned as face to the total number of pixels hand-defined
as face). These images come from different sequences that show variations of
pose, scale and illumination. It can be appreciated that the supervised SOM
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Figure 13.1: Some of the head subimages used to train the supervised SOM.
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Figure 13.2: Manually selected face ROIs for the train images in Figure 13.1.
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Figure 13.3: Results of the pixel color classification on test images not included
in the training set: accuracy of correct clasification.
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Figure 13.4: Results of the pixel color classification on test images not included
in the training set: specificity and sensitivity.
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Figure 13.5: Results of pixel classification on images selected by the signature

algorithm.
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Figure 13.6: Ratios of the face area to the window area (in pixels) in the exper-

imental sequence of images.
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Figure 13.7: Some images rejected by the color segmentation with a threshold
of 0.2 on the ratio of face pixels to head window size.

algorithm is very robust, and produces the correct pixel classification with great
confidence, despite the simplicity of the numerical setting described at the end
of the foregoing section. In Figure 13.5 we show some of the results of pixel
classification in test head images selected by the signature algorithm. We have
not introduced any spatial continuity constraint so that the validation of the
face hypothesis is based on the number of pixels assigned to the face class. In
Figure 13.6 we plot the ratio of the face area to the head window area, for the
true face area as defined by the hand made regions of interest, and the face areas
found by the neural classifier in the experimental sequence. A value of 0.2 for
the threshold on this ratio of is a very conservative decision criteria for rejecting
a head subimage. In the experimental data used for the present paper, this
threshold corresponds to the rejection of images shown in Figure 13.7. These
images show very small faces or face parts, that can be safely discarded as head
subimages.

13.3 Conclusions

We have presented an algorithm for face localization in image sequences, based
on the combination of a signature based process and a color based process. The
first process tries to find rough estimations of the head, while the second provides
confirmation of the head hypothesis and a more precise localization of the face
region. The head localization proceeds by the computation of difference images
for motion isolation. The motion image vertical projections serve to isolate
individuals, whilst the horizontal projections serve to find the rough position of
the head. Color processing is adaptively fitted by the application of a supervised
version of Kohonen’s SOM. A small sample of images can be used to fit the pixel
classifier to the scenario, illumination conditions and skin face color. The color
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processing decides to confirm the head hypothesis when the ratio of face pixels
are above a threshold. In the experiments a ratio of 20% face pixels gives good
results.

The combined algorithm shows a strong robustness against scaling effects,
background cluttering, cloth textures and uncontrolled illumination. The com-
putational cost of the algorithm is not affected by the changes in scale, because
it does not involve the computation of a pyramid of images at different resolu-
tion levels. Still further confirmation of the face hypothesis can be obtained by
other means [137, 222, 237, 238, 243, 255] so that the process described here can
help to reduce the complexity of these other methods. The approach described
is suited for still cameras, which is not the ideal setting for mobile robots. A
possible way to perform the processes while the robot is moving is the computa-
tion of the motion images and motion fields from color quantized images, whose
color representatives could be adaptively updated to increase the precision of
the segmented motion images.
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Chapter 14

VQBF for MRI tissue
segmentation

This chapter gathers some results of the application of VQBF to the supervised
segmentation of 3D Magnetic Resonance Images (MRI). Our contribution to the
work reported in [70] by researchers of the IRM of the UCM was the technical
support on the tuning of the algorithm for its application of VQBF to the med-
ical /biological images. VQBF performs an unsupervised preprocessing of the
image aiming to improve the performance of the supervised classifier perform-
ing the final image segmentation, built as a conventional feedforward artificial
neural network trained with the error backpropagation algorithm, a Multilayer
Perceptron (MLP). The hybrid system is composed of the VQBF filtering layer,
trained with an unsupervised algorithm, and a classification layer consisting of
the MLP. To test the generalization of the approach, the MLP is trained over
the data from a slice containing the central region to be extracted, testing it on
the remaining slices of the MRI volume. The goal is to obtain the 3D region
corresponding to the tissue of interest. Results reported in this chapter refer to
an experimental model of an accute inflamatory process. The results show high
correlation between the manual segmentation, the histopatological data and the
results of the automatic segmentation of the combined VQBF + MLP system.

Section 14.1 contains a brief state of the art review. Section 14.3 comments
on the experimental images. Section 14.2 presents the hybrid system. Section
14.4 recalls the definition of the performance indices used to report validation
results. Section 14.5 give the experimental results. Finally, Section 14.6 gives
the conclusions of this chapter.

14.1 State of the art

Medical imaging techniques have shown high capability for differential diagnosis
and the evaluation of the response to alternative therapies to some pathologies.
MRI has an astounding flexibility and diagnostic capacity. Its combination
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with digital image processing techniques, and automated pattern recognition
increases precision in the quantification of lesions and extraction of their char-
acteristics [155, 166], resulting in a reduction of the analysis time, operator
bias, with increasing consistency in the identification of tissue types in different
images. A long term goal is to establish an automated methodology for the seg-
mentation and volumetric measurement of regions in images. Besides, objective
methods are specially useful when the decision needs consensus among several
physicians [155]. In this sense, artificial neural networks (ANN) [44, 142, 214]
and statistical pattern recognition methods [76, 28], are appropriate tools to
build automatic medical image analysis tools. ANN have been recognized as
tools for decision assistance [155], allowing to build classifiers based on quanti-
tative features extracted from the medical images: i.e., mammography diagnosis
[284], anatomical brain segmentation [190, 98]. Medical image segmentation is
achieved by the classification of image pixels, assigning each pixel to concrete
structure or tissue.

A big problems in medical image are: low resolution and contrast, blurred
boundaries and partial volume effects, variability in sizes and elastic (non-rigid)
deformations of the objects (tissues, structures....). Live tissue show non linear
deformations and the response to the visualization instrument may vary greatly
among machines and subjects. Therefore, most systems have some interactive
element, either to tune some parameter or to perform some initial selection,
that can be used to train the system. For instance, active contours [194] need
the specification of an initial contour that must be close to the region of inter-
est. Such initialization must be sustained by some a priori knowledge, and the
process is highly sensitive to initial conditions [251]. These automated image
analysis methods are desired in many contexts, for instance in the monitoriza-
tion and follow up of some diseases, or the impact of pharmacological treatments
on tissue morphology, physiology and biochemical properties [175]. Such proce-
dures can help to speed up the eavaluation of a mechanism and pharmakinetic,
pharmadynamic and security profiles of a drug in preclinc experiments with an-
imal models [239]. They can allow to perform longitudinal studies on the same
individual, reducing economical cost and improving experimental precision, be-
cause reduces the need to combine observations on different individuals of the
diverse phases of the process, avoiding premature sacrifice of the individuals for
histopathological observation.

The hybrid system used in this chapter uses VQBF for image preprocessing
and MLP for image classification. VQBF requires training of a codebook. For
such task we use the SOM [168, 171]. SOM has been used for MRI processing,
both multispectral and functional data. Hybrid systems using SOM and MLP
have been applied to pathologies such as the osteosarcoma [216]. Fuzzy cluster-
ing has been applied to MRI segmentation [63, 242, 22|. Most works in MRI
segmentation have been on multispectral data [252, 147]. However, the increas-
ing acquisition time and the need for image registration justifies the research
into the segmentation of mono-spectral images.
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Figure 14.1: Manual and automatic segmentation procedure.

14.2 Semi-automated segmentation

The semi-automated process applies two kinds of artificial neural network to
isolate and classify 3D structures, allowing the measurement of their volumes.
The original data are preprocessed by a VQBF as described in Appendix B.
Subsequent semi-automated region of interest (ROI) identification is achieved
by the training and application of a MLP. The result of the MLP application is a
volume of binary valued voxels, the values 1 giving a prediction of the ROI iden-
tification. In some applications, a new VQBF application is done on the results
of the MLP-based ROI identification, i.e.: to discriminate edematose and necro-
tized tissues in the inflamed region [240]. Figure 14.1 shows an schema of the
whole process. The complete dataset is subject to a VQBF classification process
obtaining a 3D classified dataset. The most representative slice is selected and
the ROI corresponding to the tissue of interest is manually drawn. This ROI
and the corresponding slice in the VQBF-classified data is used to train a MLP
which classifies each voxel taking as input a window around it in the VQBF-
classified data. The MLP is then applied to all slices in the VQBF-classified data
giving a prediction of the ROI. For validation, independent manual drawing of
the entire tissue done by expert operators is available.

14.2.1 VQBF unsupervised segmentation

VQBF consists in the VQ of sliding windows centered on the processed voxels.
Voxel neighborhoods are defined in three dimension: the triplet (nX,nY,nZ2)
specifies the neighborhood size in each dimension, where the Z axis corresponds
to the slice number. The codebook used by VQBF has been extracted from
the data volume applying a SOM with the following unit specific neighboring
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function

oy = 10O Y ",
where 7 (¢) is the learning velocity, decreasing exponentially from 0.5 to 0.01,
p (t) is distance factor decreasing in the learning process from 1 down to 0.001,
finally d is the distance in the index space between the winner neuron and the
one being updated.

Data preprocessing consists in the classification of each voxel according to its
neighborhood, given by a cube centered in the voxel [115, 107, 124]. The result is
a new 3D dataset with the same spatial dimensions as the original volume. The
voxel value depends on the number of classes used to categorize the tissues in the
MRI data. VQBF parameters are as follows: neighborhood size 3 x3x 1, number
of SOM iterations: 3000, sample size: 3000 input windows randomly selected in
the original 3D data. These parameters allow a reasonable computing time with
the available resources. The neighborhood size has good edge preservation as
discussed in Appendix B. Therefore, the input to the VQBF can be visualized
as a layer with N = 9 units, and the output as a layer with M = 5 units.
The number of output VQBF classes was decided by the expert opinion of a
pathologist. Codevectors were consistently associated with the following classes
[240]: background, healthy muscle, abceses, inflamated muscle and miscelanea
tissues with high T2 signal in the lesion perifery, including subcutaneous grease.
We did not attempt the automated determination of the number of classes.

14.2.2 Supervised identification of the ROI

MLP is a well known supervised ANN [142, 214], consisting of a feedforward
network trained with the error gradient backpropagation algorithm. In our case,
the MLP was a three layer network: input, hidden, and output layers. These
layers are completely connected, no pruning algorithm has been applied. The
input data to the MLP come from the VQBF-classified volume. The output layer
consists of a single binary unit, given the probability of the voxel belonging to
the ROI. The input layer consists of P units whose values are the VQBF classes
of the voxels inside the window, plus two spatial values (X, y Y,) computed as:

X, = C.(Xi—X.)?, (14.2)
YP = Cy(Y;_Y;)Za

where (X;,Y;) are the voxel coordinates in the slice, and (X, Y.) and (C, Cy)
are, respectively, the center of mass and the spatial standard deviation of the
ROI obtained by manual segmentation of the training slice. We have tested
several hidden layer configurations, finding that the best results were obtained
with 12 units. This value was obtained in the empirical evaluation as the best
tradeoff between computational cost, classification precision and generalization
of the segmentation results. For MLP training, a human operator selects the
most characteristic slice from the 3D data, providing a manual segmentation of
the ROI. The binary image provided by this segmentation will be used as the
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ground truth for the MLP training, which is performed on the corresponding
VQBF-classified slice. The trained MLP is then applied to the remaining slices
in the VQBF classified data. Training is performed using a gradient rule with a
momentum term [142]. To avoid saturation in the unit transfer functions, first
we sort in ascending orde the labels of the class representatives obtained by the
VQBF in the ROI of the selected slice. Learning velocity is set to 0.45 and the
weight of the momentum term is set to 0.01. The unit transfer function is a
sigmoid function with parameter 0.5.

Besides the normalized coordinates given by equation 14.2, MLP inputs con-
sist in the class values in 5 x 5 neighborhood. In any case, the neighborhood size
is not a critical parameter. We have found that 3 x 3 and 7 x 7 neighborhoods
produce similar results. Training is performed for a fixed number of iterations.
After training, the MLP is applied to the remaining slices obtaining a binary
valued volume.

14.3 Experimental images

The serial studies on mice (N = 16) after intramuscular innoculation of As-
pergillus fumigatus have been realized with each animal in diverse days of the
acute infection period, from days 0 to 14 after innoculation. Image acquisition
was performed with an spectrometer Bruker Biospec 47/40 (Ettlingen, Ger-
many) with tailored birdcage resonator. Animals were put in prone position,
with similar positioning in each acquisition: the two rear legs inserted in the
coil side by side. After an exploratory sequence, the acquisition consisted as
fast 3D To weighted (256 x 256 x 32) of axial images with TR/TE of 2000/67.5
ms and field of view 40 x 40 x 22 mm. The proposed method was applied to
the quantification of the inflamed muscle, and the necrosis in lesions with some
abcess in the case of cronical acute inflamation. Only images from days 3, 7, and
14 after innoculation have been used for validation and train. Histopathological
details can be found in [70].

14.4 Statistical analysis

To otain the ground truth for image segmentation, two independent human op-
erators performed the complete manual segmentation of the ROI in some images
in the original dataset, three animal models. The temporal segmentation be-
tween the segmentations is never less than one hour, to minimize the subjective
error of manual delineation relative to the anatomical references. To minimize
memory effects, delination is performed on non consecutive slices.
Segmentation performance results statistical significance was assesed using
ANOVA and correlation methods. Significative difference between the ROI slice
areas and total ROI volume for automated and manual segmentation. For all
comparisons, Student-test on the means (p < 0.01) and F-test on the variances
(p < 0.01) were performed to test for equality. However, comparison between
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manual results and computer assisted segmentation can be misleading, because
the absolute volumes and areas can be similar despite the actual voxels are not
included. For this reason, a simplified ROC analysis is performed [294, 196],
evaluating the following accuracy indices:

1. Similitude (aka repeatibility) measuring the overlapping of manual and
automatically segmented areas [48, 162, 232, 75]:

_|AnB|

S=r—-- 14.3

|AU B| (143)
2. Kappa similarity index (K;) [48, 69, 17, 299|:
. 2|(AnB)|

Ki=2+__—/1 14.4

" AT B (144)

3. The true positive ratio (TPF), which gives a sensitivity measure corre-
sponding to the detection probability

|AN B

TPF =
Bl

(14.5)

4. False positive ratio (FPF) which is related to the false alarm probability,
giving an specificity measure
|A—B|
| B¢|

FPF = (14.6)

14.5 Experimental results

The general methodology is illustrated in Figure 14.2. Figure 14.2(A) shows a
central slice of the MRI data volume across the middle of the lesion. Figure
14.2(B) shows the result of VQBF classification. The affected region is well
segmented including some additional tissues containing lesions. The manual
delination of the ROI giving the classification ground truth is given in Fig-
ure 14.2(C). The data in Figure 14.2(B) (input patterns) and Figure 14.2(C)
(output pattern) were used to train the MLP which was afterwards applied to
the remaining slices of the volume, included the training slice. Figure 14.2(D)
shows the result of performing a second VQBF-classification on the original
data masked by the results of the MLP. The automatic counting of the voxels
of each class, multiplied by the voxel volume gives the estimation of the in-
fected tissue volume. For statistical analysis, ten central slices were selected in
three animal models. Using each one as the training slice for the MLP we com-
pute the number of voxels corresponding to the detected infected region. We
applied ANOVA to compare the results with the manual segmentation, trying
to determine some bias due to the selection of the training slice. There were
no significative differences for any of the animal models (p < 0.05) neither on
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Figure 14.2: Axial slices of the mouse seven days after innoculation. (A) Original
T2-weighted slice. (B) VQBF-classified image, grayscale correspond to class
label. (C) Ground truth for the slice in (A). (D) VQBF classification on the
results of the MLP trained in this data volume for the slice in (A).
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Day 3 3 3 7 7 7 14 14 14
Mouse A B C D E F G H I M SD
Slicel H 63.1 635 88.7 679 915 644 44.1 76.3 80.0 | 71.1 13.9
ANN | 689 821 766 71.1 89.0 71.6 358 716 776 | 71.6 14.0
Slice 2 H 64.2 78.9 659 569 929 504 46.3 80.7 51.6 | 65.3 15.0
ANN | 728 86.6 654 65.7 889 53.0 454 79.3 384 | 66.2 16.8

Table 14.1: Percentage of the inflamated muscle del musculo inflamado mea-
sured by the histopahological analysis (H), and by the computer assisted method
(ANN). Summary of the percetages of inter-lesion tissues in nine animal mod-
els, two histological slices per each, after innoculation with A. Fumigatus. Day
corresponds to the number of days after innoculation.

the measured areas nor on the manual segmentations by the human operators.
There was some statistical significative differences among the results for the
different animal models.

