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Abstract

The present work has been divided in two parts: In the first part, we presented a
unified approach to derive and deal with the formal series that arise when studying
the convergence of numerical integrators for systems of ODEs and DAEs. This gen-
eral approach was applied for systems of ODEs. The particular case of Hamiltonian
systems was studied in some detail.

In this second part, we study the convergence of a general class of Runge-Kutta
type methods (the partitioned Runge-Kutta methods) for systems of index 2 DAEs
in Hessenberg form. To do that, we use the tools developped in the first part to
deal with the relevant formal expansions, the DA2-series. The convergence of such
partitioned Runge-Kutta methods is studied in a unified way. Our approach allows
us to obtain sharp estimates for the behaviour of the global errors, even in the
case where the method does not satisfy the algebraic constraints, the errors for
the algebraic variables affect the approximations of the differential variables, and
non-consistent initial values are used.

1 Introduction

The purpose of this two-part paper is to present a unified approach to derive
and handle the formal expansions that arise when studying the order condi-
tions of one-step integrators for ODEs and DAEs. These formal series can be
typically written in the form
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S(d) =id + Y w*™d(u) F(u), (1)
u€eT

where the symbols in these formal expressions have the following meaning: (i)
T is a countable set of indices, for instance, a set of rooted trees, (ii) the order
p(u) of each u € T is an integer, (iii) the elementary differentials F(u) are
vector functions that depend on the system of ODEs or DAEs to be integrated,
(iv) the coefficients d(u) are real numbers that do not depend on the system.

The aim of this second part of the article is to show how the formalism
presented in the first part [13] of our article can be used for the study of
the convergence behaviour of one-step methods for semi-explicit systems of
differential-algebraic equations [4,8]. In order to illustrate that, we study the
convergence of a general class of one-step methods for index 2 DAEs in Hes-
senberg form (with possibly non-consistent initial values).

Different Runge-Kutta type methods for semi-explicit differential-algebraic
systems in Hessenberg form of index 1, 2, and 3 have been considered in
the literature, including implicit Runge-Kutta methods, Rosenbrock methods,
and half-explicit methods [6,8,4]. Recently, more Runge-Kutta type families
of methods have been proposed [1,11,12] for index 2 DAEs. Detailed study of
the convergence of these families of methods leads to three classes of series
expansions of the form (1). Depending on the index of the system of DAEs,
they are sometimes called DAl-series, DA2-series, and DA3-series. In each
case, the indices u € T are rooted trees of different types of vertices. However,
unlike in the case of Runge-Kutta methods for ODEs, the order of each u does
not coincide with its number of vertices. Furthermore, in certain cases it is
useful to consider expansions with terms of order 0. This was first considered
when studying the behavior of Rosenbrock methods applied to index 1 systems
with inconsistent initial values (see [8], Section V.I). Recently, DA2-series that
include terms of negative powers of h have been considered by Chan and
Chartier [5]. The composition of formal series for systems of DAEs was first
considered by Jay in [9], who studied the case of DA3-series for consistent
initial values (that is, with only positive powers of h. In [5] the composition
of DA2-series originated from implicit Runge-Kutta methods with invertible
RK matrix for the general case of non-consistent initial values is studied.

We consider index 2 systems of differential-algebraic equations in Hessenberg
form

v = fy,2), 0=g(y), (2)

where f and ¢ are assumed to be sufficiently differentiable and

g,(y) f2(y, z) is invertible (3)



in a neighborhood of the solution. Given initial conditions (y(ty), z(tg)) =
(Yo, 20) satisfying the consistency equations

9(yo) = 0, (4)
9y(Y0) f (Y0, 20) = 0, (5)

the system (2) has a unique solution (y(t), 2(t)).

We are concerned with a general classs of one-step methods to solve numer-
ically the system (2), namely, the partitioned Runge-Kutta (PRK) methods.
We proposed this family of methods in [11] and studied it in more detail in
[12]. The family of PRK methods includes the application of implicit Runge-
Kutta methods to the system (2) [6,4,8], as well as the different families of
half-explicit methods of Runge-Kutta type studied in the literature [6,3,1,11].
Fully implicit new PRK methods (the Gauss-Lobatto methods) are also pro-
posed in [12]. The later methods are s-stage symmetric methods that give
approximations of order 2s for the differential variable y.

One step of the partitioned Runge-Kutta method gives an approximation
(y1,21) = (y(to + h),z(to + h)) defined as follows:

Y1 ="Yo + Z bif(Yi, Z;), = = ZdiZia (6)
i=0 i=0
where Yy = yo, Zyp = 29, and for e = 1,..., s,
}/;':yO‘i_hZaijf()/}aZj)a (7)
j=0
K:y0+hzaijf(1/}azj)a g(Y;):O
§=0

We denote by A and respectively A the (s+1) X (s+ 1) matrices with entries
Qi and dij ((10]' = dOj = 0), and b = (bo,...,bs)T, d = (dg,...,ds)T. The
coefficients d; must satisfy the equation " d; = 1. We denote by A the s x s
matrix obtained from removing the first row and column of A.

