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Chou Nu Er - Muro Medio de la Carretera de Montafa Shubo
[Dinastia Song] Xin Qiji

Cuando somos jévenes, no conocemos el sabor de la inquietud, disfrutamos subir
a lo alto y mirar lejos. Disfrutamos subir a lo alto y mirar lejos, y nos esforzamos

en expresar inquietud para escribir un nuevo verso libre de preocupaciones.

Ahora, habiendo probado el sabor de la inquietud, queremos expresarlo pero no
podemos. Queremos expresarlo pero no podemos, jpero decimos, qué fresco es este

dia de otorfo!
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It is fantastic to find accurate, simplified, and meaningful rules from vast amounts
of information in nature. This thesis was inspired by the equation of numbers

presented below:

(-80538738812075974)% + 80435758145817515° + 126021232973356313 = 42,

where 42 was the last number below 100 that has been solved for the Diophantine
equation (found by Andrew Booker from the University of Bristol and Andrew
Sutherland from MIT, 2019, source see https: //www. bristol. ac. uk/news/
2019/ september/ sum-of-three-cubes-. html).
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ABSTRACT

Electron correlation arises from the instantaneous interactions among electrons in
atoms or molecules. Its ubiquitous nature beyond any one-electron system and its
essential role in characterizing electronic structure render it of utmost importance
in quantum chemistry and physics. In the context of correlated wavefunction
methods, this thesis explains two aspects of electron correlation: the development
and statistical analysis of various correlation measures including Multireference
(MR) diagnostics, and the study of London dispersion interactions from the pair
density perspective.

In the aspect of correlation measures and MR diagnostics, we first intro-
duce some novel natural orbital-based correlation indices in terms of various
ansatzes, which are universally applicable across all electronic structure methods.
We present analytical connections between two natural orbital-based correla-
tion indices, IN_D and I II\II‘SX, and two established electron correlation metrics: the
leading term of a configuration interaction expansion, cg and the Dy diagnostic.
MR diagnostics are helpful in assessing the reliability of a calculation of single-
reference methods. Although various MR diagnostics exist, many of them have
been designed for specific methods. We explore relationships among various MR
diagnostics and reduce them based on similarities. Thereby, a representative
correlation measure is suggested with appropriate cutoff values for serving as
effective MR diagnostics. Furthermore, extensive datasets are used for a thorough
analysis of the agreement extent between each two MR diagnostics.

In the field of London dispersion interactions, we first establish a theoreti-
cal connection between the long-range dynamic correlation energy retrieved by
electron-electron interaction energy and the dispersion energy based on the virial
theorem. Then, we provide numerous numerical assessments over a collection of
diatomic molecules at large separation and confirm that this relationship remains
valid across various wavefunction methods. Among the pair density approaches,
on one hand, we demonstrate the significance of using only few terms within the
long-range components of correlated pair density to retrieve dispersion energies
in diatomic molecules. On the other hand, we also use the long-range component
of the correlated pair density partition Apgn to capture dispersion interactions.
The numerical results for diatomic molecules align with the former approach
which uses approximate pair density relying on few terms. Nonetheless, the pair
density partition approach exhibits more robustness and can be extended to larger
polyatomic molecules.

In addition, we introduce a novel concept of dispersion hole for identifying



and calculating dispersion interactions, and it reveals a connection between the
pair density and dispersion energy. In the end, we present a minimal dispersion
model based on the molecular hydrogen which helps interpret previous numerical
results. We explore the universal 1/R3 decay in the long-range component of the
Coulomb hole partition 4., at large interatomic distances, denoted as R. Moreover,
we demonstrate that this decay is a necessary but not sufficient condition when
connecting to the dispersion energy. These findings can help gain some new
insights into London dispersion from the pair density perspective.
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RESUMEN

La correlacion electrénica surge de las interacciones instantaneas entre electrones
en atomos o moléculas. Su naturaleza ubicua mas alla de cualquier sistema de un
solo electron y su papel esencial en la caracterizacion de la estructura electrénica
la hacen de suma importancia en la quimica y la fisica cuanticas. En el contexto de
los métodos de la funcién de onda correlacionada, esta tesis explica dos aspectos
de la correlacién electrénica: el desarrollo y analisis estadistico de varias medidas
de correlaciéon, incluyendo los diagnésticos de Multireferencia (MR), y el estudio
de las interacciones de dispersion de London desde la perspectiva de la densidad
de pares.

En el aspecto de las medidas de correlacion y los diagnésticos MR, primero in-
troducimos algunos indices de correlacién basados en orbitales naturales, que son
universalmente aplicables a través de todos los métodos de estructura electrénica.
Presentamos conexiones analiticas entre dos indices de correlacién basados en
orbitales naturales, Inp y I Nh'» ¥ dos métricas de correlacién de electrones estable-
cidas: el coeficiente dominante de una expansién de interaccién de configuraciones,
co, y el diagnéstico Dg. Los diagnésticos MR son ttiles para evaluar la fiabilidad
de un céalculo de métodos de referencia uinica. Aunque existen varios diagndsticos
MR, muchos de ellos se han disefiado para métodos especificos. Exploramos las
relaciones entre varios diagnésticos MR y los reducimos en funcién de las simil-
itudes. De este modo, se sugiere una medida de correlacién representativa con
valores de corte apropiados para servir como diagnésticos MR eficaces. Ademas,
se utilizan amplios conjuntos de datos para realizar un analisis exhaustivo del
grado de concordancia entre cada uno de los dos diagnésticos MR.

En el campo de las interacciones de dispersién de London, primero estable-
cemos una conexion tedrica entre la energia de correlacién dindmica de largo
alcance obtenida mediante la energia de interaccién electréon-electrén y la energia
de dispersién basada en el teorema virial. A continuacién, proporcionamos nu-
merosas evaluaciones numeéricas sobre una coleccién de moléculas diatémicas a
gran separacion y confirmamos que esta relacién sigue siendo valida a través de
varios métodos de funcién de onda. Entre los enfoques de densidad de pares, por
un lado, demostramos la importancia de utilizar sé6lo unos pocos términos dentro
de los componentes de largo alcance de la densidad de pares correlacionados
para recuperar las energias de dispersion en moléculas diatémicas. Por otro lado,
también utilizamos el componente de largo alcance de la particién de la densidad
de pares correlacionados Apgn para capturar las interacciones de dispersion. Los
resultados numéricos para moléculas diatémicas se alinean con el primer enfoque,
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que utiliza la densidad de pares aproximada basiandose en pocos términos. Sin
embargo, el enfoque de particion de la densidad de pares es mas robusto y puede
extenderse a moléculas poliatémicas de mayor tamafio.

Ademas, introducimos un concepto novedoso de agujero de dispersion para
identificar y calcular las interacciones de dispersion, y revela una conexién entre la
densidad de pares y la energia de dispersion. Por ultimo, presentamos un modelo
de dispersion minima basado en el hidrégeno molecular que ayuda a interpretar
los resultados numéricos anteriores. Exploramos el decaimiento universal de 1/R®
en el componente de largo alcance de la particién de agujeros de Coulomb A.; a
grandes distancias interatémicas, denotado como R. Ademaés, demostramos que
este decaimiento es una condicién necesaria pero no suficiente cuando se conecta
con la energia de dispersion. Estos hallazgos pueden ayudar a obtener algunas
nuevas ideas sobre la dispersién de London desde la perspectiva de la densidad
de pares.

viii



RS

WFAERAAETRFEI> TP RTRGBEGMEER. CAEMERLT AL
PAEL A, MAARECTEN I OREEXTEGER, RibAE T4
Fhep 2P EARLELGEL . AMXEAJIBFTEOFT T, KA
AT ERETRFALIE: OESAZTSHAARYGEFMAIENE T EZGTL
Fo R TE AT, AR R F 2 BE A E R G dA ZAER 5 R .

LEAAEMNERSAETUH 7@, KRNEEANBT —LHHAGET A AHE
o9t XA gk, XBHBPAEFBTF XA T, LREATHACTENS &
AR E T AR THE B RAa X35 e TpPI0S 5 AN E - 28 & F 48
XEEI RGBSR REAZERARAGIN S0F Dy B W . $45% 2%
BB TiREE— 5L TR T RO TER . BRGLEEMN S 5L R LB 7%,
fEEFHFSHREASHEETHEXTY . BNRTTEFZAZ LSBT IR G X
o ARBAMESE AT T LR B, RNBET —FEAREMRGM X
MEFik, AL TESOERMA, AEAARNG S 5E R LW H . b,
EMNZAMREZEESERAF S AL L UM IAG—BEBERITT 209
o

ERFZERMEIERAR, ENTARELEILTE, BT ELF-LFMREL
R ERFO RSB R CREIRELTE LKA . ARG, &0
— AR BEYBEFFHITT REWHMAFME, FEEIFXRALEAN
BT EPDARAAK . ARFRBEFEF, —F @, KAERA T e A48
ARLTFHBERBSEFOIHARMEIUR T FERBEGEENR. 5 —F
@, KANZA A X T HERESRGKAZSE Ap" RMILRHA ZAER -
SR F A F O RALE R A — A F ik —B, A —fF ik 4E AR TV #o069 %
MEFHEE . REw, &FNFE2ENFTEAN B EROL AW, F7TH
BB ERGERTFHTF.

I, BANEINANT —AHEAE "EHI kR E ek ZER,
CBTTRTFHBEFMERMEIRAYGEL. RE, KRINRET —ANETHTF
AR DERER, CASTHRBINOKEALER. ENKEERTELERSY
Rhe, kB> EERRTFRAE (AFAR) THE®E VR TR . sboh, K1
WA T XA RRREZERBGLEELT, EXRATEH. ZAREAFYT
MBEF o F 2t BB ARG EF— 369007 .

ix






LIST OF ABBREVIATIONS

Acronym Description

SR Single-Reference

MR MultiReference

PES Potential Energy Surface

MO Molecular Orbitals

AO Atomic Orbitals

MO-LCAO Molecular Orbital from Linear Combination of Atomic Orbitals
DET Slater Determinant

WFN Wavefunction

STO Slater-Type Orbitals

GTO Gaussian-Type Orbitals

FCI Full Configuration Interaction

HF Hartree-Fock

post-HF post-Hartree-Fock

SCF Self-Consistent-Field

RHF Restricted Hartree-Fock

CI Configuration Interaction

CISD Configuration Interaction with Single and Double Excitations
MBPT Many-Body Perturbation Theory

MPPT Mgller—Plesset Perturbation Theory

MPn n-th Order Mgller—Plesset Perturbation Theory

MP1 First-Order Mgller—Plesset Perturbation Theory

MP2 Second-Order Mgller—Plesset Perturbation Theory

CC Coupled Cluster

MCSCF Multi-Configurational Self-Consistent Field

MRCI Multi-Reference Configuration Interaction

CCSD Coupled Cluster Single and Double Excitations

CCSD(T) Coupled Cluster Singles and Doubles with Perturbative Triples
CSFs Configuration State Functions

CIPSI Configuration Interaction using a Perturbative Selection made Iteratively
SCI Selected Configuration Interactions

pel



CASSCF
HOMO
LUMO
RASSCF
UHF
MRCC
CASPT2
NEVPT2
DMs
n-RDMs
1-RDM
2-RDM
NO
RDMFT
SD
DMRG
DFT
DFAs
EEN
NON
MRI
TAE
vdW

PT

PT2
WFT
SAPT
XDM
MBD
EDA
QTAIM
cp

IQA
NCI
DORI
MS
MAPE
sr

Ir

Complete-Active-Space Self-Consistent Field
Highest Occupied Molecular Orbital

Lowest Unoccupied Molecular Orbital
Restricted Active Space Self-Consistent Field
Unrestricted Hartree-Fock

Multi-Reference Coupled-Cluster
Complete-Active-Space Second-Order Perturbation Theory
N-Electron Valence State Perturbation Theory
Density Matrices

n-Order Reduced Density Matrices
First-Order Reduced Density Matrix
Second-Order Reduced Density Matrix
Natural Orbitals

Reduced Density Matrix Functional Theory
Single-Determinant

Density Matrix Renormalization Group
Density Functional Theory

Density Functional Approximations

External Electron Number

The Largest Occupation Number in Unoccupied Natural Orbitals
Multi-Reference Index

Total Atomization Energy

van der Waals

Perturbation Theory

Second-Order Perturbation Theory
Wavefunction Theory

Symmetry-Adapted Perturbation Theory
Exchange-hole Dipole Moment

Many-Body Dispersion

Energy Decomposition Analysis

Quantum Theory of Atoms in Molecules
Critical Points

Interacting Quantum Atoms

Non-Covalent Interaction Index

Density Overlap Regions Indicator

Model System

Mean Absolute Percentage Error

short range

long range

Xii



xiii






TABLE OF CONTENTS

Page

List of Tables xix
List of Figures xxiii

1 Introduction 1

2 Objectives 11

3 Theory and Methodology 13

3.1 Wavefunction Methods in Quantum Chemistry . ........... 13

3.1.1 Schrodinger Equation . . . ... ................. 13

3.1.2 Wavefunction Representation in Molecular Systems . . . . . 16

3.1.3 The Variational Principle . . . . ... ... ... ........ 19

3.1.4 Single-Reference Methods . . .................. 21

3.1.5 Multireference Methods . . . . .. ... ... .......... 33

3.2 Pair Density and its Partitions . ... .................. 36

3.2.1 ReducedQuantites . . ... .. ... ... .. .. ... . ..., 36

3.2.2 Pair Densityinthe AOBasis . . ... .............. 39

3.2.3 IntraculeDensity .. ........................ 41

3.2.4 Correlation Energy and the Coulomb Hole . ... ... ... 42

3.2.5 Coulomb Hole Partitions . .................... 44

3.3 Dynamic and Nondynamic Correlations . . . ... ........... 47

3.4 Correlation Measures and Multireference Diagnostics . .. ... .. 49

3.4.1 co-based MR Diagnostics . . ... ................ 50

3.4.2 Amplitude-based MR Diagnostics . ... ............ 51

3.4.3 Natural Orbital-based Correlation Indices . . . . . ... ... 54

3.4.4 Energy-based MR Diagnostics . ... .............. 59

3.5 Dispersion Interactions . . . . ... ... ... ... . ... .. ..., 62

Xv



TABLE OF CONTENTS

3.5.1 Interpretation of Dispersion Interactions in Quantum Me-
chanics . . . . . . . i e e e 63

3.5.2 Methods for Computing Dispersion Interaction Energies . . 69

3.5.3 Methods for Identifying Dispersion Interactions . ... ... 71

3.5.4 Induced Dipole-Induced Dipole Two-Electron Terms . . . . . 75

3.5.5 Asymptotic Conditions. . . . ... ... ............. 76

4 Correlation Measures 79
4.1 Introduction . ...... ... ... . ... 79
4.2 Methodology . . ... ... ... ... ... e 82
4.3 Computational Details . . ... ... ... ... ............. 86
44 Resultsand Discussion . . ... ... ... ... ... 88
4.4.1 A Priori Analysis of Correlation Metrics . ... ........ 88

4.4.2 Statistical Assessment of Correlation Metrics. . . ... ... 96

5 Correlation Indices as MR Diagnostic Tools 107
5.1 Introduction . .......... ... ... ... 107
5.2 Computational Details . ... ... ... ................. 108
5.3 Resultsand Discussion . . . ... ... ... . ... .. ... 112

5.3.1 Exploring Linear Relationships Among Correlation Metrics 112
5.3.2 Assessing Correlation Metrics for Detecting MR Character 116

5.3.3  Cutoffs for ITf* as an MR Diagnostic Tool . . . .. ... ... 123

6 Extended Baerends’ Dispersion Model 129
6.1 Introduction ........... ... ... ... .. 129
6.2 Methodology . .. ... ... ... . . . . .. .. e 132
6.3 Computational Details . . ... ... ... ... ... .. ..... 134
6.4 Resultsand Discussion . . ... ... . ... . ... ..., 135

7 Dispersion in Pair Density Terms 141
7.1 Introduction . ........ .. ... ... 141

7.2 Computational Details . ... ....................... 142

7.3 Resultsand Discussion . . . .. ... ... ... 144
7.3.1 Dispersionin Hy Molecule . ................... 144

7.3.2 Dispersionin Heg Molecule . . . . ... ............. 155

7.3.3 Dispersion in Diatomic and Polyatomic Molecules . . . . . . 159

7.3.4 Dispersion Hole and Asymptotic Conditions . . . .. ... .. 162

8 Minimal Dispersion Model Based on Hy 167

xXvi



TABLE OF CONTENTS

8.1
8.2

8.3
8.4

Introduction . ... ... ... ... .. e
Methodology . . . ... ... . ... ..
8.2.1 Wavefunction . ... ........ .. .. ... .. ...,
8.2.2 SP11dd and SP11cIIModels . ... ... ... ... ......
Computational Details . . ... ... ...................
Results and Discussion . . . . . . .. ... it e
8.4.1 Short- and Long-range Correlation in SP11cIl Model . . . .
8.4.2 Simplified Model of SP11dd . ..................
8.4.3 Asymptotic Condition of Ao [ (R) . . ... ............
8.4.4 Inclusion of Kinetic Energy and Electron-Nuclear Attrac-
tion Energy Contribution to Dispersion . ...........
8.4.5 A Full Semi-Analytical Minimal Dispersion Model of Hy .
8.4.6 Expression of the DispersionHole . . . . ... .........

9 Conclusions

Bibliography

Appendix A

Al
A2
A3
A4
A5
A6

Diagonalizing Density Matrix . .....................
Upper Bound of I  for MP2 . . . ... ... oo L
Supplementary Results: Chapter4 . . .................
Supplementary Results: Chapter5 . . ... ... ... ........
Supplementary Results: Chapter 7 . . . ... .............
Supplementary Results: Chapter 8 . . . ... .............

XVil

180

. 182

184

189

193






LI1ST OF TABLES

TABLE Page
3.1 Criteriaof D; and Do diagnostics . . . . . .. . ... ... ... ...... 53
3.2 Quantum chemistry methods that recover dispersion energies . . . . . 69
3.3 Chemical interpretation of IQA pair density partitions . . . .. ... .. 73
4.1 List of electron correlation measures used in the study. . ... ... .. 87
4.2 CISD/cc-pVTZ, correlation metrics for small diatomic molecules . ... 98
4.3 CCSD/ce-pVTZ, correlation metrics for small diatomic molecules . . . . 98
4.4 Relationships between Dy and I{" from the NJ34 dataset [1] . . . . . 101
5.1 List of electron correlation measures employed in the study. . ... .. 111
5.2 Squared Pearson’s correlation coefficients (R2) for CCSD over 299

molecular structures (D9<0.3). . . . . . . . . e 113
5.3 Maximum quantities as correlation metrics for the Ho(He)g,, molecular

systems, calculated at the CCSD/cc-pVDZ level of theory. . . ... ... 117
5.4 Maximum quantities as correlation metrics for the O2(Ne),, molecular

systems, calculated at the CCSD/cc-pVDZ level of theory. . .. ... .. 119
5.5 Maximum quantities as correlation metrics for the O2(N32),, molecular

systems, calculated at the CCSD/cc-pVDZ level of theory. . .. ... .. 121
5.6 Equivalence between Dy and Iyj* cutoffs for MR diagnostics based on

the NJ34 and the mp-5090 datasets, calculated at the MP2 level . . . . 124
5.7 Equivalence between Dy and I\f* cutoffs for MR diagnostics based on

the cc-327 dataset, calculated at the CCSD level . . . ... ... ... .. 125
5.8 Equivalence of cutoffs of MR diagnostics and classification of MR(%)

6.1
6.2
6.3

over the cc-327 dataset by each MR diagnostic from CCSD calculations.126

Baerends’ model versus extended Baerends’model. . . ... ....... 131
Cg terms of Ho and Heg obtained from FCI. .. ... ........... 135
Cg of diatomic molecules obtained from various methods. . .. ... .. 136

Xix



LIST OF TABLES

6.4
6.5

7.1
7.2
7.3
7.4
7.5
7.6

7.7

7.8

7.9

7.10

7.11

7.12

7.13

8.1
8.2
8.3

8.4

Al

A3

A4

A5
A6

Cgeaéd/2 of diatomic molecules obtained from various methods. . . . . . . 136
Cgeegt/2 of diatomic molecules obtained from various methods. . . . . . . 137
Dispersion coefficients Cg and Cg of Hy (singlet and triplet). . ... .. 145
Dispersion coefficients CéT and C@T of Hy (singlet and triplet). . ... 146
Dispersion coefficients Cé Ven and CE;AVen of Hy (singlet and triplet). . . . 147
Dispersion coefficients Cé Vee and Cév‘?e of Hy (singlet and triplet). . . . 148
C¢ terms from pair density partitions for Hg (singlet and triplet). . . . 152
CAV‘*CeI and CQV:*’H of Hp molecule singlet. . . ... ............. 153
Cév‘:‘*l and CQV;H of Hg molecule triplet. . . . . ... ... ......... 154

Dispersion coefficient Cg and its decomposed terms of Heg molecule
calculated by various wavefunction methods with the aug-cc-pVDZ
basisset. . . . . . .. e e e e 156

AVEILE . . .
Ce e /2 and Cg of Heg molecule obtained from various wavefunction

methods with the aug-cc-pVXZ (X=D,T,Q) basisset. . . . . ... .. ... 157

Vee

Dispersion coefficient CGA and its range-separated terms of Heg

molecule calculated by various wavefunction methods with the aug-cc-

pVDZbasisset. . . . . . . e 157
Non-zero terms of Vi, contributing to Cé Vee of Hes molecule calculated

at the FCl/aug-cc-pVDZ level of theory. . . ... .. ... ......... 158
CGAV‘“'CQHJY& of various dimer molecule separation obtained from different

wavefunction methods. . . ... ... ... ... . ... . . .. . . .. ... 160
Dispersion coefficient terms of Heg molecule (FCl/aug-cc-pVDZ). . . . . 166
Slater Determinants (DET) that conform the FCI expansion. . . . . . . 169
Induced dipole-induced dipole terms. . . . . . . ... ... ... ... ... 171
Ionic terms contributing to AV,2" which arise from the SD approximate

pairdensity. . . . . . . ... e e e e 173
Analysis of SP11dd and SP11cIl models, using as =a, =1.0. ... ... 177

MP2/cc-pVTZ, comparison between n;-based indices and approximate
ni-based indices for 34 molecules . . . . ... ... ... ... ... ..., 232
MP2/cc-pVTZ, various MR diagnostics for the 34 molecules from [1] . . 234
CCSD/cc-pVTZ, various MR diagnostics for the 34 molecules from [1] . 235
MP2/cc-pVTZ, IY] from unrelaxed and relaxed density of Og, CN*

and Comolecules. . . ... ... . . . e 236
Summary of linear fittings . . . . ... ... ... ... ... ... . ..., 237
Summary of quartic fittings . . . ... ... ... ... ... . . . . ... 237



LIST OF TABLES

A7

A8

A9

Al0

All

Al12

Al13

Al4

Al15

Ale6

Squared Pearson’s correlation coefficients (R?) for CCSD over 327
molecular structures. . . . ... ... . . .. e 238
Squared Pearson’s correlation coefficients (R?) for CCSD over 311
molecular structures (D9 <0.4). . . . . . . . . i i e 239