Figure 14.3 shows the comparison of the average number of voxels in the
ground truth inflamated area (solid squares) with the ones found by the auto-
mated method (solid circles). Each column of plots in the figure corresponds to
the use of three different slice sets in the MLP training. Each row corresponds
to the results on a different animal model. The three central slices are used for
the MLP training in plots A, D, G, the four central slices in plots B, E and H,
and the three extreme slices in plots C, F and I. Plots A, B and C correspond to
an animal model studied six days after innoculation with A Fumigatus. Plots
D, E and F correspond to an animal model after seven days, and plots G, H
and I correspond to an animal model after seven days of innoculation. As ex-
pected, difference between the ground truth and the automated segmentation
decrease when training is performed on the central set of slices. On the other
hand, when training is performed on the extreme slices the automated method
does not agree with the ground truth. Also the number of slices used can have
a dramatical effect. When the best slice set is used, the greatest discrepancies
between the manual ground truth and the automated method are found in the
extreme slices of the lesion, where the lesion is less prevalent, less defined and
poorly delimited, as can be seen in Figure 14.4 obtained from the whole set
of sixteen animal models. The number of lesion voxels per slice is shown for
the manual and automated segmentations. Correlation between ground truth
and automated segmentation are above 0.9 most of the times (there is a single
animal model below this figure) with p < 0.01. Correlation between the number
of voxels inside the inflamated lesion is 0.78 with high statistical significance
(o <0.001).

Table 14.1 gives a comparison of the percentage of inflamated and necrotic
tissue found by the automated method and the histopathological analysis of
the dissecte tissues. In this study only nine animals and two slices of each
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animal were processed, due to the difficulty in establishing the correspondence
of the histopathological sample and the MRI slice. The mean and standard
deviations in Table 14.1 show that both measurements are in agreement, with
a high correlation coefficient 0.87 (p < 0.01), giving a high reliability to the
inflamated tissue detected by the automated method.

14.6 Conclusiones

The first step in the proposed method is a VQBF classification, based on the tex-
ture representatives found by a VQ design method in monospectral MRI data.
The VQBF produces a smooth segmentation of the images into tissues classes
with good preservation of perceived tissue boundaries. VQBF edge preservation
is comparable to other approaches such as anysotropic filtering [95]. The SOM
used for the VQ design has two interesting properties: (i) is very robust against
initial conditions, and (ii) codevectors found tend to be ordered, due to topolog-
ical preservation of SOM. This ordering is important for subsequent processes.
The role of VQBF is to reduce signal variability across individual data vol-
umes [190], giving a voxel classification that enhances the ensuing classification
processes.

Second step is the supervised training of MLP using a given ground truth.
This supervised classifier overcomes translation and small deformations due to
animal positioning and anatomical evolution in time. For instance, the localiza-
tion and shape of the inflamatory lesion changes along the longitudinal study
of the animal model.

The inflamatory processes in the animal models show complex mixtures of
tissues with poor delimitation, difficult to segment with conventional methods
[240]. The proposed algorithm gives good results in the identification of the total
lesion. In summary, the process is rather robust agains the strong variations
of the target region between slices and data volumes, with minimal human
intervention.
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Chapter 15

High Order Boltzmann
Machines

This chapter reports the results obtained with the application of High Or-
der Boltzmann Machines without hidden units to construct classifiers for some
problems that represent different learning paradigms. The Boltzmann Machine
learning algorithm remains the same regardless of the discrete or continuous na-
ture of the domain of the variables. High Order Boltzmann Machines (HOBM)
are characterized by the absence of hidden units. When HOBM are restricted
to classification problems the estimation of the connection statistics needed by
the learning algorithm can be done efficiently, without the computational cost
of simulated annealing. In this setting, the learning process can be sped up
several orders of magnitude with no appreciable loss of quality of the results
obtained.

Section 15.1 contains an introdution to the chapter. Section 15.2 gives a
quick revision of Boltzmann Machines. Section 15.3 introduces our notation
for HOBM, and the diverse versions of the learning algorithms. Section 15.4
introduces the test problems, the definitions of the machines applied to each
problem, and the results obtained trying several high order topologies. Section
15.5 gives the conclusions of this chapter.

15.1 Introduction

The Boltzmann Machine is among the first artificial neural network architec-
tures proposed in the literature [2, 1]. However, training them was difficult due
to the computational cost and the difficulty to tune the several parameters in-
volved in the estimation of the connection statistics used for weight updating in
the learning process. Weight updating in the Boltzmann Machine is based on
the difference of the activation probabilities of the connections in the so-called
clamped and free phases. Simulated annealing is required to compute these
statistics in the general case.

189
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Boltzmann Machines training can be much easier than was previously thought
whenever two restrictions are considered.

e The first is the avoidance of hidden units, using high order connections
to model the high order correlations of the input. High order connections
have been referred sometimes as product or sigma-pi units [77, 220, 179].
In our work, the weights of the high order connections are computed using
the same learning algorithm of conventional (order 2) connections.

e The second is the restriction to classification problems. This domain of
problems is very broad including most of the application areas in which
intelligent systems are applied.

Under these restrictions there is no needed to perform simulated annealing for
the estimation of the connection statistics because in the clamped phase there
are no degrees of freedom, while in the free phase, the asymptotic state of the
output units can be easily computed as the search for the output unit with
highest gain. Moreover, the learning measure, the Kullback-Leibler pseudo-
distance, is convex for Boltzmann Machines without hidden units [1, 7, 6, 5],
therefore

e learning is trivially robust against initial conditions, so that the initial
weights can be arbitrarily set (in our works we always set the initial weights
to zero),

e there is no need to realise several instances of the learning to estimate
the average learning performance or to make a broad search for the best
initial conditions

Despite these simplifications, we found that the quality of the results is compa-
rable to other neural architectures, and the number of learning cycles needed is
much less than in the classical approach.

Previous attempts to reduce the computational burden of learning in Boltz-
mann Machines include the application of mean field approximations [217, 218,
145, 33, 34] to the estimation of the stationary distribution of the network. Other
authors [244] have studied a particular class of topologies, tree-like topologies,
suitable to the exact computation of the activation statistics using a decimation
technique. However, the class of topologies appropriate for classification can
not be easily cast into the class of tree-like topologies.

15.1.1 High Order connections

High order connections are the mean to obtain full modelling power while pre-
serving the computational simplifications implied by the absence of hidden units.
Previous to our own work, we only know of sparse references [248, 144, p.211]
to High Order Boltzmann Machines. These references only point to their defi-
nition, without further exploration of their capabilities.
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Besides, there are references to neural network topologies with high order
connections. In [215, 257] connections of order 3 are defined to obtain classi-
fiers of two dimensional patterns that are invariant to translation, scaling and
rotation. The weights of these connections are computed a priori based on the
geometrical characteristics of the problem. In [220] Pinkas addresses the mod-
elling of the resolution of propositional expressions by the relaxation of recurrent
networks, giving algorithmic transformations of the conventional topology with
hidden units into a high order topology, and vice versa. Taylor and Coobes
[261] present an extension of Oja’s rule that is capable of adapting the weights
of higher order neurons to pick up higher order correlations from a given data
set. Mendel and Wang [195] show the use of high-order statistics (cumulants)
in the identification of Moving Average Systems. Although they don’t use high-
order connections, the cumulants are used as complementary characterisations
of the system identified via neural networks. Other works (i.e. [143]) propose
mixed topologies that include hidden units and high order connections trained
with Backpropagation. Karlholm [160] presents a study of recurrent associative
memories with exclusively short-range connections, using high order couplings
(up to order 3) to increase the associative memory capacity. The main aim of
his study is to asses the effect of short coupling ranges in the capacity and pat-
tern completion ability of the networks, and little attention is paid to the effect
of using high-order connections. High-order connections are still the subject of
recent research works such as[260, 78, 79, 296, 269] .

15.1.2 Boltzmann Machines with non-binary units

Learning with Boltzmann Machines was mostly restricted in the literature to
problems defined over {0, 1} variables represented by binary units. We have con-
sidered machines that include non binary units. Generalised discrete units can
take values in arbitrary integer intervals. Continuous units can take values in ar-
bitrary real intervals. In both cases, the learning algorithm is a straightforward
generalisation of the binary case. It suffices to consider the mean activation level
of the connections, instead of the activation probabilities. The use of generalised
discrete units and continuous units allows for big reductions of the number of
units used to codify the problem, and, therefore, of the network complexity.
Our approach to the generalisation of the Boltzmann Machine learning paradigm

is not related to previous attempts to introduce recurrent networks with discrete
or continuous units. In [135], Gutzmann describes a continuous state Boltzmann
Machine to solve combinatorial optimisation problems. The states of the units
are restricted to the [0,1] interval. Also, some authors [12, 13, 217, 218, 145,
11, 33, 165] use the interpretation of the probability of the unit being in state 1
as a kind of continuous state. Networks with multivalued units generalising the
dynamics of the Hopfield network, based on the Potts theory, have been also pro-
posed in the setting of combinatorial optimisation [219, 100]. In a similar vein,
Lin and Lee [183] propose a generalisation of Boltzmann dynamics for the case
of multivalued spin like units whose states are orientations in the plane, with
application to solve the navigation problem based on the definition of an artifi-
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cial magnetic field. Parra and Deco [213] deal with the training of the so-called
rotor neurons. The states of rotor neurons are continuous multidimensional vec-
tors of norm 1. The authors propose an expression of the Boltzmann Machine
learning algorithm for this continuous multidimensional case. A Directional-
Unit Boltzmann Machine (DUBM) with complex valued units is proposed in
[293]. The weights of the DUBM are also complex values. The authors define
a quadratic energy function on the network configurations and a generalisation
of the Boltzmann learning algorithm for the DUBM.

15.2 Boltzmann Machines

Boltzmann Machines are recurrent networks [1, 2| with binary units and sym-
metric weights. Each configuration of units in the network represents a state
with a global energy or consensus. We follow the notation and definitions of
Aarts [1], where the Boltzmann Machine is defined as a maximiser of a con-
sensus function (versus energy minimisation in other references). The binary
units considered take {0,1} values (versus {—1,+1} in other references). The
network operation is a stochastic process in which states of higher consensus
are preferred. Once the network reaches equilibrium, the probability of finding
it in a particular global state (configuration) obeys the Boltzmann distribution.

More formally the structure of a Boltzmann Machine can be describe by
a triplet (U, L, W) where U = {u;} is a set of binary {0, 1}-valued units. In
the conventional Boltzmann Machine the set of connections that defines the
topology of the network is a set of pairs of units L C U x U including the bias
connections of units with themselves. The set of weights associated with the
connections is denoted by W = {w;j; (u;,u;) € L}. A global configuration of
the machine is denoted by k € {0, 1}‘U|, and k(u;) denotes the state of the unit
u; in the global configuration k. The consensus function

Ck)= > wik(u)k(u),

(uiyui)EL

gives a measure of the desirability of the global configuration k.

Boltzmann Machines perform a global maximization of the consensus func-
tion [1]. The dynamics of the Boltzmann Machine are given by simulated an-
nealing, governing the transition between different states of the units. Simulated
annealing basically simulates a sequence of Markov chains with one control pa-
rameter (the temperature). Markov chain state transition probabilities drive
the state changes such that stationary probability distributions of the configu-
rations are Boltzmann distributions on the values of its corresponding consensus
function. The sequence of Markov chains is defined such that as the temperature
parameter descends towards zero, the associated stationary distributions assign
an increasingly higher probability to configurations with the highest values of
the consensus function. In the theoretical limit the probability for the process
to be on a state of global maximum consensus is one. This is the appeal of
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Boltzmann machines for the statement and solution of combinatorial optimisa-
tion problems. In practice, if the process is in state k the simulation proceeds
through the generation of a neighbour configuration k’ and its acceptance with

probability
ck-C (k’))]
c 3

A () = [1 + exp (

leading to the stationary Boltzmann distribution of the global configurations:

qx (c) o % exp (Cc(k))

2= Yo (CR=CEN)
k

with where ¢ is the temperature parameter and qx (¢) denotes the stationary
probability for the configuration k at temperature c. The partition function Z
is needed to normalise the Boltzmann distribution. After reaching equilibrium,
the parameter ¢ is decreased by a small step.

with

15.2.1 Learning in Boltzmann Machines

For the purpose of learning the set of units is divided into three disjoint subsets:
input, output and hidden units. The learning process consists of a series of
cycles each of them with two different phases. In the first phase the examples
to be learnt are clamped into the input and output units and the machine is
simulated until reaching a state stationary probability distribution denoted by
q™(c). In the second phase, all units are free to adjust their state. The free state
stationary probability distribution is denoted by q~(c). It is a common practice
to clamp the input units in the free phase, leaving the hidden and output units
free to adjust their state. This practice is specially meaningful in classification
problems, so we will adhere to it. The objective of the learning algorithm is
to adjust the connection weights so that ¢~ (c) approaches ¢*(c). The differ-
ence between both probability distributions is measured by the Kullback-Leibler
divergence

a (¢)
@ ()

D(qa"(c),a™ () =) g ()In
k

where ¢, (c) and ¢, (c) are the desired (clamped) and actual (free) probabilities
of the visible units being in state k. The learning algorithm can be expressed
as finding the weights that minimise D. The probabilistic interpretation of
learning in Boltzmann Machines is the search for the log-linear model that best
fits the distribution of the data [36, 93, 177, 14]. In the conventional Boltzmann
Machine hidden units are introduced to capture high order interactions between
variables. The minimisation of the Kullback Leibler divergence is performed
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applying gradient descent on the weights. This gradient is of the form

oD (q+8(lcu)”a a” (o) _ 7% (p;; *pi_j) ’

where p;"j and p;; are the probabilities of the connection (u;, u;) being activated
under the clamped and free stationary distributions respectively:

Pl =3 (&) (u) k()
k

Py = > i () k (ui) k (uy).
k

Formal derivation of the learning rule and convergence results can be found
in [1]. The gradient descent approach to minimise D (¢ (c), ¢~ (¢)) is to change
the weights according to:

Awij = « (25:; —ﬁfj) ;

where ]3;;- and p;; are estimations of p;rj and p;; respectively.

