


















K = 40N ∗m
K = 40N ∗m

K = 40N ∗m
K = 40N ∗m

Pri

Pd



X = {pr, pg, i}
"s = 0′5m. "s = 0′2m.

r1 r9

"s = 0′5m.

X = {pr, pg, i, c}
"s = 0′5m. "s = 0′2m.

r1 r9

"s = 0′5m.

"s = 0′5m.





X(0) = {Pr, Pd, i} X(1) =

{Pr, Pd, i, V } X(2) = {Pr, Pd, i, c, V }

















X

S

X

S = SG ∪ SF ∪ SI

SG SG ⊂ S

SF

SF ⊂ S

SI SI ⊂ S SI = S−SG−SF

A

As s

T T : S×A → S T : S×A×S →
R

R R : S ×A → R



|S| S

t

s, st t s ∈ S st ∈ S

s′, st+1 t+ 1 s′ ∈ S st+1 ∈ S

a, at t a ∈ A at ∈ A

r, rt, r (s) t r ∈ R s ∈ S

rg rg ∈ R

rf rf ∈ R

ri ri ∈ R

pr r (x, y)

pg (x, y)

d (p1, p2) p1 p2

i prpg

i ∈ {0, 1}

c pr pd

c ∈ {0, 1}

p1, p2 (x, y)

Vr

V ∗ (s) s ∈ S

V ∗ : S → R

V π (s) s ∈ S π

V π : S → R

V V ∗ (s) V π (s) V :

S → R

Q∗ (s, a) a ∈ A s ∈ S

Q∗ : S ×A → R



Qπ (s, a) a ∈ A s ∈ S

π Qπ : S ×A → R

Q (s, a) Q∗ (s, a) Qπ (s, a)

Q : S ×A → R

π π : S → A π : S ×A → R

π∗

πε (s, Q) ε s ∈ S

Q

Q∗

α

0 < α ≤ 1

γ

0 < γ ≤ 1

ε ε

0 ≤ ε ≤ 1
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r(u)

[e1, e2, e3](u)

u u = 0 u = L

L

E(u) = [e1, e2, e3, r](u)
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q(u)

pi Ni(u)

u [0, 1)

q(u) =
n∑

i=0
Ni(u)·pi,

Ni(u) pi q(u)

u

u u = 0

u = 1

n+1 {p0, . . . ,pn} U = {u0, . . . , um}



p

U

q(u) =
n∑

i=0
Ni,p(u)·pi,

Ni,p(u) p p = 3

Ni,0 (u) =

{
1 ui ≤ u < ui+1

0 c.c.
,

Ni,p (u) =
u− ui

ui+p − ui
·Ni,p−1 (u) +

ui+p+1 − u

ui+p+1 − ui+1
·Ni+1,p−1 (u) .

t

q(u, t) =
n∑

i=0
Ni,p(u)·pi(t).

c = (x, y, z),

θ

q = (c, θ) = (x, y, z, θ)

θ

t c n

b θ c



U T
F

d

dt

(
∂T
∂ṗi

)
= Fi −

∂U
∂pi

.

F = {F0,F1, . . . ,Fn}

Fi pi.

n+ 1

FU = (Fs,Ft,Fb)
T

Fs

Ft

Fb



F = −kx,

x k

F

L

A

"L =
F

EA
L,

E

F

F = EA
"L

L
.

ε

ε = A$L
L

F = Eε,



FU = Hε =




Es 0 0

0 Et 0

0 0 Eb



 · ε.

ε = (εs, εt, εb)
T

εs εt εb

H Es

Et Eb

U

U = 1
2kx

2

u = 0 u = L

U =
1

2

ˆ L

0
εTFUdu.

FU

U =
1

2

ˆ L

0
εTHεdu

ε

(ε− ε0) ε0

U
u = 0 u = L

U =
1

2

ˆ L

0
(ε− ε0)

TFUdu,

FU = (Fs,Ft,Fb)
T

ε =

(εs, εt, εb)
T

T Tt

Tr



T = Tt + Tr.

Tt =
1

2
µA

ˆ L

0
q̇2du,

Tr =
1

2
µ

ˆ L

0
ΩT IΩdu,

A Ω µ

I

J

J =





µ 0 0 0

0 µ 0 0

0 0 µ 0

0 0 0 I




.

T

T =
1

2

ˆ L

0

dqT

dt
J
dq

dt
du.

d

dt

(
∂T

∂ṗi

)
=

1

2

ˆ L

0

d

dt

∂
(
q̇TJ q̇

)

∂ṗi
du.