Dispersion coefficients Cgee* and Cgee* of He (singlet and triplet). They

are obtained by fitting the energy difference VeIZCI -1R. ......... 242
Dispersion coefficients Cé‘] and CSAJ of Hs (singlet and triplet). .. .. 243
Dispersion coefficients C éK and CQK of Hg molecule (triplet). . . . . .. 244
The coefficient D3 and D5 of Hy (singlet and triplet). . .. ... ... .. 245
Dispersion coefficient Cgid and its partitions of He singlet. . . ... .. 246
The coefficient D3 and D5 terms and their contribution ratios of He

singlet. . . . . . .. e e e e 246
The dispersion coefficient Cg and its partitions from the minimal dis-
persion model based on the singlet Ho. . . . . . ... ... .. ..... 249

One and two-electron AO terms used in the minimal dispersion model

xxX1






LiST OF FIGURES

FIGURE Page

11

1.2

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

4.1

4.2
4.3

4.4

4.5

MR diagnostics aid to identify the appropriateness of SR methods for

calculating a molecular system under consideration. . ... ....... 3
Gecko and fine structure onitsfeet. . .. ... ... ... ... ...... 4
Structure of the CI Matrix . . . .. ... ... ... 26
Coulomb hole represented by radial intracule density. .. ... ... .. 43
Decomposition of actual pairdensity.. . . .. ... ... .......... 45
Coulomb hole partition into A¢; and Aey. oo o oo oo 46
Plot of MRI versus —log([) values for the test set of 15 MR and 15 SR

SYStEMIS. . . . . e e e e e e e e e e e e e e e e 58

Position scalar variables of the Hy molecule consisting of two well-
separated hydrogen atoms with two electrons at each 1s atomic orbital. 66
NCI plot and the reduced density gradient isosurface of the benzene
dimer [2]. . . . . e e e e e 74
The intracule of the Coulomb hole partition in Eq. (3.93) at ri2 =R,
h.;(R) and its corresponding energy term AV against R from Hy

molecule. . . . ... e 77

Plot of natural orbital occupation-based functions for a simple closed-

shell model system (MS) consisting of two electrons and two orbitals. . 80

Hydrogen chainand PAchain . . ... ... ................. 83
D3 diagnostic against Ij* and I"If%;‘ for the NJ34 dataset [1] calculated
at the MP2/cc-pVTZ level of theory. . . . . . ... ... ... ........ 94

Linear relationships between I'np and 4(1 - cg)/N as well as 4(1— cg/ Ny
from CISD and Selected Configuration Interaction (SCI) calculations. . 96
Relationships between correlation metrics of a series of ground-state

small diatomic molecules. . ... ... ... ... . . ... .. . .. ..., 99

xxiii



LIST OF FIGURES

4.6

4.7

4.8

4.9

5.1

5.2

5.3
5.4

5.5
5.6

5.7
5.8

5.9

5.10

5.11

6.1

6.2

Linear relationships between D2 diagnostic and other correlation met-
rics from MP2/cc-pVTZ and CCSD/cc-pVTZ calculations of the NJ34
dataset from Ref. [1]. . . . ... ... ... . . 102
Linear relationships between Ixp and other natural orbital-based
indices from MP2/cc-pVTZ and CCSD/cc-pVTZ calculations of the NJ34

dataset from Ref. [1]. . . ... .. .. ... . 104
Linear relationships among 71, D and Inp from CCSD/ce-pVTZ cal-
culations of the NJ34 dataset from Ref. [1]. . . . . . ... ... ....... 105
—log(I) versus MRI from MP2/cc-pVTZ and CCSD/cc-pVTZ calculations
of the NJ34 datasetin Ref. [1]. . .. ... .. ... ... .. .. ...... 105

Linear relationships between pairs of MR diagnostics from CCSD over

the cc-299 dataset. . . . . .. ... .. L 114
Linear relationship between 71 and D; diagnostics from CCSD over

the cc-299dataset. . . . . . . ... L 115
Hy(He)o, molecular systems. . . ... ... ... . ... .o... 116

Average quantities or ratios as correlation metrics against the total
number of electrons N, calculated at the CCSD/cc-pVDZ level of theory.117

O2(Ne), molecular systems. . .. ... ... ................. 118

Average quantities or ratios as correlation metrics against the total
number of electrons N, calculated at the CCSD/cc-pVDZ level of theory. 120

02(Ng), molecular systems. . .. ....................... 121
Average quantities or ratios as correlation metrics against the total
number of electrons N, calculated at the CCSD/cc-pVDZ level of theory. 122
Fitting of Dy against I* for NJ34 set (left) and mp-5090 set (right),
calculated at the MP21level. . . ... ... ... .. ... .. .. ...... 123
Fitting of Dg vs. I{5* in the cc-327 dataset under varying Dy criteria,
calculated at the CCSDlevel. . ... ... ... .. ... .. ........ 124
Relationships between pairs of MR diagnostics from CCSD over the
cc-327 dataset. . ... oL 126

V:g”’AB and Vgg”’AB against the interatomic distances R in large-
separated Heg, calculated at the FCI/aug-cc-pVDZ level of theory, with
energy terms extracted through IQA. . .. ... ... ... ........ 133
Mean Absolute Percentage Error (MAPE) comparison of Cg retrieved
from Baerends’ model and extended Baerends’ model over various
post-HF methods. . ... ... ... ... ... .. . .. .. ... ... ... 138

XX1V



LIST OF FIGURES

7.1

7.2

7.3

7.4

7.5

7.6

8.1
8.2
8.3

8.4

Al

A2

A3

A4

A5

Potential energy surface E g and AE g for Hy molecule (singlet 'Hy

and triplet 3Ho). + o v o e e 142
Radial intracule density of the minimal (singlet) Ho model with a
minimal basis set (1s GTO for each atom) at a separation distance

R =9.45 a.u. See support informationinRef. [3]. ... .......... 151
Mean Absolute Percentage Error (MAPE) comparison of Cg retrieved

from the long-range pair density partition cy; and the extended Baerends’
model over various post-HF methods. . .. ... .............. 161
Dispersion hole Agisp(s) represented by the radial intracule density,
144(s), which is derived from induced-dipole induced dipole terms
sa(Dpa(1)ss(2)ps(2) and sa(2)pa(2)sg(1)pg(1) of Heg molecule sepa-
rated by R = 22.68 a.u. And calculated at the FCl/aug-cc-pVDZ (3s+2p)

level of theory. . . . ... . . . . . . e 162
The x/y, and z components of the dispersion hole %gisp(s) of Hes
molecule separated by R = 22.68 a.u. And calculated at the FCI/aug-cc-

pVDZ (8s+2p)level of theory. . . . . .. ... ... ... .......... 163
Dispersion hole plots at s = R of the largely-separated Heg molecule

calculated at the FCI/aug-cc-pVDZ (3s +2p) level of theory. . . ... .. 165
MO diagram of Ho (s+p)model. . .. ... ... .............. 169
Model SP11dd vs. SP11cIl. . . . . . . . . .. o e e 175

Comparison between the radial intracule densities 14 from SP11dd
and A.; SP11cIl models against the interelectronic distance s, the
short-range regime represented by s; and long-range regime by so. . . 176
Dispersion hole of Hy minimal dispersion model in Eq. (8.41) and
Eq. (8.42) with uncontracted s + p Gaussian-type basis functions (expo-

nentsags=a,=1.0). . .. ... ... 186

Plots between D4 diagnostic and approximate natural orbital-based

indices from MP2/cc-pVTZ for 34 molecules. . ............... 233
Plots between MR diagnostic pairs from MP2/cc-pVTZ and CCSD/cc-
pVTZ of 34 molecules. . . . . ... . ... . . e 236
Linear relationship between I I‘(}B and %, 1 VNIB and XEN, from cc-311
dataset calculated at CCSDlevel.. . . . . ... .. ... .......... 240
Linear relationship between I E‘B and I;’\I_CB, I 1‘(11]15 and XEN, from mp-5090
dataset calculated at MP21level.. . . . . ... ... ... .......... 240
Plots between pairs of MR diagnostics from MP2 over the mp-5090
dataset. . . . ... e e e e 241

XXV



LIST OF FIGURES

A6 Radial intracule density, derived from induced-dipole induced dipole
terms sa(1)pa(1)sp(2)pg(2) and sa(2)pa(2)sg(1)py(1) of Hy molecule
singlet with FCI/aug-cc-pVXZ (X=D,T,Q,5,6) basis set (truncated s + p

functions). . . . . . . . .. e e

XXVi



CHAPTER

INTRODUCTION

In quantum chemistry, the accurate prediction of molecular energies and prop-
erties relies on sophisticated computational methods. Most practical methods
have been developed to treat approximately electron correlation, which plays
a crucial role in determining the electronic structure [4—7]. Particularly, an in-
adequate description of electron correlation can lead to incorrect predictions of
various electronic structure properties: molecular geometries, binding energies, re-
action energies and enthalpies, spectroscopic properties, etc. Electron correlation
emerges from the instantaneous interactions between electrons and is inherent in
systems with more than one electron. However, fully capturing electron correlation
in many-body systems using current computational methods is challenging and
often impractical [8—10]. To tackle this problem, the idea of separating electron
correlation into dynamic correlation and nondynamic (static) correlation has been
proposed and explored in various perspectives [11-13]. This separation scheme
provides a valuable framework for understanding and approximating the electron

correlation in quantum chemistry method development and applications.

Dynamic correlation is a ubiquitous phenomenon that arises from the instan-
taneous electron-electron repulsion and is associated with the motion of electrons
in response to each other. For instance, London dispersion interactions are a
particular type of dynamic correlation. In contrast, nondynamic (also referred

» o«

to as “static”, “strong”) correlation is system-dependent and emerges due to the

existence of multiple electronic configurations that make significant contributions
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to the overall wavefunction. To address the challenges posed by treating electron
correlation, various quantum chemistry computational methods have been devel-
oped over the past century. These methods can be broadly classified into two main
categories based on their ability to capture dynamic or nondynamic correlation:
Single-Reference (SR) and Multireference (MR) methods.

Single-Reference (SR) methods are designed to primarily capture dynamic
correlation, as they assume that the electronic wavefunction can be well approxi-
mated by a single-determinant reference. These methods, such as Configuration
Interaction (CI), Many-Body Perturbation Theory (MBPT), Coupled Cluster (CC),
and Density Functional Theory (DFT), are computationally efficient and widely
used in the study of atomic and molecular systems. However, SR methods are lim-
ited in their capacity to accurately calculate systems with significant nondynamic
correlation. To tackle such cases, MR methods have been developed by using mul-
tiple determinants as reference. The MR methods, such as Complete-Active-Space
Self-Consistent Field (CASSCF), Multi-Configurational Configuration Interaction
(MRCI) and Density Matrix Renormalization Group (DMRG), are particularly
useful for studying systems with MR characters (e.g., bond-breaking, open-shell
systems, excited states, transition metal complexes). Nonetheless, the MR meth-
ods are typically more computationally demanding and complex compared to
the SR methods. Particularly, these MR methods require a higher level of un-
derstanding and expertise from users, as they can not be treated as “black-box”
approaches. Furthermore, it is important to note that methods attempting to
simultaneously address both dynamic and nondynamic correlation, such as Full
Configuration Interaction (FCI), Complete-Active-Space Second-Order Perturba-
tion Theory (CASPT2), N-electron Valence State Perturbation Theory (NEVPT2),
among others, are often challenging and not applicable to large systems due to

computational limitations.

The choice between SR and MR methods depends on the presence of a predom-
inant correlation in the system of interest. In general, SR methods are inadequate
for treating the systems exhibiting significant MR character (or called strong-
correlated systems), while MR methods can perform better on these systems.
To aid researchers in assessing the appropriateness of an SR method for their
calculations, MR diagnostics serve as helpful tools. In Fig. 1.1, we present a simple
algorithm of how the MR diagnostics work on the electronic structure calculations.
Once completing a calculation using SR methods, MR diagnostics are applied
to assess the adequacy of the calculation. If the assessment indicates that the

molecular system exhibits only SR character, the SR calculation is considerably
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FIGURE 1.1: MR diagnostics aid to identify the appropriateness of SR methods
for calculating a molecular system under consideration.

reliable. However, if it detects MR character of the molecular systems, it becomes
necessary to consider alternative approaches for recalculating these molecules,
including MR methods, broken symmetry solutions [14], spin-flip methods [15—
17], etc. Additionally, MR diagnostics can be determined from the output of SR
calculations or predicted empirically using machine learning techniques based
on the input molecular structure data [18—22]. In this thesis, the first main topic
revolves around MR diagnostics. We primarily focus on MR diagnostics derived
from the output of SR calculations, and machine learning predictions will not be

discussed.

Over the past decades, a variety of MR diagnostics have been proposed to
identify the MR character. For wavefunction methods, these diagnostics can
be broadly divided into two main families: wavefunction-based diagnostics and
energy-based diagnostics. Wavefunction-based diagnostics can be further catego-
rized into three primary subgroups. The first subgroup is cg-based diagnostics
(e.g., co, c% [23, 24]), which are applicable to methods such as CI, CASSCF, and
others. The second subgroup includes amplitude-based diagnostics (e.g., T'1 [25],
D [1, 26], D4y diagnostics [1]), specifically designed for methods like MBPT, CC
methods. Lastly, the third subgroup consists of natural orbital-based indices (e.g.,
Inp [13], Scorr [27, 28], M giag [29]), which can be applied to almost all types of cor-
related wavefunction methods. On the other hand, energy-based diagnostics, such
as %TAE[(T)] [30, 31] and %E ¢, [(T)] [18] rely on the calculations of CC methods.

By analyzing the total atomization energy or correlated energy contributions, they
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FIGURE 1.2: Gecko and fine structure on its feet. Left image credit: blick-
winkel/Alamy Stock Photo [37]; Middle image credit: Kellar Autumn 2006 [38];
Right image credit: authors of [39].

provide useful information on the presence and extent of the MR character in

molecular systems.

In recent years, Martin et al. [31-35], Sprague et al. [36], Kulik et al. [18—22]
and others have investigated a range of MR diagnostics. They attempted to assess
the correlation (or similarity) between these MR diagnostics, categorize them into
groups, or combine them for optimal predictions. Their work has inspired us to
undertake this new development and analysis of these MR diagnostics. Current
MR diagnostics in quantum chemistry face several challenges: (i) many diagnos-
tics are specific to certain computational methods, limiting their applicability; (ii)
existing diagnostics often lack consensus due to the use of different criteria and
methodologies [18, 35, 36]; (iii) interpreting the results of these diagnostics can be
complex, as they often provide numerical values without clear physical interpre-
tations; (iv) wavefunction-based diagnostics are not correlated with energy-based
diagnostics [18, 35]; (v) certain diagnostics require significant computational
resources, making them impractical for large systems. Hence, the study of MR
diagnostics in this thesis aims to tackle these challenges by developing more

general, interpretable, and computationally efficient MR diagnostic tools.

The second major focus of this thesis is on dispersion interactions, which
belong to van der Waals (vdW) interactions. The vdW interactions (or vdW forces)
play a vital role in various phenomena observed in nature [40—46]. One fascinating
example is found in the remarkable adhesive abilities of geckos, which allow them
to effortlessly climb vertical surfaces and even walk on ceilings. The secret behind
their incredible grip lies in the vdW forces that arise between the microscopic

structures on their feet (see Fig. 1.2) and the surfaces they traverse [39]. The



vdW forces are distance-dependent interactions between atoms or molecules that
are much weaker than chemical bonds (e.g., ionic, covalent bonds). However,
geckos are able to climb due to the cumulative effect of these forces acting on the
numerous microscopic structures on their feet. Beyond the example of geckos, vdW
forces are also responsible for the aggregation of dust particles in the atmosphere
and contribute to the formation of clouds and precipitation. These cohesive forces
allow water molecules to stick together, forming droplets and exhibiting capillary
action, where liquid can rise in narrow tubes against gravity, etc.

In 1873, Johannes Diderik van der Waals first introduced these forces in
his PhD thesis “on the continuity of the gaseous and liquid state" at Leiden
University [47]. Over several decades, through theoretical interpretations and
experimental observations, vdW forces have been analyzed and classified based on
the interactions of different types of electrical dipoles of molecules. These include
permanent dipole-permanent dipole interactions (also known as the Keesom force)
that involve attractive or repulsive electrostatic interactions [48—50], permanent
dipole-induced dipole interactions (also known as the Debye force) that are associ-
ated with attractive induction interactions [51, 52], and induced dipole-induced
dipole interactions ' (known as the London dispersion force) that are attractive
interactions [53].

The electrostatic and polarization forces can be easily interpreted using clas-
sical theory, where the charge distribution in atoms or molecules is represented
in terms of multipoles and polarizability. However, the contribution of London
dispersion interactions to interatomic and intermolecular interactions was un-
derstood only after the development of quantum mechanics [53]. In 1930, Fritz
London derived the first approximation formalism to calculate the dispersion
energy between two interacting atoms using quantum-mechanical perturbation
theory [53]. Despite its rough approximation, the pioneering work of London pro-
vided a fundamental understanding of dispersion interactions in the framework
of quantum mechanics.

London dispersion interactions arise from instantaneous correlations in the
electron motions between two atoms or molecule groups. These emergent electro-
magnetic forces, which influence all matter containing electrons, are primarily
attractive in nature [42]. From the perspective of electron correlation, they are
categorized as part of dynamic correlation which occurs at long range with respect

to the interelectronic distance. In particular, when the electrons on each atom or

11n this thesis, we adopt the terminology “induced dipole-induced dipole interactions” as used in
the textbook by Atkins and de Paula [46].
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molecule create transient multipoles, these interactions arise between transient
multipoles induced in the electron distributions. Although London dispersion
interactions are characterized by weak attractive forces, they are ubiquitous in
nature and play a substantial role in various fields of physics and chemistry. For
instance, they are involved in the condensation of atoms and molecules, friction
and adhesion phenomena [54], the selectivity of synthetic catalysts, the strength
of receptor-drug interactions, the fidelity of base pairing in DNA [55], etc. There-
fore, it is essential to accurately describe London dispersion in quantum chemistry

to predict these properties and interactions.

In the context of electronic structure methods, the highest level with respect
to accuracy, such as the FCI and Quantum Monte Carlo (QMC) [56, 57], or approx-
imate high-level wavefunction methods including dynamic correlation: CCSD(T),
CCSD, CISD, and MP2, can inherently account for dispersion to some extent.
Nonetheless, they are limited by the high computational cost. On the other hand,
in the framework of DFT, many widely used functionals (e.g., PBE [58], BSLYP
[59, 60]) are known for their failures in describing the long-range dispersion inter-
actions [61-65]. Although one of the most efficient and accurate methods, D3/D4,
[66, 67] has been widely recognized by the DFT community recent years, they
are ad hoc corrections that rely on optimized parameterization and precomputed
polarizabilities. In addition, various other practical methods have been developed
to address this issue during the past two decades [68—85]. Yet, it still remains a
challenge to develop an accurate, efficient, general, and first-principle-motivated
method to treat dispersion interactions in the context of DFT [86]. We refer to
further details in Chapter 3.

Within the quantum-mechanical framework, the majority of well-known ap-
proximate methods for handling dispersion necessitate two well-defined fragments
(e.g., atoms, localized orbitals, or infinitesimal electron density regions) [87]. These
fragments must be sufficiently separated by a distance denoted as R, ensuring
they are beyond the range of density or orbital overlap. In such cases, second-
order perturbation theory (PT2) describes the dispersion energy with a leading
term of 1/R®. Following this line of development, one has the option to employ
the Unsold approximation, which suggests using the average energies to approx-
imate the excitation energies in the sum-over-states expression which results
from the PT2 treatment. Another common choice is the Casimir-Polder formula
which introduces the so-called dynamic polarizabilities at imaginary frequencies.
Nonetheless, the accuracy of the formal approach is usually constrained, and the

computation or approximation of dynamic polarizabilities is challenging. More-



over, the polarizabilities of isolated atoms can significantly change in different

molecules, materials, or solvent environments. [40]

Instead of relying on second-order perturbation theory treatment or polariz-
abilities, Baerends et al. [88-90] have revealed that the long-range components
of pair density constructed from a limited set of two-electron AO quartets (e.g.,
sapasspB) can effectively capture dispersion interactions in He and Hey systems.
These two-electron AO quartet terms, as proposed by the authors, correspond to
induced dipole-induced dipole interactions and account for London dispersion. In
addition, recent work by our group has shown a connection between the long-range
dynamic correlation component from the pair density partition (often referred to
as the cumulant part of pair density) and London dispersion [3]. The long-range
behavior of the dynamic correlation component from the correlated pair density
has been demonstrated as a universal decay with the interatomic distance 1/R®
[3, 91]. Given this background, this thesis focuses on exploring further the role
of the pair density in accounting for dispersion, particularly connecting to the
long-range correlation nature of London dispersion. This work aims to provide a
conceptual and applicable framework for modeling London dispersion interactions

from the perspective of the pair density.
The chapters in the result sections of this thesis are outlined as follows:

Chapter 4 and Chapter 5 present the results related to the topic of electron
correlation measures. Chapter 4 explores various correlation measures employed
across a range of correlated wavefunction methods. This chapter begins by in-
troducing normalization techniques for existing correlation metrics to ensure
that they are size-intensive. For the purpose of comparison and analysis, some
new natural orbital-based correlation metrics (referred to as indices) will be
introduced to quantify dynamic and nondynamic electron correlation. Further-
more, we establish analytical connections between certain correlation metrics,
which are subsequently verified through statistical assessments across various
datasets. Chapter 5 extends our analysis, employing large datasets to explore
the linear relationships among various correlation metrics. This chapter aims to
reduce the number of effective MR diagnostics through (i) the linear relationships
among these correlation metrics; (ii) their incapacity of detecting significant MR
character when the system size increases. Through specific MR case studies, we
demonstrate the limitations that render certain correlation metrics unreliable
as MR diagnostics. After eliminating redundancies in the collection of numerous
MR diagnostics, the focus then shifts to establishing cutoffs for a selection of few

maximum-based correlation metrics. In the end, we introduce a robust representa-
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max
ND °

for wide applications across electronic structure calculations.

tive maximum-based correlation index, namely I demonstrating its potential

Chapter 6 to Chapter 8 focus on the results related to the topic of London dis-
persion. Our primary focus lies in understanding dispersion from the perspective
of pair density partitions [3, 92] or long-range relevant components [42, 88-90].
In Chapter 6, we will examine two dispersion models applied to various diatomic
systems. These models rely on approximate pair density constructed through the
long-range relevant components, employing two distinct approaches: (i) consid-
ering induced dipole-induced dipole terms only [42, 88—90], which is referred to
as Baerends’ model; (ii) adding few more induced multipole-induced multipole
(higher multipole) terms, which is referred to as extended Baerends’ model. Each
of these approximate pair densities yields an electron-electron interaction energy
term, Ve, associated with long-range dynamic correlation. The chapter will first
establish a theoretical relationship between this long-range dynamic correlation
described by the Vg term and the total dispersion energy based on the virial
theorem. Then, this relationship will be numerically examined through Baerends’

model and its extended counterpart.