15.2.2 Hidden units versus high order connections

High order interactions involve more than two variables. In classification prob-
lems, high order interactions appear when there are joint correlations of several
input variables with one output variable.

Hidden units are introduced to model high order interactions between vari-
ables. However, the Kullback Leibler divergence for Boltzmann Machines with
hidden units is not convex, therefore the learning process can fall in local minima
corresponding to suboptimal models. Moreover, the estimation of the connec-
tions’ activation probabilities is a very delicate step involving the tuning of a
number of parameters, such as the appropriate temperature, the appropriate
annealing schedule to reach the stationary distribution, and the length of the
simulation of the stochastic behaviour for the gathering of statistics over this
stationary distribution.

High order connections provide a straightforward model for high order in-
teractions avoiding the need of introducing hidden variables. The advantage of
high order connections over hidden units is twofold. First, high order connec-
tions can be clearly interpreted as identifying high order interactions, whereas
in the case of hidden units this interpretation is more obscure. Second, hidden
units introduce spurious interactions, whereas in the case of high order con-
nections all the interactions introduced in the model correspond to high order
correlations found the data.

It has been shown [1, 13|that, for Boltzmann Machines without hidden units,
the Kullback-Leibler divergence D (q% (c),q™ (¢)) is a convex function with a
single global minimum. Therefore, learning is robust against bad initial con-
ditions and gradient descent ensures reaching the global optimum. Moreover,
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the dynamics of the Boltzmann Machine can be simplified, avoiding the need to
perform simulated annealing to estimate the clamped and free distribution. In
the clamped phase there are no degrees of freedom. The computation of ﬁ:‘j can
be done clamping the patterns in order and taking the corresponding statistics.
Moreover, this computation can be made once for all at the beginning of the
learning process. The absence of hidden units implies that in the free phase
the output units are the only degrees of freedom of the system. Restricting the
domain of application to classification problems allows further computational
simplifications. Assume the convention of codifying the classes with orthogonal
binary vectors. Classification of an input pattern is achieved when the output
vector is composed of zeroes, with only one unit set to one: the unit that rep-
resents the most likely class for the pattern. That implies that the Boltzmann
Machine output layer is a "winner-take-all" structure!. Once an input pattern
is fixed, the asymptotic behaviour of the Boltzmann Machine driven by the
simulated annealing algorithm will be to set to one the output unit with the
maximum gain. Therefore, the computation of p;; can be done clamping each
input pattern, searching for the output unit with the maximum gain (corre-
sponding to the maximum a posteriori probability class) and accumulating the
statistics of the activation of the connections. There is no need to explicitly
build up the "winner-take-all" structure of the connections of the output layer,
because the maximum gain unit can be found by direct search.

15.3 High Order Boltzmann Machines

A High Order Boltzmann Machine with binary units is also described by a triplet
(U,L,W), where U = {u;} is the set of binary units, L the set of connections
between the units (the network topology) and W are weights associated with
the connections. In a High Order Boltzmann Machine (HOBM) a connection
A € L can connect more than two units. Connections are no longer pairs of
units but arbitrary subsets of U:

A= {uil,um...,uilkl} - U.

That is, L C P (U) : The set of connections is a subset of the power set of U. The
order of a connection is the number of units connected by it: O (\) = || . We
say that the order of the HOBM is that of the connection with maximum order:
O(U,L,W)=max{O (A); X € L}. The topology of a conventional Boltzmann
Machine can be visualised as a graph, whereas the topology of the High Order
Boltzmann Machine is visualised as an hypergraph [24]. The weights W can be
formulated as a mapping that associates each connection with a real number W :
L — R. The consensus function of the HOBM is a straightforward generalisation

IMutually inhibitory connections in the output layer are needed to ensure that the sys-
tem configuration with the maximum gain output unit set to one corresponds to the global
maximum of the consensus function.
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of the consensus function of the conventional Boltzmann Machine:

C) =Y w ] k),

€L UEN

where k(u) is the state of unit v in the global configuration k € {0, 1}‘U|. The
HOBM dynamics is the search for the global maximum of the consensus function.
The asymptotic distribution of the configurations qx(c) follows the Boltzmann
distribution based on the consensus function. Learning is the minimisation of
the Kullback-Leibler divergence between the distributions of the data and the
High Order Boltzmann Machine configurations. The gradient takes the form:

P *(c),q (c N
Par.a o) 1 ps ),

where p}f and p; are the probabilities of the connection A being activated under
the clamped and free stationary distributions respectively:

pi = (© [T k@),

AEL

pi_j:qu (¢) Hk(u)

AEL

Formal derivation of the gradient descent learning and convergence properties
for the HOBM with binary units (and without hidden units) can be found
in[7, 6, 5]. An alternative and more general geometrical proof of the convexity
of the learning error for high order neural networks without hidden units can
be found in [12].

We have used two weight updating rules. The first is the straightforward
application of the gradient descent:

Awy = (py =5y,

where ;[);\r and py are estimations of p:\*' and py , respectively. The learning
rate parameter is set to & = 1. The second involves a momentum term:

Aywy = a (P — Py ) + pdi_1wy,

with the learning rate set to &« = 1 as above, and the momentum coefficient set
to p=10.9.

The estimation of activation probabilities is performed as follows. In the
clamped phase, each of the training patterns is set at the input/output units.
The activation state of each connection is recorded. (In the binary {0,1} case
a connection is active if and only if all the extreme units are set to 1). The
activation probability of the connections in the clamped phase is computed as
the mean activation state of the connections. These clamped probabilities are
computed only once at the beginning of the learning process. The free phase is
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a series of learning cycles. In each cycle, the input components of each pattern
are set on the input units. The response of the network is computed searching
for the maximum gain output unit, which is set to 1, while the other output
units are set to 0. (Remember we deal only with orthogonal binary output
vectors). The activation state of each connection is recorded, and the mean
activation state after the presentation of all the training patterns is taken as the
activation probability in the free phase. This weight updating schedule is often
called batch or off-line adaptation. The weights are updated according to the
rule employed and then a new learning cycle is started. The initial weights are
always set to zero.

15.3.1 High Order Boltzmann Machines with generalised
discrete units

If we consider problems with discrete valued variables, be them categorical or
integer valued, we need to introduce discrete units in the fomulation of the
Boltzmann Machine adding the specification of the state space of each unit. The
Boltzmann Machine with generalised discrete units is described by a quadru-
ple (U, R,L,W) where U, L,W have the same meaning of binary Boltzmann
Macines, and R = {R;;i =1,...,|U|} where R; is the state space of unit u;.
The configuration space is now the product of the unit state spaces, so that
k € Ry X Ry X ... x Rjy|. The product interpretation of the connection activa-
tions is maintained, so that the consensus function preserves its form:

Ck)=> wx ][]k,

AEL UEN

taking into account that k(u;) € R;. The basic dynamics of the HOBM with
discrete units is the search for the global consensus maxima. The Kullback-
Leibler divergence between the clamped and free distributions

+ - _ + 4 ()
D(qt(c),q () =Y qf (c)In-K
k @ (c)

is well defined taking into account that the configuration space is discrete and
finite and that the configuration stationary distributions are well defined as
Boltmann distributions of the consensus function. The learning is defined as
the minimisation of the Kullback-Leibler divergence, whose gradient can be
deduced [120] to be of the following form:

9D (a* (¢),qa” (0)) _ 71 (ai_ B a;) ’

owy, c

where a;f and a) are the mean activations of the connection A under the clamped
and free stationary distributions respectively:

af; =2k:q1f(0) II*w,

AEL
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0y =>4 © [] kw.

k AEL
A formal derivation of the expression of the gradient and convergence condi-
tions can be found in [120]. The convexity of the Kullback-Leibler for the High
Order Boltzmann Machine with discrete state units without hidden units has
been proved [120] following the same reasoning employed in [5] for the binary
state units. The learning rules used in the experiments reported in this paper

are similar to the ones used in the binary case:

Awy = o (af —ay),

where &j and a) are estimations of air and a, , respectively. The momentum
learning rule is of the form:

Aywy = a (pf — Py ) + pdi—1wy.

The learning rate and momentum parameters are set to o = 1 and p = 0.9,
respectively. The estimation of the mean activation levels is performed in a
way similar to the described above for the binary case. The adaptation of the
weights is also performed in batch mode. The initial weights were always set to
zZero.

15.3.2 High Order Boltzmann Machines with Continuous
units

The introduction of continuous units does not change much the notation and
definitions. The unit state space units is R; C R and the global configuration
space is a real high dimensional space k € RIYl | The consensus function, that
defines the underlying log-linear probabilistic model, has the same expression
than in the case of generlized discrete units:

Ck)=> wy[[F@).
AEL UEA

We do not impose any normalisation restriction on the states, neither we assume
any probabilistic or geometric interpretation of the states. The Kullbak-Leibler
divergence that drives the learning process is of the form:

+ C
D @)= [ I % (),

% (¢)
The gradient of the Kullback-Leibler divergence can be shown to be

D" (c),a () 1 (af —a3),

Owy c

where a;\" and a) are the mean activations of the connection A under the clamped
and free stationary distributions respectively:

afj:/kqi(c)Hk(u),

AEL
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The study of the convexity of the Kullback-Leibler measure, and of the con-
vergence conditions of the learning algorithm, have not been rigorously done in
this case. The experimental work reported in this chapter serves as an empirical
confirmation of the validity of this generalisation to continuous units. We do not
need to tackle with the very difficult problem of realising a simulated annealing
in a continuous space, because the input units are always clamped. The esti-
mation of mean activity levels and weight adaptation can be done following the
same procedure used in the binary and generalised discrete case. The learning
rules are also the same.

15.4 Experimental results

In this section we give a detailed account of the application of HOBM to some
selected classification problems described in Appendix . We have applied both
binary and generalised discrete unit machines to the Monk’s problems. Ma-
chines with continuous input units have been applied to the Sonar and Vowel
recognition problems. In each case we have tested several high order topolo-
gies (without hidden units) to explore the behaviour of the learning algorithm.
From a methodological point of view, we use the training and test data sets as
provided in the original databases. Training has been performed until either
oscillation or saturation on the training set were detected. Oscillation in the
training error implies that the topology lacks parameters to fit the problem. Sat-
uration implies that the tested topology has enough (or too many) parameters
to fit the data. The tables of results show the percentage of correct classification
on both the train and test sets. The results on the train set indicate the kind of
stopping of the learning process. The table entries with a percentage of correct
classification on the training set well below 100% indicate that the tested topol-
ogy has not enough parameters to exactly fit the data. In such cases, learning
was stopped when oscillations were detected. It must be noted, however, that
this does not imply bad generalisation. On the contrary in some cases, the best
results on the test set (generalisation) were obtained with topologies that did
not saturate on the training set.

15.4.1 HOBM with binary units for the Monk’s problems
The set of binary units, used to codify the Monk’s problems, is defined as follows:
U =U, 00U, UU3 U {u,},

Ul - {UU,Z S {172a4}a] € {1a253}}a
Us = {uij;i =5,j€ {1,...,4}}.
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Figure 15.1: A priori topology of the binary Boltzmann Machine for the M;
problem.

Categorical variables are modelled by a set of binary units. Binary variables
are modelled by a single unit. The unit u, models the classification output. The
mapping of the data patterns x into the states of the machine is as follows:

k() = { 1 =z, takesitsj — thvalue
I 0 otherwise

A priori topologies can be deduced from the logical definition of the problems
and the logical interpretation of the connections as extended AND operators.
Figure 15.1 shows a graphical representation of the a priori topology for the M;
problem. It consists of three connections of order 3 (with positive weights), one
connection of order 2 (with positive weight) and a bias (with negative weight)
for the output unit. The formal definition of the a priori topologies for the three
problems, together with the a priori weights that guarantee their solution, can
be found in [120]. The existence of a priori topologies tells us two things. First,
the HOBM is able to model the problem. Second, they give some hints about
the complexity of the network topologies that can be used for each problem. The
order of the a priori topology tells us that topologies of lesser order probably
will be unable to fit the data. The orders of the a priori topologies are 3, 4 and
3 for M; , M5 and M3 , respectively.

The experimental work done on the Monk’s problems with binary unit
HOBM is an exploration of the sensitivity of the learning algorithm to vari-
ous topologies. The first experiment was the training of the a priori topologies.
Subsequent experiments were the training of rather general topologies of increas-
ing order. We call densely connected topology of order r to an HOBM topology
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M, M, M3
%train  %test cycles | %train  %test cycles | %train  %test cycles
Best result 100 100 100
A priori topology | 100 100 2 100 97 186 95 100 200
L3 100 90 12 100 80 128 100 91 30
L* 100 94 6 100 73 31 100 93 24
| 100 88 5 100 71 22 100 91 23
LS 100 88 5 100 72 22 100 94 17
L’ 100 88 5 100 73 23 100 94 17
Table 15.1: Results with binary Boltzmann Machines for the a priori topologies
and densely connected topologies. Weight updating by the simple gradient rule.
M, M, Ms;
%train  %test cycles | %train  %test cycles | %train  %test  cycles
Best result 100 100 100
A priori topology | 100 100 3 100 87 66 54 53 200
L3 100 99 20 100 83 52 100 92 32
L* 100 92 15 100 73 33 100 90 24
L5 100 88 15 100 73 24 100 90 23
L° 100 88 15 100 73 25 100 94 17
L7 100 87 15 100 73 34 100 94 17

Table 15.2: Results with binary Boltzmann Machines for the a priori topologies
and densely connected topologies. Weight updating by the momentum rule.

in which the set of connections contains all the significative connections up to
order r. Significative connections are those that include the output unit, and
that do not connect units representing alternative values of the same pattern
component. More formally, the set of connections of the densely connected
topology of order r is given by:

L' ={XCU|(IAN <) A(uo € A) A (ug; € X =i € Nk #J) }.

Tables 15.1 and 15.2 summarise the results of the application of the binary
unit HOBM to the Monk’s problems using the simple gradient rule (Table 15.1)
and the momentum rule (Table 15.2). In each case, we give the success on the
train and test data, and the number of learning cycles performed. In successive
TOwWs we give

e the best result in the reference report [263],
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e the results obtained with the a priori topology and
e the results with densely connected topologies of increasing order.

Peering through the tables reveals that the number of learning cycles needed is
small, therefore learning is fast. In general, the training set was always fitted.
All the tried topologies had enough parameters to model the problem. The
topologies of order greater than that of the a priori topology show clear symp-
toms of overfitting. The problem M, appears as the most difficult, with really
poor results on the test data. The cause of this poor behaviour seems to be that
all pairs of patterns with Hamilton distance 1 belong to different classes, which
makes very difficult the generalisation of the learned distribution when general
topologies are used. However, there is an a priori topology for this problem
that gives very good results. Finally, it is difficult to ascertain the superiority
of one of the weight updating rules. For problem M; the momentum rule gives
excellent results, whereas for problem M3 it is fairly outperformed by the simple
gradient rule. (For the a priori topology the momentum rule gets stuck because
of the noise in the training set).