∂U

∂pi
=

1

2

ˆ L

0

∂εTHε

∂pi
du.



q

d

dt

∂T

∂ṗi
=

n∑

j=0

J
d pj

dt

ˆ L

0
(Ni(u)Nj(u))du

Mij = J

ˆ L

0
(Ni(u)Nj(u))du

A =

[
d pj

dt

]
,

d

dt

∂T

∂ṗi
=

n∑

j=0

Mi,jAj .

MA = F+P,

P =
[
∂U
∂pi

]

ur h

h = {p,U,Ur},

p

U



Ur ⊂ U

Ur = {uri}
u i

ri

q(uri) =
n∑

i=0
Ni(uri )·pi = ri.

τ

(x, y, z)

θ h0

τ

τ

n n+ 1

n = 10



F

Fp Fe

F = Fp + Fe.

Fp = MA− Fe −P.

pi f

fi

pi q(u)

pi

dq(u)

dpi
= Ni(u).

pi fi

fi = f
∂q

∂pi
= f ·Ni.

Jrq

Jpr =





∂q(ur1 )
∂p0

· · · ∂q(url
)

∂p0

∂q(ur1 )
∂pn

· · · ∂q(url
)

∂pn



 =





N0(ur1) · · · N0(url)

Nn(ur1) · · · Nn(url)



 ,

urj rj

Jpr

Fr

Fp

Fp = Jpr · Fr.



Fp

Fr

Jpr













L



L

s

H(s) = (hx(s), hy(s))

i

Pi ≡ [P x
i P y

i ]

si

i

H(si).

ϕH(s, L) = min
s′>s

{∥∥∥ )H(s)− )H(s′)
∥∥∥ = L

}
,

s′ L

H(s)

ψH(s, L, i) =





s i = 0,

ψH(ϕH(s, L), L, i− 1) else.

L



L

H(s) ϕH(s, L)

s

L

Ti i

(i+1)

L

T x
i = Ks ∗max(0, ‖Pi −Pi+1‖ − L) ∗ cos(βi),

T y
i = Ks ∗max(0, ‖Pi −Pi+1‖ − L) ∗ sin(βi),

Ks βi

i (i+ 1) x



V̇i =
Fi

m
,

Ṗi = Vi,

m Vi ≡
(
V x
i , V y

j

)
i

Fi ≡ (F x
i , F

y
i )

i

V̇i =
Fi −Ti−1 +Ti

m
.

edisi

L

edisi =
1

t

ˆ t

0
(‖Pi −Pi+1‖ − L)2 .

eposi

eposi =
1

t

ˆ t

0
(‖Pi −H(si)‖)2 .

edis =
n−2∑

i=0

edisi ,

epos =
n−1∑

i=0

erefi .



edis

epos

ξ



ψH(ξ, L, i) i

ε

ε

ε

L

Jcon =
n−2∑

i=0

| ‖H(si)−H(si+1)‖ − L|.

Jobj =

ˆ ∞

t

(si (τ)− ψH(ξ (τ) , L, i))
2dτ.

si

ψH(ξ, L, i) ξ



ξ ξ

ξ

ξ̇ = v,

v

‖H (ψH(ξ, L, i)−H (ψH(ξ, L, i+1)‖ = L

Jcon =
n−2∑

i=0

‖H(si)−H(ψH(ξ, L, i))‖

+ ‖H(si+1)−H(ψH(ξ, L, i+1))‖ .

Jobj =
n−1∑

i=0

Jcf,i,

Jcf,i =

ˆ ∞

t

(si (τ)− ψH(ξ (τ) , L, i))
2 dτ.



ξ = argmin

{
lim
t→∞

n−1∑
Jcf,i(ξ, xi)

i=0

}
,

lim
t→∞

Jcon (ξ,X) .

i

erefi = ψH (ξ, L, i)− si,

ui = v +Kpe
ref
i +Ki

ˆ t

0
erefi dt,

ui i Kp

Ki



ξi ξ i

ξ̇ = −
n−1∑

i=0

aij(t) ∗ (ξi − ξj) + v,

aij (t) i

j t

êrefi = ψH (ξi, L, i)− si,

ui = v +Kpê
ref
i +Ki

ˆ t

0
êrefi dt.



