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Given w € R 9 non-resonant (k -w # 0 for all k € Z9\{0}),

d

Zy=f t 0) =
i (v,wt), y(0)= yo,

where f(y,0) is
@ smooth in y

@ 2m-periodic in each component of § € R, with Fourier
expansion

Fy,0) =Y ekDf(y).
kezd

@ The map f itself may depend on the frequencies w but we do
not reflect that in the notation.



High order averaging of quasi-periodic vector fields (Perko 1969)

Given the quasi-periodic vector field

d i(k-w
S = dhwt)=cd EIh(y).

keZd

there exists a formal quasi-periodic change of variables
y = K(Y,wt) that transforms the QP system into
d

ZY = eha(Y) +ER(Y)+ -

@ The first term Fi(y) is uniquely determined as

Fily) = 337 |, F0:0)40 = fly).

e K(Y,0) is not unique. Classical choice:

2y /Td K(y,0)do =y




Efficient numerical integration of QP systems for large frequencies

@ Symbolic-numeric algorithms using explicit knowledge of
expansion of exact solution of QP systems

@ Design and analyse methods to approximately integrate the
smooth averaged system

d

Sy =AY+ 4 NFu(Y),  Y(0) = yo
instead of the highly oscillatory one by purely numerical
schemes that try to approximate Y'(t) by using the original
QPVF as input (Heterogeneous multiscale methods, .. .).

Motivated by that, we aim at
@ Obtaining formulae for solution of QP system, for averaged
equations, solution of averaged equations, and change of
variables.
@ Such formulae should be as explicit as possible and of
universal character



B-series expansion of solution of the QP system

For the solutions of y = 3, e/(k©)tf (y),

«

y(0) =y + 3 249 7,y(0)),

ueT v

T is the set of rooted trees labelled by k € Z 9, and for each
ueT,
o the coefficients a,(t) are linear combinations of t/e/(k«)t,

o the elementary differentials F,, : R9 — R9 are smooth maps,
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B-series expansion of solution of the QP system

For the solutions of y = 3, e/(k©)tf (y),

@) £y (0)),

Oy

y(£) =y(0)+ )

ueT

T is the set of rooted trees labelled by k € Z 9, and for each
ueT,
o the coefficients a,(t) are linear combinations of t/e/(k«)t,

o the elementary differentials F,, : R9 — R9 are smooth maps,
(o4 € Z is a normalization factor.)

Elementary coefficients

& /
au(t):/o kD o (1. (£)dE, = [t tm]k.




Examples for rooted trees with less than 4 vertices
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Examples for rooted trees with less than 4 vertices

fu(y) Oéu(t)
® fi(y) s ellkw)t gty
0
% 0 )hly) £ i eftktmtz)e gy i
(1
(m) () | fo Jo° Jo? e’Fatmetia)e gy dt dts
O,
. - . fg”(}/)(fm(}/)y fk()’)) fot fotz ei(kt1+mt1+£t2).w dt; dt,

For each u € 7,
au(t) = Y ak(t)etee)r,
kezd

where each aX(t) is a polynomial in t.




Averaging with B-series

There exist 3y, @y(t), ku(0), u € T, (au(t) polynomial, x,(6)
(27)-periodic) such that for any solution y(t) of the QP system

Y0 = K(Y(8),wt), ¥ (8)= F(Y(2),
where
F(Y) = ZB”}"(Y
ueT
v = v+ v,
ueT Y
K(Y.0) = Y+Z”“ Fu(Y),
ueT Tu




Averaging with B-series

There exist 3y, @y(t), ku(0), u € T, (au(t) polynomial, x,(6)
(27)-periodic) such that for any solution y(t) of the QP system

Y0 = K(Y(8),wt), ¥ (8)= F(Y(2),

where

szzszw

ueT
v = v+ v,
ueT u
mnm=Y+Z“ Fu(Y),
ueT Tu

That is, a(t) = a(t) * r(tw) with La(t) = a(t) = 3.



Observe that «(t) is such that

d
Sa(t) = a(t) «Bwt), a(0)=1,

where Bx(0) = €% and (,(#) = 0 if u has more than one vertices.
Recall that, for each v € 7,

kezd

where each aX(t) is a polynomial in t. Consider now

Yu(t,0) = Y ak(t)e’*O),

kezd

so that a(t) = 7(t, tw). It is not difficult to see that

(% +w- v9)7(t79) = '7(t7 0) * /8(0)7 7(070) =1



Assume that there exist a(t), x(f) € G, B € g such that

~(t,0) = G(t) * 5(8) with %&(t):&(t)*ﬁ.



Assume that there exist a(t), x(f) € G, B € g such that
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But does the factorization

(¢, 6) = a(t) * x(0),

of y(t,0) exist? Is it unique?



But does the factorization

~(t,0) = &(t) * 5(0), %a(r) — G(t) B, (1)
of y(t,0) exist? Is it unique?

