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Motivation.

@ Despite its success, the Kohn-Sham density functional theory, including
the spin-dependent-density formalism, can not describe the degeneracy of
the spin-multiplet components.

@ The proper description of the ensemble of pure spin states is provided by
the one-particle reduced density matrix (1IRDM) functional theory

The Goal: Achieve a method that allows to properly describe an electronic
system with any value of S, but less computationally demanding
than ab initio wavefunction-based methods (better scaling)

[ Phys. Rev. A 100, 032508, 2019 ]
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Outline

@ Introduction to the Natural Orbital Functional Theory

@ the 2RDM reconstruction for multiplets

o PNOF7
o PNOF7-MP2 (including missing dynamic correlation)

© Closing Remarks
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1. introduction to the natural orbital functional theory the energy functional, 1IRDM functional theory
the ensemble N-representability of RDMs, NOF theory

The N-electron Hamiltonian

Consider the N-electron Hamiltonian

A= Z’Hk,aka,+ Z (kl|if) éza,TaJa,
ijkl

Hy;: matrix elements of the one-particle part of the Hamiltonian

involving the kinetic energy and the external potential operators

(kl|if): two-particle interaction matrix elements (Coulomb integrals)

T

a; ( ,) fermion creation (annihilation) operators associated

with the complete orthonormal spin-orbital set {| >}

@ No spin coordinates = [f:/,§2] =0, [/:/,ffz} =
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The exact energy functional

For a given spin S, there are (25 + 1) energy degenerate eigenvectors |SM), so
a mixed state is defined by the N-particle density matrix statistical operator:

S
S }: wv=1 wy >0
Z wm | SM) (SM]| M=—s

wm = (25+1)71
@ The energy is an explicitly functional of the 1- and 2-RDMs:

E[N,,D] = ZHk,Fk,+Z (kI\ify D
ijkl
> 1
M= Y wwm(SM|a[3;|SM), D= 5 Z wwm (SM| 4] 4] 3;3: |SM)
M=-§ M=-§
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1RDM Functional Theory

We must only construct the 1IRDM functional for the electron-electron
potential:

Vee = S (kl|ij) Dy i Vee [INTT= mi D r;5 drdr:
ee %< |ij) Ditij — Vee [N,T] Demé?r)f Iy, drpdrs

E[N,I]=H[N,IT+ Ve [N,I] (Valone 1980 : D gg ¢+ Mgs)

@ Exact functionals do not have an appropriate form for computation
@ E[N,I= E[N,T,D] (Dgs > D)
However, exact reconstruction has been unreachable so far

@ Practical applications: D[] — exact energy is not rebuild !

@ An approximate functional still depends on the 2RDM (Donnelly 1979)

In approximate one-particle theories, the N-representability is twofold
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Ensemble N-representability

1RDM N-representability Functional N-representability
s
A DIr]
D= wm |SM) (SM| = T
M;SM‘ SM E[D]=E[N,T,D] = E[N,T]
nec. and suff. conditions: N-representability conditions for
0<I<gql, Tr(N =N the reconstructed 2RDM

@ Are we really dealing with the IRDM Functional Theory?

We are no longer dealing with the IRDMFT, but with
approximate theories, where the 2RDM plays the dominant role

Note: most of the approximate functionals in use are not N-representable
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The ensemble N-representability conditions of the 2RDM

@ There is a complete set of N-representability conditions for 2RDM:
(2,9)-positivity conditions (q corresponds to the higher g-RDM).
When q is the rank of the one-electron basis set, the set is complete.

These conditions are not practical

@ A complete set of N-representability conditions that do not depend
on higher-order RDMs remains unknown.

@ Alternative: use the (2,2)-positivity necessary conditions

D>0,Q>0,G>0

So far only the Natural Orbital Functional Theory (NOFT) has proven to
be able to take into account functional N-representability conditions in
one-particle theories, thereby from now on we focus on it.
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Natural Orbitals and Occupation Numbers

The spectral decomposition of the 1-RDM:

M(x,xi) = mgi (X)) oF (x1)

i

{¢i (x)}: natural spin-orbitals {n;}: occupation numbers

@ The 1-RDM in the natural orbital representation: I'y; = njdy;

@ Ensemble N-representable 1-RDM:

0<n <1, Zn;:N
i

(necessary and sufficient conditions, Coleman 1963)
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The electronic energy in NOFT

o EN,{ni,¢i}] = > niHii+ > Dlnj, nj, ng, nj] < kl|ij >
; Kl

H;i: core-Hamiltonian < kl|ij >: 2e- integrals

The kinetic energy does not require the construction of a functional

@ ensemble N-representable functional:
E®]=E[N,ID] = E[N,{n;, ¢i}]

ensemble N-representable reconstruction
s

35: Z W |5M> <5M| = D[n;,nj,nk,n,]
M=-S§
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mixed state, electron pairing, <§2>, PNOF7, TM atoms
2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

S, eigenfunctions

@ Np single e~ and Npy paired e7: Ny + Ny = N.
@ All spins corresponding to N e~ are coupled as a singlet
= Nr e~ determine the spin of the system
e 5, eigenfunctions 6 are simply products of N 1le™ functions:

b = 0 (1) (2) o (N1), o (i) = { ggg

5,0, = % (b —v)0k (u: # of a's, v: # of B’s)

e For a given p, we have ( 1\;1 ) = ( 1\;1 ) primitive functions

e~ u=2 ‘ p=1 ‘ nw=20
C a)e) [ e)BQ),8Ma@) | B(1)B(Q)
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2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

Square brackets

[ 3”]: sum of all primitive functions with i «'s and v (’s.
[0?3%] = aafBf + aBaf + affa + faaf + fafa + Baa

e [a”f] are simultaneous eigenfunctions of 52 and S,
a8 =S(S+1)[a"8"], S, [a"8"]=M[a"B"]

S:N1/2, M:%(,u—l/), —NI/QSMSNI/Q

@ All [o*B¥] with fixed S make up a mixed state:

a(l)a(2), M=1
N =2,S=1: Zla@)8@)+4@1)a(2), M =0
B(1)B(2), M=-1
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Ni: The mixed state of all square brackets

@ It is the mixed state of highest multiplicity: 25+1 = Nj+1
@ It is the only state with the quantum number S = Ny/2

@ The expected value of S, for the whole ensemble is zero:

S 1 Ni/2
<5,> = ZWA/,<5/\//|52\5/\//>:NI+1 > M=o
M=-5§ M=—Ny/2

= the spin-restricted theory can be adopted:

$% (r) = ¢ (r) = ¢p (r), g = nj = n,
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The Orbital Space 2

all spatial orbitals {¢,} are double occupied in the ensemble

Weakly Occupied Orbitals

0<n,<1/2

_l_'_ Strongly Occupied Orbitals
——— 1/2<n, <1

e N=N;+Ng = Q=OdQq

Qq: single electrons, €y;: paired electrons
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Q1 : The electron pairing restrictions

In the absence of single electrons (N1 = 0), the ensemble is
obviously reduced to a singlet state with Ny;/2 pairs.

Orbital Space =0, Q,® Q,

(i Q==L DD Oy 2
@ mutually disjoint: Qg1 N Q2 =@

o Qg € Qur: 1 orbital with g < N11/2 s

e —_ N, orbitals with p > Ni1/2
! Q
:| @ = dim{Q;}=1+N,
: ___________ Q,
e 02> n,=2 (g=1,..,Ny/2)
&

= two electrons with opposite spins
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Q1 : The single occupied orbitals

Q=08 0,80,
e—_———

= Qnypa41 @ - © Q24
—_ @ mutually disjoint: Qg1 N Qg2 =@

@ Q. € Qr: 1 orbital with Ny1/2 < g < Ng

Q,
o,

= dim{Qg} =1

@ 2ng=1=nf=n)=1/2

—t each orbital in Q7 is fully occupied individually, but

we don’t know whether the electron has « or 3 spin
Triplet : S =1, Ny = 2

(N =6,Ng =4,Ng = Ny + Ny1/2)
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N =Ny + N, Q= Q@ O

@ The splitting of the orbital space is determined by S.

S determines the number of orbitals in Q; (25)
(S =1/2: One orbital, S = 1: Two orbitals, and so on)

The rest of the orbitals are distributed in Q1 as a singlet
dim{Qg} =1+ N,, Ng=(No? - Nq)/Ny

@ The orbitals do not remain fixed in the optimization process,
they adapt to the problem. Consequently, the orbital scheme
can vary along the optimization process until the most
favorable orbital interactions are found.