Note that, in general, the numerical solution (yi, z;) depend on both y, and
20- It will depend only on y, if
dg = 0, b() = 0, ;0 = Qjp = 0 for all 7. (8)

In that case, although the PRK method (6)-(7) has with our notation s + 1
stages, they effectively have s stages, as the Oth stage derivative f(Yp, Zy) =



f(vo,20) and Zy are not present in the definition of the numerical solution
(y1, 21). Implicit Runge-Kutta methods (A = A) with invertible Runge-Kutta
matrix, and the half-explicit Runge-Kutta methods proposed in [6] fall within
the class of PRK methods satisfying (8). Of particular interest are PRK meth-
ods (6)-(7) satisfying

so that y; = Y, and therefore the numerical solution y; satisfies the algebraic
equations of (2).

This second part of the paper is organized as follows: Section 2 is devoted to the
study of the existence of solution and the influence of perturbations of the PRK
scheme (6)-(7). In Section 3, we will summarize some definitions and basic
results presented in the first part [13] of our article which will be used later.
In Section 4, we see that the numerical solution given by the PRK method
(6)-(7) can be expanded as a DA2-series. The DA2-series were introduced by
Hairer, Lubich, and Roche [6] for the case of the application of Runge-Kutta
methods to the system (2) with consistent initial values, and generalized for
the case of inconsistent initial values by Chan and Chartier [5]. In Section 5,
we derive recursive formulae to obtain the coefficients of the expansion of the
composition of two DA2-series. Rigorous truncated versions of the DA2-series
expansions derived in a formal way in Section 4 and Section 5 are obtained in
Section 6. Finally, a new procedure to study the convergence of the application
of partitioned Runge-Kutta methods to index 2 systems of DAEs of the form
(2) is presented in Section 7. This new approach allows us to obtain sharp
estimates for the global errors, even in the case where the method does not
satisfy the algebraic constraint of (2), the errors for the algebraic variables
z affect the values for the differential variables y, and non-consistent initial
values are used.

2 Existence and influence of perturbations

In the more general case (where (8) or (9) is not satisfied), the repeated appli-
cation of more than one step of the PRK method leads to the application of
the scheme (6)-(7) with inconsistent (yo, zp). The following result on the exis-
tence of the numerical solution of (6)-(7) is a particular case of the Lemma 2
below.

Lemma 1 Assume that A is invertible. Let us consider the system (2) and
(Yo, 20) such that g,(y)f.(y, z) is invertible in a neighborhood of (yo, 20). If



e = max (|hl, |lg(yo)ll/ 1Al llg4(v0) f (4o, 20)11) (10)

is sufficiently small, then the PRK scheme (6)-(7) has a locally unique solution
such that

Yi=vy+O(h), Zi=z+0(), yi=y+O0h), =z =z+0().

Our aim now is to study the influence of perturbations of the PRK solution.
The equations (7) can be rearranged in such a way that it consists of a non-
linear system of equations with k; = f(Y;, Z;), Z; (1 < i < s) as unknowns.
Let us consider the following perturbed version of that nonlinear system:

ki = fyo + hzaijkjazi) + 7, 0 = g(yo + hzdijkj); 1<i<s, (11)

J=0 Jj=0

where ko = f(vo, 20) + 7o. In general, the existence and local uniqueness of the
solution of (11) is not guaranteed for fixed values of the perturbations 6; as h
tends to 0. Thus, we consider special perturbations of the form

Let us denote v = (y,...,7s), and w = (wq,. .., w;).

Lemma 2 Let us consider the system (2) and consistent initial values (y3, 20)
such that (3) is satisfied in a neighborhood of (y3, 23). Let us assume that the
s X s matriz A is invertible. Then, the perturbed scheme (11)-(12) has, for
(h, Yo, 20,7, w) in a certain neighborhood U of (0,43, 23,0,0) a locally unique
solution U = (k1, ..., ks, Z1, ..., Zs) that smoothly depends on (h,yo, zo,7,w).

PROOF. Proceeding in a similar way to the proof of Theorem VIIL.4.1 of
[8] when studying the existence of Runge-Kutta methods with invertible A
matrix, the equations 6; = g(yo + h Y aG;;k;) in (11) can be replaced by

L s s
Ww; = / dTgy(yg—*—ThZC_lijkj)Zdijkj.

Thus, (11)-(12) is equivalent to a system of the form F(h, yo, 20, v,w,U) = 0,
where U = (ky,..., ks, Z1,...,Zs) and F is smooth. Next, we will show that
the implicit function theorem can be applied to this nonlinear system: First,
F(0,99,23,0,0,U°% = 0, where U° = (k,...,k3,20,...,29), k) = f(v],2]).
Second, the Jacobian of F with respect to U at (0,3, 25,0,0,U°) is



(Ins _If ® fz(y([)]azg)>
0 A®gy(y8728) ’

where n is the dimension of the differential variable y. Clearly, this matrix is
invertible under the hypothesis of the theorem. 0O

Now, the proof of Lemma 1 can be obtained considering Lemma 2 with v; = 0,
w; = —%g(yo) (1<i<s).

3 Abstract framework

Here, we summarize the definitions and basic results presented in the first part
of our article that are needed in subsequent sections.