15.4.2 HOBM with generalised discrete units for the Monk’s
problems

The set of units employed to model the patterns is U = {u;;i=1,...,6,u,}.
The unit state spaces are: Ry = Ry = Ry = {0,...,2}, R3 = R¢ = R, = {0,1}
and Ry = {0,...,3}. The mapping of the patterns into the unit states is
k(u;) = j — 1 if variable a;=(j-th value in its range).

A priori topologies could be designed searching for the weights that give the
consensus maxima for the desired configurations, which could be derived from
the logical statement of the problem. We have not found any a priori topologies
for problems M; and M3 . However, we have found one for problem M, . In this
topology, the positive weight connections are all the connections of order 5 that
include the output unit. The negative weight connections are all the connections
of order 6 that include the output unit, and the bias connection of the output
unit. The formal definition appears in [120]. Figure 15.2 shows a sketched
graphical representation of the a priori topology for the My problem using
discrete units. In this figure black hexagons represent high order connections
and small circles represent units. For clarity, only two of the whole set of
connections of order 5 and 6 of each order are shown. Appropriate weights of
the connections are 2 for the order 5 connections (w; j k10, = 2 in the figure),
-30 for the order 6 connections (wi,j}k’l,m}o = —30 in the figure) and w, = —1
for the output bias.

The experimental work is an exploration of the sensitivity of the learning
algorithm to various topologies. For My the first experiment was the training
of the a priori topology. In the experiments we have tested densely connected
topologies of order r. The set of connections in these topologies contains all the
connections of order r or less that include the output unit. A formal definition
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Figure 15.2: Sketch of the a priori topology and weights of a machine with
generalised discrete units for the M2 problem.

of the set of connections of the densely connected topology of order r is:
L"={ACU|(|]A|<r)A(u, € N}

Tables 15.3 and 15.4 shows the results for the Monk’s problems with High
Order Boltzmann Machines that include generalised discrete units using the sim-
ple gradient and momentum rules for weight updating. The number of learning
cycles is relatively small. Focusing on the problem Ms , the a priori topology
gives very good results. Relatively good results are obtained with a topology of
order 5. Given that the a priori topology is of order 6, we did not be expect
to obtain good results with topologies of lesser order. In fact, the results on
the training set of topologies of order less than 6 (for the My data) show that
the topologies are unable to fit the data. For this problem the results of the
generalised discrete units improve greatly upon the HOBM with binary units.
The results obtained for the M; and M3 problems are bad, but better than ex-
pected, given the lack of a known a priori topology giving us the certainty that
the desired data distribution can be modelled by the machine. For the M; and
M3 problems it is quite doubtful that HOBM with generalised discrete units
can fit the desired distribution. The appropriateness of applying HOBM with
binary or discrete units seems to be a matter of opportunity. The suggestion
for applications would be to try first the simplest model (generalised discrete
units) and, in case of failure, modelling critical input features with binary units.
The learning algorithm remains the same in any case.
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M, M, M3
%train ~ %test cycles | %train  %test cycles | %train  %test  cycles
Best result 100 100 100
A priori topology 100 97 20
L3 70 67 200 62 66 500 68 71 145
L* 87 76 163 74 69 500 93 82 133
L° 91 83 200 98 90 500 98 88 491
LS 91 84 200 100 91 80 98 85 206
L7 90 76 200 | 100 91 80 98 83 238
Table 15.3: Results with Boltzmann Machines that include generalised discrete
units for the a priori topologies and densely connected topologies. Weight up-
dating by the simple gradient rule.
M, M, M;
%train ~ %test cycles | %train  %test cycles | %train  %test  cycles
Best result 100 100 100
A priori topology 100 98 40
L3 74 73 112 68 67 500 84 81 161
L* 90 75 134 84 7 500 97 92 233
L® 95 7 129 100 90 186 98 91 78
LS 95 77 200 100 91 49 96 84 200
L7 96 80 106 100 91 49 96 85 200

Table 15.4: Results with Boltzmann Machines that include generalised discrete
units for the a priori topologies and densely connected topologies. Weight up-
dating by the momentum rule.
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15.4.3 HOBM with continuous [0,1] units for the Sonar
problem

The set of units employed to model the variables is U = {u;;i =1,...,60,u,}.
The unit state spaces are: Ry = .. = Rgp = [0..1] and R, = {0,1}. The mapping
of the patterns into the unit states is

k(u;) = x454=1,...,60,

k (u,) = 1if z, = metal

The experimental work is an exploration of the sensitivity of the learning
to various topologies. No a priori topology for this problem can be formulated
because there is no logical definition. Two kinds of general topologies were
tested:

e The densely connected topologies of order r, in which the set of connections
contains all the connections of order 7 or less that include the output unit.
Formally:

L'={cU|(|Ax<r)A(u, € N)}.

e the "in line" topologies, which are densely connected topologies with the
additional restriction that the input units in the connection are consecu-
tive. Formally:

T={el"|(r>2=(uy e X= (uj—1 €EAXVuiqg1 €A)))}.

Tables 15.5 and 15.6 show the results obtained for this problem with the
simple gradient and momentum rules for weight updating. The results are
comparable to those obtained by Gorman and Sejnowski . Sometimes a peak
result is followed by a decay of the learning results. When this occurs we have
given the peak and the result. The momentum rule shows better convergence (is
faster) and better results than the simple gradient rule. The "in line" topologies
appear to be well fitted to this problem, probably due to the sequential nature
of the data. The correlation between inputs near in time and the situation of the
peaks of the signal seem to be the relevant characteristics for the classification
of the signals, and they are well captured by the "in line" topologies. It can be
concluded that the learning algorithm works well with input continuous units.

15.4.4 HOBM with continuous units for the vowel recog-
nition problem

The set of units for this problem is U = {u;;i=1,...,10,u0;;j =1,...,11},
the input units u; have state spaces R; included in the interval [—5,5], the
output units u,; have range R,; = {0,1}. The input units take the value of the
input component k(u;) = x;. The mapping of values to the output units makes
k(uo;) = 1 if z, takes its j-th value. Again, the experimental work consists of
the exploration of the sensitivity of the learning to the topology. The topologies
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Topology ‘ cycles ‘ Yotrain ‘ Potest ‘

L2 500 73 69
L3 447 | 100 87
L4 202 | 100 87
L3 500 86 86
L} 500 89 84
L 500 88 83
LS 500 91 82
L 430 93 88

500 76 71
L3 500 93 86
LY 470 94 89

500 67 64
L10 500 93 87
L 470 93 88

500 77 73

Table 15.5: Results on the sonar signal recognition using the simple gradient
rule.

Topology ‘ cycles ‘ Yotrain ‘ Yotest ‘

L2 500 94 76
L3 77 95 89
Lt 48 99 89
L3 205 97 83
L 97 100 88
L 97 100 88
LS 180 98 85
L] 103 | 100 87
L3 110 97 86
L 101 99 85
L10 136 99 88
L1 95 91 82

Table 15.6: Results on the sonar signal recognition using the rule with momen-
tum.
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Topology ‘ cycles ‘ Y%train ‘ Yotest ‘

L2 400 48 37
L3 230 78 52
L? 100 88 46
L5 30 89 46
L¢ 30 90 41

Table 15.7: Results on the vowel recognition problem. Simple gradient rule

used for the experiments are the densely connected topologies of order r whose
set of connections contain all the connections of order r or less with only one
output unit in each connection. Formally:

LT ={ACU[(IA <7) A(uos € \) A (VE # j (uok & A)) }-

And the in line topologies that are densely connected topologies with the
additional restriction of the input units being consecutive. Formally:

?:{)\ELT|(T>2$(U16)\$(UZ‘_16)\\/’&1‘_;,_16/\)))}.

Tables 15.7 and 15.8 show the results of the experiments using the sim-
ple gradient and momentum rules. In Table 15.7 we have tested only densely
connected topologies, whereas in Table 15.8 we have tested also "in line" topolo-
gies. The results are comparable to those given by Robinson . In particular we
have even found a better result with the "in line" topology of order 3 and the
momentum rule. This result is also comparable to the best reported in [61].

The results in Tables 15.7 and 15.8 show that the proposed learning algo-
rithm for HOBM with continuous input units is quite robust. It performs well
even in if the convexity of the Kullback-Leiber distance is doubtful. We always
start from zero weights, assuming the convexity of this distance. Bad general-
isation (poor results on the test set) seems to be inherent to the data, as the
reference works give also poor results. The overfitting effect can be clearly ap-
preciated as the order of the topologies grows. Excellent results are obtained
with low order topologies. From the sonar experiment and this one, the mo-
mentum rule seems to be more appropriate for continuous inputs.

15.5 Conclusions

HOBM without hidden units applied to classification problems allow for simpli-
fications of the learning process that speed up it by several orders of magnitude,
making of practical interest this kind of neural networks. The results obtained
are comparable to those found in the reference works, obtained with other tech-
niques or other neural network architectures. We have also found that a small
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Topology ‘ cycles ‘ Y%train ‘ Yotest ‘

L2 100 62 43
L3 80 98 54
L4 40 96 46
L? 60 100 45
LS 50 100 45
L3 120 87 58
L} 120 87 57
LS 120 84 51
LS 250 97 55
L7 250 90 53
LY 250 95 53
LY 150 96 52

Table 15.8: Results on the vowel recognition problem. Momentum rule.

number of learning cycles are needed if the order of topology is high enough
(there are enough parameters to model the problem). We have also found that
in many cases excellent results are obtained with relatively low order topolo-
gies. That means that in most cases of practical interest High Order Boltzmann
Machines of moderate size may be of use.

HOBM without hidden units allow the easy generalisation of the learning
algorithm to networks with generalised discrete and continuous units. The learn-
ing algorithm remains essentially the same, regardless of the kind of units used.
The main benefit of the use of generalised discrete units is the reduction of the
network complexity, and further speedup of the learning and application pro-
cesses. The experimental results reported in this chapter show that the effect
of the change of codification, from binary to the generalised discrete units, can
have quite different effects depending on the problem at hand. In fact, the re-
sults can be contrary to the intuition that the use of generalised discrete units
implies a loss of modelling power. The results obtained for the My problem
show that problems difficult to modelise with binary units can be appropriately
modelised with discrete units.



Chapter 16

Relevance Dendritic
Computing

This chapter presents the last works performed by the PhD candidate. They
represent an open line of research with promising preliminar results. They aim to
the enhancement of the so-called Dendritic Computing (DC) in order to obtain
improved generalization results. We have embedded it in the Sparse Bayesian
framework which leads to the proposition of Relevance Vector Machines (RVM)
, therefore we call Relevance Dendritic Computing the resulting approach.

The structure of the chapter is the following. Section 16.1 gives an introduc-
tory motivation. Section 16.2 reviews the baseline dendritic approach. Section
16.3 reviews the Sparse Bayesian Learning for linear models. 16.4 defines the
Relevance Dendritic Computing. Section 16.5 provides experimental results
comparing RDC and RVM over a couple of data sets. Section 16.6 gives our
conclusions and avenues for further research.

16.1 Introduction

Dendritic Computing (DC) [21, 226, 228, 229, 230] was introduced as a simple,
fast, efficient biologically inspired method to build up classifiers for binary class
problems, which could be extended to multiple classes. Notice that DC falls
in the general class of Lattice Computing [118] algorithms. Specifically the
Single Neuron Lattice model with Dendrite Computation (SNLDC), has been
proved to compute a perfect approximation to any data distribution [227, 230].
However it suffers from over-fitting problems: performance of cross-validation
experiments is very poor. In a recent work [62] we focused on the results over an
specific database that we have studied in previous works [91, 245, 246, 247]. We
found that SNLDC showed high sensitivity but very low specificity in a 10-fold
cross-validation experiment, with an average low accuracy.

To improve the SNLDC generalization, [21] proposed to compute the optimal
rotation of each of the hyperboxes by some optimization method at each step

209
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of the training algorithm. This procedure is computationally very expensive
and does not guarantee optimal generalization of classification performance. It
depends on the local distribution of the data, as a local kernel transformation
whose parameters must be fitted locally. More recently, [62] has proposed the
application of a kernel transformation [250] followed by dimension reduction
process realized by the Lattice Independent Component Analysis (LICA) [119]
as an appropriate feature extraction for SNLDC classifiers, improving over other
feature extraction processes. The composite transformation is the Kernel-LICA
approach for SNLDC.

Sparse Bayesian Learning [264, 265, 266] is a general Bayesian framework
for obtaining sparse solutions to regression and classification tasks. This ap-
proach obtains dramatically simpler models than other approaches. A popular
instance of this approach is the Relevance Vector Machine (RVM), which is
trains a prediction model that is functionally identical to the one used by the
Support Vector Machines (SVM) but obtaining much parsimonious represen-
tations, i.e. using much less relevant vectors than the equivalent performance
SVM. The RVM and SVM underlying model is linear, though it can benefit
from the kernel trick to obtain solutions to non-linear problems. Following the
notation introduced in [265], in supervised learning we are given a sample of
input vectors {xn}f:/:l along with corresponding targets {tn}i:/:1 which might
be real values or class labels. The conventional prediction model is given by a
linear function of the form:

M
y(x;w) = Zwiwz‘ (x) =w'o(x), (16.1)

where the output is a weighted sum of M basis functions. Basis functions are
fixed and might be non-linear, without affecting the intrinsic linear nature of
the model.

16.2 Dendritic Computing

A single layer morphological neuron endowed with dendrite computation based
on lattice algebra was introduced in [230]. Figure 16.1 illustrates the structure of
a single output class single layer Dendritic Computing system, where D; denotes
the dendrite with associated inhibitory and excitatory weights (w?j7 wzlj) from
the synapses coming from the i-th input neuron. Assume that we are given a
collection of m pairs of patterns and class labels (x¢,c¢), x* € R%, ¢ € {0,1}.
The response of the j-th dendrite to the £&-th input vector is as follows:

o) =p AN D (oS ), (16.2)

i€l IEL;;

where [ € L;; C {0, 1} identifies the existence and inhibitory/excitatory charac-
ter of the weight, L;; = ) means that there is no synapse from the i-th input
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neuron to the j-th dendrite; p; € {—1,1} encodes the inhibitory/excitatory
response of the dendrite. The complete neuron activation is computed as:

T(x) = Am(x);e=1,...,m (16.3)
k=1

To obtain the output classification prediction, a hard-limiter or Heaviside func-
tion is applied:
¢ =f(r(x),
where
1 >0
We could also apply a logistic sigmoid function to the activation funcion:

1
f@) =0l = (16.4)
which coud be interpreted as the posterior probability of class 1.

It has been shown [230] that classification models based on dendritic com-
putation have powerful approximation properties. In fact, they showed that
this model is able to approximate any compact region in higher dimensional
Euclidean space to within any desired degree of accuracy. However, it must be
noted that the neuron activation function of equation (16.3) has not derivatives
defined. Therefore, it is not possible to apply gradient based approaches to
develop learning algorithms.