Chapter 7 provides a comprehensive analysis of dispersion energy contribu-
tions from various energy decomposition terms in Hg (singlet and triplet) and
Heg at large interatomic distances. The focus lies on the V terms and their
corresponding Coulomb hole partitions, particularly the long-range components
responsible for dispersion. These findings extend to various diatomic and poly-
atomic molecules. We will numerically demonstrate how to use the long-range
pair density partition to retrieve the dispersion energy captured by a correlated
wavefunction with a given basis set. Moreover, the novel concept of dispersion
hole will be introduced, along with relevant asymptotic conditions. This concept
aids in calculating and identifying dispersion interactions during the separation

of dimers.

Chapter 8 shows a minimal dispersion model based on the singlet Hy molecule
at large interatomic separations. While this strongly simplified model does not
aim to pursue precise dispersion energy, it provides a qualitative description
of dispersion beyond second-order perturbation theory. This model establishes
connections between dispersion energy and the long-range component of the
Coulomb hole partition, along with some asymptotic conditions. As the British
statistician George Box famously said, “All models are wrong, but some are useful.”
This dispersion toy model is derived from first principles, without the use of

any empirical parameters. Moreover, it can accurately capture the dispersion



described by the FCI wavefunction of He even with a very poor basis set. It serves
to interpret relevant findings from numerical results in previous chapters, and
brings new insights for the future development of more advanced dispersion

models.






CHAPTER

OBJECTIVES

Within the context of separating electron correlation into its dynamic and nondy-
namic components, this thesis endeavors to contribute novel insights into electron
correlation from two distinct perspectives: MR diagnostics and London dispersion
interactions. On one hand, we aim to advance the development and analysis of MR
diagnostics that are helpful in detecting the presence of nondynamic correlation
within molecular systems. On the other hand, we aim to understand London
dispersion interactions through their character as long-range dynamic correlation

that can be described by the pair density.

Concerning MR diagnostics (also referred to as a specific type of correlation
measure), although numerous MR diagnostics are available in the literature,
many of them are restricted in their applicability to specific methods. Collecting
numerous diagnostics for the determination of the MR character of a molecular
system is often impractical. Moreover, the criteria of many MR diagnostics can
conflict with each other. Consequently, our first target is to determine the con-
nections or similarities among various electron correlation measures. To achieve
this, we aim to first develop analytical interpretations and then validate them by
using statistical assessments across both small and big datasets. Secondly, our
objective is to design a robust MR diagnostic using electron correlation indices
with appropriate cutoffs that can be broadly applicable to all types of electronic
structure methods. Thirdly, our goal is to rigorously evaluate the extent of concor-

dance between these cutoffs and existing MR diagnostics across diverse datasets,
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thereby reducing the number of MR diagnostics from a practical point of view.
Within the context of London dispersion interactions, by bypassing the tra-
ditional perturbative treatment within the framework of quantum mechanics,
our primary goal is to gain insight into London dispersion interactions through a
correlated pair density perspective, with a particular emphasis on the long-range
component. The secondary goal is to establish a theoretical relationship between
the long-range dynamic correlation described by the electron-electron interaction
term and the total dispersion energy. Then, we also aim to explore the connection
between the earlier established 1/R3 signature of London dispersion from the pair
density perspective, and the 1/R® asymptotic behavior of the dispersion energy
[3, 91]. Through an analytical description of London dispersion interactions from
the first principles based on simple Hy models, we also aim to reveal the role of
the pair density long-range partitions cyy [3] or long-range components (referred
to as Baerends’ model) [88-90] in the London dispersion interactions. The long-
term objective is to develop advanced methods for describing London dispersion
interactions that are accurate, cost-efficient, widely applicable, and grounded in

the first principles.
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CHAPTER

THEORY AND METHODOLOGY

This chapter outlines the theoretical background and methodology of quantum
chemistry for this thesis. We begin by introducing the Schrédinger equation,
the Born—Oppenheimer approximation, the many-electron wavefunction, the
variational principle, and a series of well-known Single-Reference (SR) and Mul-
tireference (MR) wavefunction ansatzes used in quantum chemistry to solve the
electronic structure many-body problem. Then, we overview the partition of the
pair densities and its correspondence with dynamic and nondynamic correlation.
Finally, we introduce the two main topics of this thesis: the MR diagnostics and

London dispersion interactions.

3.1 Wavefunction Methods in Quantum Chemistry

3.1.1 Schrodinger Equation

In quantum mechanics, the Schrodinger equation is one of the most fundamental
formulations for studying quantum mechanical systems [93]. It describes explicitly
the equation of motion of many-body systems (i.e., N electrons, Ny, nuclei) of

any states in a non-relativistic time-dependent form,
in 2 1wy = A1) (3.1)
ih—|¥) = , .
ot

where i is the imaginary unit (;2 = —1), / is Planck’s constant divided by 27, and

the function |V) = Y(x1,Xs,...,Xn; X1, X, ..., XN, ,.; t) is the many-body wavefunc-
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tion depending on the electron coordinates, x, the nuclear coordinates, X, and
the time variable ¢. Note that the electron and nuclear coordinate variables in
the many-body wavefunction include the three-dimensional spatial coordinates
and the spin coordinates. In this thesis, we only focus on systems at stationary
states (all observables are independent of time). H denotes the time-independent
Hamiltonian operator which only depends on the spatial coordinates of electrons
and nuclei rather than their spin coordinates. The time-independent Schridinger
equation, Eq. (3.2), describes the wavefunction |W) as an eigenfunction of the

Hamiltonian operator with eigenvalue E, the total energy of the system.
H|Y)=E|¥). (3.2)

The time-independent Hamiltonian operator of an N-particle system is defined
as a sum of the kinetic energy and potential energy of electrons and nuclei
operators,

H=T+V, (3.3)

where the kinetic energy operator 7' has an electronic and a nuclear term:

T=Te+Th
N hz Nnuc hz (34)
==y —V2-) —V&.
i 2me ! A 2MA A

We note that m, denotes the mass of the electron, and M represents the nuclear
mass of atom A (with charge Za). The potential energy operator V generally
includes three terms: the electron-nuclear attraction operator Ven, the electron-
electron interaction operator V.e and the nuclear-nuclear Coulomb repulsion

operator Vi,

>

A

V =Ven +Vee + Vin

ZAez N 62 Nnye ZAZB@2 (35)

>3 >
=— + + )
T & 4meollr; —Rpll - (5 dmeollr; —xjll - {55 47eol[Ra - Rg|l

Quantum chemistry is a subject that applies the theory of quantum mechanics
to problems in chemistry. The methods developed in quantum chemistry to directly
solve the Schrédinger equation without relying on empirical data are also called ab
initio approaches or from the first principles. However, the Schrédinger equation
is too complex to be solved analytically for most physical systems, and the exact,
closed-form solution of Eq. (3.2) has been only achieved for very few systems

(e.g., the particle in a box, the harmonic oscillator, the hydrogen atom). Hence, for

14
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many-body systems that contain more than one electron, employing approximate
methods is indispensable.

One of the fundamental approximations extensively used in quantum chem-
istry is the Born—Oppenheimer approximation [94], which enables the sepa-
ration of electron and nuclear motions based on the significant difference in
mass between the nuclei and electrons (i.e., M > m; in Eq. (3.4)). Using the
Born-Oppenheimer approximation, one can treat the coordinates of the nuclei
as fixed compared to electrons, then the many-body wavefunction |¥) of an N-
particle system can be expressed as a product of an electronic wavefunction | ¢))
and a nuclear wavefunction |[¥pyc),

\I"(Xl,xz, ...,XN,Xl,Xz, ...,Xwa) =1//el(X1,X2, ...,XN;Xl,Xg, ""XNnuc) (3 6)
YnueX1,X2, ..., XNpue)s '
where the electronic coordinate variables {x1,x9,...,Xy} are parameterized in
terms of the nuclear coordinate variables {X1,Xs,...,Xn, .}

Analogously, the Hamiltonian operator H can be decomposed into separate

electronic and nuclear components: H = Hej + Hyye. The electronic Hamiltonian

(in atomic units)® is defined as

He =Te¢+Vee+ Ven

N 1 9 NNnuc ZA N ]_ (37)
=Y -v2 - + .
;2 i ; ; [Ir; — Rall gjllri—rjll

In addition, it is important to note that the nuclear repulsion energy operator,
Van, is determined by a set of fixed nuclear coordinates and charges, and the
wavefunction is invariant to the addition of the Vy, operator in the electronic
Hamiltonian. As a result, the electronic Hamiltonian H,; combined with the

constant term V,,, leads to the formulation of the electronic Schrédinger equation,
(Hei+Van)|Wer) = El| Vo). (3.8)

In this eigenvalue equation, Eq. (3.8), the eigenvector (wavefunction), |¥.), is
an antisymmetric function with respect to the electron coordinate exchange. The
eigenvalue, E ], denotes the electronic energy. The Born—Oppenheimer approxi-
mation yields the electronic Schriodinger equation, and gives rise to a significant
concept known as the Potential Energy Surface (PES). The PES is constructed
by plotting the values of electronic energy E as a function of all nuclear coor-

dinates. It provides crucial insights into the energy landscape of a system, the

1In atomic units, = m; =e =4meg = 1. Atomic units (a.u.) are used in this thesis.
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stability, equilibrium geometries, reaction pathways, energy barriers of molecules,
etc. From now on, we will drop the subscript “el” from the Hamiltonian, the wave-
function, and the energy terms. This thesis will only focus on the non-relativistic,

time-independent electronic Schrodinger equation for molecular systems.

3.1.2 Wavefunction Representation in Molecular Systems

According to the Schriodinger equation, the quantum states of a system can be
described by their corresponding wavefunctions, and the state with the lowest
energy is the electronic ground state of the system. In this thesis, we only focus on
the ground-state energy. To determine the ground-state energy of molecular sys-
tems, one needs to solve the Schriodinger equation. The methodologies employed
to find the wavefunction satisfying the Schrodinger equation are referred to as
wavefunction methods. The wavefunction, |¥), can be represented by a vector or a
linear combination of many basis vectors in the Hilbert space, then solving the
partial differential equation (e.g., Schréodinger equation) is transformed into solv-
ing algebraic equations, which makes massive calculations feasible and efficient
on computers.

When dealing with isolated atoms or molecules, the concept of “orbitals” is
preferred to be the basis vectors of the wavefunction. Specifically, an orbital can
be considered as the wavefunction of a single electron. In molecular electronic
structure, the notion of Molecular Orbitals (MO) [95-98] is commonly used to
describe electrons in molecules. The MO, denoted as ¢, can be constructed from
a linear combination of Atomic Orbitals (AO), y, this treatment is known as
the Molecular Orbital from Linear Combination of Atomic Orbitals (MO-LCAOQO)

[99, 100],
Nao

$iCea,ya,za) = Y Cui xu(xa,ya,2A), (3.9)

u
where C,; denotes the MO coefficients, Nao is the number of AO, (xa,ya,2a)
represents the three-dimensional electron spatial coordinates (x,y,z) with respect

to a fixed nuclear center with spatial coordinates (Ay,A,,A;).

ra=\/x3+y3+23, (3.10a)

(xpa=x—-Ay, ya=y-A,, za=z-A,). (3.10Db)

In electronic structure theory, the set of AO can be Slater-type orbitals (STO) [101],
Gaussian-type orbitals (GTO) [102], numerical atomic orbitals [103], etc. In 1930,
Slater [101] used a nodeless exponential-type function to represent the essential

component of an AO of the hydrogen atom. This exponential-type function is called
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Slater-type orbitals [104]. A common expression for STO can be written in terms

of spherical coordinate variables as
SaantmTa0,0)=Haory T AY (0, 9), (3.11)

where Ay, denotes the normalization factor, and ( is a variational parameter
(obtained from minimizing the total electronic energy of the atom) associated
with the nuclear charge Z and the orbital quantum number n (integer value,
n =1). ra denotes the radial distance between a fixed nuclear center with spatial
coordinates (A,,A,,A;) and an electron with spatial coordinates (x1,y1,21) in
Eq. (3.10), and 6 denotes polar angle, ¢ denotes azimuthal angle. The last term
Y1,(0,¢), represents spherical harmonic functions.

The electronic wavefunction must fulfill certain properties in order to properly
describe an N-electron system. It must be continuous, single-valued, and square-
integrable. Additionally, it must satisfy nuclear—electron and electron-electron
cusp conditions (Kato’s cusp condition) [105]. A physically realistic wavefunction
should also decay exponentially at large distances from the nuclei. The STO are
ideal basis functions due to their ability to form the electronic wavefunction of
an N-electron system that satisfies almost all the conditions. Moreover, it has
been demonstrated that using only a small number of STO is sufficient to obtain
highly accurate binding energies of many atoms and ions [106]. However, the
main drawback of STO is the poor performance in evaluating molecular integrals
and related derivatives, thus STO are not preferred by most modern quantum
chemistry calculations.

In 1950, Boys proposed to use Gaussian-type orbitals [102] as an alternative
option to replace the STO. The general formulation of atom-centered GTO written

in Cartesian coordinates reads as
G _ Iy Iy 1, —ar?
WALyl (XA YA, ZA) = Ngto XX V) 2 € A, (3.12)

where A5, denotes the normalization factor, a is the Gaussian orbital exponent,
the sum of /,,/, and I, determines the type of atomic orbital (i.e., s, p,d orbital).
Although a single GTO can not directly satisfy Kato’s cusp conditions near the
nuclei or exhibit true exponential decay at large distances, a common strategy
is to use a linear combination of multiple GTO to fit an STO in order to achieve
a certain accuracy. Nonetheless, with the main advantage of employing efficient
algorithms for evaluating molecular integrals [107], the GTO have been the most
widely applied basis functions in modern ab initio calculations.

In general, an electronic wavefunction of a molecular system can be repre-

sented in terms of many one-electron wavefunctions (i.e., molecular orbitals),
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and the one-electron wavefunctions can be obtained by linear combinations of
atomic orbitals (i.e., MO-LOAO), which form the basis set. In other words, this
orbital picture transforms the N-electron problem into a set of one-electron func-
tions spanned by an atomic basis, allowing ab initio methods to systematically
approximate the wavefunction of molecular systems.

Furthermore, since electrons are fermions with a spin of 1/2, it is essential
to include spin information for a complete description of electrons. Thus, an
molecular orbital consisting of a spatial orbital and a spin function is commonly
known as a spin-orbital. In 1928, Hartree [108] introduced a wavefunction in the

form of a simple product of spin orbitals for each electron,
YHP(L,2,--,N) = 1) $a(2) - N (V). (3.13)

For convenience, we will henceforth use the notation, 1 = {r{,01}, to represent
the electron spatial {r;} and spin {01} coordinates. Eq. (3.13) is referred to as
the Hartree Product N-electron wavefunction in terms of N spin orbitals. In this
ansatz, electrons are treated independently, thus the eigenvalue of WHP is simply
the sum of the one-electron energies.

The N-electron wavefunction must be antisymmetric and satisfy the Pauli
exclusion principle [109], which states that any two electrons in the system cannot
have the same quantum numbers. As a consequence, the wavefunction should
change the sign with respect to the interchange of both the spatial and spin

coordinates of any two electrons,
Y(,....1,.f, 0, N) ==Y, ... J, ey Iy oer, N). (3.14)

The Hartree Product is not an antisymmetric wavefunction, whereas a Slater
determinant can easily enforce the antisymmetry in the wavefunction [110]. For

an N-electron and N-spin-orbital system, the Slater determinant is given by

¢1(1)  ¢p2(1)  P3(1) ... on(D)
1 [1(2)  ¢2(2) ¢3(2) ... ¢n(2)

®(1,2,..,N)= —
VN1

) (3.15)

G1(N)  Ppa2(N) Pp3(N) ... ¢oNIV)

where the normalization factor 1/v/N! ensures the proper normalization of the
wavefunction as long as {¢;(i)} are also normalized, where i denotes the i-th
spin orbital. Eq. (3.15) indicates that the wavefunction consists of N orthonormal
spin orbitals {¢;(i)}, where each orbital can be occupied by an electron without

specifying which electron occupies which orbital, this treatment ensures electrons
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be indistinguishable. The N-electron wavefunction can be constructed using either
a single Slater determinant or a linear combination of multiple determinants,

Niet
W) =) ¢il®), (3.16)

i
where c¢; denotes the coefficients of determinant |®;). These coefficients determine
the contribution of each determinant to the overall wavefunction. The exact
wavefunction of any N-electron system can be represented by a linear combination
of all possible Slater determinants formed from a complete set of spin orbitals.
The method solves the electronic Schrodinger equation by considering all possible
electronic configurations within a given basis set is known as Full Configuration
Interaction (FCI). In electronic structure calculations, the FCI method provides
the exact (non-relativistic, Born—-Oppenheimer approximate) wavefunction and
energy for a given basis set. However, it is also the most computationally intensive

method and is only feasible for very small systems.

3.1.3 The Variational Principle

The variational principle is very useful in quantum mechanics and mathematical
optimization, and it forms the basis for many computational methods in quantum
chemistry and physics. The variational principle states that any approximate
well-behaved wavefunction yields energy above or equal to the exact ground-state
energy, and this equality occurs if and only if the approximate wavefunction is
equal to the exact ground-state wavefunction.

According to the variational principle, the energy is determined through the
evaluation of the expectation value of the Hamiltonian operator with respect to a

trial wavefunction, which is then divided by its norm [111],

¥a,..,N)HYA,...,N)

EYQ,..,N)]=— _
¥a,..,N¥Qa,..,N)

=Ey, (3.17)

where E is the ground-state energy of the system (the lowest eigenvalue of H). If
the trial wavefunction is not the true ground-state wavefunction, the computed
energy will always be higher than Ej.

Assuming the trial wavefunction is composed of a linear combination of a

complete set of orthonormal wave functions, v¥;, in the Hilbert space,
1P(1,...,N)) =Zci ly;(1,...,N)), (3.18)
i

where c¢; are the expansion parameters. To evaluate the energy, it is necessary to

ensure that the trial wavefunction is normalized, all y; are eigenfunctions of g,
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and each v; is square integrable. Once these conditions are met, the energy can

be expressed as
[ [¥*Q,..,.N)HY(Q,..,N)dl...dN
[ [1P12d1...dN
[ L iy, ,N)H Y cjy;(1,..,N)dlL...dN
i J

E[¥(,...,N)=

T[T i@ X ey, N)dL.dN
i J

Yeic; [+ [yi(l,..,N)Hy,1,..,N)dl...dN
rj

Yeici [ [wil,.. . N)y;(,..,N)dl...dN (3.19)
j

Y cic;Ejb;j
ij

Zcicjéij
iy

Z C?Ei
13

T c?

i

where the Kronecker delta function §;; ensures the orthonormality of ;,

1 ifi=j,
0ij= (3.20)
0 otherwise.

Now the constraint of the normalization is imposed over these expansion parame-
ters, (P|¥) =1, ie., Yi c? = 1. Thus, the difference between the energy from any
approximate wavefunction E[¥] and the ground-state energy E| is

E[P]1-Eo=) ¢*(E;~Eo)=0. (3.21)

As all the expansion parameters are real numbers, i.e., clz >0, and E; —E( must be
greater than or equal to zero because E is the lowest energy possible. Eq. (3.21)
implies that any approximate wavefunction will generate an energy E[¥] above or
equal to the exact ground-state energy Ej. To find the exact ground-state energy
through the variational principle, a necessary condition is to minimize the energy
E[¥] with respect to all the ¢; parameters in the wavefunction [111].

The variational principle provides a path for solving the Schrodinger equation
and determining the ground-state energy. The methods that apply the variational
principle to optimize the variational parameters are known as variational methods

(e.g., FCl is a typical variational method).
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3.1.4 Single-Reference Methods

In ab initio calculations, the Hartree-Fock (HF) theory holds an important position.
The HF method assumes that the wavefunction can be represented by a single
Slater determinant, rendering it an SR method. While it yields exact electronic
energy values for one-electron systems, its accuracy diminishes for systems with
multiple electrons. For such cases, the HF approximation treats each electron as
if it interacts solely with the mean-field created by all other electrons, making
it a mean-field method. Although the HF method often provides poor electronic
structure calculations, it can serve as the starting point (or called “reference”)
for more advanced post-HF methods that are also commonly classified as the SR
methods.

The HF method is a variational method that minimizes the total energy of a
single (Slater) determinant wavefunction. The following details of the HF adhere
primarily to the lecture of Sherrill [112]. The minimization procedure uses the
Lagrange’s method with the constraint that the spin orbitals are orthonormal,

(p;lp;> =6;j, where i and j denote spin-orbital indices. The Lagrangian,
LUPiN = Eurlipi1 =) €ij(pildj) — b)), (3.22)
ij

contains undetermined Lagrange multipliers, ¢;;, and a set of orbitals {¢;}. By
solving the first variation 0. = 0, one arrives at the Hartree-Fock equations of an

N-electron system, the Fock eigenvalue equation, given by
Fi(D)¢i(1) =€; pi(1), (3.23)

where the eigenvectors ¢;(1) are spin orbitals, the eigenvalues ¢; are orbital
energies, and F; denotes the one-electron Fock operator over spin-orbital i,
N
Fi(1)=Hcore(1)+Z(Jj(l)—Kj(l)). (3.24)
J#i
F;(1) is defined as a sum of the one-electron core Hamiltonian operator H, oo, the

Coulomb operator J i, and the exchange operator K j [112]. These operators are

given by
1 Za
A 1, o Za
Heorel0) = =5V, =2 o=
) 1
T pi(D) = f 452 —0,2)d2| i) (3.25)

X 1
R/ (D)) = ( [s@—se dz) ¢/,
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where r12 represents the Euclidean distance between electrons 1 and 2,? and it is
also referred as the interelectronic distance in this thesis. The one-electron core
Hamiltonian, Heore, is a sum of the kinetic energy and electron-nuclear attraction
energy operators. We use spatial coordinates r; in I—AICOre for convenience since
the operator itself is assumed spin-independent. The electron-electron repulsion
operator is approximated by one-electron Coulomb and exchange operators. The
Coulomb operator oJ; is a local term associated with the electron—electron repul-
sion energy of the two electrons in the j-th spin-orbital. The exchange operator
K 7 is a non-local term associated with the electron exchange energy of the two
electrons in the i-th and j-th spin-orbitals [113]. The Hartree-Fock equations
define molecular orbitals (i.e., the HF orbitals). The HF orbitals, also known as
canonical HF orbitals, are obtained through the diagonalization of the matrix
representation of the Fock operator.

The Hartree-Fock calculations were originally done numerically by solving
the HF differential equations. Nevertheless, due to the limited computational
power and its poor scalability with system size, the application of numerical HF
solutions was limited only to small molecular systems [114-119].