Let us consider a countable set 7 of mathematical objects such that each u €
T has attached an integer p(u), the order of u. Let us assume that each u € T
has associated a function, called elementary differential F'(u) : R* — R™.

For each d : T — R, we denote by S(d) the formal series (1), and by S(d)
the series

S(d)=8(d) —id =Y r"™d(u) F(u). (13)
u€T
Given uy, ..., u, € T, we denote by X|uy,...,u,| the following linear differ-

ential operator on functions of n variables which take values in a real vector
space (R, R™, or some matrix space): Given a sufficiently smooth function k&
of n variables, for each y € R",

(X[ul""vum]k)(y): |k(m)(y) (F(ul)(y)a’F(um)(y))’ (14)

lul':ul/

where v is the number of distinct elements uj,...,u}, among uy,...,u,, and
each f; is the number of elements u; that coincide with u;. Clearly, the oper-
ator X[ug, ..., upy| is invariant under permutations of uy, . .., Uy,.

Definition 3 Given the set T, we denote by T the following set of unordered
m-tuples [uq, ..., uy| of elements of T,

T ={01 U {{us,...,um] : wi,...,um€ T} (15)



We define for each © = [uy, ..., un] € T — {[0]} the elementary (differential)
operator corresponding to W as X(w) = X[uy,...,uy] given by (14). We
define X[0] as the identity operator. The order p(w) of w is defined by p(w) =
plur) + -+ + plum) and p([0]) = 0.

Definition 4 Given a : T — R, we denote by S(a) the formal series of
elementary operators

The following result allows us to expand in a convenient and compact way the
composition k o §(d) of a formal series (1) with a given function k. This will
be the main tool for the derivation of the expansions of the PRK solution that
we present in Section 4.

Theorem 5 Given d: T — R, for each smooth function k of n variables

ko&(d) =S(d)k,
where d'([0]) = 1, and d'([u1, ..., up]) = d(uy) -+ - d(uy,).

Definition 6 Given 0 € T and v € T, the product w-v € T s defined as
follows:

° [@]~v:[v] ifveT,

o (Ui, Up] v =T[U,. . Uy, V] i U, Uy, v €T,

Note that this product has the property that (w-u)-v = (w-v)-u, for w € T,
u,v € T.

Clearly, each element of @ € T — {[#]} can be decomposed as a product
w'" - u where p(w') < p(w) and p(u) = p(w) — p(w'). This allows a convenient

recursive way of representing the elementary operators and computing the
coefficients d’ of Theorem 5 using the formula

d'(w-u) =d@)d(w), ®eT, uweT. (16)

Note that each @ € T can typically be obtained as the result of different
products w' - u.

The following result will be usefull in Section 5.



Lemma 7 Givend : T — R and Wy = [uy,...,uy] € '7', let us assume that
for each uw; (1=1,...,m) there exists d™) : T — R such that

RO F (1) o S(d) = S(d™)), (17)

then, for every smooth function k of n variables,

RO (X (1) k) o S(d) = S(d@))k (18)

where for each wy € T with Wy decomposed as e = W - vy,

d(d’l)(wz) _ d(wl)(wlz)d(UZ) + Z d(wi)(w;)d(vl)(UZ)' (19)

W €T, meT
W v =1

Note that Theorem 5 can be considered as the particular case of Lemma 7
where 1, = [()] and d®) = d'. In that case, the recursive formula (19) reduces
to (16).

4 DAZ2-series expansion of the PRK solution

In order to illustrate the use of the tools of our abstract framework, the formal
expansion of additive Runge-Kutta methods (or equivalently of partitioned
Runge-Kutta methods) for ODEs were considered in [13]. Our aim was to show
how our approach could be used to derive a suitable class of series (1) (that is,
to construct the set T of indices v and to associate an elementary differential
to each v € T) and at the same time to obtain the actual coefficients c(u)
(depending on the parameters of the method) of each ARK scheme. However,
when the problem of finding the expansion of a certain family of numerical
integrators is addressed, it is often the case that a suitable class of formal
series (1) is guessed from the expansions of similar families of methods, or
from the direct derivation of the first terms of the series expansion of the
numerical approximation and the exact solution. In that case, it is sufficient
to find a mapping ¢ : 7 — R and prove that the numerical approximation
can be expanded as the series S(c).

The family of PRK methods (6)-(7), it generalizes both the class of im-
plicit Runge-Kutta methods (a;; = a;;) and the class of half-explicit methods
(a;; = aiy1,5) for systems of DAEs of the form (2), whose series expansions (for
consistent initial values) where derived in [6]. It seams reasonable to expect
that the series expansion in powers of h of the PRK scheme (6)-(7) also fits in



the same class of formal series. The approach adopted to study the convergence
of the application of Runge-Kutta type methods for systems of the form (2)
in [6] (see also [8]) only requires expanding the numerical solution for consis-
tent initial values. In [5], the expansion of implicit Runge-Kutta methods for
inconsistent initial values is considered. Such expansions (the DA2-series) also
are of the form (1), but unlike the series that arise when studying methods for
ODEs (for instance, the B-series [7]), they include (in the case of inconsistent
initial values) terms with negative powers of h.