A constructive algorithm was provided in [230], which is specified in Al-
gorithm 16.1. The algorithm starts building a hyperbox enclosing all pattern
samples of class 1, that is, Cy = {{ : ¢¢ = 1}. Then, the dendrites are added to
the structure trying to remove misclassified patterns of class 0 that fall inside
this hyperbox. In step 6 the algorithm selects at random one such misclassified
patterns, computes the minimum Chebyshev distance to a class 1 pattern and
uses the patterns that are at this distance from the misclassified pattern to build
a hyperbox that is removed from the C initial hyperbox. In this process, if one
of the bounds is not defined, L;; # {0, 1}, then the box spans to infinity in this
dimension.

16.3 Sparse Bayesian Learning for linear models

The general linear model of equation (16.1) is specialized to the function:

N
y (x5 w) =Y wiK (x,%;) + wo, (16.5)
=1

where K (x,x;) is a kernel function which defines a basis function from each
training set sample. This model is used in the Relevance Vector Machines
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Algorithm 16.1 Dendritic Computing learning based on elimination

Training set 7' = {(x%,¢¢) x¢ € R% e € {0,1};6=1,...,m},

1. Initialize j =1, I; = {1,...d}, P; ={1,...,m}, L;; = {0,1},
w}j:—/\xl,w \/Jc5 Viel
Cs:l CE 1
2. Compute response of the current dendrite D;, with p; = (—1)Sgn(‘j_1):
x)=p; AN\ DV (af + ) vee g
i€l €L
3. Compute the total response of the neuron:
J
X6 = /\ =1,...,m.
4. If V¢ ( f (7' (xf )) = 05) the algorithm stops here with perfect classification
of the training set.
5. Create anew dendrite j =j+1,[;,=I'=X=FE=H=0,D=C;
6. Select x” such that ¢y = 0 and f (7' (xf)) =1.
7.ou=N\ VE z) —a8|:ceD
C BT Negy L V=t il :

8. I'= {z ‘xz fo:f’ =u, € D}; X = {(Z,xf) : ‘xz —zt =u,é € D}.
9. % (i,af) € X

(a) if 2} > 2% then wy; = —at, By = {1}

(b) if 27 < 2% then wy; = 2%, H;; = {0}
10. Ij = Ij UII; Lij - Eij UH”
11.D’:{§€D:Viel w <x£< w} If D' = @ then goto step 2,

else D = D’ goto step 7.
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Figure 16.1: A single ouput single layer Dendritic Computing system.

(RVM). We have a classification problem, where {xn,tn}ﬁ;l are the training
input-target class pairs, t, € {0,1}. The logistic function of equation (16.4)
is applied to the linear model to obtain a prediction of the probability of class
1, then, adopting a Benouilli distribution for P (¢|x) we write the training set
likelihood as:

N
P(tiw) =] oW xuw)™ [1—o(y(m;w)] ™. (16.6)
n=1

A prior distribution on the weights is introduced to model our assumptions
or preferences, the most popular is the zero-mean Gaussian prior distribution

over w:
N

p(wila) =[N (wi]0,0;), (16.7)
i=0
where « is the vector of hyperparameters moderating the strength of the prior.
An infinite value of the hyperprior implies that the weight is certainly zero
valued. Hyperprior parameters are a measure of weight relevance. The distri-
bution of the hyperparameters are conventionally [265] assumed to be Gamma
distributions:

N
pla) = H Gamma («; |a,b), (16.8)
i=0
where setting a = b = 0 we obtain non-informative hyperpriors with uniform
(flat) distributions.
The estimation of the model parameters, learning, corresponds to the compu-
tation of the posterior distribution over all unknowns given the data p (w, a|t),
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which can be done decomposing it as follows:
p(w,alt)=p(wlt,a)p(alt), (16.9)

where
pt|w)p(wla)

p(tla)

can not computed in closed form®, but can be approximated by a Gaussian by
the Laplace’s method. First, find the 'most probable’ weights wj,p for fixed
hyperparameters «. This is done finding the maximum over w of the log of the
un-normalized posterior:

p(wlt,a) = xp(t|w)p(wla),

logp (wla,t) oclog {p (t |w)p(wla)} =

N
1
= Z [tnlogy, + (1 —t,)log (1 —yn)] — §WTAW, (16.10)
n=1
where y, = o (y (xn;W)), A = diag (ag,a1,...,ayn) is a diagonal matrix of

hyperparameters. Laplace’s method is a quadratic approximation of the log-
posterior around its mode that approaximates it by a Gaussian centered at
the mode, allowing to compute the Hessian matrix required for the Newton
minimization method:

V2, logp (W |a,t)|

WM P

- (tI)TB<I> + A) : (16.11)

where B = diag (81, 82,...,0n) is a diagonal matrix with 8, = y, (1 — yn),
and ® is the N x (N 4 1) design matrix ® = [®(x1),P (x2),...,P (xn)],
with @ (x,) = [1, K (x,x1), K (x,X2),...,K (x,xy)]". The posterior covari-
ance matrix and mean provided by the Laplace’s method approximation is:

> = ((I)TB<I>+A>_1, (16.12)

w=wyp=S® Bt. (16.13)

The hyperparameter posterior distribution p (a|t) is conveniently approxi-

mated by a delta function at the most probable value aipyp = argmax {p (a |t )},
«
assuming that this point estimate is representative of the posterior distribution.
Relevance learning is the search for this hyperparameter posterior mode, maxi-
mizing
p(aft)occp(t|a)p(a),

with respect to a. The iterative re-estimation [265] of the hyperparameters is
given by the following equation:

new i
A = (16.14)

!Because we can not compute p (t | ).
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where p; is the i-th posterior mean weight from equation (16.13), and
v =1— 0%,

with ¥;; the i-th diagonal element of the covariance matrix of equation (16.12),
computed with the current o values. The values v; € [0, 1] are interpreted as
the measure of well determination of the weight w; from the data. When v; ~ 0
then X;; ~ a;l, a; will be large and the weight will be highly constrained by
the prior. When «; is small and w; fits the data, then ; ~ 1.

Starting from arbitrary uniform hyperparameter values, the learning algo-
rithm proceeds by computing the most probable weights wj;p by minimization
of the log-posterior using the Hessian matrix provided by Laplace’s method
for Newton’s method. Then, posterior mean g and covariance matrix X are
computed according to equations (16.13) and (16.12). The hyperparameters are
updated by equation (16.14), and the process is repeated until some convergence
condition is reached.

16.4 Relevance Dendritic Computing

We start discussing the application of the Sparse Bayesian Learning to the
dendritic model of equation (16.3) by making one observation: although the
weights in equation (16.3) appear to be defined as something unrelated to the
data, in fact in Algorithm 16.1 the weights correspond to selected components of
data input vectors. This observation allows us to rewrite the dendritic neuron
activation in a pattern more similar to the linear model function of equation

(16.5):
N
T(x) = A\ A (x,%n), (16.15)

where Ay (x,%,) assumes the role of a lattice-based kernel function which we
need to define appropriately to fit into the pattern of equations (16.5) and
(16.2). First notice that each vector component can be in different dendrites,
meaning that (1) a lattice kernel function is not equivalent to a dendrite, and
(2) that we must account for the p; parameter in our model. Second, notice
that the component of the input vector can be either in an excitatory/inhibitory
synapse or absent from the equations. The absence is modelled by an infinite
value which is the null element of the minimum operator. The lattice kernel of
the n-th training sample is, therefore, defined as follows:

An (X,Xp) = (s — Tni) Tnois (16.16)

.

i=1

where z; and z,; are the i-th components of vectors x and x,,, respectively.
The factor m,; € {—1,1, 00} models the contribution of the i-th component of
the n-th sample training vector to the neural activation function, constituting
the model weights to be learnt {m, ;} = . Notice that the number of model
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parameters is N x d. A value 7, ; = co means that the i-th component of the
n-th sample training vector is irrelevant. When a component is irrelevant for all
sample training data, then the whole dimension is irrelevant for the classification
of the input. This change in the value null element of the underlying algebra im-
plies that the Gaussian prior distributions of the weights as specified in equation
(16.7) must be formulated over the inverses of the weights w = {7@71 =1/m:

N d
p(wla)= [T TIV (mi [0, 0%) -
n=1¢=1

Some questions may be posed on the model of equation (16.15), namely:

e It is always meaningful? It may be possible that some configurations of the
parameters’ values 7 correspond to expressions which are not computable?
i.e. active weights may define intervals where the upper limit lies below
the lower limit. If so, how can they be detected or avoided by search
algorithms?

e The expression in equation (16.15), it is always equivalent to a dendritic
model defined according to equation (16.3)? If not, how can we decide if
the expression is a proper dendritic model? It seems that equation (16.15)
is more general than equation (16.3). Can we prove that?

We assume the log-posterior of equation (16.10) to estimate both the model
weights and their relevance. It does not require any specific probabilistic dis-
tribution of the model output, therefore is general enough to cover the den-
dritic neuron activation of equation (16.15). However, the log-posterior is not
derivable respect to the weights. Therefore, the search for the “most probable”
weights must be carried out by some Monte-Carlo method that will allow also
to estimate the mean p and covariance matrix 3 of the posterior distribution
in order to apply the hyperparameter estimation of equation (16.14). We do
not need to compute the estimation of the full covariance matrix 3, because
only the elements in the diagonal are useful for the estimation of the relevance
hyperparameters, according to equation (16.14). Algorithm 16.2 summarizes
the estimation process. We assume non-informative hyperpriors, therefore the
hyperparameters are initialized as uniformly distributed random variables.
The search for the most probable weights 75, p must be done by a Monte-
Carlo method, which, in essence, consists of the random generation of alternative
parameter configurations and the (probabilistic) selection of the alternative con-
figurations that improve the value of the log-posterior. This search is performed
for fixed hyperparameters . The Monte-Carlo method specified in Algorithm
16.3 is a variation of Simulated Annealing [164]. The random generation of
the alternative configuration of parameter values 7’ (k) is performed selecting
a subset of parameters and randomly changing their values. The temperature
T allows to control the nature of the algorithm, which becomes a greedy local
search for low temperatures. The process generates a sequence of parameter
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Algorithm 16.2 The Relevance Dendritic Computing

1. Initialize uniform weight prior hyperparameters o, ; = ﬁ'

2. Search for the most probable weights 7rj;p minimizing the log-posterior
of equation (16.10)

logp (m|a,t) o log{p (t|m)p(7|a)}

N
1
= Z [tn log 4 + (1 - tn) log (1 - yn)] - §WTAWa

n=1

with y, = o (7 (x4)), by Monte-Carlo Methods. Obtain relevant estima-
tions of 3 and p from Monte-Carlo generated data.

3. Apply relevance updating

new __ ,y’ﬂ;l
n,e

5
:un,i

with
Tn,i = 1- anizni,ni7

4. Remove irrelevant weights (v, ; > 6) setting them to infinity

5. Test convergence. If not converged, repeat from step 2.
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Algorithm 16.3 A Monte-carlo method for the maximization of the log-
posterior.

Initialize randomly 7 (0)

Set the initial temperature T (0)
E=0

Repeat

e generate a random candidate configuration =’ (k)

e compute E’ (k) =logp (7 (k),a|t)

o AE = E' (k) — E (k)

e compute P, (AE,T) = e~"/" generate random r ~ U (0, 1)

e if AE>0o0r P, (AE,T)>rthenw(k+1)==n"(k); E(k+1)=E (k).
e reduce T'

Until convergence

values assignments that can be assumed as a sample of the posterior distribu-
tion, therefore we can use them to produce empirical estimations of the mean
and covariance matrix of the parameters, specifically the diagonal elements.

16.5 Experimental results

For comparison we use the first version of SparseBayes code provided by Tip-
ping? to train the RVM. It is more powerful than the later version, though it
has difficulties with large databases. Our implementation of RDC has follow
the same template. We are publishing our code in our research group site?. In
the implementation used to obtain the results below we have used the estimated
distribution mode instead of the mean in step 3 of Algorithm 16.2. The number
of state transitions attempted in the chain is 100 times the number of actual
relevant parameters, meaning that the chains become shorter as the algorithm
discards irrelevant parameters, and the process speeds up.

The first experiment has been done on the demo two class data set provided
by Tipping, originally was proposed by Ripley [225]. The data were designed
as mixtures of normal distributions to have a best-possible error rate about 8%.
We have used the same train-test partition proposed by Tipping, 250 training
vectors of two dimensions and 1000 test vectors. Both classes have the same
representation in both train and test partitions. Gaussian kernel and hyper-
parameters for RVM are set as suggested by him. Table 16.1 summarizes the
results on the test partition of the data set for both RVM and RDC. Notice that

2http://www.miketipping.com/index.php
Shttp://www.ehu.es/ccwintco/index.php/Relevance Dendritic_Computing: codes and _examples
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accuracy | sensitivity | specificity | #rel. par.
RDC 0.89 0.86 0.92
RVM 0.90 0.87 0.92 6

Table 16.1: Results of RDC and RVM on the Rippley dataset
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Figure 16.2: Visualization of the data space partition obtained by RDC

the relevant parameters of RDC are unidimensional components of train data
vectors, while for RVM relevant parameters are train data vectors. Therefore,
the model achieved by RDC is more parsimonious than the RVM model. The
difference between both approaches can be better appreciated examining the
visualization of the data space partition induced by RDC, shown in Figure 16.2,
versus the visualization of the decision boundary obtained by the RVM, shown
in Figure 16.3. In those figures, green points correspond to class 1 samples,
black points to class 0 samples. Correctly classified test samples are enclosed
in red circles. The RDC parsimonious solution obtains a square assigned to
class 1, defined by two thresholds, each on one dimension. The RVM solution
involves the linear combination of the kernel transformations of several relevant
vectors. It is surprising that such different solutions computed over the train
data set may give almost the same performance on the test data set.

The second experiment has been done on a specific data set produced in our
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Figure 16.3: Visualization of the decision boundary obtained by RVM

research about machine learning application to Alzheimer’s Disease computer
aided diagnosis [129]. The aim was to obtain discriminant features from scalar
measures of Diffusion Tensor Imaging (DTI) data, Fractional Anisotropy (FA)
and Mean Diffusivity (MD), and to train and test classifiers able to discrimi-
nate Alzheimer’s Disease (AD) patients from controls on the basis of features
extracted from the FA or MD volumes. Feature selection was done computing
the Pearson’s correlation between FA or MD values at voxel site across subjects
and the indicative variable specifying the subject class. Voxel sites with high ab-
solute correlation are selected for feature extraction. The original dataset comes
from an on-going study in Hospital de Santiago Apostol collecting anatomical
T1-weighted MRI volumes and DTI data from healthy control subjects and AD
patients. Specifically we have tested the RDC and RVM over the set of FA
features obtained applying a 99.5 percentile on the Pearson’s correlation ditri-
bution, giving 121 image features (d = 121) for each subject either patient of
control. We have performed a 10-fold crossvalidation experiment. Table 16.2
shows the summary of average results over the 10-folds. Again RDC performs
close to RVM with much more sparse models.