If 3:T9 — g is such that, for each u € H, 3(6), is a
trigonometric polynomial in 6, then

o there exists a unique v : R x TY — G such that

(& +w- Vo)y(t,0) =(t,0) % 5(6), ~+(0,0)=1.

o there exist 3 € g and k : T9 — G such that (1) holds
o k() = x(0) *v(0,0), a(t) =r(0)~tx~(t,0), and

3 = r(0)"1 # ( %’y(t, 0) ) + #(0).

t=0

Quasi-stroboscopic averaging: x(0) = 1.



In order to proof the theorem, we first observe that, if
v(t,0) = a(t) = (0)
where
(& +w- Vo)y(t,0) =~(t,0) x 5(6), ~+(0,0) =1,

then

0 = a(t) '+ (& +w: Vo)((t,0) — a(t) = x(0))
= k(0)*B(0) — B *k(0) —w- Vyr(h).



S_ketch of proof: We first show that there exist unique « : T - G,
0 € g such that

w-Vor(h) = r(0) *B(H) — B *rk(0), r(0)=1. J

Consider a(t) = exp*(t ), so that

d _ _ = —
Ioz(t) =a(t) =3, a(0)=1,



S_ketch of proof: We first show that there exist unique « : T - G,
0 € g such that

w-Vor(h) = r(0) *B(H) — B *rk(0), r(0)=1. J

Consider a(t) = exp*(t ), so that

d _ _ = —
Ioz(t) =a(t) =3, a(0)=1,

whence
(& +w- Vo)a(t) = k(0) = a(t) * x(0) * ().
Finally, for ~(t,0) := a(t) * x(0),

(% —i—w'Vg)’)/(t,H) :'7(1'7 9)*/8(9)7 7(070) =1,



Expansion of solutions of quasi-periodic vector fields

=yo+ Y aw(t) fu(y)

wew

where W is the set of 'words’ w = kg - - - k, on the alphabet yAS

gt (t) = // / (katittkete) gy L g,

fryk () = 8yfk2 b (V) i (¥)



Expansion of solutions of quasi-periodic vector fields

=yo+ Y aw(t) fu(y)

wew

where W is the set of 'words’ w = kg - - - k, on the alphabet yAS

gt (t) = // / (katittkete) gy L g,

fryk () = 8yfk2 b (V) i (¥)

In particular, fox = ffm, foimk = F (Fm, o) + £



Indeed, consider for each k € Z 9, the Lie operator associated to fy,
.0
Ex=> fi a0 that fi,..., = E, - - Ex [id],

Let ®; be such that ®:[g](yo) = g(y(t)) for smooth g(y)

< oulelv) = alv(e) = ﬁg(y(t))f(y(t),wt)
Y ) = X okl
kezd kezd



Indeed, consider for each k € Z 9, the Lie operator associated to fy,
d P
By = Z fkl 87)/"7 so that fkl"’kr = Ekl o0c Ek, [id],

Let ®; be such that ®:[g](yo) = g(y(t)) for smooth g(y)

© odsllo) = < 8(/(1) = 8g(y(t))f(y(t),wt)
Y ) = X okl
kezd kezd

Linear non-autonomous quasi-periodic differential equation

9o, — o, > *UE, @ =1,

dt
kezd




Indeed, consider for each k € Z 9, the Lie operator associated to fy,
d P
By = Z fkl 87)/"7 so that fkl"’kr = Ek1 o0c Ek, [id],

Let ®; be such that ®:[g](yo) = g(y(t)) for smooth g(y)

< oulelv) = alv(e) = ﬁg(y(t))f(y(t),wt)
Y ) = X okl
kezd kezd

Linear non-autonomous quasi-periodic differential equation

— b =0, » e VR, o=
kezd

=1+ > okui(t)Ex - Er (by Picard iteration)



Recursive formulae for a,,(t)

freZ*, keZ9—{0},/€Z9 and w e WU {0},
on(t) = ﬁ(l _ eilkw)ty
apr(t) = %,
cok(t) = 1 (agr1ilt) — ao()e*),
anl(®) = T —(amlt) — ageapu(D)
aorkinlt) = 1 —(a0-tuin(t) ~ Qo ernu(D).




Actually, ay(t) = v (t,wt), where

) -
anyk(t, 0) + w - Vo ywi(t,0) = e*%~,(t,0), ~,(0,0)=0.



Actually, ay(t) = v (t,wt), where

) -
anyk(t, 0) + w - Vo ywi(t,0) = e*%~,(t,0), ~,(0,0)=0.