In Section 7, we will find usefull to expand the numerical approximation given
by the application of the PRK scheme (6)-(7) with inconsistent initial values
(Yo, 20). Next, we will show, using the abstract framework of Section 3, that
the PRK solution can be formally expanded as a DA2-series.

A DAZ2-series is a formal expression (1), where 7T is the set of DA2-trees. Next,
we will define T, together with the order p(u) and the elementary differential
F(u) associated to each DA2-tree.

Recall that, according to the terminology used in the first part [13] of our
paper, a 2-tree is a rooted tree with vertices of two different types or colors
(black for type 1, and white for type 2). The single 2-tree with a vertex of
type v (v = 1,2) is denoted by [()],, and the 2-trees with more than a vertex

can be recursively represented as u = [uq, ..., up],, where v is the color of the
root of u, and uy,...,u,, are the 2-trees obtained from chopping off the root
of u.

A DA2-tree is a 2-tree that does not have any subtree either of the form
[U1,. .., Unla with some v; € T3 or of the form [[v]i] with v € T5. We will
alternatively denote the DA2-trees with a single vertex [()]; and [}]y respec-
tively as e and o. We denote by 7; (resp. T3) the set of DA2-trees with root
of type 1 (resp. of type 2). Now, the set 7 can be defined using the notation
of Definition 3 as follows.

Definition 8 The set T =T, U7, (and '7A'*) is recursively defined by

T ={0} U{[ur, ..., um: w o € T} = {lluh] : w € Ta),
T =A[ut, - uml : [ul,...,um]e'z—},
To=A{lut, tumlo: [ur,...,un] € T}

Given a DA2-tree u = [uy, ..., uy], (v =1,2), we say that op(u) = [uq, ..., Up]
is the forest of operands of the DA2-tree u and that tp(u) = v is the type of u.

Definition 9 The order p(u) and the elementary differential F(u) of each
DA2-tree u can be defined using the notation introduced in Definition 3 by



= () ) = dopy + 1, ifue,

0 . .
F0 =y )X (opuy)g) P = Poplu) =1 ifue T

In the context of Section 3 of [13], the order of a 2-tree was the total number
of its vertices. However, it is clear from the recursive definition above that the
order p(u) of a DA2-tree of 7 is the number of its vertices of type 1 minus the
number of vertices of type 2. In particular, p(o) = —1, and DA2-trees with
negative order of arbitrarily high absolute value exist, for instance, those of
the form [o, ..., o]y. If (yo,20) are assumed to be consistent, the elementary
differentials F'(u) corresponding to DA2-trees of order p(u) < 0 vanish, and if
only (4) is fulfilled by (o, 29), only the elementary differentials corresponding
to DA2-trees of non-negative order remain.

Our aim now is to prove that, under the conditions of Lemma 1, the numerical
solution (1, 21) given by (6)-(7) can be expanded as a DA2-series. In order to
do that, we will try to determine suitable coefficients c(u) that only depend
on the parameters a;j, a5, b;, d; of the method such that formally,

(2) = ste) o z0) (20)

21

T

Given a vector z = (yT, 27)T, we will use the notation ! = y, 22 = 2, and

similarly,

First, we will focus our attention on the expansions of Y;,Yi, Z;, and try to
find C; : T — R and C, : 7 — R such that

Y; =S8(C) (Yo, 20),  Yi=38(Ci) (yo,20), Zi = S(Cy)*(yo, 20)- (21)

From (6)-(7), we see that in order to accomplish that it is convenient to know
how to expand compositions of the form foS(d) and go S(d). But according
to Theorem 5, their expansions can be obtained as the action of the series of
elementary operators S(d’) respectively on f and g. By definition, F(u)' =
X (op(u))f if uw € Ty, which directly implies that

hfoS(d) =hrS(d)f=8(d)!, with d'(u)=d (op(u)). (22)

10



~

As for the expansion of g o S(d) = §(d')g, since g does not depend on z, the
terms of the series S(d')g corresponding to w = [uy, ..., uy] € T with some
u; € Tp are identically null. The remaining terms correspond to w € T such
that w = op(u) or w = [[u];] with u € T5. However, given u € T3, taking into
account the definition of F'(u) and the definition of the elementary operators,

X([uhlg = =X (op(u))g = (gy ) F(u)?, ifu€ T (23)

From that, one obtains

goS(d) = S(d)g=h(~g,f.)S(d), (24)
where d'(u) = d'(op(u)) — d'([[u]1]) = d'(op(u)) — d([u],)-

Taking into account (22) and (24), the formal equations obtained from replac-
ing V;,Y;, Z; by (21) in (7) read

0— Z B (Cl(u) — XS: aijC;(op(u))) F(u)',

u€Ty

0= Z hp(“) (Cl(u) — zs: dl]C;(Op(u))) F(U)l,

u€Ty

0=(=gy[2) Z, WP (Cion(w) — Cal[uly)) F(u)*,

Clearly, these equalities hold if the coefficients C;(u), C;(u) are such that the
expressions in the inner parenthesis are null, that is,

ci<u>:§0aijc;(op<u>>, ci<u>:zi:0aijc;(op<u>>, weT.  (25)

and Cl(op(u)) = Cy([u];) if u € T5. Now, (25) implies that C;([u];) =
> a;;C;(u), which together with Cy(u) =0 (as Yy = yo and Zy = z) leads to

Ci(u) = i:wijcg(op(u)), u € Ta, (26)

=1
where the coefficients w;; are the entries of the inverse of the s x s matrix A.