ξ

i

ξ i

ξi



i

s

i i

i i

x y

i

Ks = 40Nm

Ks = 0Nm

Fmax
i





F
′

i =
Fi

max {1, ‖Fi‖ /Fmax
i } ,

Fi

L = 0.2m

Ks = 40Nm Ks = 0Nm

Fmax
0 = 2.5N Fmax

1 = Fmax
2 =

Fmax
3 = Fmax

4 = 5N

Ks

i = 0



Ks = 0

edisi eposi edisi = 0.000

eposi , 0.002 i = 1, ..., 4

Ks = 40

edis0

L

L

epos

|Pi − Pi+1| Ks = 0 Ks = 40



Ks i
0 edisi (∗103)

eposi (∗103)
40 edisi (∗103)

eposi (∗103)

Ks

0 edis epos

40 edis epos



K = 40N ∗m



K = 40N ∗m

3rd Fmax
2 = 2.5N Fmax

0 = Fmax
1 =

Fmax
3 = Fmax

4 = 5N

3 (i = 2)

edis1 edis2

3

edis2

2
(
edis1

)

edis1 2nd 3rd

edis0 edis1 edis3 edis4

103

epos



Ks i
edisi (∗103)
eposi (∗103)
edisi (∗103)
eposi (∗103)

Ks

edis epos

edis epos



K = 40N ∗m



K = 40N ∗m











O (| S ×A |)

| S × An |





< S, A, T, R >

S

s ∈ S

S

X

S

A a ∈ A

As

s ∈ S

T : S×As×S → R
a ∈ As s ∈ S t

s′ ∈ S t+ 1

T (s, a, s′) = P (st+1 = s′ |st = s, at = a ) .



R : S×As → R
r a ∈ As

s ∈ S

T (st+1 = s′, rt+1 = r |st, at ) = T (st+1 = s′, rt+1 = r |st, at, rt, st−1, at−1, ..., r1,s0, a0 ) ,

π : S → As

a ∈ As s ∈ S

s

a s

π V π (s)

V π (s) = Eπ

{
∞∑

k=0

γkrt+k+1 | st = s

}
,

γ ∈ [0, 1] rt st

t Eπ

π π π′ V π (s) >

V π′
(s) s ∈ S π∗

V ∗

V ∗ (s) = max
a∈As

{
∑

s′

P (s, a, s′) [R (s′) + γV ∗ (s′)]

}
.

a s Qπ (s, a)

Qπ (s, a) = Eπ

{
∞∑

k=0

γkrt+k+1 | st = s, at = a

}
,

at t



Q∗ (s, a) =
∑

s′

P (s, a, s′)
[
R (s) + γmax

a′
Q∗ (s′, a′)

]
.

π∗

Q

ε − greedy

ε 1−ε

π (s, a) =
eQ(s,a)/τ

∑
a′∈A

eQ(s,a′)/τ
,

τ τ

Q(st, at) ← Q(st, at) + α
[
rt+1 + γ ·max

a
Q (st+1, a)−Q (st, at)

]
,

at t st t Q(st, at)

t st α ∈
[0, 1]

rt+1 t + 1 at

t γ ∈ [0, 1]



Q(s, a)

s

a s Q
a r s′

Q(st, at) ← Q(st, at) + α
[
rt+1 + γmax

a
Q (st+1, a)−Q (st, at)

]

s ← s′

s

(st, at)

t

Q

α

n



An ≡ {a1, . . . , an}
ai ∈ A ith

O (| S ×An |)

N

πε (s,Q) ε

a s Model (s, a)



Q (s, a) Model (s, a) s ∈ S a ∈ A (s)

s ←
a ←πε (s, Q)

a s′ r

Q(s, a) ← Q(s, a) + α
[
r + γmax

a′
Q (s′, a′)−Q (s, a)

]

Model (s, a) ← s′, r
N

s ←
a ← s
s′, r ← Model (s, a)

Q(s, a) ← Q(s, a) + α
[
r + γmax

a′
Q (s′, a′)−Q (s, a)

]

Q(s, a)

s

a s Q
T (s, a) .= ∅
s′ ← T (s, a)
r ← R(s, a)

a r s′

T (s, a) ← s′

R(s, a) ← r

Q(s, a) ← Q(s, a) + α
[
r + γmax

a
Q (s′, a)−Q (s, a)

]

s ← s′

s



a s

a s

Q (s, a)

T (s, a)

s′ a

s

R (s, a)

r a

s

R (s, a) = f (T (s, a))

Q(st, at) ← Q(st, at) + α
[
R (st, at) + γ ·max

a
Q (T (st, a) , a)−Q (st, at)

]
.