In 1951, Roothaan [100] and Hall [120] independently proposed an alternative
solution to the Hartree-Fock equations. They introduced the MO-LCAO approach
with non-orthogonal AO in a basis function space, enabling the transformation of
differential equations into algebraic equations. This approach provides an efficient
and practical solution for HF calculations. Following their approach, we introduce
a set of known basis functions y,, then the unknown molecular orbital ¢; can be
expanded as a linear combination of atomic orbital basis functions with a set of

expansion coefficients C;,
K
i) =) Cpixu(l), (3.26)
p=1
where £ represents the total number of basis functions y,. Then the Roothaan-

Hall equation can be obtained as
ZFNVcVi ZGiZS’WCW', (3.27)
v v

where the overlap matrix S, and Fock matrix F,, are

Siw= [ KO a1
(3.28)

Fuy= f YA F g (D dl,

2Euclidean distance in real space, r1g = |lr] —ral| = \/(xl —x9)2 +(y1 —y2)2 + (21 —29)2.
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or compactly shown in a matrix form
FC=SCe, (3.29)

where C represents the square matrix of the expansion coefficients C,;, and €
denotes a diagonal matrix of the orbital energies ¢;, which are the eigenvalues
of the Fock matrix F. As the Fock matrix F depends on C, solving the Eq. (3.29)
must be done iteratively. The solution requires beginning with some initial guess
orbitals, then forming and diagonalizing the Fock matrix F iteratively. Hence, this
procedure is called the Self-Consistent-Field (SCF) method.

The SCF procedure determines the HF orbitals ¢;, and then the total elec-
tronic energy is calculated as the expectation value of the single-determinant
HF wavefunction that is constructed by considering only occupied orbitals. In a
closed-shell system with IV electrons, where each orbital is doubly occupied, it is
often assumed that the spatial part of the orbitals is identical for electrons with
opposite spins, these orbitals are known as restricted spin orbitals. This assump-
tion simplifies calculations and is commonly used in the Restricted Hartree-Fock
(RHF) method, where the wavefunction is constructed using a single-determinant
with restricted spin-orbitals. The expression for the electronic energy of RHF is
given by,

Egur = (Yrur|H|Yrur)
N/2 N/2 (3.30)
=2 Z hii + Z(2Jij -Kij),
i i.j
where the one-electron energy (kinetic energy + electron-nuclear attraction energy)

in terms of orbitals, 4 ;;, is expectation value of the core hamiltonian,
hii = (i Hleoreli) = f 6* (1) Hleore (D (1) 1, (3.31)

and the two-electron (electron-electron interaction) energy in terms of orbitals is
approximated by a sum of the two-electron repulsion integrals: Coulomb integral

J;; and the exchange integral K,

1
Jij :(mjj)=ff¢;(1)¢,-(1)—¢;(2)¢j(2)d1d2
T2 (3.32)

1
K, :(ijlji)=ffqbf(l)gbj(l)agb;(Z)qbi(Z)d1d2.

As a pioneer Single-Reference method, the HF approximation allows to obtain
around 99% of overall energy for most systems, but many important chemical

phenomena can not be precisely described without the remaining 1% energy,
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which is defined as correlation energy. According to the definition of Lowdin [121],
the correlation energy is the difference between the exact energy and the HF

energy’ in a complete basis (Hartree-Fock limit),
Ecorr =Eexact _E(I)_IOF- (3.33)

However, calculating the exact energy is usually infeasible. Thus, in practice, it
is more convenient to follow the approach of Pines [122], Eq. (3.34). Namely, the
total energy is computed by using a given method X (beyond the HF method) with
an appropriate basis set. Then, the correlation energy recovered by this method is
given by

EX =Ex-Ewnr. (3.34)

Let us remind two main reasons for the failures of the HF theory. Firstly,
the HF wavefunction is constructed by only one single-determinant, and usually
with an incomplete basis. Secondly, the HF approximation neglects the electron
correlation, it assumes that each electron interacts with the average charge
distribution of all other electrons rather than instantaneous electron-electron
interaction. In general, for any system with more than one electron, the HF
wavefunction will never achieve the exact energy even using a complete basis.

Next, we will introduce some post-HF (or referred to as “correlated”) wavefunc-
tion methods that account for electron correlation. To begin with, the general form
of the FCI wavefunction can be expanded as a linear combination of all possible

Slater determinants,

W) = co Do) + )¢ IBF) + Y ciP1DIP) + Y clof DY+, (3.35)
ia i<j i<j<k
a<b a<b<c

where c; denotes coefficients of determinants, with the constraint of normalization
of the wavefunction, and } ; clz =1. The Latin letters i, j, %,/ denote the occupied
HF orbitals, and a, b, ¢,d label the unoccupied (virtual) HF orbitals. These deter-
minants form the basis of configurations (e.g., ground-state reference @, single
excitation ®g, double excitation ®p). To incorporate electron correlation energy
by including excitations from the HF occupied to virtual orbitals, several practical
methods are commonly employed, such as variational methods, perturbational

methods, and coupled-cluster methods.

31n this thesis, HF usually refers to the RHF for closed-shell systems or Restricted Open-shell
Hartree-Fock (ROHF) for open-shell systems.
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1) Variational methods

The Configuration Interaction (CI) method is one of the most commonly used
variational methods. The basic idea is to minimize the energy variationally using
a trial wavefunction formed by a linear combination of Slater determinants.
Technically, this procedure is equivalent to diagonalize the Hamiltonian in a
basis of N-electron Slater determinants. In practice, we use the notation of H;; =
(D; | H|D i), where the Slater determinants ®; are orthogonal, and the CI secular

equation can be written in matrix form as
Hc=Eec, (3.36)

where ¢ represents the c¢; coefficient vector (i.e., CI vector), H denotes the CI
matrix and E denotes the CI energy vector. To calculate the CI energy, one needs to
diagonalize the H matrix, the CI energy is obtained as the lowest eigenvalue of the
H matrix, and the corresponding eigenvector gives the c¢; coefficients associated
with their Slater determinants Eq. (3.35).

The structure of the CI matrix is shown in Fig. 3.1. This matrix is Hermi-
tian and we only show the upper triangle part. The CI matrix is sparse, the
elements between the ground-state (HF reference) and singly excited configu-
rations are zero due to Brillouin’s theorem, and the coupling matrix elements
between ground-state and triple excitation determinants are zero by applying the
Condon—Slater rules. In fact, all matrix elements of the Hamiltonian between
Slater determinants that differ by more than two spin orbitals vanish. In addition,
it usually requires orbitals obtained from the HF method, as well as the one and

two-electron integrals® (in Mulliken notation),

(p1hlg) = [ $300 Heoreen) gt dry
1 (3.37)
walrs)= [ [ By Do) ] ()0(r2) dr dr,

where p,q,r,s denote general MO indices. The computation cost for generating
two-electron integrals over AO is up to M*, where M is the number of basis
functions, and the step of transforming the integrals from the AO to the MO basis
makes it increase to M®. Hence, the computation cost of CI methods primarily

arises from the generation and storage of two-electron integrals.

4Notice that in Eq. (3.37), we use spatial coordinates in the integrals. The Hamiltonian operator
is usually spin-independent (except studying systems involving heavy elements, strong spin-orbit
coupling, etc.), it is often more convenient to factor out the spin dependence.
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D Og ®p Oy
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FIGURE 3.1: Structure of the CI Matrix

Unfortunately, the number of Slater determinants grows exponentially with
system size, resulting in the enormous cost of calculations. For instance, given
a 2M spin orbitals (2M = M, + M) in an N-electron system (N = N, + Ng), one

Mg\ (Mg . ) )
can construct different spin-preserved Slater determinants. As a
a B

consequence, the CI matrix element increases as well exponentially resulting in a
huge matrix even for small molecules. Therefore, the FCI solution that includes
all possible configurations is definitely impractical. The CI approximations that
truncate expansion at a certain excitation level are more commonly employed.
In particular, the approximate CI method that includes only single and double
excitations (CISD) has been commonly applied.

The Single-Reference based CI hierarchy begin with the HF reference, and the
Single-Reference CISD wavefunction is constructed from the HF wavefunction by
adding new determinants of single and double excitations that promote electrons
from the occupied to unoccupied (virtual) HF orbitals. The total energy of CISD is
the sum of the HF reference energy and the CISD correlation energy,

Ecisp =(@ur|H|®Pyp) + 2(@urp|H|®p) + (Dg|H|Dg) +
2(®g|H|Pp) + (Op|H|Pp) (3.38)

ZEHF + ECISD.

corr

For a system containing only two electrons (e.g., Ho, He), CISD is identical to FCI.
However, for a system with three or four electrons, single and double excitations
of CI wavefunction are not enough anymore to construct the exact wavefunction,
it requires up to triples or quadruples. Consequently, for a system beyond two
electrons, the correlation energy captured by CISD does not scale correctly with
the size of the system, and the total energy of a combined system is not equal to
the sum of the energies of the individual systems due to the neglect of higher-order
excitations beyond singles and doubles. Hence, the CISD method becomes neither

size extensive nor size consistent.
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A method is size extensive if the energy of a system computed with this method
scales linearly with the size of the system [123]. For example, the energy of a
non-interacting n-atom system A is equivalent to the atom A energy multiplied
by n, that is E(n-A) =n-E(A). The size-consistency indicates that the energy of a
combined dimer system AB is identical to the sum of energies of two independent
monomers A and B [124], namely, E(AB) = E(A)+E(B). In general, the HF and FCI
methods are size extensive and size consistent,” while CI methods truncated to any
excitation level are neither size extensive nor consistent anymore [113, 125]. Here
we note that the size-extensive and size-consistent properties are not only used
for the energy and can be also applied to other quantities (e.g., MR diagnostics).

Size consistency is very important for studying chemical reactivities, disso-
ciation energies, etc. The lack of size extensivity lowers the capacity of CISD
for recovering correlation energy as the system size extends, thus limiting its
application. We note that the size-consistency error can be partially corrected by
approximating the quadruple excitations which are usually more significant after
the double excitations, and these corrections can enhance the accuracy of CISD
[126, 127]. However, handling large molecules with CISD is still challenging and
impractical due to its computational cost, which scales as M® with the number of

basis functions, M.
2) Perturbational methods

Perturbation theory assumes that if an actual problem only presents a slight
difference from a known problem, this known problem usually can be taken as
the reference to solve the unknown one. In quantum mechanics, Many-Body
Perturbation Theory (MBPT) is known as a mathematical method that applies
perturbation theory to solve the Schrédinger equation.

The basic idea of MBPT is to assume that the Hamiltonian of the system
consists of two parts: the unperturbed part H? and the perturbed part AH’
(which should be small),

AN =H9 +AH', (3.39)

where 1 is a perturbation parameter (0 < A < 1). If A = 0, then H(A = 0) = H® gives
the unperturbed Hamiltonian, corresponding to the zeroth-order eigenfunction

and eigenvalue which have a known solution,

HOWO _ pO)g©) (3.40)

5Some people might consider that the Restricted Hartree-Fock (RHF) method is not size consistent
due to the lack of separability in the wavefunction (e.g., Ho molecule dissociation at a large distance).
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The ground-state wavefunction and energy can be expanded as a Taylor series in
powers of the perturbation parameter A,
@ = 2090 4 1y 4 129@ 4 .. g
(3.41)
E=2EQ+ V'EDW + A2E@ + ...+ A"E™,
where the YO ¥@  and EW, E@ . are first- and second-order,... corrections
to the wavefunction and the energy, respectively. Here we set the A parameter
to 1, then the nth-order energy or wavefunction is obtained by summing over all
terms up to n-th order. Finally, the Schrodinger equation can be written in terms
of perturbative corrections and solved for each order correction.
@O+ A (PO + gD L g®@ 4 )
=EQ+EV+E® +. .+ EM)(p O+ w1 ¢@ ),
In 1934, Mgller and Plesset [128] first proposed a perturbative method for

treating atoms and molecules by taking Hartree—Fock solution as the zeroth-

(3.42)

order approximation. Later this approximation approach has been developed
as Mpgller—Plesset Perturbation Theory (MPPT) [124, 129, 130]. In contrast to
the CI methods, the MPPT hierarchy (or MPn methods up to the n-th order
correction) is size consistent because the selection of interaction terms by the
perturbation formalism produces size-consistency. Unlike CI variational methods,
the MPn methods are not variational, and adding higher orders of the perturbation
expansion can not guarantee achieving higher accuracy. In MPn methods, the
most common way is to truncate up to the second-order, which is known as MP2
method.

The starting point of MPn method is to take the sum of one-electron Fock oper-
ator as the zeroth-order Hamiltonian, } ; F;(1), and the zeroth-order wavefunction
being the solution of this zeroth-order Hamiltonian. Then, the MPO energy equals

the sum of HF orbital energies.
N
E(O) — <\I](0) |IfI(0)| \I}(O)) — Zei- (3.43)
i

Note that this simple sum of one-electron Fock operators leads to double counting
of the electron-electron repulsion (Coulomb and exchange energies). In the first-
order Correction of MPPT (MP1), the Hamiltonian correction, B (1), eliminates the
double-counted Coulomb and exchange operators in Eq. (3.44), resulting in the HF
energy in Eq. (3.45) [131]. In other words, this correction reflects the difference
between the true electron-electron interactions and the mean-field approximation.
NN 1 NN
AV=YY —-Y 3 (J;()-K;()), (3.44)

TS A7 A
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Hence, the HF energy is equivalent to the zeroth-order plus first-order MPPT
energy corrections,
Eyp1 :E(O) +E(1)
— <\I](0) |IA{(0)| \I](O)> + <\P(0) |ﬁ(1)| \P(0)>
A (3.45)
— <\Ij(0) it \IJ(O)>
= Eyr.

Since the zeroth-order and first-order correction ends up with the HF solution,
then adding the second-order correction is necessary to account for the correlation
energy. The second-order correction takes into account the double-excited configu-
rations and their interactions with the ground-state configuration, after applying

Condon—Slater rules. The second-order correction can be obtained as

oce oce vir vir [(ijlab) - (ia| ib)]?
PO 3 30 3 el (3.46)

i i<j @ a<b €iTE€j—€q—Ep

where €; denotes the energy of the i-th HF orbital. For the summation, “occ”
represents the number of occupied orbitals, and “vir” denotes the number of
virtual (unoccupied) orbitals. E@ only depends on the orbital energies and two-
electron integrals over MO basis. The total electronic energy of MP2 is calculated
by summing the E©® ED and E® terms. Hence, the correlation energy from
MP2 calculation is, EFD, = E®_ In general, MP2 calculations can recover around
80 —90% of the correlation energy. Moreover, MP2 is a relatively efficient method
compared to other post-HF methods; it does not require an extra iterating process
after the SCF calculation. The main computation cost (or bottle neck) of MP2 is
due to the transformation of two-electron integrals from AO to MO, thus MP2 cost

is roughly scaled as G(M®), where M is the number of basis functions.
3) Coupled-cluster methods

The cluster expansion technique was initially developed by nuclear physicists
in the 1950s [132, 133], but actual applications of coupled-cluster (CC) theory
on quantum chemistry began after 1966. Cizek [134] extended the method for
calculating electron correlation in atoms and molecules. The CC methods are one
of the most successful ab initio methods in electronic structure calculations. In CC

theory, the exact wavefunction, |¥), is expressed by using an exponential ansatz,
IWee) =e” @), (3.47)

where |®g) is the reference wavefunction, and 7' denotes the cluster operator.

Note that the reference wavefunction can be the Hartree-Fock wavefunction
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(single-determinant), a Multi-Configurational Self-Consistent Field (MCSCF)
wavefunction, a Multireference Configuration Interaction (MRCI) wavefunction,
etc. Here we only present the case in which the Hartree-Fock wavefunction is

used as a reference. The exponential ansatz can be expanded in Taylor series,

A p2 3 0o
T4+ —+—+- Z

o T3 (3.48)

?v'| =l

where the cluster operator 7' is defined as a sum of N excitation terms (where N
denotes the total number of electrons): all single excitations (N = 1), all double

excitations (N = 2), all triple excitations (IV = 3), etc.
T=T1+To+Tg+-+Tn. (3.49)

Applying the full cluster operator expansion terms to the reference (e.g., Hartree-
Fock) wavefunction, ®(, we can obtain all possible Slater determinants, so the full
CC wavefunction is equivalent to the FCI wavefunction. Each cluster operator
expansion term 7'y or their product terms can generate configurations associated
with cluster amplitudes (e.g., t‘il, t‘i‘JI.’),

occ vir

Ty1@oy =) Y ¢419%)
i a

occ vir

_ ab | gab
Tol®o) =Y ) #1710¢)) (3.50)
i<ja<b
o occ vir b d bed
ab e abe
T2|q)0> ; a;)tlj 2] cI)L]kl )
k<Jl c<d

The full CC expansion is impractical, thus requiring the adoption of a truncated
cluster expansion. Due to the high complexity and computation cost, the cluster
operator is usually truncated up to single and double excitations, which is known
as CCSD method [135]. CCSD is widely used as a correlation method. Adding a
correction of perturbative triples (also includes a singles/triples coupling term)
produces the CCSD(T) [136], which is nowadays considered as the gold-standard
method in the quantum chemistry community.

Unlike the CI methods, the CC methods are size extensive due to the exponen-
tial ansatz form of the wavefunction. The CC methods are size consistent because
the CC wavefunction expansion contains both connected (7'y) and disconnected
(TIQV) terms, and the disconnected terms that contribute to higher excitation levels
ensure the size-consistency. Ty corresponds to true N-electrons interacting si-

multaneously, while a disconnected term (e.g., TIZ\,) is associated with correlations
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between N non-interacting electron pairs. More concretely, comparing the cluster
expansion with the FCI wavefunction expansion in Eq. (3.35), we can draw a map
between the cluster operators (and their products) and the CI coefficient c¢; at
each excitation level [125, 137].

co—1

Cs‘-’Tl

o1
CD < (T2 + §T1)
1 (3.51)
cT < (Ts + T To + gT?)

T sz T l’f‘zf’ 1T4
—(Ty+=T5+ + — +—
cq—(Ty ole *Thls+ oI Te+ o7 1)

However, the CC methods are usually not solved variationally, because the ex-
tremely high complexity of variational CC wavefunction expansion leads to a very
expensive treatment of nonlinear equations [138]. As a Single-Reference method,
the coupled cluster single and double excitations (CCSD) energy is formulated
by projecting CC Schrodinger equation onto the Single-Reference (Hartree-Fock)
wavefunction,

Eccsp = (YurlH|¥ccsp), (3.52)

where the CCSD wavefunction is given by
|Wocsp) = e +72 | Wyp)
o1 1
=(1 + Ty +To+ 5T§+T1T2+g:r§’+---)|\PHF>_ (8.53)
~ ~ —— ——
0 S D T
Now let us use a projection manifold, (¥ ,| = (‘PHFI‘?L, which involves all deter-
minants of single and double excitations [139]. The projected CCSD equations is
given by o o
(Parple T MH T\ Wyp) = Ecosp
S A (3.54)
<\Iju|e*(T1+T2)I_AIe(T1+T2)|\IJHF> —0.
By solving the above Eq. (3.54), we obtain the energy of CCSD, as well as the
amplitudes. However, these nonlinear equations must be solved iteratively, so
the CCSD requires an additional iterative process after the convergence of SCF.

Furthermore, only the amplitudes of singles ¢ and doubles t‘i’jb contribute directly
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to the CCSD energy and the two-particle operator Hamiltonian. For closed-shell
systems, the CCSD energy can be written as
Eccsp =Enr + Z‘(t?}’ +t?t?)Liajb, (3.55)
aibj
where the term L, j;, can be calculated in terms of g;,;, which are the two-electron

integrals in general MO basis,
Liyjp =28iajb — 8ibja- (3.56)

In general, CCSD generates energy with higher accuracy than CISD and MP2.
In particular, it can recover around 98% of correlation energy in most weakly-
correlated systems (e.g., nitrogen molecule at equilibrium, the ground state of
methane), while it usually fails at calculating some strongly-correlated systems
(e.g., nitrogen molecule separated at a large distance, the ground state of ozone
molecule). The computational cost of CCSD is roughly scaled as G(M®), while
using some techniques (same for CISD), it can be reduced to G(M2,, M“fl.r), where
M. stands for the number of occupied orbitals and My;, denotes the number of

virtual orbitals.
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3.1.5 Multireference Methods

The SR wavefunctions are insufficient to describe strongly correlated systems,
such as nitrogen molecule dissociation, the ground state of the ozone molecule,
transition metal complexes, and among others. The wavefunctions of these strongly
correlated systems are predominantly influenced by multiple electronic configura-
tions. To accurately describe such systems, MR wavefunction methods are com-
monly employed. MR wavefunction methods utilize a reference wavefunction that
is a superposition of multiple Slater determinants, instead of a single-determinant
(Hartree-Fock) wavefunction®.

The most common MR wavefunction method is Multi-Configuration Self-
Consistent Field (MCSCF). In MCSCF theory, the multi-configurational (MC)
wavefunction, |Wyic), can be constructed as a linear combination of selected Slater

determinants (or Configuration State Functions, CSF's),

M
[Yme) = ZCiI‘Di), (3.57)

where ./ is the number of selected Slater determinants or CSFs. The MCSCF is
a variational method. If the wavefunction |Wyic) is constructed from all possible
Slater determinants or CSF's, then the MCSCF gets equivalent to the FCI solution.
Unlike Single-Reference CI methods, the orbitals within the selected configura-
tions and the CI coefficients are both optimized in MCSCF procedure [140, 141].
Specifically, the MCSCF energy is computed by minimizing the expectation value
in terms of orbitals, {¢;}, and CI coefficients, {c;}, under some constraints (e.g.,
Yc;=1and {¢p;l¢;) =65;;),

. (YmclHI¥Me)
Eyicscr = min min

iy (3.58)
¢} feid  (PmclPme)

However, one of the technical difficulties of MCSCF methods is to effectively se-
lect appropriate configurations for constructing the MC wavefunction. A straight-
forward approach is applying some techniques to select significant configurations
generated in the FCI space, such as Knowles (a priori selected) FCI algorithm
[142], Configuration Interaction with Perturbative Selection through Iterations
(CIPSI) [143] and other attainable selected CI algorithms [144—148]. These meth-

ods can achieve FCI accuracy by directly selecting FCI determinants, and they

6Some authors might consider that the HF wavefunction contains more than one Slater de-
terminant in some open-shell cases (e.g., some He excited states), while it involves a single Slater
determinant for closed-shell systems [113].
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are often regarded as quasi-exact solutions rather than MCSCF methods. Un-
fortunately, the extremely high computational demand limits the applications of
these methods.

More practically, one of the most widely applied MCSCF methods is the
Complete-Active-Space Self-Consistent Field (CASSCF) method [149-152], in
which selecting configurations is done indirectly by dividing the orbitals into active
and inactive spaces. The active orbitals are chosen by users, and they are usually
some frontier orbitals near the Highest Occupied Molecular Orbital (HOMO)
and the Lowest Unoccupied Molecular Orbital (LUMO). The inactive orbitals are
always either doubly occupied (with 2 electrons) or empty (with 0 electrons). Here
we use the common notation CASSCF(n,m) which means that n electrons and m
active orbitals in CAS space are used to form all possible configurations in this
reduced FCI wavefunction expansion. Then, the MCSCF optimization procedure
is done with this CASSCF wavefunction. However, the CASSCF wavefunction,
which is constructed through the FCI expansion within the CAS space, becomes
excessively large and impractical when the CAS space expands significantly. On
the other hand, another variant of CASSCF is the Restricted Active Space Self-
Consistent Field (RASSCF) method [153]. In RASSCEF, the active orbitals are split
into three subspaces, RAS1, RAS2 and RAS3, the configurations are selected by
following some additional rules, such as the configurations in RAS2 space can
only be formed by exciting maximum 2 electrons from RAS1 to maximum 2 holes
in RAS3 space. Despite the difficulty in optimizing RASSCF wavefunctions, they
can usually handle larger active spaces than CASSCF thanks to these additional
restriction rules. Nonetheless, CASSCF and RASSCF calculations are not black-
box methods and require more technical expertise and insight than SR methods
(e.g., HF, CISD, MP2, CCSD). Particularly, one needs to pay careful attention
on selecting the active orbitals within active space in a CASSCF or RASSCF
calculation. Moreover, as the computational cost scales exponentially, only limited

active orbitals can be chosen.