The equalities (25)-(26) determine the coefficients of all the DA2-trees recur-
sively with respect to the number of vertices. Furthermore, we have that for-

mally hf(Y;, Z;) = S(C!)(yo, 20)- Hence, from (6) it is clear that the numerical

11



solution (yi, z1) can be expanded as a DA2-series (20), where the coefficients
c(u) satisfy

=Y b;,Ci(u), fueT, clu)=> dC;(u), ifueTs. (27)

It is interesting to note that the elementary differentials F'(u) of DA2-trees
are independent, so that the coefficients of the expansions (20) and (21) are
unique. In fact, the following result can be proven:

Lemma 10 For each DA2-tree u € Ty (resp. u € Ty) there exists a system (2)
with polynomial vector functions f (of dimension n, the number of vertices of
u) and g (of dimension m, the number of vertices of type 2 of u), such that
(94f-)(0,0) is the identity matriz, and the first component (resp. the (m+1)th
component) of F(v)(0,0) is non-null if and only if u = v.

We hint the proof of this lemma with an example: For u = [e, 0, [e, ®]5];, we
take n =6, m = 2, and

fly,2) = (y22'22,1,1,1, 25 227, gy) = (v° + Py y° + 1)1

5 Composition of DA2-series

We are now concerned with the formal expansion of compositions S(b) o S(d)
of DA2-series. Clearly, it is sufficient to expand compositions of the form
R F(v) o S(d). In order to do that, it will be useful to study in some de-
tail the series of the form S(a)f and S(a)g for a : 7 — R. First note that
the arguments that led us to (22) and (24) are also valid with the mapping
d:7T >R replaced by an arbitrary mapping a : T — R, that is,

hS(a)f =S, S(a)g=nh(—g,f.)S(a), (28)

where a(u) = a(op(u)) and a(u) = a(op(u)) —a([[u]1]). This leads, taking into
account Lemma 7, to the following:

Lemma 11 Givend : 7 — R, and w € 7A'*,

W X (1)g 0 S(d) = §(dD)g = h(—g,[.)S(d®)?,

where d®) (u) = d® (op(u)) — d@([[u],]) for u € Ta.

12



The following lemma is the basic ingredient of the main result of this section.

Lemma 12 Given a DA2-series S(d), the following identity formally holds
for eachv e T

R E(v) o §(d) = S(d™), (29)

where the coefficients A (u) (u,v € T) can be recursively obtained with the
help of the coefficients A2 (w,) (wy,wy € T ) of Lemma 7 as follows:

(1) d®(u) = 0 if tp(u) # tp(v),
(2) d® (u) = AP (op(u)) if u,v € Ty,
(3) A (u) = d©P0) (op(u)) + d1D (op(u)) — AP ([[u]]) if u,v € Ts.

Observe that d©°®)([[u],]) = 0 unless op(v) = [}] or op(v) = [e]. From that
and the recursive definition of the coefficients d“2)(w;) in Lemma 7, it can be
seen that the formulae above uniquely determines the coefficients d*)(u) for
u,v € T.

PROOF. Item 1 immediately follows from the definition of elementary dif-
ferentials, since F'(u)” = 0 if tp(u) # v. Item 2 follows from Lemma 7 and
(28). As for item 3, we compose both sides of the first equality of (23) with
the DA2-series S(d), and apply Lemma 11 to obtain

(9,f:)S(A1D)* = —(g, £.)S(dePCD)?.

Item 3 is finally obtained, taking into account the definition of the coefficients
d® and that dPD([[u],]) = d®(u). O

Theorem 13 Given d,b: T — R, then

S(b) o S(d) = S(db),
where for each u € T

db(u) = Zrb(u)d(”) (u), (30)

and the coefficients d™) (u) are defined as in Lemma 12.

In [5], the composition of the particular case of DA2-series corresponding to
implicit Runge-Kutta schemes with invertible matrix is studied. They give a
systematic way of obtaining the coefficients of the composed DA2-series using

13



pairs of embedded DA2-trees. Theorem 13 generalizes this result to the case of
composition of general DA2-series, and their formulae in terms of embedded
pairs of DA2-trees can be proven for the general case from Lemma 12.

6 Truncated DA2-series expansions

Though the expansions we have obtained so far are merely formal, we will
show that they can have a rigorous meaning when truncated in a suitable
way.

Let us assume that we are under the hypothesis of Lemma 1. According to
Definition 9, the independent terms in the DA2-series satisfy

hp(u)F(u)l — O(he"(“)_l), h/’(“)F(u)2 — O(e”(“)),
where ¢ is given by (10), and n(e) = n(o) = 7([e]z) = 1 and for the rest of the

DA2-trees,

n(furs - sumh) =nu) + ..+ nlum) + 1,
n([ur, .- umle) =n(ur) + ...+ n(uy) — 1

It can be shown, by induction on the number of vertices, that n(u) > 1 for
every u € 7. Moreover, the following sets of DA2-trees

T ={ueT /nw<r}, T'={ueT/nw<r},
are finite for each r > 1.