Recursive formulae for v,,(t, )

freZ*, keZ9—{0},/cZ9 and w € WU {0},
W(t6) = (1 k)
Yor(t,0) = %,
Tor(60) = (o660 = 70 (8, 0)e k),
Tnlt,0) = T (alt.0) = e (£,0))
Yorkiw(t,0) = k.iw('YO’*lkIw(t?e)_’YO’(k—l—l)w(tve))'

4




Formal high order averaging: Find a factorization

I+ 3 7u(t.0)En = (/+ 3 au(t) EW) (/+ 3 kul0) EW)

wew e S
%(/ + Y aw®E) = (1+ X awlt)E) (X BuEn).
wew oW =t
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Let G (resp. g) the group of characters (resp. the Lie algebra of
infinitesimal characers) of the shuffle Hopf algebra over WW. Given
v Rx’]I‘ng fmdﬁeg,a R Hg and K : ']I'dﬂgsuchthat
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Formal high order averaging: Find a factorization

I+ 3 7u(t.0)En = (/+ 3 au(t) EW) (/+ 3 kul0) EW)

wew e S
%(/ + Y aw®E) = (1+ X awlt)E) (X BuEn).
wew oW =t

Let G (resp. g) the group of characters (resp. the Lie algebra of
infinitesimal characers) of the shuffle Hopf algebra over WW. Given
v Rx']I‘ng fmdﬁeg,a R Hg and K : ']I'degsuchthat

v(t,0) = a(t) * k(0), —a(t)=a(t)x*p.

B(t) = 3(6,0), Ful6) =7w(0,6), P = 27(8,0)




Recursion for coefficients of averaged equation

Bk = Oa BO - 17 BO’Jrl = 07
_ I _ _ WP
BO’k = w(ﬂO'—lk — Bo’el(k 60))7

-

_ P
Buw = m(ﬁlw — Blkt+tyw);
_ A _
Borkiw = k—(ﬁor—lklw — Bor(k+1yw)s

)




Recursion for coefficients of averaged equation

Bk = Oa BO = 17 BO’*I = 07
]

Bork = (Bor—1xc — Bor e’ %)),

)

-

_ P
ﬁklw - m(ﬁlw - /B(k+l)w)a
_ A _
Borkiw = P (Bor—1itw — Bor(k+1yw)>

Similar recusions for &(t) and x(6) from those of ~(t,0).



Quasi-stroboscopic averaging for quasi-periodic problems
We get y(t) = K(Y(t),wt), where

d
—Y =F(Y Y(0) =
dt ( )7 () Yo,

with

K(Y,0) = Y+ ) rwu(6)fu(Y),

wew
FOY) = > BufulY
wew
Y(t) = yo+ Y aw(t) ful)-
wew

4

Since (3 is an infinitesimal character, F(Y) is a Lie series, and thus
shares the geometric properties of the vector fields fy.



Concluding remarks

@ We have introduced a new type of averaging of quasi-periodic
vector fields that generalizes stroboscopic averaging of
periodic vector fields. Such averaged VF is in the Lie algebra
generated by the f; in the Fourier expansion of the QPVF.

@ We have shown that the averaged vector field by any other
formal averaging is conjugate (by a time-independent
near-to-identity map) to the quasi-stroboscopically averaged
vector field.

@ We have obtained neat expressions for the exact solution of
QP systems, as well as for the averaged vector field, the
solution of the averaged system, and the corresponding
change of variables. Such expresions can be useful both
computationally and for theoretical purposes.



Relation among coefficients of series indexed by words and trees

Consider a rooted tree u € T of n vertices labelled by distinct
ki,... ko € Z9, and interpret u as a partial ordering of the set
{ki,..., kn}. Then,

VU(tva) = Z ’7W(t79)a

weWw,

where W, is the set of words of length n obtained by totally
ordering ki, ..., k, as an extension of the partial ordering of u.




Algebraic/geometric properties of exact solution
For ui,up,u3 € T
@ Yujou, + Yupouw, = Yy Yu,» — Symplectic for each fixed t, 6.

@ In addition

’Yulou2ue, + ’7uzou1U3 + 'YU3ou1 up = ’7u1’YU2’7u3-

Hence, for each fixed t, 0, it represents the 1-flow of a vector
field in the Lie algebra generated by the fy.
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o Classical averaging does not preserve the properties of (¢, ):
Since & = (7),
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and likewise for the other equality in 7.



Algebraic/geometric properties of exact solution

For ui,up,u3 € T
@ Yujou, + Yupouw, = Yy Yu,» — Symplectic for each fixed t, 6.

@ In addition

’YuloU2U3 + ’7uzou1U3 + IYU3OU1 up = ’7u1’YU2’7u3-

Hence, for each fixed t, 0, it represents the 1-flow of a vector
field in the Lie algebra generated by the fy.

o Classical averaging does not preserve the properties of ~(t,0):
Since & = (7),

dU1OU2 + C_VUQoul 7é 0_4u10_4UQ

and likewise for the other equality in 7.

@ Stroboscopic averaging: Properties inherited by @(t) = ~(t,0)
(and ). Averaged VF is in the Lie algebra of formal vector
fields generated by f, k € Z 9.