It is worth noting that some helpful techniques for the selection of active
orbitals in CAS space have been suggested. Pulay et al. [154] proposed some
criteria based on the natural orbital occupation n; of Unrestricted Hartree-Fock
(UHF) calculations [155]. For example, the double-occupied UHF natural orbitals
in the range of 0.02 < n; < 1.98 can be generally taken included in the CAS space.
Another efficient approach is to select active orbitals based on sorted n; from an
MP2 calculation [156]. Recently, Reiher et al. [157-159] developed an autoCAS

program [160] by using orbital entanglement measures to systematically select
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active statically corrected orbitals for CASSCF calculations. Particularly, the
orbital entanglement indices show noticeable potential to reduce the complexity
of MCSCF methods.

Furthermore, Multireference Configuration Interaction (MRCI) methods have
been developed over several decades [161-167]. These variational methods include
many configurations in the MRCI wavefunction to achieve lower energy and high
accuracy. However, truncated MRCI methods lack size extensivity and size consis-
tency, making them impractical for large systems or systems with numerous ac-
tive orbitals and excitations. Furthermore, alternative MR wavefunction methods
have been implemented over the past decades, such as Multireference Coupled-
Cluster (MRCC) [168-171], as well as perturbation theory-based methods like
Complete-Active-Space second-order Perturbation Theory (CASPT2) [172, 173]
and N-electron Valence State Perturbation Theory (NEVPT2) [174]. Nevertheless,
these MR methods are computationally demanding and are impractical for large

systems.
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3.2 Pair Density and its Partitions

3.2.1 Reduced Quantites

The concept of Density Matrices (DMs) was first introduced by Landau [175], von
Neumann [176], and others in later of the 1920s, it was initially developed to
handle mixtures of pure states or describe the properties of ensemble quantum
systems [177-179]. In a quantum system, the wavefunction describes only a pure
state, while the DMs describe a statistical ensemble of pure states (i.e., mixed
states). Furthermore, Born’s probability density interpretation of the wavefunction
[180] established the connection between the wavefunction and the DMs. The
N-order DMs which describe the probability distribution of finding a particle in a

specific quantum state, can be obtained from N-electron wavefuction,
on(1,2,--- ,N;1',2',.-. N)=W¥*(1,2,..N)¥1',2,..N"). (3.59)

When considering the correlation between particles, the concept of n-Order Re-
duced Density Matrices (n-RDMs) becomes helpful, providing information about
the correlation of motion between n particles in a system. The n-RDMs of an
N-electron system can be directly derived from the N-order DMs [121, 179, 181],

N
pn(l,---,n;l’,-~-,n’):( )n!f-~-pr(1,~--,N;l’,--~,n’,n+1,-~-N) (3.60)
n

d(n +1)...dN,

where the normalization follows McWeeny’s convention [182].

In quantum chemistry or physics, among the n-RDMs, the first-order RDM
(1-RDM) and the second-order RDM (2-RDM) are the most used [179, 181]. They
are the only ones required for calculating electronic energies, and they offer
advantages such as containing fewer variables than the wavefunction of an N-
electron system. Moreover, certain quantities derived from the 1-RDM and 2-RDM
play significant roles in various molecular analyses. For instance, the 1-RDM
provides Natural Orbitals (NO) and occupation numbers, while the 2-RDM yields
the pair density [121, 179, 181]. Additionally, the 2-RDM explicitly determines
the total angular spin momentum [183].

The 2-RDM, noted as p2(1,2;1',2"), describes exactly a two-electron quantum

system in mixed states. The 2-RDM can be obtained from a wavefunction,
p2(1,2;1’,2’):N(N—1)]---f‘{’*(1,2,3...N)‘P(1’,2’,3...N) d3..dN, (3.61)

where N is the total number of electrons. The diagonal components of the 2-RDM
(1=1" and 2=2’) give the electron pair density p2(1,2), which is related to the
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probability of finding two electrons at positions 1 and 2, regardless of the position
of the other N — 2 electrons,

P2(1,2)=N(N—l)f-nf‘{’*(1,2,3...N)‘I’(1,2,3...N) d3...dN
(3.62)

=p2(1,2;1',2))121 2 =9

The normalization factor N(INV — 1) ensures the integration of pa(1,2) to give the
number of (unsorted) electron pairs. The pair density contains explicit information
on the relative motion of electron pairs.

Since electronic Hamiltonian is written as a sum of one-electron and two-
electron operators, and the two-electron operator which accounts for electron-
electron repulsion is expressed through the Coulomb operator 1/r12, the 2-RDM
is the lowest-rank n-RDM that is required to calculate the total electronic en-
ergy. Unfortunately, because of the N-representability problem, there is no guar-
antee that minimizing the energy with respect to the 2-RDM will result in a
variational solution. Until very recently, Mazziotti et al. [184] found a solution
for N-representability conditions concerning the ground-state 2-RDM. Their ap-
proach generates a complete hierarchy of 2-RDM constraints without explicit
dependencies on higher-rank n-RDMs or the wavefunction.

With respect to the 1-RDM, noted as p1(1;1’), the necessary and sufficient
N-representability conditions are known and easily imposed [185]. The 1-RDM
based approximation methods, which calculate energy only as a functional of 1-
RDM, have been developed and known as the Reduced Density Matrix Functional
Theory (RDMFT) [186-193]. The 1-RDM is written as

pl(l;l’)=Nf--'f‘P*(1,2,3...N)‘I/(1',2,3...N) d2...dN, (3.63)

where the normalization factor corresponds to the number of electrons. The 1-RDM
can be yielded straightforwardly from 2-RDM by reduction of one coordinate,

1
1,1 =—f 1,2:1,2")y—s d2. 3.64
p1(1;1) N_1 pa( or=2 (3.64)

The 1-RDM is a Hermitian matrix, and it can be diagonalized with a unitary
matrix. The eigenvalues are called the natural orbital occupation numbers n; and
the eigenvectors are natural orbitals qb?o. The N-representability of the 1-RDM
requires that the eigenvalues n; (spin-summed, i.e., n; = ¥, n7) must be between
0 and 2, and their sum should be the number of electrons N [121, 185, 194].

The one-electron density, p1(1), used in the popular Density Functional Theory
(DFT) [195] is equivalent to the diagonal components of the 1-RDM, denoted
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as p1(1) = p1(1;1). Thus, p1(1) can be expressed in terms of spin-natural orbital

occupation numbers n? and spin-natural orbitals (/)?I(?(l),
P11 =Y n7lprs (DI, (3.65)
o,i

Moreover, p1(1) can also be yielded by the pair density by integrating out one

coordinate,

1
p1(1)= o — f 09(1,2) d2. (3.66)

The development of Density Functional Approximations (DFAs) aims to seek a
universal energy density functional. In the framework of DFT, Hohenberg-Kohn
theorems [196] state that the whole information of a quantum system is contained
in the ground-state one-electron density. Thus, this statement must also hold for
any other higher-order n-RDMs.

The one-electron energies (i.e., kinetic energy and electron-nuclear attraction
energy) can be explicitly determined by the 1-RDM. To calculate the two-electron
energy (i.e., electron-electron repulsion energy), the full 2-RDM is not required.
Insteadly, the diagonal part of 2-RDM (i.e., the pair density) is sufficient to
calculate the electron-electron repulsion energy. Thence, the total electronic energy
(i.e., its expectation value) can be evaluated as an explicit functional of the 2-RDM
[197],

Elp2(1,2;1',2)] = Tlp1(1;1)]+ Ven[p1 (D] + Vee[p2(1,2)] (3.67)
and the kinetic energy term T, electron-nuclear attraction energy term Vg, and

electron-electron repulsion energy term Vg, after summing over the electron spin

are given by:

1
Tlp1(r;r)l= —5[ Vz,l ,01(1‘1;1"1)|,./1=,.1 dry, (3.68)
Nnge r Zpp1(r1)
Venlp1(rp)] =— —dry, (3.69)
A llr1 — Rall
1 p2(ry,r2)
Veelpa(r1,r)] = ] f 2 ey dres, (3.70)
2 rig

where the interelectronic distance, rig = ||r; —rg||, was defined previously in
Eq. (3.25).

For a Single-Determinant (SD) wavefunction, the 2-RDM can be written in
terms of the 1-RDM [121],

P21 pFP(1;2)
ptP2;1) pfP(2;2)
= 0P (1;107°(2;2) - p7P(1;2)p77(2; 1),

p37(1,2;1',2) =

(3.71)
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A general approximation of the 2-RDM for non-SD wavefunctions is given by
[198, 199]
50(1,2;1',2) = p1(1;1)p1(2;2) — p1(1;2)p1(2;1). (3.72)

The cumulant part of 2-RDM [200-205], which measures the correlations between

pairs of electrons in a quantum system, can be deduced from the actual 2-RDM,
pSmul(1,2:1',2") = pa(1,2;1',2) - p5P(1,2;1,2). (3.73)

Likewise, the SD pair density and cumulant part of the actual pair density can be

written as [3],

p5P(1,2) = p3P(p1,1,2) = p1(D)p1(2) - p1(1;2)p1(2; 1) (3.74)
psumul(q 9) = ptumul(y, 1.9) = pg(1,2) - p5L(1,2). (3.75)

The Ve, energy term calculated from pZD(l 2), denoted as VEP, can be expressed

as the sum of HF Coulomb and exchange energy functionals:

b2
VSP[pSP(1,2)] = - ffpz

1)p1(2) 1 -p1(1;2)p1(2;1) (3.76)
By f&dlm_ [ [romen
? ri2 ? rie

Jlp1(1)] Klp1(1;1)]

Hence, the Ve energy term of actual pair density can be calculated as a sum of
VEP[pSP(1,2)] and Clpg™™ul(1,2)],

Veelpa(1,2)1 = VEP[p5P(1,2)] + CLpg™™(1,2)]

! (3.77)
= Jp1(D1+Klp1(1;101+ Clpg™(1,2)].

3.2.2 Pair Density in the AO Basis

The pair density can also be represented in the AO basis, as shown in Eq. (3.78).
We note that this representation will be frequently used in our work of using
approximate pair density to evaluate Ve, particularly in the study of London

dispersion interactions (we refer to Chapter 6 to Chapter 8).

p2(1,2)= Y DuvorxiMxv(Dys2)xa(2), (3.78)
uvol

where 2D wvor denotes the matrix representation of the 2-RDM in the AO basis.
Each element is associated with a two-electron AO term, y,(1)xv(1)x5(2)xa(2).

The indices y, v, o, and A correspond to the AO indices. Since we employ real
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orbitals, then the superscript “ * ” will be dropped out from now on. Then, the

electron-electron interaction energy Ve, can be evaluated by

1 pe(1,2)
S
2 rig

Dxv(Dxs(2)x2(2)
:_Z ,Maffxu IR I 41 de. (3.79)

yvul r12

Following Eq. (3.78) and Eq. (3.79), the actual correlated pair density and
electron-electron interaction energy can be described as a sum of all the con-
tributions from two-electron AO quartets. Moreover, once using the 2-RDM of
Hartree-Fock (HF) in Eq. (3.78) and Eq. (3.79), we recover the HF results. The
contribution of Vi to the correlation energy, denoted as, V2™, (see Eq. (3.89)
defined in Section 3.2.4), can be analyzed term by term based on the two-electron
AO quartets, y,(1x(1)xs(2)x21(2).

VCOI'I'

ee

f f [p2(1,2) - pEF(, 2)]
2

ri2

DDy @12(2)
Z_Z( wor ~2DHE ) ffx” MR d1d2. (3.80)

uvaﬂ riz

Likewise, the first-order reduced density matrix can be expressed in the AO
basis,
p1(1;1) =Y 1Dy (Dy (1), (3.81)
%%

where 1DW denotes the matrix representation of the 1-RDM in the AO basis,
and it is associated with each one-electron AO term, y,(1)y,(1). Thus, the SD

approximate pair density can be written as

p5P(1,2) =p1(1)p1(2) - p1(1;2)p1(2;1)

=Y (*Duv'Dor =Dy ' Dov) 1u(Du(Dxo(212(2), (3.82)
uvod

where 1D wv corresponds to the matrix form of the 1-RDM in the AO basis. Thus

the corresponding SD electron-electron interaction energy, VeSeD, can be written as

vSD - ffpz(1)12

Dxv(Dxe(2)x1(2)
=5 Z ,uV Ul_le/llDo'v)ff e Y r1X2 1 d1d2. (383)

uvol
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3.2.3 Intracule Density

The notion of intracule was introduced by Debye [206] in 1915 and first applied
in quantum chemistry calculations by Coulson and Neilson in 1961 when they
studied the electron correlation in the ground state of the helium atom [207]. The
(three-dimensional position) intracule density, which characterizes the interaction

between electron pairs [208], is given by

I(s)=ffp2(1,2)6(s—r12) dide, (3.84)

where s denotes the interelectronic separation vector between the two electrons
in real space, and its module is noted as, s = ||s||. The Dirac delta, §, ensures the
integration to be done only at s =ris. As the electron spin coordinate variables
have been integrated out, the intracule density is solely dependent on the inter-
electronic distance between two electrons. The intracule density is interpreted as
the probability density of finding two electrons separated by a distance vector, s.

The intracule approach provides a convenient way to visualize and analyze
the electron-pair distribution. Moreover, the evaluation of Vi, in Eq. (3.70) can be
performed analytically or numerically using the pair-density intracule [209-213],

1 1I(s)
e == | —ds, (3.85)
2 s

where I(s) only depends on the variable s. In practice, to calculate the intracule
density, we need to substitute the two-electron three-dimensional spatial coordi-
nate vectors r; and re of pair density pa(1,2) by extracule and intracule vectors,

Ris and rys:

riog =r1—ro. (386)

Then the pair density p2(1,2) turns into pa(R12,r12), the three-dimensional in-

tracule density can be obtained by integrating out the extracule vector Ri2

I(S)=ffpz(Rm,rlz)(S(s—r12)dR12dP12~ (3.87)

Subsequently, I(s) can be transformed to the radial intracule density I(s) which
solely depends on the radial component of the intracule and reduces the dimen-
sionality of variables. The three-dimensional intracule density can be expressed
in terms of spherical coordinates (r12,012,¢12) and multiplied by the Jacobian
term r%2 sinfy2, then the radial intracule density can be generated by integrating

out the angular part: 612 and ¢19,

I(S)=fffl(r12,912,¢12)r%2 sinf12 6(s —r12) df12dgpr2drio. (3.88)
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The radial intracule density is a spherically averaged quantity and is more con-
venient for visualizing and analyzing the electron-pair distribution [214-218].
This thesis adopts the radial intracule density in the context of range separation,
encompassing short-range (s — 0) and long-range (s — R) regions, where R repre-

sents the separation distance between two atoms or two molecular fragments.

3.2.4 Correlation Energy and the Coulomb Hole

Ziesche et al. [219] stated “the correlation energy of a state is an energetic measure
of the strength of correlation present in that state”. To investigate the strength of

correlation in terms of a certain reduced quantity (i.e., 1-RDM, electron density,

X
corr?

pair density), we split the electron correlation energy, E as shown in Eq. (3.34),
into three components: the contributions of the kinetic energy, the electron-nuclear

attraction energy, and the electron-electron interaction energy,

EX =Ex-Enr

corr

=X - 1)+ (VX - VI 4 (v - VED). (3.89)
Teorr Vezngrr Vezegrr

In the context of method X being FCI, the variational principle ensures that
the FCI energy will always be equal to or below the HF energy. As a result, the
correlation energy must be negative (except for one-electron systems). Recently,
Burke et al. [220] explored the conjecture that the HF kinetic energy would never
exceed the exact kinetic energy (i.e., T°"™ < 0), which was validated on some
atoms, ions, or molecules at equilibrium. Nevertheless, there has not been yet
rigorous proof for this conjecture. In practice, this conjecture is considered valid in
most molecular systems. Furthermore, for a given molecular system, the Vg, term
is only determined by the one-electron density in Eq. (3.69), thus the magnitude of
V™| depends on the density difference between method X and HF. In principle,
a density more accurate than HF one can give a better estimation of V™. Since
the electron-electron interaction energy is an explicit functional of the pair density
(see Eq. (3.70)), an improvement of pair density beyond the HF level is expected
to yield more accurate V&' . In this thesis, we are more interested in the V'™
term among these three correlation energy components, as it is directly linked to
pair density.

As the HF energy is taken as reference to evaluate the correlation energy
in Eq. (3.34), the HF method is usually considered as an uncorrelated method.
Nonetheless, the electron motions described by the HF wavefunction are not

completely independent, differing from the Hartree product wavefunction in
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FIGURE 3.2: Coulomb hole represented by radial intracule density, obtained from
Hy molecule with internuclear separation of 12 A, calculated at the FCI/aug-cc-
pVTZ level.

Eq. (3.13), which treats electrons independently. The spin-separated HF pair
density is given by

PP (1,2) = PP (1)pHF(2) - oM (1;2) 2

HF,p

(3.90)
pp 1,2 = p " e ).

For two electrons with the same spin (referred to as “parallel spin" in some hand-
books), the probability of these electrons being very close to each other should
be very small [5]. In a particular case, the fact that the probability of finding
both electron 1 and electron 2 at position 1 equals zero, p?F’a“(l, 1) =0, is indeed
a direct consequence of the Pauli principle. Thus, the motion of electrons with
the same spin is correlated in HF, this correlation is called the Fermi correlation.
This type of correlation arises from the correct description of antisymmetry of the
wavefunction of fermions. Therefore, the Fermi correlation is a direct consequence
of the Pauli principle from the quantum nature of molecules [221]. Nonetheless,
the two electrons with opposite spin, p;{F’aﬁ (1,2) only depends on the individual
one-electron densities p?F’a(l) and p?F’ﬁ (2). Hence, the two electrons with oppo-
site spin are uncorrelated in HF,” and the opposite spin correlation is also called
Coulomb correlation.

In 1961, Coulson and Neilson [207] introduced the Coulomb hole as a measure
of the Coulomb correlation in terms of the radial intracule density deviation

from different ground-state wavefunctions of Helium. As defined by Coulson and

“In probability, P(A nB) = P(A)P(B), indicates A and B are independent events.
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Neilson, the Coulomb hole can be determined by taking the difference between
the radial intracule densities from the exact and an uncorrelated reference (e.g.,
HF).® More practically, the Coulomb hole can be evaluated as the radial intracule

density difference between any actual correlation method X and HF [3],
he(s) = Al(s) = IX(s) - IME (s). (3.91)

where the difference between radial intracule densities, AI.(s), can be transformed
from the difference between pair densities, Ap§(1,2), by using Eq. (3.87) and
Eq. (3.88),

Ap5(1,2) = pX(1,2) - pi¥(1,2), (3.92)

Fig. 3.2 shows the Coulomb hole of the Hg molecule dissociation at an inter-
atomic distance of R = 12 A, where R represents the separation distance between
the two hydrogen atoms. The Coulomb hole exhibits two distinct peaks: one at
short-range (s — 0) and the other at long-range (s — R), clearly separated from
each other in this case. Coulson and Nielson [207] pointed out that electron corre-
lation results in a reduced probability of finding the electrons in close proximity
and an increased likelihood of the electrons being separated by larger distances.
Consequently, the Coulomb hole exhibits negative values at short range, where
electrons approach each other, and positive values at long range, where electrons
are distant from each other. Notwithstanding, a counterintuitive secondary hole
has been revealed in the ground state of the helium atom and helium-like ions, in
which the hole shows small negative values at large separations of the two elec-
trons. [222] Although the positive and negative areas of the Coulomb hole cancel
each other out (i.e., a net integration of 4.(s) over s equalling zero), integrating
hc(s)/s over s yields VZ™ as defined in Eq. (3.89).

3.2.5 Coulomb Hole Partitions

In recent years, our group [3, 13, 92] introduced a natural separation scheme
for the Coulomb hole by utilizing the SD approximate pair density, defined in
Eq. (3.74) [121]. This approach allows the division of the Coulomb hole into two

distinct components: A, (s) and A, (s),
he(s)=he(8)+hey(s)= I(ApgI ,8)+ I(ApgII ,S), (3.93)

where I(Apy',s) and I(Apy", s) represent that the intracule I is a function of Apy!

and Apgn, and in terms of the radial intracule variable s. By using Eq. (3.87) and

8Note that another well-known definition of the Coulomb hole not used in this thesis was proposed
by McWeeny, and it is defined as the opposite-spin component of the exchange-correlation hole [182].
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FIGURE 3.3: Decomposition of actual pair density [3].

Eq. (3.88), the above Eq. (3.93) of Coulomb hole partitions can be derived from the
pair density partitions: A,ogI and Apgn,

ApS = p5P(p%,1,2) - p5F(1,2)+ p3 (1,2) - p5P (0T, 1,2), (3.94)

A;:;I A;r;II

where pgD(p‘f ,1,2) denotes the SD approximate pair density which is a function
of the 1-RDM from method X, denoted as p. We note that Apy" = pgumul jn
Eq. (3.75).

Fig. 3.3 shows the scheme that decomposes the correlation part of the actual
pair density, Ap§, into Apy' (in path cp) and Apy" (in path cyp), by using an SD
approximate pair density. In recent years, the SD approximate pair density has
been proven not to include dynamic correlation [3, 91, 193]. Thus, path ¢y is
designed to retrieve the difference between the SD approximate pair density
pSP(p1,1,2) and HF pair density pfF (ofF, 1,2) giving Ap!. Path cy is devised to
evaluate the difference between the actual pair density p2(p1,1,2) and the SD
approximate pair density pg’D(pl, 1,2) producing Apgn. Note that Apgn coincides
with the cumulant part of the pair density [200, 202]. It has been demonstrated
[3, 92] that the pair density partitions Apy' and Ap;" can be used to identify
systems with dominant nondynamic or dynamic correlation.

With respect to energy, inspired by the correlation energy decomposition
scheme proposed by Ludefia et al. [223, 224], Cioslowski [225], and previous
work of our group [3, 92], the term V' can be decomposed into two parts: AVea
and AV, Following the pair density partition in Fig. 3.3 and radial intracule
transformation in Eq. (3.87) and Eq. (3.88), AV can be calculated through
I(Apy',s) and AVea' through I(Apy",s),

1 I(ApS,s) 1 I(Apt,s)
Vggrr = AVeceI +AVeceH = _f —2d8+ —f Tzd

2 5 s, (3.95)

where V'™ denotes the correlation energy contributed by the electron-electron

interaction, as defined in Eq. (3.89).
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FIGURE 3.4: Coulomb hole partitions, obtained from the Ho molecule separated
at 12 A, calculated at the FCI/aug-cc-pVTZ level.