Given d: 7 — R, r > 1, we denote by SI"l(d) the truncated series

id' + > h"Wd(u)F(u)t

S[r](d)l ueT"
§7(d) = o] |2 - 2
Sr(a) id>+ Y hMd(u)F(u)

uGTZ[T]

It is important to note that the formal results of Section 5 admit rigorous

versions in terms of truncated DA2-series of the form S'l(d) and g[r](d) =
Sll(d) — id. In particular,
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Lemma 14 Givend : 7T — R, for eachr > 1,

hf oS (d)=3"(d) + hO(e"),
go8(d)=h(—g,f.) S"H(d)? + hO(e"),
where d'(u) = d’'(op(u)) and d@) = d'(op(u)) — d([u]y) for each u € T.
Theorem 15 Consider the coefficients c(u) given by (27), (25), (26). The
numerical solution (y1,z) given by the PRK scheme (6)-(7) satisfy
y1 = SM(c) (yo, 20) + O(he"), 2z = S (c)*(yo, 20) + O(e"H),

for sufficiently small e = max (|k|, ||g(vo)||/IP|, |9y (vo) f (Yo, 20)]])-
PROOF. It is sufficient to prove that

ki =k +0(), Z=27"+0(), (31)
where Z; and k; = f(Y;, Z;) are the intermediate values given by (7), and for

eachr>land1<i<s

kM = S° hPWOIC (u) F (u) (yo, 20),

uer]—l[ﬂ
Zz'[r] =20+ Z hp(u)ci(U)F(u)Q(yo, 2)-
uETJTﬁl]
Clearly, Ul = (k&”, cen kL’"], ZY], cee Zs[’"]) can be considered as the solution of

the perturbed PRK scheme (11) with 4" and w!” defined by

i

r r - r r r 1 g a !
W=k - f (yo+h2aijk£~],z,~“>, A= 2 (y0+hza,.jkg]),
j=0

j=0

that is, F(h, 3o, 20, 7", ', U) = 0 (where F is the smooth function con-
sidered in the proof of Lemma 2). If the coefficients C}(u) and C;(u) sat-

isfy (25) and (26), applying Lemma 14 one obtains that %[’"] = O(€") and

Wil = —+9(yo) + O(¢"). Finally, taking into account that the exact intermedi-
ate values U = (ky,..., ks, Z1, ..., Zs) of (6)-(7) satisty F(h, yo, 20,7, w,U) =0
with 7 = 0 and w; = —3g(yo), (31) follows from the implicit function Theo-

rem. O
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In next section, we will be interested in the truncated expansion of composi-
tions of the form (g, f) o S"(d). Since this composition is X[e]g o SI"l(d), its
expansion can be obtained considering the truncated version of Lemma 11 for
w = [e]:

Lemma 16 Givend:7 — R, for eachr > 1,

(9,f) 0 S7(d) = (—g, £.)ST(@ED)? + O(), (32)

where df(m)(u) = d*D(op(u)) — d(u) for each u € Ty.

7 Characterization of convergence of PRK methods

A characterization of the convergence of PRK methods satisfying (8) can be
obtained using the techniques developed in [6] (see also [8]). To do that, it is
sufficient to expand, for each consistent (yo, o), the numerical solution (y, z1)
of (6)-(7) in powers of h. However, if (8) is not fulfilled, so that the numerical
solution y; does depend on zj, further study is needed to get optimal conver-
gence results. The convergence of different classes of partitioned Runge-Kutta
methods for which (8) does not hold but (9) does, is studied in the litera-
ture: In [10], a class of implicit Runge-Kutta methods with these properties is
studied (in particular, optimal convergence results for the family of Lobatto
[ITA methods are obtained). Half-explicit methods belonging to the class of
PRK methods with these properties are considered in [1] and [11]. Inspired
by the ideas presented in [8] (Section V.I) on the local error for inconsistent
initial values of Rosenbrock methods applied to index 1 DAEs, we observe that
sharper convergence results for PRK methods that does not satisfy (8) can be
obtained studying the local error of the method for inconsistent initial values
(Yo, 20). Our approach gives in general sharper convergence results than other
approaches [10,1,11] to study the convergence of the application of a (6)-(7)
scheme that satisfy (9) and do not satisfy (8) (so that the numerical solution
depend on both gy and zy). Furthermore, we will show that these ideas can be
extended to the case of PRK methods that violate both (9) and (8).

First, we will study the simpler case where (9) is satisfied, and the procedure
for the general case will be outlined at the end of this section.

Let us consider a certain neighborhood U of the solution of (2) we are aiming
to approximate such that, for each (yo, zo) € U, the equation g,(yo) f (v, 2) =0
has a unique solution z = G(yo). We also assume without loss of generality
that for each (yo,20) € U the estimates of Theorem 15 hold with the same
constants.
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Given (yo, z0) € U such that (4) holds (but (5) does not necessarily hold),
let (y(t), z(t)) be the solution of the system (2) with initial values y(ty) = yo,
2(to) = G(yo). Equivalently, y(t) is the exact solution of the ODE

y' =y, Gy), y(to) = yo, (33)

and z(t) = G(y(t)). We denote the local error of the scheme (6)-(7) at (v, 2o)
by 0y (yo, 20, ) = y1 — y(t), 0:(yo, 20, h) = 21 — 2(2).