Ni1/2
o2znp:2§: > np=Nu, 2) m=Ni — 2 n,=N
PEQI g=1 peQg PEQ PEQ
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2RDM reconstruction

E[N,{n;,¢i}] =>_ niHii + > D[nj, nj, ni, nj] < kl|ij >
7 il

N

@ For S, eigenvectors: D®*, D DB
@ satisfy (2,2)-positivity N-representability conditions

@ D is divided into intra- and inter-subspace contributions

PNOF7 (JXL-only Functional)
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2RDM reconstruction: Intra-subspace contributions

@ only intrapair aS-contributions appear:

D;7,=0,0=0a0

pq,rt

a Mpr
Dyg're = 2,, Tpqdredpa,Ora, (8 < 54)

n. — \/Nphn; p—r01rp7r>NII
L Y p=gorr=g

Note: D,‘}Pﬁpp =0, Vp € Qg € Q since only 1e™ with « or 3 spin in each |SM).
The energy of electron pairs with opposite spins:

Eg =23 nmHp+ > Muly (< TI)
pEQg p,reQg
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2RDM reconstruction: Inter-subspace contributions

inter-subspace contributions (Qf # Q,):
@ the spin-parallel matrix elements remain Hartree-Fock like
D°° nNpNq

pq,rt — ? (5pl’5qt - 5pt5qr) 6pQ,—5nga o=,

@ the spin-antiparallel blocks are

pes Nphg \/”p(l —np)n,(1— ”r)_

pq,rt — 2 6pr5qt6pQ,5ng - 5

S S IpgOrt fg%orgg%
P8 | 6,8q, N < f,g <Ng

Note: inter-subspace a3-contributions in Q lead to exchange integrals (pg|gp)
instead of exchange-time-inversion (pp|qq) integrals.
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mixed state, electron pairing, <§2>, PNOF7, TM atoms
2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

PNOF7 for Multiplets

where

Eg =2 Z npHpp + Z MapKpg (Qg € Q)

pEQy q,pEfg

Eg = Z Z [ngnp (2Tpq — Kpg) — Pq®pLpq] (Qr # Q)

PEQs qEQ,

Tpa = (PalPa), Kpqg = (palap), Nep = £/Agnp, ®p = /np(1 —1p)

Note: real spatial orbitals = Lpq = Kpq ((pp|aq) = (palap))
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Total Spin

. N (4 —N) wa a
<52> = f"' Z{ququ + D,Equ - 2quﬁ~,qp}
Pq

> - Y Y Y me= iy

g=1 p,q€Qg  f#g=1 pEQr q€Qyg

Nir (N — 2 NN Ni(Nr—1
5 05y = =) o Bl BB

N Ni(Np—1)
> Dg«ﬁqp = 2 3

Pq

<§2>:N7(%+1) - S=5, 254+1=N;+1
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Constrained Minimization of the Functional

@ Pairing conditions (Léwdin's norm): Z n,=1 (2§:n,J =N)
PEQ, peQ
@ N-representability of the 1-RDM: 0 < n, <1 (unconstrained)

© Orthonormality of natural orbitals:  (¢p|¢q) = Opq

Q=E- 2%;5% [< Bplég > —0pg] —  Fpldp) = ;5«": |¢q)

[,F] # 0= solution cannot be reduced to diagonalization of ¢

Self-consistent iterative diagonalization procedure based on the
Hermiticity of ¢ at the extremum: €,q = €5,

J. Comp. Chem. 30, 2078 (2009)
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lonization Potentials (kcal /mol) of TM Atoms (cc-pVTZ)

Atom X X+ PNOF7 CCSD(T) EXP
Sc 2D D 143.8 146.8 151.3
Ti 3F 4F 151.7 152.8 157.5
\Y, 4F °D 151.1 149.4 155.2
Cr S 6g 141.8 147.9 156.0
Mn 6s S 167.1 166.0 171.4
Fe °D °D 183.1 176.2 182.3
Co ‘F 3F 182.8 173.3 1815
Ni 3F 2D 187.8 164.5 175.1
Cu ) s 178.9 167.0 178.2
Zn s s 189.0 208.0 216.6

MAE 7.9 7.3

Mario Piris Natural Orbital Functional for Multiplets
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lonization Potentials of Transition Metal Atoms Sc-Zn

220
K
PNOF7
| %—x CCSD(T)
200 F—% expt.

—
®
=

160

Tonization Potentials (kcal/mol)

140 — —

Sc Ti v Cr Mn Fe Co Ni Cu Zn
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mixed state, electron pairing, 52> PNOF7, TM atoms

2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

NOF-MP2: Global Method for Electron Correlation

@ Weakness of PNOF7: Inter-subspace dynamic correlation
®, = +/np(1 —np) =~ 0 for ONs close to 1 and 0

= complete intra-subspace, but only static inter-subspace

@ To add the missing dynamic correlation: NOF-MP2

© Phys. Rev. Lett. 119, 063002 (2017); arXiv:1708.03719

@ Phys. Rev. A 98, 022504 (2018); arXiv:1808.06070.