Fig. 3.4 illustrates the partitions of the Coulomb hole (see Fig. 3.2) for the
Hy dissociation. The Coulomb hole is divided into two components: A.;, which
primarily contributes to the long-range electron correlation, and %.,;, which is
mainly responsible for the short-range electron correlation. Furthermore, the
inset figure exhibits the tiny long-range component of %, which is useful for
identifying London dispersion interactions [3, 91, 92], see follow-up Section 3.3
and Section 3.5.5.
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3.3 Dynamic and Nondynamic Correlations

In the modern electronic structure theory, electron correlation as one of the
fundamental concepts was first introduced by Wigner and Seitz [5] in 1934,
when they studied the formation of metallic sodium. Nevertheless, until today,
seeking an appropriate and efficient treatment of electron correlation remains
a major challenge [3, 9, 13, 14, 92, 226-230]. Each approximation method is
specifically designed to capture and recover the electron correlation energy to
some extent, thus it is customary to categorize electron correlation in order to
facilitate the development of new methods. Nowadays some distinct notions such
as dynamic [231] or nondynamic (static) [232], Fermi or Coulomb [5, 121, 207],
short-range or long-range [3, 92, 233, 234], left or right [235], radial or angular
[236] correlation are routinely used by theoretical and computational chemists.
Among these notions, probably the most widely discussed ones are the dynamic
and nondynamic (static) correlation [3, 9, 11, 13, 14, 92, 223-225, 229-232, 237].

Dynamic correlation is associated with the instantaneous correlations between
the motions of electrons. In other words, electrons avoid seeing each other due
to the Coulomb repulsion. This type of correlation is universal and it can be well
described by many SR correlated methods (e.g., MP2, CCSD, DFT). Nondynamic
(static) correlation comes from near-degeneracies among orbitals (configurations),
it is system-dependent and it becomes important for systems in which different
orbitals have similar energies. Nondynamic correlation usually requires to be
treated by MR methods (e.g., CASSCF, DMRG).

Another distinction between dynamic and nondynamic correlation is obtained
through the CI coefficients of the FCI wavefunction expansion Eq. (3.35) in a
molecular system. If the magnitude of CI coefficient of the HF reference, cg, is
much larger than all other CI coefficients, |c;| < |cg| (wWhere i # 0), then the HF
method is regarded as a suitable starting point for addressing systems dominated
by dynamic correlation (e.g. Hy at equilibrium distance, He atom, He-like atoms®).
Otherwise, if one or more ¢; are not small compared to cg, the nondynamic
correlation becomes substantial. This often happens due to a small HOMO-LUMO
energy gap, i.e., a near-degeneracy of HF occupied and virtual orbitals (e.g.,
stretched Ho, Be atom, transition metals).

Hollett and Gill [14] identified two types of nondynamic correlations: type A
and type B. The type A nondynamic correlation can be recovered from a broken

symmetry solution (i.e., using the UHF as reference [155, 239, 240]), and it

90r called isoelectronic series of He [238], such as He, Li*, Be2*, B3+, C4*, N°*.
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happens when the orbitals have absolute near-degeneracy. For instance, in the
Hy molecule dissociation, the energy gap between HOMO and LUMO orbitals
decreases, eventually vanishing at the dissociation limit. In UHF calculations, the
loss of spin symmetry occurs when the single bond is stretched beyond a certain
point known as the Coulson-Fisher (CF) point [241]. As the dissociation of Hy goes
beyond the CF point, the energy difference between RHF and UHF calculations
becomes significant. On the other hand, the type B nondynamic correlation arises
from relative near-degeneracy and can not be captured by a broken symmetry
solution. Let us take the example of Be-like ions (e.g., Li~, Be, B*, C2*, N3*).
Although the increase of atomic charge, Z, results in a large HOMO-LUMO
energy gap between 2s and 2p orbitals in absolute terms, it turns smaller relative
to the actual orbital energies, so the system incurs relative near-degeneracy.

The dynamic correlation results in small changes in the electron density
with respect to the HF reference. These small changes can be associated with
local density changes that lead to significant effects on the energy. By contrast,
the nondynamic correlation can provoke large changes in the electron density
compared to the density from the SR wavefunction reference, and it is regarded
as a global change in the electron density distribution [13, 223—-225].

From the perspective of interelectronic separation, Handy and Cohen [11] ex-
plained that dynamic correlation can be connected to short-range interactions and
nondynamic correlation to long-range ones. Nevertheless, this simple connection
is incomplete. Some previous studies of our group [3, 92] have revealed that in the
Coulomb hole partitions Eq. (3.93), k¢, reflects the nondynamic correlation that
predominants at long range, while 4, reflects the dynamic correlation mainly at
short range, but also at long range (London dispersion) [53]. Furthermore, in a
particular case, we take an example of He molecule dissociation (see Fig. 3.2 and
Fig. 3.4), the long-range part (with positive intracule values) of the Coulomb hole
is almost determined by 4, while the short-range part (with negative intracule
values) of the Coulomb hole is mainly determined by A.;,. When the Coulomb
operator 1/r1g is employed, the term A ., becomes more significant at short range,
as expected. The type of correlation that arises from the presence of isolated
electrons at each atom in a molecule at the dissociation limit, should be classified
as nondynamic correlation. Moreover, this nondynamic correlation is predominant
at short range (e.g., it can be captured by short-range part of 2, in the context of

Hj molecule dissociation).
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3.4 Correlation Measures and Multireference Diagnostics

As we have presented previously, the correlation energy, the pair density, or
Coulomb hole partitions can serve as correlation measures, despite that they mea-
sure the electron correlation from different perspectives. In this thesis, we focus on
correlation measures that are represented by real numerical values, typically ob-
tained through wavefunction, energy-based mathematical metrics. These metrics
may not be normalized and can be sensitive to the system’s size. Although finding
a universal and efficient correlation metric remains a challenge [10], various
inherently statistical measures of electron correlation, such as leading coefficients
of wavefunction {c;}, CC or MPPT amplitudes {¢7, t?]()}’ and natural orbital occu-
pations {n;}, have been employed in the literature. In practice, most correlation
measures (or referred metrics) target the quantification of nondynamic correlation
[1, 10, 14, 18, 25, 31, 32, 154, 242-244], and few of them are for measuring dy-
namic correlation [11, 13, 23, 230, 245]. On the other hand, multireference (MR)
diagnostics can be considered as a specific type of correlation measures. They
should be able to identify the presence of significant nondynamic correlation in
molecular systems that conventional SR methods cannot adequately describe. For
this purpose, they should provide a clear binary classification of systems as either
having MR or non-MR character. Moreover, they must be size-intensive, ensuring
that these criteria remain unaffected by scaling the system size. In the context
of size dependency, we highlight that they should have the capability to detect
an MR system, even when this significant MR character is confined to a small
portion of the system.

Over the past several decades, various MR diagnostics have been proposed.
For correlated wavefunction methods, MR diagnostics can be mainly classified into
two big families: wavefunction-based diagnostics and energy-based diagnostics
[32]. On one hand, from the view of the output of correlated wavefunction methods,
the wavefunction-based diagnostics can be divided into three primary subgroups:
co-based diagnostics (for CISD, CASSCEF, etc.), amplitude-based diagnostics (for
MP2, CCSD, etc.), and natural orbital-based diagnostics (for almost all types of
correlated wavefunction methods). On the other hand, we can classify these MR
diagnostics as average measures (e.g., T1), variance measures (e.g., V), maximum
measures (e.g., D1, Do, cg, ng, ng), among others.

In terms of statistical metrics, the average measure provides an overall evalu-
ation of MR character represented by these numbers, while the variance measure
quantifies the extent to which the numbers deviate from their average value. Ad-

ditionally, the maximum (or minimum) measure identifies the largest (or smallest)
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element in this set, indicating the strongest manifestation of MR character. Both
average measures and variance measures are sensitive to the size of the system.
Particularly, if the MR character is concentrated in only a small fragment of a
large molecule, the maximum measures may outperform the average or variance
measure. However, maximum measures can be sensitive to outliers in the dataset.
Especially, when the SR wavefunction fails, arbitrary outliers might be produced.
For instance, in the dissociation of Hy treated with MP2, some values in {n;} could
be abnormal and unphysical, misleading the maximum measure.

Furthermore, there are numerous other diagnostics not covered in this thesis.
Some examples are the Differential Density Matrix Overlap (DDMO) proposed by
Cioslowski [246] for measuring static electron correlation: orbital entanglement
measures developed by Reiher et al. [247] to assess static correlation in DMRG,
and the large eigenvalue of the cumulant part of 2-RDM introduced by Raeber and
Mazziotti [248] as a global indicator of off-diagonal long-range order. Additionally,
there are diagnostics specific to hybrid functionals, such as the B; diagnostic for
the B1LYP functional by Truhlar et al. [249] and the A, diagnostic by Martin et
al. [32] which are based on the sensitivity of detecting systems with MR character
to the amount of HF exchange is included in the hybrid Density Functional
Approximations (DFAs). Grimme et al. [250] have suggested a local real-space
measure of static correlation using fractional orbital occupations within finite-
temperature DFT [251]. In this thesis, the focus is primarily on commonly used

MR diagnostics in wavefunction methods.

3.4.1 cp-based MR Diagnostics

In the previous Section 3.3, we have discussed one of the distinctions between
dynamic and nondynamic correlation by comparing the reference (or dominant)
configuration coefficient cg value with other ¢; values in the CI wavefunction
expansion. Specifically, MR character is associated with the presence of significant
magnitudes of ¢; for configurations other than the reference configuration (the
HF one). Hence, the cg value can be intuitively regarded as an MR diagnostic
for CI methods such as CISD, CASSCEF, etc. Indeed, co-based MR diagnostics
have been recognized by the quantum chemistry community for several decades
[13, 18, 19, 23-25, 32, 33, 126, 252—-254], and some thresholds such as |cg| < 0.95,
1- cg = 0.1 have been employed to detect the MR character of molecular systems
within CI methods [18, 19, 25, 32, 33, 253, 254].

Nevertheless, it has been widely discussed in the literature [3, 13, 18, 19, 23—
25, 246, 252-255] that c(2) is not a reliable diagnostic for quantifying the magnitude
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of electron correlation due to its strong dependence on the chosen reference. The
coefficients ¢; for orthonormal configurations correspond to the overlap between
the overall wavefunction and the i-th configuration [10]. However, the overlap
from truncated CI is not a size-extensive quantity, so only systems with the
same number of electrons can be compared when using cg-based diagnostics [246].
Moreover, as the co-based diagnostics for Single-Reference CI methods (e.g., CISD)
is obtained using canonical HF orbitals, it has been criticized by Lee et al. [25]
that c¢ is strongly biased toward the HF reference. Furthermore, the weight c% of
the leading configuration in a CASSCF wavefunction has been used to diagnose
the MR character in molecules or transition metals [23, 24, 32, 33, 253, 254].
However, 0(2) value of CASSCF wavefunction might be sensitive to the construction
of the active space. Hence, it turns out to be impractical for large active spaces
[18, 254].

3.4.2 Amplitude-based MR Diagnostics

Amplitude-based MR diagnostics have been extensively utilized over the past
three decades, despite their limitation of being applicable only to MPn or CC
methods. These diagnostics involve energy calculations that incorporate single
or double excitation amplitudes, such as ¢¢ and t‘i‘Jl?, respectively. As an early
proposition, the largest amplitudes of #7 and t‘l?Jl? were suggested in the initial
implementation of CCSD algorithm in the ACES program of Bartlett et al. [256]
in 1982. The purpose was to warn users about the potential presence of MR
character in certain SR calculations. Nevertheless, the largest amplitudes, which
are sensitive to the choice of orbitals, tend to be less reliable as MR indicators and
can become ambiguous [257].

Thereafter, Lee and Taylor [25] proposed the T'; diagnostic for CCSD, which
was shown to be superior to the c¢g diagnostic from CISD. T'; diagnostic is defined
as the Euclidean norm (also called “Frobenius norm” for matrices'’ [258]) of the
single-substitution amplitudes t; divided by the square root of the number of
correlated electrons, N¢orr,

[t

T, = ,
V NC()I‘I‘

where the t; amplitudes are also noted as ¢{. The ¢7 amplitudes in Single-

(3.96)

Reference CC wavefunctions govern orbital relaxation [252, 259, 260], and they

indicate the suitability of the HF determinant as the zeroth-order wavefunction

10The Euclidean norm or Frobenius norm for a matrix is given by, ||Al| = ||AllF = /Z Iaij\z.
L
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[261]. Therefore, the 71 diagnostic as an average quantity of the ¢¢ amplitudes
was designed to evaluate the appropriateness of the HF reference. For CCSD,
the criterion of T'; > 0.02 has been proposed for indicating MR character of small
molecules from the main element group of the periodic table [25]. Later, other
criteria like T'; > 0.05 for transition metals [253] and for actinide compounds
[262, 263] have been also suggested. Nonetheless, the T'; diagnostic has been
pointed out as being sensitive to orbital rotation. As an example, a Brueckner
rotation gives rise to vanishing single-excitation amplitudes [264], thus it will
give a zero value of T'; diagnostic. Some years later, Lee et al. [265] also extended
the Euclidean norm approach in Eq. (3.96) to the MP2 method by using single-
substitution amplitudes [266] from the MP2 wavefunction to define 93 diagnostic.
However, it was pointed out by Nielsen and Janssen [244] that 95 diagnostic
was not truly size-intensive, and its dependence on the size of systems leads to
unexpected results when comparing systems of different size.

In contrast to using these average quantities as MR diagnostics, Nielsen and
Janssen [1, 244] defined the D and Dy diagnostics as the maximum value of the

2-norm'! of the two matrices obtained from ¢} and t‘i’Jl.’, respectively.
D1 = max{|[T’]|z, ||T"|l2}, (3.97)

where T° = [t 0,005 T = [¢]v,0), the superscript o(v) denotes the number of active
occupied (virtual) orbitals, and the subscript (o,v) or (v,0) indicates the reshaped

dimension of the ¢; amplitude matrices.
Dy = max{|[T’z, ||T"|l2}, (3.98)

where T’ = [t?j?](ovz,o)’ T = [t?]b](ozv,v)’ the subscript (ov?,0) or (0?v,v) indicates
the reshaped dimension of the t‘L?JZ.’ amplitude matrices.
The D1 and D diagnostics can also be used in both CC and MPn methods. Lee

et al. [265, 266] used the approach in Eq. (3.99) to generate the single-substitution

amplitude #'? in MP2 wavefunction,
Y (aclkd) tlc.]‘g(l) -y (Ck|il)t‘l’]:(1)
t(i%z) =t = cdk clk , (3.99)
€ —€q

where ¢ denotes the HF canonical orbital energy, the two-electron integrals are in

spin-orbitals (in Mulliken notation). Since only the first-order approximation to

11The 2-norm of the matrix, [Allg =1/ Amax(ATA), is defined as the square root of the largest
eigenvalue of the matrix product ATA, where AT denotes the transpose of A.
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the double-substitution amplitudes is readily available, the double-substitution
amplitudes can be obtained from the MP1 wavefunction. Namely, the t‘i‘JI? w ampli-
tudes [139, 265] can be calculated by
(ialjb) - (jalib)
A (3.100)
u €i+ej—€q—€p
Note that the t?jb amplitudes used in the Do(MP2) diagnostic of Janssen and
Nielsen [1] were defined differently based on spatial-orbitals as
(ialjb)

R —— (3.101)
Vooeitej—€q—€p

The D; and D4 diagnostics are size-intensive and they are invariant to or-
bital rotations. Janssen and Nielsen [1, 244] suggested using both diagnostics
together to assess the quality of MP2 and CCSD methods. Thresholds for D and
D9 were provided for small closed-shell molecules (shown in Tab. 3.1). For in-
stance, D1(MP2) = 0.04, D;(CCSD) = 0.05, Do(MP2) > 0.17, and D2(CCSD) > 0.18
indicate the inadequacy of MP2 and CCSD methods, respectively. Conversely, val-
ues below the diagnostic thresholds, such as D1 (MP2) < 0.015, D1(CCSD) < 0.02,
Dy(MP2) < 0.15, and D9(CCSD) < 0.15, indicate reliable SR calculations. It is
important to note that caution should be exercised within the regions between the
adequacy and inadequacy criteria. These criteria for D1 and D4 can effectively

detect the MR character of molecules under consideration.

TABLE 3.1: Criteria of D; and D4 diagnostics proposed by Janssen and Nielsen
[1, 244] for closed-shell molecules.

Quality of Method D;(MP2) D;(CCSD) DyMP2) Dy(CCSD)

Adequate <0.015 <0.02 <0.15 <0.15
Inadequate =0.04 =0.05 >0.17 >(0.18

The limitations or shortcomings of 7'; and D; are summarized as follows:

e The T'; diagnostic is an averaged quantity that fails to indicate the non-
homogeneity of single-substitution amplitudes or possible singular double-
substitution amplitudes. To overcome this limitation, Jiang et al. [253]
suggested using maximal ¢ and t?Jl.’ amplitudes in conjunction with the
T diagnostic to identify MR character in molecules. Furthermore, Lee et
al. [267] extended the T'; diagnostic to open-shell CC theory, similar to its
original definition for closed-shell CCSD.
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¢ For open-shell systems, the above criteria for 7'; and D1 become invalid, as
these criteria were established based on closed-shell systems. Janssen et al.
[268] proposed a different D1 for Restricted Open-shell CCSD (ROCCSD)
(D1 >0.025), indicating inadequate CCSD. However, Lee [26] criticized this
ill-defined D; and introduced a revised version for open-shell molecules. Lee
also emphasized that a large deviation between the ratio T1/D1 and 1/v2
signifies a greater non-homogeneity of the electronic structure, but the ratio
itself does not measure the inadequacy of the CCSD method. In addition,

an open-shell Dy diagnostic has not been defined in the literature.

* Both 71 and D; diagnostics depend on the ¢§ amplitudes, which measure
orbital relaxation. However, the presence of a Bruckner orbital can lead to
zero values for both diagnostics. Bartlett et al. [269] noted that while T
(or D) diagnostics primarily measure orbital relaxation in the reference
determinant, they do not capture multireference and nondynamic correla-
tion. Additionally, large single-substitution amplitudes do not always imply
MR character, as demonstrated in studies of transition metal compounds.
[270, 271]

¢ Transition metal compounds require new thresholds for the Ty and D;
diagnostics to detect MR character. For example, T; > 0.05 and D1 > 0.15
indicate MR character for 3d transition metals [253], while T'; > 0.045 and
D1 >0.12 are proposed for 4d transition metals [254].

* In a recent study of Stair and Evangelista [272], when they examined
hydrogen model systems of different dimensionalities and found that in
CCSD wavefunctions, they revealed that D1 diagnostic primarily measures
the importance of orbital rotations rather than direct electron correlation,

while Dy diagnostic is more closely connected to correlation effects.

3.4.3 Natural Orbital-based Correlation Indices

In Section 3.1.5, we have introduced the criterion of the UHF natural orbital occu-
pations proposed by Pulay et al. [154, 242, 243] to help construct the active space
of CASSCF wavefunctions. Later, Gordon et al. [273] demonstrated that the exis-
tence of non-physical (e.g., negative) natural orbital occupation values indicates
MR character in the correlated SR wavefunction. We note that negative values
of natural orbital occupation arise from the relaxed 1-RDM obtained through

energy derivatives. Since natural orbital occupation numbers are available in
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many quantum chemistry programs and can be readily obtained by diagonalizing
the 1-RDM, natural orbital-based MR diagnostics show great potential as general
MR diagnostics. In this section, we will present some correlation measures based
on natural orbital occupation numbers, and most of them are used for quantifying

nondynamic correlation.
1) Correlation entropy S o+

In 1927, Von Neumann [176] introduced the concept “entropy” from thermodynam-
ics to quantum mechanics. This concept is also widely recognized as “information
entropy” or “Shannon entropy”, named after Shannon, who first applied it in
the field of information theory [274]. Later, Jaynes [275, 276] utilized the infor-
mation entropy in terms of the eigenvalues of the density matrix (i.e., natural
orbital occupations). Collins [277] attempted to link the information entropy to
correlation energy with a proportional relation under certain constraints. Unfortu-
nately, this proportional relation is not practical to determine in a general sense.
Furthermore, Ziesche [27, 28] proposed the information entropy as a measure of
electron correlation strength, so it is nowadays also called “correlation entropy”.
The common formula of correlation entropy, Scorr, 1S given in terms of natural
orbital occupation numbers obtained from correlated wavefunctions. In this work,
we take the form of S¢, given by Ziesche [27, 28] which is normalized by the

number of electrons N,
1
Scorr === _n?In(n?), (3.102)
N o,

where n? is the occupation number of the spin-natural orbital i with spin o.
Ziesche et al. [219, 278, 279] also showed that correlation entropy can be used to
detect strong correlation in small molecular systems (e.g., stretched Hg, harmo-
nium atom [231], two-site Hubbard model [280, 281], etc.). Furthermore, Legeza
and Sélyom [282] used the Von Neumann entropy to characterize the quantum
(strong) correlation within the context of DMRG. Reiher et al. [247, 283] employed
the entropy ansatz for single (and two) orbital-based entanglements, which help
assess and classify quantitatively the electron correlation effects among molecular
orbitals. In recent years, Martin et al. [32—-35, 284] have done some comparisons
between correlation entropy and other MR diagnostics, pointing out that the

correlation entropy'” is primarily linked to the type A static correlation [33, 34].

121n the work of Martin et al. [33, 34], the good connection is found between unnormalized
correlation entropy (without being normalized by the number of electrons) and type A static correlation.
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2) Indices ng, nr, and Mgjag

Truhlar et al. [29] defined the Mg4;5, diagnostic using natural orbital occupa-
tions from the dominant configuration in the context of CASSCF,

1 nSOMO
Mdiag=§ 2 - nMCDONO + RMCUNO + Z Inj—11], (3.103)

j=1
where nycpono denotes doubly occupied natural orbital with the smallest oc-
cupation, and nycyuno stands for unoccupied natural orbital with the largest
occupation. n;j represents the natural orbital occupation of j-th molecular orbital,
and ngomo denotes the number of singly occupied molecular orbitals. We note
that all these natural orbital occupations used above are from the dominant
configuration of the ground state. As 0 < n; < 2, the upper bound of Mg, is
(2+nsomo0)/2, one must have 0 < Mg;a < 1 for closed-shell systems. While for the
open-shell systems, the upper bound on Mg;,; depends on ngomo. Based on the
calculations of DBH24 (the database of 24 barrier heights), they showed that the
MR character of the molecules in this dataset varies from small (Mg;az < 0.05)
to modest (0.05 < Mgjag < 0.1), and rises up significantly (Mgjag > 0.1) [29]. This

thesis centers on analyzing closed-shell systems, then Mg;55 can be simplified as,
Mgiag =(2-ng +np)2 (3.104)

where np denotes the smallest occupation number among the first N/2 natural
orbitals and n, denotes the largest occupation number among the rest of natural
orbitals [35], and they usually refer to the spin-natural orbital occupation of
HOMO and LUMO orbitals for closed-shell systems'®. Moreover, ng,nz, have been
also used to detect MR characters in some studies [18, 19, 29, 32, 33, 35].