Q (s, a)

s′ r

s′, r











#HosePoints

#Hoses

States per Hose :

#Hose (0, 0)

#Hoses × States per Hose

SmoothAngle Actual Segment

Previous Segment

IsCross Actual Segment

Hose Segments

Collisionrisk (A,B)

A,B

Pri

P d



Radius ← L
#HosePoints

#Hoses

PP ← (0, 0)

HoseSegments ← {}
HosePoints ← {(0, 0)}

#HosePoints

AP ← (x, y) c(PP,Radius)

AS ← PP,AP PP AP

(PP .= (0, 0)) SmoothAngle IsCross

(PP = (0, 0) ∨ (SmoothAngle ∧ ¬IsCross))

HosePoints ← HosePoints ∪ {AP}
PP ← AP

HoseSegments ← HoseSegments ∪ {AS}
PS ← AS

States per Hose

Pd ← (x, y) c ((0, 0) , L)

Pr ←AP Actual Point

Pd

i ← PrPd ∩ S .= ; ∀S ∈ HoseSegments

c ← Collision risk (Pd, Pr)

v :

(P r, P d, i, c, v)

(P r, P d, i, c, v)

HosePoints

Hose Segments



Pri

Pd

2×2 2

X = (Pr, Pd, i)

Pr = (xr, yr)

Pd = (xd, yd)

i PrPd

i = 1

S S = SG ∪ SF ∪ SI



SG

SF

SI

0, 5

Pr Pd

Pr

Pd

i

A = {North, South, East, West }

r ←






+1 if goal is reached

−1 if failure occurs

0 else

.



α [0 < α ≤ 1]

Q (st, at) ← rt+1 + γ ·max
a

Q (st+1, a)

γ [0 < γ ≤ 1]

ε

ε

0.2

s

a

a ←





max
a′

Q (s, a′) with probability (1− ε)

any a′ ∈ A with probability ε
.

76e+6

Q 1.000

73% 0.7%

26.3%



Pr Pd

Pr

Pd

X =

(Pr, Pd, i) X = (Pr, Pd, i, c) X = (Pr, Pd, i, P1, P2)

Pr = (xr, yr)

Pd = (xd, yd)

i PrPd

i = 1









r ←






+1 if s ∈ SG

−1 if s ∈ SF

0 if s ∈ SI

r ←






+100 if s ∈ SG

−100 if s ∈ SF

f60 (pr, pg) if s ∈ SI

r ←






+100 if s ∈ SG

−100 if s ∈ SF

0 if s ∈ SI

r ←






+100 if s ∈ SG

−1000 if s ∈ SF

f70 (pr, pg, i, c) if s ∈ SI

r ←






+100 if s ∈ SG

−1000 if s ∈ SF

f30 (pr, pg, i, c) if s ∈ SI

r ←






+100 if s ∈ SG

−100 if s ∈ SF

f80 (pr, pg, i, c) if s ∈ SI

r ←






+100 if s ∈ SG

−100 if s ∈ SF

f40 (pr, pg, i, c) if s ∈ SI

r ←






−1000 if s ∈ SG

+1000 if s ∈ SF

f90 (pr, pg, i) if s ∈ SI

r ←






+1 if s ∈ SG

0 if s ∈ SF

0 if s ∈ SI

f30 (pr, pg, i, c) = −
(

d(pr,pg)
10 + 10i+ 10c

)

f40 (pr, pg, i, c) =
(
100− d(pr,pg)

2

)
− 10i− 10c

f60 (pr, pg) =
(
100− d(pr,pg)

2

)

f70 (pr, pg, i, c) =
(
100− d(pr,pg)

2

)
− 10i− 10c

f80 (pr, pg, i, c) = −
(

d(pr,pg)
10 + 10i+ 10c

)

f90 (pr, pg, i) = d (pr, pg) + 100i



c Pr

Pd c = 1

i

P1 = (x1, y1) P2 = (x2, y2)





c

i

X = (Pr, Pd, i, P1, P2)

77%

2%

21%



X = (Py, Pd, i) X = (Py, Pd, i, c) X = (P r, P d, i, P 1, P 2)
"s "s "s "s "s

0′5m. 0′2m. 0′5m. 0′2m. 0′5m.

104

"s = 0′5m. "s = 0′2m.

X ={pr, pg, i} X ={pr, pg, i, c}

X ={pr, pg, i} r3

"s = 0′2m. % goals

X ={pr, pg, i, c} r3 r5

"s = 0′2m.

% goals

"s = 0′5m.

% goals





X = {pr, pg, i}
"s = 0′5m. "s = 0′2m.

r1 r9
"s = 0′5m.