PNOF7 provides the reference NOs to form Epy:
Ng Ng

En =E@+EM =23 e + Z (2T = Kig) = K
o=

1 f,.g=1

closed-shell-like Fockian with doubly (2ng = 2) and singly (2ng = 1) occupied orbitals.

Mario Piris Natural Orbital Functional for Multiplets



mixed state, electron pairing, 52> PNOF7, TM atoms
2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

NOF-MP2: Global Method for Electron Correlation

= Fudlai, V=H-H®

ik
‘\II(O)> =|¢1...di...on) (Slater)

w?j">

MP2: E = Ep + E®

o) =337,

ijab

Nq M
@) _ of iz _ 1 1<g<Npp/2
ED =Y > Accteriea o1 -] A= { 1 h NSAS IR,
g,f=1p,q>Ng

(abl i) +Z(fac L+ T cb) Z( wTH 4T, ﬁfk,) =0
k

= E = Epr + Epnorr (N, 0) + EG)
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mixed state, electron pairing, 52> PNOF7, TM atoms

2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

Avoiding the double counting

Esta — Z Esta + Z Esta Edyn _ Z Edyn + Z Edyn
f7g f7g
H . _ V 2hP7 PSNQ tra __ 2
intra: VA 7{ J2n, . p > Ng GrP=1-A;
inter: O, =24/nph, Clr=1-03

0.8~

06

04F

I I I I
02 04 06 038 1
occupation number (n,)
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2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

Avoiding the double counting

. Nyp/2 o Nyp/2

sta J— J—

El'ntra - Z Eg - Z Z V Aq/\P I_qu K:pq
g=1 g=1 q,p€Qg,q9#p
Ng Ng

sta sta
Einter = E : Efg == E : § § ©qP40,P,Kpq
f.g=1,f#g f#g PEQy q€Qg

Foq = CLClFoq, (pql rt) = CLCLC/Cl(pq| rt) (I = tra, ter)

(abl ) + (Faa + Foo = Fir = Fi) Ty + 3 Fac T4,
o ~ . c.;éaN = Edm E(Z)
Y TEFa— Y FaTld - ThFg=0 .
c#b k#i k#j

E= Ehf + EE’WOF? + Ej\%j;z
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2. the 2RDM reconstruction for multiplets NOF - MP2, Transition Metal atoms

Intra-pair electron correlation

Potential energy curves for Hy / cc-pVTZ :

-0.95
o0 | —mm— e
~ 105 |-
<]
@ e
5
T
PNOF7 NOF-MP2 Exp.
[ Re 0742 0739 0.743
sk D. 1086 107.2 1095 4
we 4404 4476 4401
. I . | . | . I .
1204 1 2 3 4 5
R(A)

Phys. Rev. Lett. 119, 063002 (2017)
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lonization Potentials (kcal /mol) of TM Atoms (cc-pVTZ)

Atom X X+ PNOF7 CCSD(T) PNOF7-MP2  EXP
Sc 2D D 143.8 146.8 148.4 151.3
Ti 3F ‘F 151.7 152.8 156.7 157.5
\Y ‘F D 151.1 149.4 149.2 155.2
Cr S 6s 141.8 147.9 160.7 156.0
Mn 6s S 167.1 166.0 174 .4 1714
Fe °D D 183.1 176.2 177.5 182.3
Co ‘F 3F 182.8 1733 165.7 181.5
Ni 3F 2D 187.8 164.5 166.7 175.1
Cu s s 178.9 167.0 167.6 178.2
Zn s g 189.0 208.0 208.3 216.6

MAE 7.9 7.3 6.5
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lonization Potentials of Transition Metal Atoms Sc-Zn

220
3
L !
PNOF7 F
w = PNOF7-MP2 /
200 — x-+x CCSD(T) /]
*—* Exp. ,-’

Tonization Potentials (kcal/mol)

Sc Ti \4 Cr Mn Fe Co Ni Cu Zn
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Closing remarks

@ New natural orbital functional for multiplets
- Functional N-representability: ® = D[n;, nj, ng, nj]
- PNOF7 for singlets has been extended to multiplets

- PNOF7 seems to recover the whole static correlation

o PNOF7-MP2:
- single-reference method
- static and dynamic electron correlations in one shot

- TM atoms Sc-Zn lonization Potentials
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, PNOF7, TM atoms

mixed state, electron pairing, 52
NOF - MP2, Transition Metal atoms

2. the 2RDM reconstruction for multiplets
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