FA features and a linear SVM classifier achieve perfect accuracy, sensitivity
and specificity in a several cross-validation studies, supporting the usefulness
of DTI-derived features as an image-marker for AD and to the feasibility of
building Computer Aided Diagnosis systems for AD based on them.
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accuracy | sensitivity | specificity | #rel. par.
RDC 0.87 0.93 0.82 1
RVM 0.88 0.95 0.84 2.24

Table 16.2: Results of RDC and RVM on the FA features for AD patients and
healthy controls dataset

16.6 Conclusions

We are concerned with the enhancement of generalization capabilities of single
layer neuron model endowed with Dendritic Computing. We have examined
the Sparse Bayesian Learning paradigm for linear models. In this chapter we
we apply the Sparse Bayesian Learning framework in order to detect the most
relevant data samples that provide greater generalization with the most parsi-
monious model, which we call Relevance Dendritic Computing. We propose a
reformulation of the dendritic model in order to fit into the Sparse Bayesian
Learning paradigm, tailoring the general Bayesian computation scheme to it.
Strictly compared with RVM, RDC advantage is that it does not compute any
matrix inversion, therefore it has no numerical conditioning problems. On the
other hand, RDC needs to perform a Monte Carlo search and estimation on a
very flat energy landscape, with atypical discrete valued parameters. We have
performed comparative experiments against the RVM on two data sets. RDC
finds comparable results with much more parsimonious models than RVM. We
find these results encouraging to pursue further works in this topic, including
exploration of alternative Monte Carlo sampling and optimization methods.
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Appendix A

Continuation and Graduated
Non-Convexity Methods

Most times the error function minimized by the learning algorithms is a strongly
non-linear and non-convex, meaning that solutions found are highly dependent
on the initial conditions and the numerical method employed to find the minima
of the error function. One of the perspectives considered along the work on this
thesis has been to put the learning algorithms in the framework of numerical
methods developed elsewhere to tackle with non-linear difficult problems. We
review in this appendix two such approaches: Continuation and Graduated
Non-Convexity methods. Both categories of methods are intimately related,
but their development and language come from diverse disciplined and we have
not found any attempt to harmonize them, therefore we will present them as
separate approaches.

A.1 Continuation methods: motivation

Many computational problems can be stated as the search for solutions of non-
linear systems. Linear systems either have one solution or an infinite number
of equivalent solutions. Ill-posed linear systems of equations can be solved by
least squares approaches, obtaining the best solution in terms of minimal error.
However, non-linear systems may have many non-equivalent solutions, and the
solutions found can be strongly dependent on the initial state of the resolution
process. The problem of finding the best solution regardless of the initial condi-
tion is equivalent to the general problem of global minimization of non-convex
functions. We review the basics of homotopy and numerical continuation meth-
ods, which we believe are patterns underlying many computational approaches
in the Computational Intelligence domain. The main reference followed in this
appendix is [291]. More on Homotopy can be found in [182, 281|. Continuation
methods are presented in [10, 132, 224, 278, 280]. Some historical accounts can
be found in [208, 278, 280].
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A.2 Continuation methods as homotopies

We seek the solution of nonlinear systems of n variables and n equations iden-
tifying the points x = (21 22, ...,x,) that solve the system. One general ap-
proach is to start with another systems of equations of which we already know
the solution. This simplified system is “bent” into the original system. The
mathematical equivalent to physical bending is the homotopy concept. The
homotopy-based no-linear system solving approach starts with a simple system
that is specially chosen for having an easy solution, i.e. is a linear system. Then,
sets up a system of equations with an additional variable ¢, called the homotopy
parameter, that yields the simple system at ¢ = 0, while at t = 1 it yields the
original non-linear system. To obtain the solution of the original system ir fol-
lows a path x*(¢) of the system’s solution from ¢ = 0 to ¢t = 1, thereby solving
the original problem.

Formally: Let R™ denote the Euclidean n-dimensional space. A vector func-
tion F : R® — R"™ means that both F (x) and x have n components, i.e.
F((x) = (Fi(x),...,F,(x)) and x = (21,...,2,), respectively, i.e. F(x), x €
R™. We desire to solve the n x n system of nonlinear equations F(x) = 0, ob-
taining a solution x* = (7%, ...,2%). The homotopy approach to obtain x* is as
follows.

1. First define a vector function E : R® — R™ such that x° solves the
system of equations E (x) = 0.

2. Define a special function, called a homotopy function, H (x,t) : R"Tt —
R"™ which has the original n variables plus an extra one, denoted ¢. Here
(x,t) = (21, .y Tn,t) € R™1. The homotopy function H must be con-
structed so that H (x,0) = E (x) and H (x,1) = F (x). It follows that at
t =0, H(x,0) = 0 has a known solution x°, while at ¢t = 1, H(x,t) = 0
has solution x*.

3. The continuation process starts at x (0) = x° , the solution of H (x,0),
and then solves H (x,t) for increasing ¢ until reaching x (1) = x*. In
general, the solution obtained at each value of ¢ will be helpful to compute
the solution at the next step of the path follwing iteration. That is, the
sequence of solutions x (t) specifies a path that we can follow from ¢ = 0 to

t = 1, thereby obtaining the solution x* of the original system F(x) = 0.

A.2.1 Varieties of homotopies

The shape of the path that will depend directly upon the homotopy function
H(x,t) selected. There are thre varieties of homotopies most frequent in the
literature:

e Newton homotopy: H(x,t) = F(x) — (1 — t)F(x°). A simple method to
start with. Pick an arbitrary point x°. Next, calculate F (XO), and then
let E (x) =F (x) — F (x°).
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e Fized-point homotopy: H(x,t) = (1—1t)(x —x°) +tF(x). As in the former
0

type we can pick an arbitrary point x° and E (x) = x — x" = 0.
e Linear homotopy: H(x,t) = tF(x) — (1 —t)E(x) = E(x) +t [F(x) — E(x)]
that subsumes the previous two choosing the appropiate function E (x).

A.2.2 Existence of solution paths

Given a homotopy function H : R"*! — R” we would like to obtains conditions
for the existence of solution paths. Define H™! = {(x,t) |[H(x,t) = 0} as the set
of all solutions (x,t) € R"*! to the system H(x,t) = 0. This set can consist of
one or more paths but also may contain points not belonging to any particular
path configuration. Figure A.1 illustrates the various possible distributions of
points of H™ 1.

Denote the solutions for ¢ fixed as the set H™!(¢) = {x|H(x,t) = 0}. There-
fore, H=1(0) consists of all the start points x(0), and, similarly, H=*(1) consists
of all the solutions x* = x(1).

The implicit function theorem gives some conditions ensuring that H™! con-
sists solely of solution paths. The Jacobian of the homotopy function, H’ can be
split conveniently into two parts H'(x,t) = (HL(x, t), %—I;I), where H/, (x,t) is

OH,
81]'

composed of the derivatives agi. Denote H/,(%,?) the Jacobian computed at
point (x,7) € H™L.

the n x n matrix composed of the derivatives and %—I;I is the column vector

Theorem 7. Implicit function theorem: Let H(x,t) : R"*1 — R" be con-
tinuously differentiable, (x,t) € H™! and H.,(x,t) be invertible. Then in a
neighborhood of (X,t) all points (x,t) that satisfy H(x,t) = 0 are on a single
continuously differentiable path through (X,t).

That is, if the local linearization of H is invertible everywhere, the points
(x,t) € H! are over curves that may be locally linearly approximated, that is,
they lie on a unique, continuosly differentiable path. This means that no split-
tings, bifurcations, forks, crossings, infinite endless spirals as shown in Figure
A.1(b) can occur. Next, define the partial Jacobian H’ ; to be the n x n matrix
formed from H’ by deleting the i-th column. The implicit function theorem
requires that H” | is invertible. But actually the theorem holds as long as
any H’ ; is invertible. If one or several of the different H' ; are invertible the
implicit function theorem guarantees that just one solution path exists passing
through (X,?). Suppose that the Jacobian matrix H' (x,?) is full rank. Then,
we can always find some partial invertible Jacobian matrix H' ,(X,t). Then we
can state a theorem setting the conditions to ensure that a path from starting
points up to the final solutions exists.

Theorem 8. Path theorem: Let H : R — R”™ be continuously differentiable
and suppose that for every (%X,t) € H™! the Jacobian H'(X,t) is of full rank.
Then H™! consists only of continuously differentiable paths.
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(b)

Figure A.1: Some possible distributions of the solutions to the homotopy system
of equations (a) H™! consisting only of finite length paths, some of them not
connecting the starting points and the final solutions. (b) H~! includes isolated
points, bifurcations, infinite spirals.
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A.2.3 Motion along a path

A homotopy function H it is regular if H'(y) is of full rank for all y € H~L.
Therefore, regularity ensures that H~! consists of continuosly differentiable
paths. We denote y(p) = (x(p),t(p)) for y(p) € H™!, where p is the dis-
tance moved along the path, the arclength of the solution curve from the initial
solution x (0) up to x(p). To determine a path {y(p) € H™'} it is possible
to specify a set of basic differential equations (BDE) such that starting from
an initial state y (0), the points in the path are obtained by integration of the

BDE. Specify ¢; = ¢:(p) as ¢; = ’f}g,i =1,..,n+1. We have that H (y (p)) = 0,

differentiating both sides yields, Z?:ll g—gyi = 0, where 9H/gy, is a column of
the Jacobian H’, so that

H'(y)y =0
is a system of n linear equations in n 4+ 1 unknowns ;. The y that satifies this
system yields the basic differential equations (BDE):

gi = (1) detH ;(y), i=1,.,n+1 (A1)

Theorem 9. BDE theorem: Let H : R*! — R* H € C?, be a reqular
homotopy. Given a starting pointy® in H™1, the solution of the basic differential

equations (A.1), starting from y(p°) = y°, is unique and determines a path in
H

The theorem states that solving the BDE for y (p) as p varies will permit us
to follow a path in H~! and thereby obtain a solution point x! € H=! (1). There
are a full variety of algorithms to follow a path and obtain a solution, however
the BDE yield far more than merely a means to solve an equation system. They
can provide immediate and important information on the direction of the path.

A.3 Path-Following Algorithms

There are two fundamental types of numerical algorithms to follow a path in
H

e Simplicial algorithms (Piecewise-linear methods)

e Differential equation approaches, including the Predictor-corrector meth-
ods.

A.3.1 Simplicial algorithms

The algorithm used will generate its own path that approximates an underlying
path in H™!. Before utilizing any algorithm, there is an initial phase which
consist on select a homotopy that is appropiate to solve the specific problem
and ensure that following a path in H=! does indeed lead to a solution to the
problem.
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Simplicial algorithms operate as follows. First they take a simplex s° and
generate the line segment across s’. Then they take an adjacent simplex s'
and generate a line segment across s'. By adjacent, we mean that s and s'
share a commmon facet and lie on opposite sides of the facet. The line segment
across s' will connect with the line segment across s°. Then they take a third
simplex, s, where s? is adjacent to s', and generate the line segment across
s2. Also, the line segment across s will connect with the line segment across
s'. In this manner, simplex and line segment by line segment, a path of line
segments is generate. On each simplex a new approximation G is made of H,
and the line segment is generated by solving G (w) = 0 on that simplex. If the
simplices are small, we get a good approximation to a path in H™!. The path
is piecewise linear because it is linear on each simplex. The main difference
among simplicial algorithms is in how the new vertex is selected on each step,
although they share the basic step of linearly crossing the simplices generated

A.3.2 Differential equation approaches

Path following can be made solving the BDE. The simplest differential equation
solution procedure is the Euler method. Unfortunately, it tends to drift off
the path, so to overcome that, other methods are introduced. The Newton
method does not follow the path but instead tries to leap ahead to a solution.
Predictor-corrector methods apply corrections to get back into the path.

Euler’s Method Euler’s method immediately applies to the BDE
g = (1) detH' ,(y), i=1,..,n+1,

where y (0) = y¥ is given. We can determined a differential equation method
to following the path,

yz]‘C—H = y’f: + (pk+1 *pk) (71)idet Hl—z‘(yk)v t=1,..,n+1,

where 0 < p' < p? < ... < pF < pFtl < .

Homotopy diffential equations (HDE) The BDE were obtained by differ-
entiating H (x (p) ,t (p)) = 0 with respect to p. A new system, called the homo-
topy differential equations (HDE), is obtained by differentiating H (x (¢),¢) = 0
with respect to ¢t. This system

dx -
o = H ),
holds whenever H, is of full rank. Solving de HDE will give a path in H™! since
de HDE were obtained directly form the homotopy equation itself.

If H is regular we may write y = (x,t) as a function of p and obtain the BDE.
Under the slightly stronger assumption that H, is of full rank we may write x
as a function of ¢ and obtain the HDE. The two alternative differential equation
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Algorithm A.1 Predictor-Corrector method
Initialization

Let €, > €3 > 0 be given, and set y° =y (0), k = 0.
Predictor

Given y*, take a predictor step from y* to obtain y**1.
Replace k by k + 1.
If HH (yk') H < €1, repeat the predictor step, otherwise, go to the corrector step.

Corrector

Let b € R"*! describe a hyperplane b (y — yk) = 0, which intersects the path
v (p) at a nearby point y (pk) further along the path. Setting y* = y*° compute

yhlHL = kil ( H' (y™!) >_1 ( H (y*!) ) 1=0,1,...

b 0

Stop when ||H (y*'1)|| < e.

If y"*1is near t = 1, terminate. Otherwise, let y*+! = yk.!+1

predictor step with k£ 4 1 replacing k.

and go to the

systems were derived from the same homotopy and they must generate the same
path. The BDE, HDE and any other differential equation can be solved by the
Euler approach.

A.3.3 Predictor-Corrector Methods

In Predictor-corrector methods, the Euler, or any related method, serves as the
predictor. It predicts where the path is going, and we move in that direction.
After several steps the Euler can drift off the path. The Newton method is
then called upon as a corrector to get us back close to the path. The sequence
is followed iteratively. The method is described in Algorithm A.1. Figure A.2
illustrates the behavior of the predictor corrector method.

A.4 Graduated Non-Convexity

Graduated Non-Convexity (GNC) algorithm was introduced by A. Blake & A.
Zisserman [38, 40| as a deterministic annealing method for approximating the
global solution for nonconvex minimization of unconstrained, continuous prob-

lems. GNC algorithm has been presented as a discrete continuation method.
[223, 80, 37, 45, 50, 46, 233, 74, 206, 51, 259]. The book by Blake & Zisserman
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ol
(b)

Figure A.2: Predictor-corrector integration method for solution continuation:
(a) Predictor step. (b) Corrector step
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[40] address the problem of image reconstruction, presenting it as a piecewise
continuous reconstruction of the data with weak continuity constraints, that
is, a constraint that can be broken occasionally. The problem is formulated
as an energy minimization problem. The energy function is decomposed into
a reconstruction error and constraint terms penalizing the lack of continuity
of the solution. The energy function is non-convex with many local minima.
Any method used to minimize the energy function needs to avoid falling into
these local minima. Stochastic methods avoid local minima performing random
jumps. Under certain conditions their convergence to the global minimum is
guaranteed, although the amount of computation required may be very large
[94]. The GNC algorithm constructs a convex approximation to the energy func-
tion, which is deformed gradually from its convex form to its target form during
the process of approximating the global solution using a gradient-based algo-
rithm. GNC finds good solutions with much less cost than stochastic simulated
annealing [39, 23, 181].