We already have the expansion of (y,2;) as a truncated DA2-series (Theo-
rem 15) and we seek for a similar expansion S(e)(yo, 29) of the exact solution
(y(to + h),z(to + h)). Recall that the initial values are now assumed to sat-
isfy (4), and therefore, the elementary differentials corresponding to DA2-trees
with some terminal vertex of type 2 (that is, which has the single DA2-tree
[0]o = o as subtree) vanish. In order to derive the coefficients e(u), we replace
the expansion S(e)(yo, 20) in (2), apply Lemma 14, and choose the coefficients
e(u) in such a way that the residuals are as small as possible.

Theorem 17 The exact solution of the system (2) with initial values y(ty) =
Yo and z(ty) = G(yo) satisfy for each r > 1,

y(to + 1) =S (e)" (yo, 20) + hO(€"), (34)
2(to + h) =S(e)?(yo, 20) + O, (35)

where the coefficients e(u) for DA2-trees without terminal vertices of type 2
are recursively determined by e(e) =1 and

e(u) = p ifueT, e(u)=(pu)+1)e(u), ifueTs. (36)

PROOF. Let us denote (y"(to+h), 2 (tg+h)) = SU(e)(yo, 20). With the co-
efficients e(u) chosen in this way, Lemma 14 implies that (y"(to+h), 2"~ (¢, +
h)) is the solution of the perturbed system y' = f(y, z) + 61(h), g(y) = O2(h),
where h plays the role of the time, and the residuals satisfy 0, (h) = O(€") and
02(h) = hO(€"). From that, (34) can be obtained using a continuous analog of
Lemma 2, for instance (VI.5.22) in [8]. O

Now, the convergence of the PRK method can be studied in a similar way
to one-step methods for ODEs as follows: Assume that y, satisfy (4). Let
én be the flow of the ODE system (33), so that its exact solution satisfy
y(t + h) = on(y(t)). Let (Yn,2n) =~ (y(tn), 2(t,)) the numerical solution y,
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that result from the repeated application (¢, = t,_1 + h) of the PRK method
(6)-(7) satisfying (9). Then, y,+1 = dn(yn) + 0, where 8, = 6,(yn, 2,,, h) and
therefore, the errors Ay, = v, — y(t,) satisfy the recursion

Aypi1 = (I + O(h)) Ay, + 6y. (37)
Thus, the convergence of the method can be studied proceeding as follows:

(1) Study the propagation of the residuals in the hidden constraint &, =
9y(Yn) f (Yn, 2. Although this can be done using the expansion S(c —e)?
of the local error for the z component, a more direct procedure is to
apply Lemma 16 to obtain the truncated expansion of the composition
(g,f) o 8(c). In particular this shows that,

Ent1 = agy +O(h) + O(l[ea| ), (38)
where @ = el ([o]y) = c()([o]) — c([o].) = 1 — Ty, diyay. Clearly
the method will not converge to the desired solution if |a] > 1. It can
be proven that, if z; = Z; for some j, then the O(]|e,|[?) term can be
removed from (38). Sharper estimates of the O(h) + O(||e,||?)) term in

(38) can be obtained inspecting the values of the coefficients c([*)(u) for
u € T

(2) Estimate the local errors 6, = 6, (yn, zs, h), taking into account Theorems
15 and 17 and the estimates obtained for the values &, = g,(yn) f (Yn, 2n)
at the previous step.

(3) Once the local errors §,, have been estimated, the convergence behavior of
the differential components can be studied adapting to (37) the standard
techniques for one-step methods for ODEs. The global errors Az, = z, —
z(t,,) for the algebraic components can be estimated from the estimates
for Ay, and e, using the implicit function theorem.

To illustrate our approach, let us consider the two half-explicit methods of
order 5 proposed in [1] and [11]. Both methods can be considered as PRK
methods, and they satisfy (9) but do not satisfy (8). Also, 2z = Z, so that
Ens1 = ag, + O(h). Studying their coefficients ¢(u) and c((*) (u) one observe
that in both cases:

(1) a=1—c([e]z) =0 and e,41 = O(h* + h?||,|| + hl|en][?). This provides,
in the particular case of n = 0, an estimate of £; in terms of A and the
initial error gy. Furthermore, this implies that e, = O(h* + h3||z0||?), and
e, = O(h*) for n > 3.

(2) 8, = O(hS + R?||en|| + hllenl]?), and therefore, &g = O(h® + h?||o|| +
hlleol|?), 81 = O(hS + h3||eo]| + ht||eol|* + B3||eol]*) and &, = O(h®) for
n > 2.

(3) Thus, from (37) one obtains that, for nh < Constant
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Ay, = O(h* + h¥[[eoll + Alleol[*),  Aza = O(h" + B¥||eo]] + hlles| ).