X = {pr, pg, i, c}
"s = 0′5m. "s = 0′2m.

r1 r9
"s = 0′5m.

X = (Pr, Pg, i, V ) V

X ={pr, pg, i, Vr}
r1

79% 2%

19%

"s = 0′5m.



"s = 0′5m.

r3 r4 r8

2×2 2

X(1) = {Pr, Pd, i, V }
X(2) = {Pr, Pd, i, c, V }

0.5×0.5 m2



R (s, a) ←






rg argmax
s′

{T (s, a, s′)} ∈ SG

rf argmax
s′

{T (s, a, s′)} ∈ SF

ri argmax
s′

{T (s, a, s′)} ∈ SI

,

rg = 1 rf = −1 ri = 0

T (s, a)

ε ε = 0.2

π (s, a) ←





max
a′

Q (s, a′) with probability (1− ε)

any a′ ∈ A with probability ε
.

Q

Q

X(0)



X(0) X(1) X(2)

103

103s

X(0) = {Pr, Pd, i} X(1) =
{Pr, Pd, i, V } X(2) = {Pr, Pd, i, c, V }

V









X ={pr1 , i, c, Vr1 , pr2 , Vr2 , pg}

pr1 (xr1 , yr1)

i pr1pg

c

pr1 pg

i

Vr1

r1

r1



pr2 (xr2 , yr2)

Vr2

r2

r2

pg (xg, yg)

pr1 pg

A =

{North, South, East, West, None}

R

rg rf

ri



R (s, a) ←






rg argmax
s′

{T (s, a, s′)} ∈ SG

rf argmax
s′

{T (s, a, s′)} ∈ SF

ri argmax
s′

{T (s, a, s′)} ∈ SI

,

0.5× 0.5 m2

0.2× 0.2 m2



r ←






+100 if s ∈ SG

−100 if s ∈ SF

f (pr1 , pr2 , pg, i, c) if s ∈ SI

f (pr1 , pr2 , pg, i, c) = −
(

d(pr1 ,pg)
10 + 10i+ 10c

)
+ 20

g(pr1 ,pr2)

g (pr1 , pr2) = max (abs (r1 (pr1 , pr2)) , abs (r2 (pr1 , pr2)))

r1 (pr1 , pr2) =

{
d(pr1 ,pr2)
d(pr2 , (0, 0))

if d (pr2 , (0, 0)) .= 0

∞ else

r2 (pr1 , pr2) =

{
d(pr2 , (0, 0))
d(pr1 ,pr2)

if d (pr1 , pr2) .= 0

∞ else

r ←






+100 if s ∈ SG

−100 if s ∈ SF

f (pr1 , pr2 , pg, i, c, Vr1 , Vr2) if s ∈ SI

f (pr1 , pr2 , pg, i, c, Vr1 , Vr2) = −
(

d(pr1 ,pg)
10 + 10i+ 10c

)
+ 20

g(pr1 ,pr2)
+ o (Vr1 , Vr2)

g (pr1 , pr2) = max (abs (r1 (pr1 , pr2)) , abs (r2 (pr1 , pr2)))

r1 (pr1 , pr2) =

{
d(pr1 ,pr2)
d(pr2 , (0, 0))

if d (pr2 , (0, 0)) .= 0

∞ else

r2 (pr1 , pr2) =

{
d(pr2 , (0, 0))
d(pr1 ,pr2)

if d (pr1 , pr2) .= 0

∞ else

o (Vr1 , Vr2) = 5
∑
i
Vr1, i + 5

∑
i
Vr2, i



r ←






+100 if s ∈ SG

−100 if s ∈ SF

f (pr1 , pr2 , pg, i, c, Vr1 , Vr2) if s ∈ SI

f (pr1 , pr2 , pg, i, c, Vr1 , Vr2) = −
(

d(pr1 ,pg)
10 + 10i+ 10c

)
+ 70

g(pr1 ,pr2)
+ o (Vr1 , Vr2)

g (pr1 , pr2) = max (abs (r1 (pr1 , pr2)) , abs (r2 (pr1 , pr2)))

r1 (pr1 , pr2) =

{
d(pr1 ,pr2)
d(pr2 , (0, 0))

if d (pr2 , (0, 0)) .= 0

∞ else

r2 (pr1 , pr2) =

{
d(pr2 , (0, 0))
d(pr1 ,pr2)

if d (pr1 , pr2) .= 0

∞ else

o (Vr1 , Vr2) = 5
∑
i
Vr1, i + 5

∑
i
Vr2, i
