3) Indices based on ansatz of n‘i’(l - n‘i’)

In 1955, Lowdin [121] gave perhaps the earliest prototype of this type of
indices in a quantity, 9n,¢, which can be used to estimate how far the actual
wavefunction is from the HF Single-Determinant approximation (ﬁ?af'; =0). The

quantity 9pq¢ is given by

1
nay = 5 Tr(y - ¥?, (3.105)

13The orbitals of HOMO and LUMO are determined based on the sorting of molecular orbital
energies, whereas nyy and ny, are derived from the sorting of natural orbital occupation numbers. The
occupation number n g are usually the smallest in the HF occupied orbitals, and nj, are the largest in
the HF unoccupied (virtual) orbitals for closed-shell systems.
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where y represents the 1-RDM, the trace of (y — y?) is normalized by the total
number of electrons N. Some years later, Vedene H. Smith, Jr. [285] recalculated
Lowdin’s Oy4¢ in his index as a measure of "almost idempotency” of the 1-RDM,
which was called “IAI” by Cioslowski [246, 286],

Onat =TAI=Y n7(1-n?)=N-Y (n9)>. (3.106)
o,i ag,i

The IAI was proposed as a measure of electron correlation for approximate 1-
RDMs. Notice that IAI > 0, and the equality occurs when n7 are obtained from an
uncorrelated wavefunction. For correlated wavefunction methods, IAI always gives
a positive value with the upper bound of the number of electrons, N. Furthermore,
Cioslowski also commented that IAI is a rough measure of the number of broken
bonds in some small diatomic molecules [286].

Takatsuka et al. [287] incorporated the term IAI in their density function
expression, which was employed to indicate the spatial distribution of unpaired
electrons in ground-state molecules. Later on, this term and its deviations ap-
peared again in other developments or applications for various purposes, for
assessing the diradical character [287], for the application in the localization of
the natural orbitals [286], for detecting the radical character of a molecule [288],
or for characterizing unpaired electrons in molecules [287—291]. Furthermore, we
note that Ziesche also extended the formulation of Lowdin Eq. (3.105) to k-order

non-idempotency per particle to measure the electron correlation strength [28],
k . k 1 ok
Onay = 7 Tr(r—yH =1~ ﬁ;(ni - (3.107)

In recent years, our group [13, 230] proposed dynamic and nondynamic cor-
relation indices Ip and Inp, in terms of spin-natural orbital occupations. The
principal idea is to decompose electron correlation into dynamic and nondynamic
components by utilizing the cumulant of 2-RDM. Following this decomposition
scheme, the simplified electron correlation indices in terms of ny for dynamic and
nondynamic indices can be derived from a two-electron model [13]. The global I'p
and Inp indices are then obtained by summing the individual contributions from

each orbital,

1 1
Ip=— Y [n/A-n?lE - =Y n?(1-n?) (3.108)
4 o, 2 g,l
1 [ g
Inp =5 nf(1-n?) (3.109)
o,l
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FIGURE 3.5: Plot of MRI versus —log(I) values for the test set of 15 MR and 15
SR systems [257].

1
Itot=ID+IND=ZZ[n‘Z(l—n‘Z)]%. (3.110)
g,l

Notice that Inp coincides with the form of IAI of Vedene H. Smith, Jr [285].
These correlation indices serve as a measure of the deviation from the idempo-
tency of the 1-RDM. In a recent study, Martin et al. [34] reported that Inp and
unnormalized S o show a good linear correlation (i.e., their Pearson correlation
coefficient R = 0.994 for the W4-17 dataset [292]). They discussed that Ip and
Inp are size-extensive, as their values for a dimer at R — oo are exactly the sum
of the respective monomer values. However, Ip and Inxp are not size-intensive,
and their values scale with system size. Martin et al. [34] used the ratio ryp as
an intensive quantity,

Inp Inp

'ND = 7

- (3.111)
Iyt Ip+InDp

However, this rnp did not show good correlation (except with S¢qr) or agreement
with other existing MR diagnostics [18, 34]. Therefore, further analysis is needed
to explore the potential of rNp as an indicator for detecting MR character.

4) Other natural orbital-based indices

In a very recent paper, Bartlett et al. [257] proposed a similar quantity to Inp,

which was called the variance V, and it is expressed in terms of spin-natural
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orbital occupation numbers,

1 occ 1 vir

Vzﬁ;ng(l—ng):ﬁ;ng(l—ng). (3.112)

where the 1/N normalization ensures V to be size-intensive. They further pro-
posed that V can be computed using n{ values derived from either occupied or
unoccupied (virtual) natural orbitals. Both approaches yield identical variance
values. In the same paper, they also proposed some other natural orbital-based
indices: (i) the external electron number (EEN), namely, the summation of natural
orbital occupations in virtual orbitals; (ii) the EEN index normalized by 1/N was
defined as XEN; and (iii) the largest occupation number in unoccupied natural
orbitals (NON). Furthermore, they also developed some other empirical natural
orbital-based indices fitted with several parameters, such as —log(/) and the
so-called “Multireference Index” (MRI) which were designed by fitting several
parameters with the objective to separate 15 typical SR and 15 MR character
systems (see Fig. 3.5),

F(n9) = e M05= 1D (3.113)
log(I) =1log(}_F(n?)), (3.114)
MRI = — tanh(C +log(I)), (3.115)

where the logarithm base is 10, and the fitting parameters, A = 1500, g = 6, and
C =4.016 are taken from reference [257].

3.4.4 Energy-based MR Diagnostics

To identify MR character using energy-based diagnostics, firstly we need to know
how to retrieve nondynamic correlation energy from the total correlation energy.
Handy et al. [11] suggested that the dynamic and nondynamic correlation energy

can be separated by using the energy of a full-valence CASSCF calculation,

Ecorr = Erc1 — Enr

=Erc1 —Ecasscr +Ecasscr —Exr. (3.116)

~~ ~~

dynamic nondynamic

Furthermore, Cioslowski [225] put forward a decomposition scheme of correla-
tion energy (shown in Eq. (3.117)), by calculating an intermediate energy term

(Ewcilp™F]) which is obtained by using the exact (FCI) energy functional with the
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HF density,

Ecorr = Excilp] - Evcilp™"] +FFCI[PHF] — Exrlp™F]. (38.117)

nondynamic dynamic

We note that the HF density, p¥, should be reproducible by the FCI wavefunction
through a density-constrained approach. According to Cioslowski [225], the term
ErcilptF] provides little flexibility to the wavefunction for density variations close
to pHF. It only captures dynamic correlation, which is associated with changes
in wavefunction while pHF is fixed. Thus, the difference between EFCI[pFCI] and
EFCI[pHF] gives rise to nondynamic correlation. Unfortunately, acquiring the
exact energy functional Ercilpt¥]is impractical, which limits the applicability of
this scheme despite its conceptual significance.

Later, Ludenia et al. [223, 224] proposed an alternative scheme (shown in
Eq. (3.118)) in which the intermediate energy term (Exp[p¥Cl]) is calculated
by using the HF energy functional with the FCI density reproduced by an SD
wavefunction. Since the energy functional EHF[pFCI] uses the FCI density, it
shows significant variation compared to the uncorrelated reference (e.g., pi%),

thus Exrlp¥'] is expected to account for nondynamic correlation.

Ecorr = FFCI[PFCI] - EHF[PFCI}LFHF[PFCI] — Egrlptf1. (3.118)

~~ ~~
dynamic nondynamic

However, EHF[pFCI] is more challenging to interpret, as EHF[pFCI] —EHF[pHF] >0
in contrast to Ecyr < 0. The positive portion of E ... gives rise to difficulties in
attributing a clear physical meaning. On the other hand, Explp¥°'] leads to a
feasible functional, pYF[pF!], known as p5P in Eq. (3.74). This scheme directly
inspired our approach to decomposing the Coulomb hole (see Fig. 3.3). While the
above decomposition schemes of correlation energy are conceptually valuable,
they are impractical to serve as MR diagnostics due to their highly demanding
computational costs.

Alternatively, Martin et al. [30, 31] proposed the %TAE[(T)] diagnostic as one
of the by-products of the W4 theory,

TAE[CCSD(T)] - TAE[CCSD]

%TAE[(T)] = TAE[CCSD(T)]

100, (3.119)

where the Total Atomization Energy (TAE) of a given molecule is

Natoms

TAE = ( Z Ei) —Eiotal. (3.120)
1
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In experimental thermodynamics and computational chemistry, absolute ener-
gies are generally not favored compared to relative energy quantities [9]. In this
sense, the accuracy of TAE has been shown to be more significant than the one
of absolute energies, particularly in the early development of the W4 theory [30].
Furthermore, %TAE[(T)] metric serves as a measure of the significance of the
perturbative triple contribution in CCSD(T). %TAE[(T)] has been shown a reliable
energy-based diagnostic for assessing the relevance of nondynamic correlation
effects [30, 31, 292, 293], and %TAE[(T)] has been widely employed in various
studies to identify cases with MR character [18, 19, 31-34, 292, 293].

According to the results of the W4-11 dataset, Martin et al. [31] suggested that
a %TAE[(T)] < 2% implies no significant MR character in the system under con-
sideration, 2% < %TAE[(T)] < 5% indicates mild MR character, 5% < %TAE[(T)] <
10% indicates moderate MR character, and %TAE[(T)] = 10% reveals severe MR
character in the system.

Based on the analysis of AD-3165 dataset containing calculations for 3165
molecular structures, Kulik et al. [18] introduced an additional energy-based MR
diagnostic, %E ¢or[(T)],

E[CCSD] - E[HF]
EICCSD(T) — EHF] *

and they suggested that %FE .o [(T)] < 95% indicates MR character.

%Ecorr[(T)] =

00, (3.121)
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3.5 Dispersion Interactions

Dispersion interactions can be classified as the attractive part of the van der
Waals (vdW)-type interaction potential between atoms and molecules that are not
directly bonded to each other. As early as in 1927, Wang [294] applied quantum
mechanical methods to study the interaction between two hydrogen atoms at a
large separation. He captured the long-range attraction energy, which exhibited
1/R® asymptotic behavior. In 1930, London [53, 295] generalized the result to
any two atoms or molecules by using approximate second-order perturbation
treatment, and interpreted it as an induced dipole-induced dipole interaction
effect. In the literature, the long-range dispersion interactions are commonly
known as “London dispersion”. A general formulation of the potential energy of

London dispersion is given by

Cs Cg Cy
Edisp(R):—F—ﬁ—ﬁ‘Fm, (3.122)

where Cg, Cg,andC1g stand for dispersion coefficients with positive values, while
the negative signs indicate attractive dispersion interactions. The variable R de-
notes the interatomic (or inter-monomer) distance. Specifically, Cg arises from in-
duced dipole-induced dipole contribution, Cg from induced dipole-induced quadrupole
contribution, and C1¢ from induced quadrupole-induced quadrupole contribution
to the dispersion interaction. Hence, the London dispersion energy of two well-
separated atoms exhibits a 1/R® predominant asymptotic behavior [296]. Further-
more, London dispersion is a type of long-range dynamic correlation, and it arises
from the fluctuations of electron density which can create instantaneous dipoles
(or quadrupoles, octopole, etc.). These instantaneous dipoles (or quadrupoles, etc.)
can interact with other instantaneous dipoles (or quadrupoles, etc.), and lead to
the London dispersion.

London dispersion is ubiquitous in all substances (e.g., they exist between
any two atoms, in molecules, solids, proteins, DNA). Although it is considered a
very weak intermolecular interaction, it is often non-negligible, because it scales
with the system size so that massive, larger, or heavier atoms and molecules
manifest larger dispersion interactions. For example, the dispersion interactions
from two fragments or molecules containing 100 “HCNO” atoms can result in
around -60 kcal/mol energy [297, 298]. London dispersion is important for binding
interaction energies, providing a driving force for molecular aggregation that is
crucial in thermodynamic stability, chemical selectivity, molecular recognition,

protein folding, enzyme catalysis, etc. [42, 299]
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3.5.1 Interpretation of Dispersion Interactions in Quantum

Mechanics

In this section, we will review the interpretation of the origin of the van der
Waals (London dispersion) interactions in the framework of quantum mechanics.
Considering the fact that the dispersion energy is too small compared to the total
electronic energy, Perturbation Theory (PT) is naturally a preferred option for
treating dispersion, as London did [53, 295, 300]. The following review of the
PT treatment for London dispersion primarily follows Stone [40, 44]. Given two
interacting molecules A and B that are separated far enough, the overlap between
their wavefunctions can be neglected. Hence, the unperturbed wavefunction of
the system AB can be treated as a simple product function'* of the wavefunctions
of molecules A and B

Vg =YX Vg =mn), (3.123)

where m and n denote the quantum states of molecules A and B, respectively. For
the ground state of the two molecules, we have m = n = 0. For convenience, we
will henceforth employ the notation of |mn) to represent the wavefunction of the

AB interacting system. Then the unperturbed Hamiltonian is given by
HO =Hx+Hsg, (3.124)

and the perturbed Hamiltonian contains the electrostatic interactions between

electrons of molecule A and those of molecule B,

— T rij

HY = i i L (3.125)
L

The total ground-state energy of the system can be written as a sum of the
unperturbed energy and all the perturbed energies,

E=EO+EVLE? 4. (3.126)

and the zeroth-order ground-state energy of the system AB is simply the sum of

the ground-state energies of the isolated molecules A and B,
0) _ 70 0
EY =E, +Ep. (3.127)

The first-order energy is just the expectation value of H for the ground-state

wavefunction |00), which corresponds to the classical electrostatic interaction

14Note that this wavefunction is not antisymmetric, but the correction for antisymmetry does not
affect the total energy since the two molecules are far enough.
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energy between the charge distributions of the two molecules,
EY = (001H?|00). (3.128)

While the second-order energy incorporates three parts: the induction energy
of molecule A, the induction energy of molecule B, and the dispersion energy

between molecules A and B,

E® = E&d +E51d +E‘2i]2p’ (3.129)

where

N (O0|HV|m0)(m0|H®|00)
Eind =- Z

(3.130)
0
m#0 EZ _EA
(00|HV|0n) (Or|HP|00)
B _
ind — —Z En _ RO (3.131)
n#0 B B
AB (0IH®|mn)(mn|HP|00)
Egisp =~ Z Z (3.132)

m n_50 _ 0
o ER+ER-EQ-EY

Using the multipole expansion, the perturbed Hamiltonian operator H can

be expanded as
HO =Tq%q® + Tolg® g - 130°) — Tapiify + -+ (3.133)

where ¢® represents the charge of atom A, and ﬂA denotes the dipole moment of
atom A. Terms like T, Ty, and T,g stand for the form of multipole interaction
tensors, and the subscripts a and § represent x, y or z Cartesian components,
following the usual Cartesian-tensor convention. In general, the multipole inter-

action tensors, T4, «, are defined by

1
R’
where R denotes the module of the separation vector R between the two molecules
A and B. Then,

Tap..w=VaVp..Vy (3.134)

1
T=-,
R
1 R,
Ta=Vop="g% (3.135)
1 3RuRp-R%04p
Tap=NaVop="ps
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where 6,4 is the Kronecker delta.
For two neutral molecules, the charges ¢ = ¢® = 0, then the leading term
becomes the dipole-dipole interaction.'” If we consider only the dipole-dipole

interaction, then the dispersion energy in Eq. (3.132) can be rewritten as

oY Y (0a0BI Tap i A Imanp) (manp|Tys 15 1 10A0p)
disp —

m n_ 70 _ 0
ma#0ng#0 EA +EB EA EB

(0al@gIma)(mal £10)Op| a5 1nE) (nE| 47 108)
= _T“ﬁTY§ Z Z E™+E" —EO _EO :
ma#0 np#0 A B TA 7B
(3.136)
There are two commonly used approaches to handle this sum-over-states
expression in Eq. (3.136). One approach is to use the Unsold approximation [301]
to replace the sum-over-states energies with averaged energies, as London [53]

did. Firstly, we rearrange the expression above as

0 0

EAB __pom Z Z(EX’—EA)(EE-EB)
disp — ~ taplyd E™ _EO + En —_ EO
maZ0 ng#0 T A A B B

(3.137)
(Al 1ma) (mal (104) Onliig Ing) (n|A7108)

0 0
(ET -EY) (EL—EY)

Using the Unsold (or closure) approximation [301], we replace the individual
excitation energies with average energies, then the sum-over-states expression
in Eq. (3.136) can be rewritten in terms of the average energies (U, Ug), the
polarizabilities (OLZY, oc]ﬁf), and the second-order electrostatic (Cartesian) tensors

(Tqp,Tys). The dispersion energy can be obtained as

EAB ~_ _Uale
dise ™ 4(Up +Up)
For more details of the derivations, we refer the reader to [40, 44, 302—-304].

0
o ol T Tys. (3.138)

For atoms, (xgy = apdqy and cx§5 = apdgs, where as and @p represent static
polarizability of atom A and B, and they are experimentally accessible. Then we

can reduce the products of (xgy ocg(s and of TqsTys to

6aaap
ay  po _
&y &g TapTys = —p5—

Thus, the dispersion energy between two atoms can be approximated as

(3.139)

AB 3 UaUp aaas

15The dispersion energy expression for charged molecules does not include the charge variable q.
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FIGURE 3.6: Position scalar variables of the Hs molecule consisting of two well-
separated hydrogen atoms with two electrons at each 1s atomic orbital. Assuming
that the positions of two nuclei are fixed on the z-axis.

In Eq. (3.141), London used the first ionization energies (I5 and Ig ) to approx-
imate the average energies (Us and Ug), and it is known as the London model
[53, 295, 300]. The leading term coefficient of Eﬁ‘i]gp is evaluated by

3 IAlp

CAB L _ =
6 2Ia+1p

AAdR. (3.141)

The early London model is instructive and helps understand dispersion through
quantum mechanics, despite providing quite rough evaluations to dispersion
energy [72].

Another approach was introduced by Casimir and Polder [305] when they ap-
plied quantum electrodynamics to study the effect of retardation on the dispersion
interaction. They proposed the concept of polarizability at imaginary frequency
(also known as “dynamic polarizability”) to represent the sum-over-states energy
terms. For spherical atoms, this treatment helps derive a rigorous Casimir-Polder

formula for dispersion energy,

AB 3 e
Edisp:_ﬁfo aptiw)ag(in) do, (3.142)

where @a(iw) and ag(iw) are dynamic polarizabilities of atom A and B, respec-
tively. When w =0, we get the static polarizabilities. However, the dynamic polar-
izabilities are unfortunately difficult to calculate accurately, being impractical,
especially when dealing with large molecular systems.

Now let us take a basic example of Hg molecule for illustrating the PT treat-
ment of London dispersion. Consider the two well-separated hydrogen atoms
shown in Fig. 3.6, with the internuclear distance, R, which is large enough so that
the exchange effects can be neglected. We assume that the two atoms are in their
ground state before considering their interactions. Then, the unperturbed (zeroth-

order) wavefunction for this Hg system is a simple product of two 1s orbitals over
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each atom,
1P@) =10, 0p) = [sa(1)sB(2)). (3.143)

The small perturbation through the first-order Hamiltonian that describes the
interaction between the two atoms, can be expanded in Taylor series in terms of

1/R and the leading term gives 1/R? dependency,

= ﬁ(xmx]az +YyAa1YB2 —22A12B2) + 0, (3.144)
where xa1,YA1,2A1 and xBg, yB2,2B2 denote Cartesian coordinates of electron 1
and 2 relative to its nucleus, respectively. In the following, we consider only the
leading term of HY which corresponds to the interaction of the dipole moments
of the two atoms, and higher-order multipole expansion will be neglected. The
zeroth-order energy is a simple sum of the energies of two independent hydrogen
atoms, while the first-order PT correction energy is zero due to the spherical
symmetry of each atom (the relevant integrals vanished). Thus, the leading term

of the second-order PT correction energy can be formulated as

1 1€0A0B | (xa12B2 + YA1YB2 — 22A12B2) ImAnB)|?
@_ _ =
EO=—= ) )

men _ 9
ma#0 ng#0 €A TERT 460

Ce

=~ (3.145)
where €)' and e represent energies of hydrogen atom A at m state and atom B
at n state, respectively. And €y denotes the ground-state energy of the hydrogen
atom. Since mp # 0 and ng # 0, we have eZ‘ >¢p and e‘]’; > ¢g. Therefore, we can
see that the second-order correction energy is negative, behaving as an attractive

potential energy proportional to 1/RS.
By using the Unsold approximation, and replacing €} and eg by zero (because
their magnitudes are relatively very small compared to |eg|), one can rearrange

the expression of Cg as
Co =5 (0408 | (xa1xB2 + yA1YB2 ~ 2251282)° |0A0B). (3.146)
0

Because 0p and Og are basically 1s orbitals of atoms A and B with spherical
symmetry, the expectation value of cross terms (e.g., xa1ya1, XA12A1, €tc.) get

vanished. Then Eq. (3.146) can be simplified by using the expectation value of
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the position variables of electrons 1 or 2, and we have (r%} = (r%) = 3a%, where a
denotes Bohr radius.'® We note that the hydrogen atom energy term is ey = —0.5ay.
Finally, we obtain Cg = 6a‘g which is only valid if R > a(, the lower and upper
bounds being 6 < Cg < 8 [306, 307].

The 1/R® asymptotic behavior has always been considered a typical signature
of London dispersion energy. From the Hy molecule, we know that the 1/R® depen-
dence arises from the leading term of H expansion, namely, the dipole-dipole
interaction operator. However, the accuracy of Cg is sensitive to the choice of
wavefunction. London and Eisenschitz (1930) [295] initially obtained a value
of Cg = 6.47 using a straightforward second-order PT treatment and the Un-
sold approximation. Subsequently, Slater and Kirkwood (1931) [308] improved
upon this value by incorporating a variational function in the perturbed wave-
function, yielding Cg = 6.49. In a later study, Pauling and Beach (1935) [309]
utilized a variety of variation functions, including 26 terms for the dipole-dipole
interaction, leading to an improved value of Cg = 6.49903. Thereby numerous
results of the improved Cg for Ho molecule have been successively reported over
several decades [310-318]. Among all these studies, perhaps the most precise
one is Cg = 6.499026705405839313128194604 from Masili and Gentil (2008)
[316]. In recent years, Cances et al. [317] revisited the approach of Slater and
Kirkwood (1931) and slightly modified their approach for numerically achiev-
ing a high accuracy Cg = 6.499026705403---. Recently, Gori-Gorgi et al. [318]
introduced a variation wavefunction method without density distortion which
is also capable of retrieving highly precise Cg =6.499026 7054058393 ---. More
recently, Cioslowski et al. [319] developed a particular RDMFT functional to
compute the long-range interaction energy of two hydrogen atoms, resulting in
Ce=6.499026705405839313128194604 13- -- with at least 30 correct digits.