Formally, GNC is based on a convex approximation F'!) (x) to the original
non-convex energy F (x). A family of functions F(®) (x), p € [0,1] is defined
such that

e FU) (x) is convex,
e FOO (x) = F(x), and

o () (x) varies continuously in a particular prescribed manner as p de-
creases from 1 to 0.

e There is a finite discrete sequence of parameter values 1 = pg > p; > ... >
Pn—1 > Pn = 0.

The GNC algorithm performs the minimization of the whole sequence of func-
tions F'P)| one after the other, using the optimal vector x* result of the miniza-
tion of optimisation as the initial condition for the next. There are numerous
ways to minimise each F®) (x), including direct descent and gradient methods.
Figure A.3 illustrates the process showing how the minimum found for the initial
convex approximation is continued to the minimum of the non-convex function
F (x).

In general, there is no guarantee that this method obtains the global min-
imum, but, if the energy function does not have too many local minima, the
result can be quite satisfactory, but sub-optimal [40, 80, 23, 205]. Extensive
experiments have shown that for a finite number of iterations GNC leads to
minimizers having a lower (hence better) energy than SA [39].

A.5 GNC for line and surface reconstruction

Surface reconstruction is a very ill-posed inverse problem so a regularization
must be introduced in its formulation. It will serve in this appendix as an illus-
tration of the GNC approach. The regularization is done adding a smoothness
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Figure A.3: The evolution of the energy functions minimized during GNC.

term which incorporates some a priori knowledge on the expected properties
of the solution. The solution is found by minimizing a weighted combination of
the original problem with the smoothness term. The principal drawback of this
approach is that discontinuities between homogeneous regions of the image are
not adequately recovered if the adopted smoothness term not satisfies properties
of concavity and finite asymptotic behaviour.

Incorporation of discontinuities into the reconstructed surface by means of
weak continuity constraints was originally suggested in [38]. In 1D, the weak
string nicely models this class of signals as a locally Gaussian, non-stationnary
first-order Markov chain with a Boolean non-interacting line process. The weak
string preserves discontinuities without any prior information about their exis-
tence or location.

The illustrative problem is the detection of step discontinuities in 1D data.
The aim is to construct a piecewise smooth 1D function u(x) which is a good
fit to some data d(x). The problem of finding u(x) is a minimization problem
of the energy associated to the weak string. The behaviour of the string over an
interval z € [0, N] is defined by its energy, which is a sum of three components:

e D: a measure of faithfulness to data: D = fON (u— d)? dz, that is of the

form D = Zij\io (u; — d;)? for discrete functions.

e S: a measure of how severely the function u(z) is deformed: S = \? fON u?dx,

which has the form § = \? Zf\]:l (ui —ui—1)? (1 —1;) for discrete func-
tions.

e P: the sum of penalties « levied for each break (discontinuity) in the string,
which is of the form P = « Zfil l;, where [; is a so-called “line-process”.
It is defined such that each [; is a boolean-valued variable, if [; = 1 there
is a discontinuity or if [; = 0 indicates continuity in z € [i — 1,1] .



A.5. GNC FOR LINE AND SURFACE RECONSTRUCTION 235

A

+

>

t==JalA t=+Ja/A t

Figure A.4: Energy of interaction between neighbours after minimization over
le{0,1}.

The problem is to minimize the total energy:
E=D+S+P

finding, for a given d(z), the function w(z) for which the total energy E is
smallest. There isn’t any interaction between line variables. The problem is
stated as:

ul,l¥) = arg min F.

(ui,1j) = arg min,
Discontinuities are incorporated into the functions. However, the minimization
over the {l;} can be done in advance and thus the problem reduces simply to a
minimization over the {u;}:

. _ .
u; = argmin F.
Ui

where

N
F=D+Y) g (u—ui-1).
i=1

The neighbour interaction function g is defined as

_ [ ®? if > v
Gar (t) = { 0 otherwise

Figure A.4 presents a plot of the neighbour interaction function. The absence
of boolean variables allows the application of the GNC algorithm.

Function F' is not convex, with many local minima. The goal of the weak
string computation is to find the global minimum of F'. In the GNC method, the
cost function F is first approximated by a new function F* which is convex and
hence can only have one local minimum, which must also be its global minimum.
Then, define the whole sequence of cost functions F®), for 1 > p > 0, where
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A

Figure A.5: Plot of function g*

p is the non-convexity parameter. Chose F(©) = F, the true cost function,
and F() = F*_ the convex approximation to F. In between, F(®) changes, in
a continuous fashion, between F(") and F(®). The GNC algorithm finds the
minima of the whole sequence of F?), one after the other, using the result of
one optimisation as the starting point for the next. See Figure A.3. The initial
convex function used is

N
F :D+Zg* (’U,Z _Ui—l)
=1

by constructing an appropriate neighbour interaction function g*. Blake &
Zisserman [40] proposes a way to construct this function g*:

A2 () if It <q
Gor W) =19 a—c(t|=r)?/2 ifg<|t|<r
a ifltf=r

where 72 = « (C% + %), and ¢ = yz;. The parameter c¢* is a scalar constant

and is chosen to satisfy the conditions imposed during the construction of g* to
make it as close as possible to g (see [40] for more information). For example,
for the weak string has calculated a value of ¢* = 1/a.

The one-parameter family of cost functions F(?) is defined as:

N
FO =D+ 3 g (i)
1=1

with )
A2 (#) ift < g
9B M) =1 a—c(t|—r?/2 ifg<l|t|<r
« if |t| >



Appendix B

Vector Quantization Bayesian
Filtering

The Vector Quantization Bayesian Filtering (VQBF) is applied in the main
part of the thesis as a filtering method with good properties. Though the main
contributions of the thesis are related to the algorithms for the computation of
the optimal Vector Quantizer, we feel that a proper treatment of the VQBF
approach is worthwile.

Section B.1 introduces the notation for this appendix. Section B.2 introduces
the block model around the pixels. Section B.3 introduces the complete model
for VQBF. Section B.4 provides some theoretical reasoning about the reasons for
border preservation in VQBF. Finally, in Section B.5 presents the conclusions
of the appendix.

B.1 Notation

We start recalling standard notation of Bayesian image processing [?], [282]. An
image is described a tuple z = (mP Jxl zP ) whose components correspond to
interesting features for the application at hand: image intensity =, pixel class
labels 2, edge positions 2, etc. Let be S a finite square grid where each
site represents a pixel position in the image domain. Vector z¥ = (.135 )S cgP
represents a pattern of configurations of the pixel grayscale values. If we try

to classify pixels into some thematic map then z¥ = (xSL)s cst is a pattern of

labels associated to the blocks of pixels in set S%, so that L = [ € L is the
class label of image block s. Image blocks may overlap.

The observable data y are a function Y of the true image x. We denote Y
and X the space of observable data and true images, respectively. Given x € X,
the probalistic model of Y is the likelihood P (y |z ), the probability of observing
y when the true image is x. Therefore, for each 2 € X, P (y|z) is a probability
distribution over Y. ie. P(y[z) >0and ) P(y[z)=1.
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The a priori expectations on the image can be formulated as constraints
defined on the true image. The normalized and positive function II (z) defined
on the image space X is the a prior: distribution. The choice of a priori model
depends on the problem, being a key step of the whole image Bayesian analysis.
The a priori distribution IT and the likelihood distributions determine the joint
image and data distribution in the product space X x Y:

P(z,y) = (2)P(y|z),ze X,y €Y. (B.1)

This is the probabilistic model of the pair of random variable (X,Y") defined in
X xY where X follows II, and Y follows I, given by d T' (Y = y) = > P (z,y) .
The a posteriori probability of x € X is given by

Plzly) = L) Plylw) (B.2)

- 2L I(2)Pylz)

For continuous valued data the a priori distribution IT has the general form of
a Gibbs distribution:

(z)=Z"exp(—H(x)),Z =Y exp(—H(2)), (B.3)

where H is an energy function. In many instances, the a posteriori probability
model is another Gibbs distribution, i.e. there is an energy function H (- |y)
defined in a subspace X of X such that

P(aly)=2" () exp(=H (zy)),z € X. (B.4)

This energy function is also related to the likelihood distribution. The a poste-
riori energy can be written down as follows:

H(zly)=cly) P (ylz) + H (z) (B.5)

The mode of the a posteriori distribution & = max {P (x|y)} is the Maxi-

mum a Posteriori (MAP) estimation of the true image x given the observation y.
If the processing is performed independently over all image sites, the mode of the
marginal posterior Z, maximizes the posterior marginal distribution P (z; |y) .

Maximization of a Gibbs distribution is equivalent to the minimization of
its energy function. Therefore, the MAP estimation can be computed without
needing to evaluate the partition function Z. Let it be an observation functional
dependence on the true data Y = ¢ (X,n), where the noise n probabilistic
model is denoted T'. If noise 1 and the true image X are independent, then the
likelihood probabilities are as follows:

PY=ylX=2)=T(p(X,n)=y). (B.6)

Specifically, if noise is Gaussian, the likelihood and a posteriori distributions
can be written as Gibbs distributions [?], [282].
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We are dealing with images that can be decomposed into blocks as follows:
for each pixel in the image we extract a window of neighboring pixels and we
treat it independently from the remaining of the image. We classify it according
to a given codebook. The result of this process can be either the central value of
the matching codevector or the its class. This approach is termed VQ Bayesian
Filter (VQBF).

B.2 Block model

Given a collection of image block representatives, a codebook Q* = {wf;i =1, ..,¢}

where each representative is an image block of size d x d pixels, w; = (:L’f scgdxd

ded

where the grid is defined as a neighborhood:

SNUxd) — (. /2 <|s| < d/2}. (B.7)
Given a sample of image blocks

yb: {yf;i: 1,..,71;}, (B.8)

where
yf = (yf)sesdxd ) (B.9)

the codebook results from the execution of a codebook design algorithm trying
to minimize some objective function related to the data distortion. We do
assume that the codebook is designed to minimize the mean square error over

the sample::
@ = Sl -0} (B.10)
i=1

where )
j)=y (yf) = argmin{”yf — ij 1j =1, ..,c} . (B.11)

This minimization corresponds to the maximum likelihood estimation of the
parameters of a mixture of Gaussians with identity covariance matrices, which
is the model assumed for image block:

p (Yb _ yb) _ EZ 1d 267%”711)*“1'“2 = ZH (zb = Wj) P (Yb = yb |$b = wj) :
7j=1

¢ j=1 (2) /
(B.12)
Therefore, the search for the closest codevector
. . 2
] (yb) :argmln{Hyb_ij i = 17,_70}’ (B.13)

corresponds to the MAP classification of the image block. We assume that the
a priori probabilities of the image block classes are the same:

II ((xb = w*—‘)) = E’j =1,.,c (B.14)
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The vector quantization given by
T =Wy, (B.15)

corresponds to the MAP decision, assuming that the a posteriori probabilities
of the image blocks z* are as follows:

exp (—3 [y - wr||*)
P(wb:wf ’yb) = i=1,.,c (B.16)

S5exp (—3 v —wi])”)

Both the likelihood and the a posteriori probabilities of the image blocks
may have the shape of Gibbs distributions with energy functions:

H(Yb:yl’|:1:b:(/ﬂ‘):H(:Eb:of»k ?

1
7 7 Yb:yb)ziuyb_w;k

(B.17)

If the objective function for the vector quantizer design algorihtm is different
from the mean square error of the data relative to the representatives, then the
probabilistic models above will be completely different.

B.3 VQBF model

In the VQBF the image is not decomposed into image blocks. For each pixel
site s € ST we select a window around it S2(**? ¢ SP. Each window Yl =
(y§ )S, cgN@xd) is processed independently. The pixel neighborhood plays the
role of contour condition for the pixel process. The pattern matching process
between image windows and codevectors is a kind of non-lineal dependence
related to the Markovian models of the classical Bayesian image analysis [?],
[282]. The image is processed in two possible ways, in filtering mode or in
classification mode:

1. In filtering mode, the restored pixel value is estimated as the central pixel
of the codevector matching the neighboring window:

3P — (“’;(y’é))(o )o € sP (B.18)

2. In classification mode, the class of the matching codevector becomes the
class of the pixel
l=j(yl),ses” (B.19)

Let us consider the filtering mode. Asuming that the pixel neighborhoods are
independent, then the posterior probabilities are as follows:

M N
P eln) = TTTT P (ehor = o ) (B.20)

i=1j=1



B.4. VQBF EDGE PRESERVATION 241
and the a posteriori has the form:
H(zly)=C+ L >
Tly) = 22

The a priori distribution corresponds to the joint probability of the pixel
windows:

2

Ys — W) (B.21)

(X =x)=P(z)=wlseS") (B.22)

and can not be put into product form. One way to obtain an a priori distribution
with a Gibbs form is assuming that neighboring pixels have the same value or
class if the differences between the windows centered around them are small.
This is an a priori constraint derived from the codebook. Some expressions for
the energy function which follow from this assumption are:

= Z |s —t| (x5 — @) Hx - xtH (B.23)
s,t

or

D IDINCEENS BRI (B.24)

s teN(s)

Taking into account the expression of the a posteriori energy function in
equation (B.5) we obtain as the logarithm of the likelihood probability [282]:

P (ylz)=C—H@[G) - H(z) (B.25)

Assuming the energy funciton in equation (B.24) as the a priori energy function,
we reach the following expression for the log-likelihood

SN @z |2t -2 (B.26)

s teN(s)

b
Ys — w?(yﬁ)

lnP(y\x)z—Z

If we assume Gaussian additive noise, then the expressions for the potential
deformations derived from the likelihood are:

)% 5 oottt

s teN(s)
(B.27)
This expression can be interpreted as the definition of the ability of VQBF to
correct smooth deformations involving the pixel’s neighborhood.

*
wj(yl;)

Y=<P(X,77)=ﬁ—<

B.4 VQBF edge preservation

The a posteriori distribution maximized by VQBF implies that image edges will
be preserved by VQBF if the neighborhoods at the two sides of the edge show
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a significative variation. This condition is rather general and easy to comply
with. It is the justification for the good edge preservations of VQBF. Formally:

ToATesig(Wl) #7(W), (B.28)

(assuming that different codevectors will have different central pixel values).
This expression corresponds to the probability assigned by the likelihood of

codevector w;(yg) to the space outside its decision region R;(,v)

P@Es#Zly) = 1-PG W) =7W)ly) (B.29)

1—/ P(yi’|ojb)d1’b.
R

3(v8)

Notice that two pixels with identical values can be recovered as different
if their neighboring windows change abruptly. However, all these possibilities
depend on the codebook and the image statistics.

B.5 Conclusions

This appendix presents a formalization of the VQBF used in other parts of
this Thesis, starting from the Bayesian formalization of the image processing.
The mazimum a posteriori (MAP) estimation corresponds to the decision of
associating an image block to the pixel under process. Assuming that the a pos-
teriori distribution is Gibbs, its logarithm corresponds to the energy function
being decomposed into the a priori and likelihood energies. From the Bayesian
formulation, assuming a conventional a priori energy function embodying the
smoothness constraints, we can derive the expression of the likelihood distri-
bution. The conventional role of the likelihood distribution is to account for
additive noise and assumed image deformations. Following this reasoning, we
derive a likelihood energy function that explains the VQBF robustness against
some image deformations, and the edge preservation of the VQBF.