Consequently, for both methods it is sufficient to have o = g, (yo) f (v0, 20) =
O(h?) to achieve convergence of order 5 for the differential component and of
order 4 for the algebraic component.

General case: The convergence of the general case of PRK methods that
satisfy neither (9) nor (8), with possibly inconsistent initial values, can also
be studied with a more general approach. The key to do this is to consider
the standard projection

gy=y+ f.(y.2)v, g(y)=0.

For each (y,z) € U, we denote the projected value as § = P(y, z). Now, the
local error of the scheme (6)-(7) at (yo, 20) € U is defined as

5y(y0, 20, h) =W — ¢h(P(y0,Zo)), 5z(y0, 20, h) =21 — G(¢h(P(y0, Zo)))-

It is not difficult to see that P(yo,20) can be expanded as a DA2-series
S(m) (yo, 20), where 7(u) = 1 if all the subtrees of u € 7; with root of type 1 are
of the form [v]; with v € T3, and 7(u) = 0 otherwise. In particular, m(u) = 1
implies that p(u) = 0, as it may be expected, since h does not appear in the
definition of the projection P. The composition ¢y (P(yo, z0)) can also be ex-
panded as a DA2-series, using the techniques of Section 5, as the composition
of two DA2-series. From that, it can be obtained that ¢p,(P(yo, 20)) admits a
truncated expansion of the form Sl(e)!, where (i) e(u) = 0 if p(u) < 0, (ii)
e(u) = m(u) if p(u) = 0 and u € Ty, (iii) and for the rest of DA2-trees u such
that p(u) > 0 the coefficients are determined by (36).

Then, a possible procedure to study the convergence behavior of the PRK

scheme is the following:

(1) Study the propagation of ¢, = (g},¢2), where ¢} = ¢g(y,,)/h and &2 =
9y(Yn) f (Yn, zn). In order to do that, expand g o S(c) and (g,f) o S(c)
with the help of Lemma 14 and Lemma 16. Thus, one obtains

(6%4—1) _ (1 —c([o]1) c(e) — c([[0]2]1)> (i%) +Oh) + O(|=11)-

Ent —c(o) 1 —c([e]2)

The contractivity condition || < 1 needed for the convergence of meth-
ods satisfying (9) is here replaced by a condition on the eigenvalues of
the 2 x 2 matrix above.

(2) Estimate the local errors 6, = 0y(yn, 2n, h) using its expansion S(c —
€)' (Yn, 2,) and the estimates obtained for g(y,)/h and g,(yn) f (Yn, 2n)-
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(3) Compare the numerical solution to y(t,1) = én(y(tn)) = Gn(P(y(tn), zn))-
To do that, observe that

OP(y, 2)

= P(y,z) + O(||lg(m)]]),

where P(y, z) = I — (f.(—gy, [-) "9y) (y, 2). This leads to the following
Ayni1 = (L + O(h)(P(Yn, 2n) + O(|Aynl[)) Ayn + 0y (Yn, 20, b),

which allow us to study the convergence behavior of the numerical solu-
tion for the differential component.

Summary

In this second part of the present work, we have shown that the general frame-
work of Part I [13] can also be applied for the study of the series expansions
that arise when studying the convergence of one-step integrators for semi-
explicit index 2 DAEs. In this sense, we want to stress the unifying character
of our approach, since the same basic results (proven in [13] and summarized
in Section 3) can be used to derive and deal with series corresponding to one-
step integrators for: (a) General systems of ODEs, (b) Hamiltonian systems of
ODEs, (c) semi-explicit index 2 DAEs. This approach could also be applied to
deal with other classes of series (DAl-series, DA3-series) for structured DAEs
in a similar way. We find that unifying approach specially advantageous when
studying the composition of the different classes of series.

In Section 7, a new procedure for studying the convergence of one-step meth-
ods for index 2 DAEs in Hessemberg form is proposed, which makes use
of DA2-series for inconsistent initial values. The basic results on DA2-series
needed to apply that approach are obtained using our general framework in
Sections 4 and 5, and stated in terms of truncated series in Section 6. Needless
to say, these basic results (more specifically Lemmas 14 and 16), could also be
obtained with a different procedure.

The results presented in Section 7 allow us to obtain sharp estimates for the
behaviour of the global errors, even in the case where the method does not
satisfy the algebraic constraints, the errors for the algebraic variables affect
the approximations of the differential variables, and non-consistent initial val-
ues are used. In particular, the approach adopted for the general case could be
used to prove in an alternative way the results presented recently by Aubry
et al. in [2] on the convergence of implicit RK methods that satisfy (8) but do
not satisfy (9) (and therefore the local error for z does not affect the global
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error of y). In [2], series with partial derivatives of the elementary differen-
tials corresponding to DA2-trees of positive order are employed to study the
propagation of the errors. Our new approach, which uses series of elementary
differentials, is more general, and allows us to study the convergence of meth-
ods that satisfy neither (9) nor (8) in a unified way. Moreover, that approach
can in principle give sharper convergence estimates (in particular, for non-
consistent initial values). This is due to the fact that the approach of [2] is
equivalent to linearizing the DA2-series S(c)(yo,20) with inconsistent initial
values with respect to g(yo) and g,(yo) f (v0, 20)-
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