Appendix C

Face localization system

The purpose of the system is to provide fast and reliable face localization tech-
niques in real time an in real-life scenes. Person localization is included in this
problem. The end application sought is the ability of mobile robots to navigate
in human populated environments, and to start visual interaction with them.
The system uses motion segmentation, signature analysis and color processing.
Signature analysis provides fast hints of the person and face localization. Color
processing is used to confirm the face hypothesis. The technique can be im-
plemented in real time and combined with other approaches to enhance the
recognition results.

Specifically, the operation of the system presented in [127] is decomposed into
two stages. The first tries to localize the head region based on the analysis of
the signatures of temporal derivative images. The second provides confirmation
of the face hypothesis through the color analysis of the extracted face subimage.
The color analysis is a decision performed on the results of color quantization
process. The color representatives are computed through an adaptive neural
network technique, in fact a supervised version of the well known Kohonen’s
SOM. In this appendix we describe the first stage of the system in some detail.
The second stage has been described in Chapter 13.

C.1 Head localization based on time difference
signatures

Aiming to real-time implementations, we have taken a simple and fast com-
putational approach. Segmentation is done on the basis of the analysis of the
signatures of the binarized image differences. We compute the pixelwise differ-
ence image of two consecutive Gaussian smoothed images. This is the temporal
gradient image. When the camera position is fixed, most of the background is
removed by such a process. Most of the information that the difference image
contains relates to the position of the persons and their faces in the scene. Fur-
ther, we compute the spatial gradient image of this time difference image. On
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this image we compute an optimal thresholding based on the minimum variance
clustering to obtain the binary image upon which the signature analysis is per-
formed. Signatures are computed as projections of the image on the image axes.
Signature analysis is a classic and useful technique for binary image segmenta-
tion [55]. The signature is a very noisy function. Therefore, we have included
several heuristics that improve the robustness of the signature analysis, such
as the aspect ratio preservation of the localized face window. The goal of this
process method is the localization of the rectangle that includes the face and
other features that correspond to the head. The signature analysis proceeds in
three steps:

1. Individual isolation of each human shape,
2. Rough localization of the head of each individual, and

3. A refinement step for a more precise localization of the head and face,
which repeats the previous step restricted to the head subimage.

C.1.1 Individual isolation

For the isolation of human shapes we compute the vertical projections of the
binarized difference image. Our hypothesis is that each human shape would
correspond to a hill in this signature, so that individuals could be localized
looking for local minima between the signature peaks. However, the 1D signa-
ture obtained is very noisy. For its heuristic analysis we perform a 1D closing
morphological filter. The closing is implemented, as the erosion followed by the
dilation of the curve with the same structural element, in our case a flat 1D
structural element. In practice this morphological operator is implemented by a
1D min-max filter. The size of the structural element is related to the expected
size of the basis of noisy peaks in the function. The morphological closing is
expected to remove the noisy peaks leaving the remaining of the function un-
changed. Faces and individuals whose projection is smaller than the size of the
structural element will disappear. Therefore, the morphological filter bounds
the sensitivity of the method to scale variations in faces. On the smoothed sig-
nature we search for local minima, that we associate with the boundaries of the
human shapes. Peaks corresponding to different individuals must be separated
more than the size of the expected local minima basis to be discriminated as
separated individuals. We have found experimentally that the approach per-
forms very well for a broad spectrum of scales with a fixed size of the filter.
In Figure C.1 we show an instance of a couple images the detection of an in-
dividual. This person isolation is limited to the case when individuals are not
vertically adjacent.

C.1.2 Localization of the head

Selecting the subimages defined by above procedure, we proceed to the rough
localization of the heads. For this purpose we compute the horizontal projec-
tions of each binary subimage corresponding to an identified individual. These
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© B

Figure C.1: An instance of the individual isolation (a) motion detected, (b)
vertical signature, (c) vertical signature after morphological filtering and (d)
individual detected.
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(a) (b) ©

Figure C.2: (a) Horizontal signature of the individual selected region, (b) hor-
izontal signature after morphological filtering, (c¢) head detected in the binary
image.

horizontal signatures are again smoothed with the same morphological closing
filter described above. We assume a small threshold so that signature values
below it are discarded as noise. To detect the band in which the head is located
we look for the first peak that appears examining the smoothed horizontal sig-
nature from top to bottom. This peak has the shape of a plateau, and we
detect the top and bottom edges of this plateau as the top and bottom limits
of the head box. We assume that further peaks correspond to the texture of
clothes. In the case of uniform textured clothes the task is simplified, because
the only significative peak corresponds straightforwardly to the head. Figure
C.2 illustrates the head extraction process.

We select this band of the binary subimage and perform on it a further
analysis to detect the left and right sides of the head box. This corresponds
to the third stage of the process enumerated above. Again we compute the
vertical signature and smooth it with the morphological closing filter. On the
smoothed vertical signature, the head appears again as a plateau whose left and
right edges correspond to the left and right sides of the head box.

C.1.3 Some experimental results

We have performed experiments on image sequences that show one or two in-
dividuals moving before backgrounds of varying complexity. Image sequences
were taken using the videocamera of a Silicon O2 workstation. Frame size were
640x480. For the experiments image sequences were captured a different frame
rates. Good results were usually obtained at 10 frames per second. The proto-
type algorithm has been implemented in IDL, and the processing time required
for each couple of frames is 5 seconds. Substantial speedup can be expected of
more optimized implementations. In Figure C.3 we show some frames of the
face localization results obtained over one of these experimental sequences. We
have selected this sequence because it shows a very strong change in scale of
the face as the subject approaches and goes away from the camera. The size of
the face increases steadily from frame #1 up to frame #12, and then decreases



C.2. FACE VALIDATION BASED ON COLOR QUANTIZATION 247

to the end of the sequence. It can be appreciated that the window enclosing
the hypothetical face follows the scale increase, although it starts enclosing the
whole head and ends, at maximum face size, enclosing the face features (eyes,
nose and mouth). Besides this scaling effect the sequence shows also several
arbitrary head movements and poses. The face has an almost frontal view in
frames #3 to #12. Profile views appear in the succeeding frames. The algo-
rithm performs robustly against these variations in pose quite naturally. We
have tested this robustness in several image sequences. The main effect of the
changes in illumination and the variation of the amount of motion between
frames is the irregular sizing and centering of the box.

C.2 Face validation based on color quantization

There have been some recent works that use color for the task of face localization
[110, 52, 255, 262] based on an a priori characterization of the skin color in the
color space. They assume their color models to be invariant under capture
conditions, illumination, camera distortions and so on. On the contrary, our
proposition in this paper is to apply an adaptive approach, so that face skin
color representatives will be estimated from small samples of images. Besides
that, the color process is used to confirm the selection of the hypothetical head
described in the previous section.
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#18

Figure C.3: Localization of the face in several frames extracted from an experi-
mental sequence. The frames show a big change in scale of the face and various
poses.
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MRI dataset for VQ filtering

We have used two images provided by the Unit of Magnetic Resonance of the
Universidad Complutense. The images have been obtained with an experimental
magnet, of 4.7 Teslas.

D.1 Human embryo.

It is a 3D image that corresponds to a sequence of 128 cuts of a human embryo.
Each image is 128x256 pixels of 32 bits/pixel. A reduction to 8 bits/pixel has
been done by ad-hoc manipulations of the intensities based on the statistics over
the whole sequence. In Figure (D.1) we show the slice #80 of the sequence as it
appears before and after the manipulation. We have worked with this sequence
in [115].

D.2 Rat.

A 2D micro-Magnetic Resonance image that corresponds to a model of Miositis
produced by Aspergillus in rats. The original image is of 718x717 pixels and is
shown in Figure (D.2). We have presented experiment results on this image in
[126, 104, 107].
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Figure D.1: Original frame #80 (a) before and (b) after manual intensity range
reduction to 8 bits/pixel
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Figure D.2: Original image
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Appendix E

Dataset for non-stationary
clustering

The sequences of images used for experiments are horizontal rotation pannings
of the laboratory taken with an electronic Apple Quicktake camera. Apple CCD
colour video- camera designed for video-conferencing

E.1 First Sequence

E.1.1 Original sequence

We have created a sequence of 24 images where each consecutive images overlap
50% of the scene with the next image. Every image has dimension 480x640
pixels. The sequence is shown in Figure (E.1). This sequence has been used in
the experiments gathered in our papers [125, 110, 109, 102, 116, 114, 111, 103,
106, 105].

It has also been working on a strip center of size 160x640 pixels extracted
from each image of this sequence [112, 113]. We preserve the original horizontal
resolution because this is the spatial axis in which camera is moving. This
shrunken sequence is shown in figure (E.3).

E.1.2 Distribution in the RGB cube

The main feature of this image sequence is that the distribution of the pixel
colors in the RGB space is non-stationary and unpredictable. This is illustrated
in Figures (E.4)and E.5, where we present the visualization of the color pixels
in the RGB unit cube for the images in the original sequence.
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Figure E.1: Original sequence (#1-12)
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Figure E.2: Original sequence (#13-24)
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Figure E.3: Shrunken sequence
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Figure E.4: Distribution of pixels in the RGB cube (#1-12)
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Figure E.5: Distribution of pixels in the RGB cube (#13-24)
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E.2 Second Sequences

E.2.1 Original sequences

Original images have an spatial resolution of 240x320 pixels. We have created
two sequences. In one of them each of two consecutive images overlap roughly
50% of the scene, a total of 18 images in Figure (E.6). In the other the overlap
is of 33%, a total of 27 images in Figures (E.7) y (E.8). This sequences are
utilized in [108].

E.2.2 Distributions in the RGB cube

The distributions of pixels in the RGB cube are shown only for the sequence
with an overlap of 50% in the following Figures (E.9) and (E.10).
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Figure E.6: Sequence with an overlap of 50%.
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Figure E.7: Sequence with an overlap of 33% (first part).
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Figure E.8: Sequence with an overlap of 33% (last part).
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Figure E.9: Distribution of pixels in the RGB cube (#1-9).
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Figure E.10: Distribution of pixels in the RGB cube (#10-18).



Appendix F

The test problems for the
HOBM

The learning problems, that we have used in Chapter 15 to test learning power
of High Order Boltzmann Machines, have the following common characteristics:

1. The data are in the public domain, and can be accessed by anonymous
FTP.

2. Other techniques have been applied to the data, and the results are public.
These results play the role of objective references to assert the quality of
our own results.

3. The experimental method is clearly defined by the existence of separate
train and test data sets.

4. They are classification problems. The output of the network is a binary
vector. The class assignment is a vector of zeros with only one 1 com-
ponent. This characteristic reduces the complexity of the search for the
output to a given input.

F.0.3 The Monk’s problems

The Monk’s problems were defined in [263] over an artificial robot domain,
where each robot is described by six discrete variables:

x1: head shape {round, square, octagon}
xp: body shape {round, square, octagon}

x3: is_smiling {yes, no}

x4: holding {sword, balloon, flag}
x5: jacket color {red, yellow, green, blue}
Xg: has_tie {yes, no}
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The problem statements, previous results and data were taken from "archive.cis.ohio-
state.edu", under "pub/neuroprose" via anonymous ftp (now avalilable in http:
//archive.ics.uci.edu/ml/datasets/MONK%27s+Problems). Each learning
problem is defined by a logical expression involving those variables, that defines
the class of robots that must be discovered by the learning algorithms. (Monk’s
problems are two class problems). Training and test data are produced following
the logical definitions. The test data for each problem are the class assignment
to the whole space (432 feature vectors). The train data are random subsets
of the test data. The methodology used in [263] consists of the elaboration of
the model using the train data and testing it against the test data. The result
reported for each learning algorithm is the percentage of correct answers to the
test set. The logical definition of each problem follows:

M; is defined by the relation:

(head_ shape = body shape) or (jacket color = red)
M, is defined by the relation:
Exactly two of the six attributes have their first value
M3 is defined by the relation:
(jacket_ color is green and holding a sword)
or (jacket_color is not blue and body shape is not octagon).

M; is a simple Disjunctive Normal Form expression, and it is supposed to
be easily learned by any symbolic algorithm. M, is close to a parity problem,
difficult to state either as a Disjunctive Normal Form or Conjuctive Normal
Form. Finally, the training set for Mjs contains a 5% of erroneous (noisy)
patterns, and is intended to evaluate the robustness in the presence of noise.

In [128] we reported some early results on the Monk’s problems, still using
simulated annealing to estimate the connection statistics. These results vary
from the ones reported here due to the absence of the simulated annealing (the
results in this paper improve in many cases those in [128]). In the case of the
Monk’s problems we have used the knowledge of the logical statement of the
problems and the logical interpretation of high order connections as generalised
AND operators [67, 68| to obtain "a priori" topologies that serve to verify the
applicability of Boltzmann Machines to these problems. The "a priori" topolo-
gies also show the ideal performance that the learning algorithms may achieve
if they are able to discover these "a priori" topologies.

F.0.4 Classification of Sonar Targets

We have used the data used by Gorman and Sejnowski [117] in their study of
sonar signal recognition using networks trained with backpropagation. The data
has been obtained from the public database at the CMU (node ftp.cs.cmu.edu,
directory /afs/cs/project/connect/bench) (now available in http://archive.
ics.uci.edu/ml/datasets/Connectionist+Bench+%28Sonar, +Mines+vs.+Rocks
29). The goal of the experiment is the discrimination between the sonar signals
reflected by rock and metal cylinders. Both the train and test data consist of
104 patterns. The partition between train and test data has been done tak-
ing care that the same distribution of incidence angles appears in both sets.
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Each pattern has 60 input features and a binary output. Input features are real
numbers falling in the [0, 1] interval.

In [117] a set of experiments was performed with a varying number of hidden
units, to explore the power of the learning algorithm depending on the topology.
Results were averaged over 10 replications of the learning process with varying
random initial weights. The best result reported was an average 90.4 per cent
of success on the test data, with a standard deviation of 1.8, for a topology with
12 hidden units. Besides the topological exploration, in this paper the problem
serves to introduce continuous units with [0, 1] state space. Obviously, there is
no known "a priori" topology for this problem.

F.0.5 Vowel recognition

The data for this problem has also been obtained from the CMU public database
(now available in http://archive.ics.uci.edu/ml/datasets/Connectionist+
Bench+/,28Vowel+Recognition+-+Deterding+Data’%29. They have been used,
at least, to realise two PhD Thesis [235, 72, 234]. The Thesis of Robinson in-
cluded the application of several neural architectures to the problem. The best
results reported by Robinson were obtained with a Euclidean nearest neighbour
classifier. It attains a 56% success on the test data. Other source of results for
this database is [61] where a best result of 58% success on the test was reported.
Each pattern is composed of 10 input features. Input features are real numbers.
The class (vowel) assignment is given by a discrete variable.

The details of the data gathering and pre-processing can be found in 235,
234]. The training data contains 528 patterns, and the test data contains 462
patterns. From our point of view, there are three specific characteristics that
make this problem worthy of study. First, it is a multicategorical classification
problem, whereas the Monk’s and Sonar problems involve only two categories.
Second, the input features are not normalised in the [0,1] interval. Roughly,
they take values in the [—5,5] interval. Finally, the convexity of the Kullback-
Leibler distance in this case is doubtful. We wish to test the robustness of the
approach taken (especially the initialisation of the weights to zero) in this clearly
unfavourable case.
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