Although the PT has demonstrated its usefulness in understanding London
dispersion within the framework of quantum mechanics and yielding accurate
results for small systems, it faces several disadvantages when applied to modeling
dispersion interactions. Firstly, defining well-separated atoms or fragments is
not a straightforward task in general. Moreover, the zeroth-order wavefunction
and Hamiltonian of the two monomers must be well defined, and the interaction
energy between the atoms or fragments should be significantly smaller than the
individual energies to treat it as a small perturbation. Furthermore, higher-order
PT becomes computationally expensive, making it impractical for higher-order

multipole expansions, large molecules, or systems in excited states.

161n atomic units, the Bohr radius, ag = 1a.u. = 1Bohr.
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3.5.2 Methods for Computing Dispersion Interaction Energies

The current ab initio methods available which can compute or include dispersion
interaction energies in quantum chemistry are roughly categorized here into
three families (see Tab. 3.2): wavefunction theory (WFT), density functional
approximations (DFAs), and many other methods which can be used specifically

for calculating dispersion energies.

TABLE 3.2: Quantum chemistry methods that recover dispersion energies

Category ‘ Methods
WFT FCI, CCSD, CCSD(T), MP2, CASPT2, etc.

DFAs D3/D4, Tkatchenko-Scheffler, MBD, XDM,

non-local or parameterized functionals, etc.
Others TD-DFT, SAPT, variational approach

of Gori-Giorgi, etc.

Correlated WFT methods that are capable of handling dynamic correlation,
such as FCI, CCSD, CCSD(T), MP2, CASPT2, NEVPT2, etc., can naturally incor-
porate the dispersion interaction energies in the total electronic energy, at least
to some extent, as they are integrated as part of dynamic correlation. Notwith-
standing, the high-level WFT methods that can capture more accurate dispersion
energies are computationally demanding and impractical for large systems, and
the choice of basis set can also significantly affect the quantitative description of
dispersion interactions in the wavefunction and energy.

As an alternative branch for solving the Schrodinger equation, the DFAs
have become more and more favored in recent years. However, many widely
used functionals (e.g., PBE [58], B3LYP [59, 60]) are known for their failures
in describing the long-range dispersion interactions [61-65]. Various practical
methods have been developed to address this deficiency during the past two
decades, such as D3/D4 methods [66, 67], Tkatchenko-Scheffler method [68], Many-
Body Dispersion (MBD) model [69, 70], Exchange-hole Dipole Moment model
(XDM) [71-79], non-local functionals (e.g., vdW-DF'1 [80], vdW-DF2 [81], vdW-DF 3
[82], VV09 [83], VV10 [84]), parameterized functionals (e.g., M06 [85]), and among
others. However, it still remains a challenge to develop an accurate, efficient,
general, and first-principle-motivated method to treat dispersion interactions in

the context of DF'T. Since this thesis does not involve DFAs, we will not discuss
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further dispersion treated with DFAs, and we refer the reader to [65, 69, 82, 87,
250, 297, 320-322].

There are many other methods designed for calculating dispersion energies.
The dynamic polarizabilities evaluated by TD-DFT can also be used in the Casimir
and Polder formula (in Eq. (3.142)) for calculating dispersion energies [323, 324].
Note that the semi-classical D3/D4 dispersion correction methods precomputed
dynamic polarizabilities through TD-DFT.

The symmetry-adapted perturbation theory (SAPT) [325, 326] offers a break-
down of non-covalent interaction energies between atoms or molecules, enabling
the decomposition of the interaction energy into physically interpretable partitions
(e.g., electrostatic, exchange, induction, and dispersion terms). Nonetheless, in
SAPT methods, the dispersion energy terms lead to the computational bottleneck,
[327] and alternative approaches will be shown in Section 3.5.3, and higher-order
SAPT methods are computationally demanding and thus less practical. For further
details of the SAPT methods, we refer [325, 326].

Recently, Gori-Giorgi et al. [318, 328, 329] put forward a variational wavefunc-
tion approach targeting dispersion energies of a dimer by using its monomer pair
densities. Even though this approach violates the Hellmann-Feynman theorem
[330, 331], it is capable of achieving high accuracy dispersion energies for small
neutral systems without using polarizabilities or virtual orbitals.

In the framework of Reduced Density Matrix Functional Theory (RDMFT),
very few approximation methods were proposed to capture dispersion interac-
tions. Specifically, Pernal [332] developed the long-range density matrix exchange-
correlation functional, Piris et al. [333, 334] suggested using only Coulomb ()
and exchange (K) functionals to describe correctly the long-range asymptotic be-
havior of dispersion for helium dimer, while Cioslowski and Pernal [335] pointed
out that the primitive natural spin-orbital functionals are incapable of recover-
ing the dispersion component of the interaction energy due to the lack of terms
quadratic in two-electron integrals. Cioslowski et al. [336] and Baerends et al.
[89, 90] argued that a full description of the dispersion interaction requires the
presence of both JK and non-JK terms. As mentioned previously, very recently,
Cioslowski et al. [319] developed a particular RDMFT functional for calculating
long-range interactions based on the molecular hydrogen. This approach achieved

high accuracy in computing the dispersion energy coefficient Cg for Ho.
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3.5.3 Methods for Identifying Dispersion Interactions

We have reviewed many methods that are capable of capturing dispersion energies,
yet there are not many approaches designed for identifying dispersion interactions.
In this thesis, we classify these methods into two groups: energy decomposition

methods and visualization tools [337].
1) Energy decomposition methods

Among the energy decomposition analysis (EDA) [338, 339] schemes, the SAPT
methods are the most commonly used for quantitatively characterizing dispersion
energies. While the SAPT methods have the ability to explicitly separate the
dispersion energies from the total interaction energy between atoms or fragments,
they are usually computationally expensive to apply to large intramolecular cases
and rely on the choice of reference wavefunctions. Martinez et al. [340] recently
implemented a variant of the functional group SAPT partition (F-SAPT) algorithm
to efficiently deal with large-scale systems (up to 3000 atoms and 25,000 basis
functions). Nevertheless, in order to balance the capability and efficiency of the
F-SAPT method, the dispersion and exchange-dispersion energy terms obtained
from ab initio methods are substituted by Grimme’s D3 dispersion correction [66]
added on top of DFAs. We note that Grimme’s D3/D4 method also enables the
separate quantification of dispersion energies, so they can be used to identify
dispersion energies in this context.

Very recently, Pernal et al. [341-343] extended SAPT to MCSCF wavefunction
methods for treating systems with MR character, they also developed an approach
to quantify the amount of tiny fraction of dispersion interaction recovered by the
MCSCEF calculations to avoid double counting of dispersion in the total interaction
energy. However, using the MCSCF wavefunction with SAPT methods is definitely
a complex and costly option, and the results are dependent on the active space
of the wavefunction. On the other hand, SAPT and traditional EDA approaches
face challenges in accounting for the effects of short-range regimes on very weak
interactions [344].

Before proceeding further with other methods for identifying dispersion in-
teractions, it is worthwhile presenting here the quantum theory of atoms in
molecules (QTAIM) theoretical framework developed by Bader et al. [345, 346].
The QTAIM theory is based on the topological analysis of the electron density and
it can provide a real-space atomic partition of energies or properties of molecules.
The topological information of the electron density can be analyzed conveniently

through the “critical points” (CP) which are the points in Cartesian space where
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the first derivative of the density vanishes,

Vp(rc) = 0’

where r. denotes the coordinate points in the Cartesian space.

(3.147)

For identifying these CP, such as local maxima, local minima, or saddle points,

one needs to examine the second derivatives of p(r), which are commonly arranged

in the so-called “Hessian matrix”:

[0%p(r)  0%p(r) 02%p(r)
Ox? 0x0y  0x0z
02 02 02
H(re) = VIV p(0)lyor, = p(r) p(zr) p(r)
0yo0x oy 0yoz
?Zp) %p) %p(r)
L 0z0x 0z0y 022

r=r¢

(3.148)

Since the Hessian matrix H(r.) is a real and symmetric matrix, it can be diago-

nalized by a unitary transformation, U,

[ 0%p(r) 0
o2 A 0 0
32p(r)
UTHe)U=| 0 P~ 0 =lo A of, (3149
Gyl
o o 2w 0 0 A
027 |, -
1=Te¢

where the three eigenvalues (11, A2, A3) of the Hessian matrix provide the cur-
vatures of p(re). With the non-zero eigenvalues, there are four types of stable
CP that can be classified by the signs of curvatures: nuclear critical point, bond
critical point, ring critical point, and cage critical point. [347].

The Interacting Quantum Atoms (IQA) [348, 349] approach following the
QTAIM scheme provides the partition of a molecule into topological atoms in real
space, and it is a useful tool for studying the electronic structure and chemical
bonding. Compared to the SAPT methods, the IQA approach can explicitly identify
short and long-range regime contributions in the energy partitions. Following the
IQA approach, one can partition the total electronic energy in Eq. (3.8) into intra
and interatomic energies through the use of 1-RDM and 2-RDM [344],

1 1
E=YTa+Y VAA+Y VAA+ Zvef;hé Veng+E VaE,  (3.150)
A A A A#B A#B A#B
Eﬁ'ﬂtl‘a % ﬁ)?er
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and the pair density can be partitioned as

p2(1,2) = p5P(1,2) + p5mul(1,2)
= p3°(1,2) + p&N(1,2) + pSumul(1,2). (3.151)

where the pgD(l, 2) was defined previously in Eq. (3.74) and pgumul(l, 2)in Eq. (3.75).
Thus, the interatomic energy partitions of Vee (shown in Eq. (3.77)), denoted
as V,QB, can be evaluated in terms of Coulomb, pg Oul(1 2), exchange, pexc}l(l,2),

and cumulant, pcumul(l, 2), energy terms, by integrating over the non-overlapping

atomic domains A and B,

1 pa(1,2)
V‘sz—ff 24142
cumul( 2)

Coul exch
(1 2) a, 2) 1
L[ [ gy L [ gy L[ D
2JaJB rig

= Jalp1(D]+Kaglp1(1;1)] + CAB[pC“mul(l,zn. (3.152)

TABLE 3.3: Chemical interpretation of IQA pair density partitions [350].

p2(1,2) terms characters

Coul(1 2) electrostatic, charge transfer, ionicity, polarity
pg"Ch(l,Z) bonding, covalency, bond order, (hyper) conjugation

pgum“1(1,2) van der Waals (vdW)

Recently, Popelier et al. [350] classified the pair density partitions in IQA
between atoms A and B, as summarized in Tabh. 3.3. The authors pointed out
that the classical Coulomb energy term, Jaglp1(1)], in Eq. (3.152) relates to
charge transfer, the degree of ionicity, and bond polarity; the exchange energy
term, Kaglp1(1;1')], connects to the bonder order [351] and degree of covalency;
while the cumulant energy term, Caplpa(1,2)], is associated with the long-range
dispersion interactions. They also showed a noticeable linear connection between
the QTAIM delocalization index and bond correlation energies from MP4 based
on some small systems. Another recent study by Martin Pendas et al. [352]
demonstrated that the IQA/MP2 correlation energy partitions can help analyze
the deformation of dispersive and charge-induced small vdW clusters.
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FIGURE 3.7: NCI plot and the reduced density gradient isosurface of the benzene
dimer [2].

2) Visualization tools

Regarding visualization tools (or descriptors), one of the most prevalent meth-
ods for visualizing dispersion interactions in molecular systems is the non-covalent
interaction index (NCI) [353], which is based on the topological analysis of elec-
tron density p(r). The NCI identifies non-covalent interactions from the electron
density and its derivative. The primary variable of NCI, the reduced density

gradient, s(r), is defined as

[Vo(r)|

S(I‘) = —2 (3n2)1/3p(r)4/3.

(3.153)

Fig. 3.7 shows an NCI plot [354] that has been widely adopted in recent years.
The s(r) as a function of sign(A2)p(r) facilitates the straightforward visualization
of the non-covalent interactions in molecules, where the term “sign(12)” represents
the sign of the second largest eigenvalue (A2) of the Hessian matrix of the electron
density. The blue color marks strong attractive interactions (12 <0 ), green color
corresponds to weak dispersion interactions (Ag =~ 0) and red color is responsible for
strong repulsive interactions (12 > 0). The NCI is a powerful tool, and it is efficient
and applicable to large systems (e.g., enzymes, DNA). Yet it is still a challenge to
determine an explicit relationship between the NCI and the dispersion interaction
energy, despite that very recently Boto et al. [354] reported a noticeable ad hoc

)5 integral and the dispersion energy.

linear relationship between p(r
In the literature, there are some other visualization tools for analyzing the non-

covalent interactions: the Density Overlap Regions Indicator (DORI) proposed by
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Silva and Corminboeuf [355], which is similar to the NCI as a density-dependent
bonding descriptor for identifying bonding and non-bonding regions; the London
Dispersion Potential (LDP) maps defined by Pollice and Chen [356] through
the modification of London formula with the homoatomic dispersion coefficients
obtained from the D4 method of Grimme [67]; the Dispersion Interaction Density
(DID) suggested by Wuttke and Mata [357] based on the spin-component scaled
[358] local MP2 wavefunction, etc. Very recently, Pastorczak et al. [337] introduced
a local indicator for visualizing and analyzing the dispersion interactions in
Multireference situations (e.g., when the covalent bonds are particularly stretched

or compressed).

3.5.4 Induced Dipole-Induced Dipole Two-Electron Terms

In addition to the prominent EDA or IQA schemes, we present some less-known
specific energy or pair density terms to calculate and identify dispersion inter-
actions. Firstly, considering only s and p atomic orbitals of singlet (or triplet)
Hy molecule, or Helium dimer, Baerends et al. [88—-90] proposed few covalent
atomic (primitive) orbital product terms (i.e., sa(1)pa(1)ss(2)p5(2) two-electron
AO terms) from the FCI wavefunction to represent vdW interactions. Analyzing
these dispersion terms of the pair density, they interpreted that when electron 1
is near nuclei A, the conditional density gives an induced dipole contribution to
electron 2 around nuclei B, which is in accordance with London’s description of
the dispersion interactions as an induced dipole-induced dipole effect. For these
induced dipole-induced dipole two-electron integral terms, Angyén et al. [42] gave
further description based on a Helium dimer example. They pointed out that this
1/R3 asymptotic behavior of the two-electron integrals, (sA(1)pa(1)|sg(2)pg(2)), is
responsible for dipole-dipole interaction,

24217
R

The transition dipole moment ,u? is given by

(1sA2p,al1sp2p.B) = — OR™5). (3.154)

1 = (Isale(z1 — A,)[2p.4), (3.155)

where z; and A, denote the positions of electron 1 and atom A on the z-axis,
respectively. Note that the 2p,5 atomic orbital substituted by 2p,a or 2pa or-
bitals in Eq. (3.154) and Eq. (3.155) shows an analogous behavior. For further
discussions, we refer to Chapter 6.

London dispersion originates from “purely” electron correlation effect, and

can not be captured by the Hartree-Fock method [42, 359], as it corresponds to a
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portion of correlation between distant electron pairs. Pulay [360] suggested that
in the vdW limit interpair correlation can be probably described by using only three
correlation functions, corresponding to the three components of the instantaneous
dipole moment.

Recently, Head-Gordon et al. [361-363] proposed a compressed representation
of the long-range part of electron correlation which is associated with dispersion in-
teractions. By performing CCSD calculations with localized orbitals, they isolated
the energy components associated with purely dipolar terms, which represent

dispersion energies and show an asymptotic decay of 1/R®.

3.5.5 Asymptotic Conditions

Consider two interacting atoms or molecular fragments are separated at large

distance R, the dipole-dipole interactions can be expanded as

dp-dg  3(da-R)(dg-R)
dd = -

R3 R5 ’

(3.156)

where dp and dp represent the expectation value of the dipole moment of A and
B, respectively. R corresponds to the vector connecting A and B two charge points,
and R =|[RJ| [43]. For the Hy molecule, as shown in Eq. (3.144), the 1/R3 leading
term of H'V expansion corresponds to the interactions of the dipole moments of
the two Hydrogen atoms. Hence, apart from the typical 1/R® asymptotic behav-
ior of dispersion interaction energy, the 1/R® asymptotic decay of dipole-dipole
interactions is also well-known as it exists for any two interacting systems.

Recently, our group reexamined the perturbation theory with the Unsold
approximation for treating the dispersion interactions in a large-separated Hy
model, and revealed that the leading term in the distance-based expansion of the
first-order correction of the pair density intracule shows a universal 1/R3 decay
[91]. Furthermore, they also demonstrated that the intracule of the Coulomb
hole partition in Eq. (3.93) at r12 = R, namely, A, (R) shows 1/R3 predominant
asymptotic behavior (see Fig. 3.8), this asymptotics of the long-range correlation
component connects to the 1/R® dependence of dispersion energy [3, 91].

Apart from this intracule 2. (R) o< 1/R3 signature, Mazziotti et al. [364]
proposed another signature of vdW interactions by using the squared Frobenius
norm of the cumulant part of the 2-RDM which contains the connected part of
the pair density and other information. They demonstrated that the squared
Frobenius norm of the cumulant (i.e., the trace of the squared cumulant) shows

1/R® asymptotic behavior. The squared Frobenius norm of the cumulant is size
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FIGURE 3.8: The intracule of the Coulomb hole partition in Eq. (3.93) at r12 =R,
hey(R) and its corresponding energy term AV, ! against R from Hy molecule at
large separation, calculated at the FCI/aug-cc-pVDZ level.

extensive and it can be used to detect and quantify the vdW interactions between
two atoms or molecular moieties.

More recently, Wang et al. [365, 366] have reported a linear correlation be-
tween the correlation entropy Scorr and the cumulant electron-electron interaction
energy obtained from CI (or MCSCF) type wavefunctions. This finding suggests
the potential for developing RDMFT functional approximations based on corre-
lation entropy. However, it should be noted that this empirical relationship has
only been validated for a limited range of molecular systems, such as He and HgO,
when varying the geometry of the same molecule, and its underlying physical
interpretation is still lacking. Further analysis is required to explore its generality

to other molecular systems.
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CHAPTER

CORRELATION MEASURES

4.1 Introduction

The concept of natural orbitals (NO) and their occupation numbers originated
from the 1-RDM of an FCI wavefunction or the best approximate CI wavefunction
for a given basis set, which inherently contains essential electron correlation
information [121]. In practice, most post-HF (or called “correlated”) wavefunction
methods recover a significant portion of the total electron correlation (around
80 —90%) [137]. The spin-natural orbital occupation numbers {n7} obtained from
the post-HF wavefunction can help measure the electron correlation retrieved by
this method. In the uncorrelated case that employs a Single-Determinant (SD)
wavefunction (e.g., {n7} obtained from the HF wavefunction), {n = 0} corresponds
to virtual orbitals, while {n] = 1} is associated with occupied orbitals. Thus, by
direct comparison to the reference of the uncorrelated wavefunction, the fractional
numbers {0 <n? <1} obtained from a correlated wavefunction reflect the virtual
orbitals in a single reference determinant that exhibit significant interaction with

the electrons in the occupied orbitals of the reference determinant [179, 257].

The NO occupation numbers in general serve as a valuable tool for analyzing
the electronic state and offer insights into the significance of individual orbitals for
the description of electron correlation [139]. Natural orbitals and their occupation
numbers are available for most modern electronic structure methods. In this work,

our hypothesis is that these occupation numbers contain sufficient information
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FIGURE 4.1: Plot of natural orbital occupation-based functions for a simple
closed-shell model system (MS) consisting of two electrons and two orbitals. The

maximum values of SM5 S}}’IS, Sgrsn and I I{?S are all scaled to 1.0, respectively.

I ]1\)/IS and [ 11&1/[]% share the same scale factor.

to explain the electron correlation captured by the actual wavefunction method,
although there are various ways to extract this information.

We adopt a statistical perspective to extract valuable information about elec-
tron correlation from {n7}. We begin by considering a simple closed-shell singlet
model system (MS) consisting of two electrons and two orbitals [13]. The corre-
sponding spin-natural orbital occupation numbers are denoted as {ng,ng, ng, nf 1.
Moreover, using the relationships ng = ng and n§ = nf =1-ng for the closed-shell
MS, we can reduce the occupation numbers to a single variable ng. Subsequently,

several ansatzes can be commonly applied over the MS:

2

* Dynamic and nondynamic correlation indices: IN° = [n§(1-nd)] " -2n8(1-

ng) associated with Eq. (3.108), INS = n&(1-n) linked to Eq. (3.109) [13].
* Entropy-based quantities: SMS = ngIn(ng) employed in Eq. (3.102) or its

MS _

variant (1 -ng)In(1-ng), along with their combinations such as Sg, =

ndn(nd)+(1-n$)In(1-ng) and SI° = 4n2(1-nd)In[4nd(1-nd)].
¢ The “Cumulative Distribution Function” of Bartlett et al. [257],in Eq. (3.113),
is denoted as F(n{) for the MS.

For the closed-shell MS [13], the occupation number n{ around 0.5 typically
indicates the presence of significant nondynamic correlation, while values close
to 0 or 1 suggest a predominant dynamic correlation in the system. This infer-

ence is illustrated in Fig. 4.1, where the plots of various ansatzes against {ng}
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demonstrate their ability to characterize different types of electron correlation.
Specifically, F(n{), SMS Sgl,lsn, and [ 1{14]% can serve as indicators of nondynamic
correlation, while S}}'[S and [ %’IS are associated with dynamic correlation. Further-
more, although there are numerous mathematical functions that can be used for
this purpose, it is not our purpose to investigate additional ansatzes in terms of
{n7} here, as they usually give similar insights into measuring electron correlation
for the MS.

In this chapter, we aim to search for the connections between correlation
metrics, particularly those categorized into different groups. We explore different
statistical approaches to generate scalar values from spin-natural orbital occupa-
tion numbers {n7}. The natural choice is averaging, which yields quantities such as
Ip (see Eq. (4.1)), Inp (see Eq. (4.2)), Scorr (see Eq. (3.102)), S (see Eq. (4.5)), Ssym
(see Eq. (4.4)), etc. The averaging approach means that we report the quantities
per electron. Nonetheless, we also consider other options, including the variance
(e.g., V), maximum values similar to D1 and Ds (e.g., ny, IYRY), or minimum
values (e.g., 1— cg, nr). These statistical methods assist in the application of these
ansatzes, enabling comparisons with the uncorrelated scenario (involving terms
like n7, 1-n7, or both) to quantify electron correlation. Moreover, we compare
these approaches to other existing correlation metrics/indices, such as cy-based
diagnostics (e.g., 1— c%), amplitude-based diagnostics (e.g., T1, D1, and Dy). In this
work, we aim to develop more general correlation metrics using natural orbital
occupation numbers. In addition, our goal is to apply these correlation metrics
to various molecular systems in order to explore the connections among these

correlation metrics.
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4.2 Methodology

As defined by the International Union of Pure and Applied Chemistry (IUPAC),
an extensive quantity is characterized by its magnitude being additive across
subsystems (e.g., mass, volume, Gibbs energy). In contrast, an intensive quantity
indicates that its magnitude is independent of the system’s extent (e.g., density,
temperature, chemical potential) [367]. In this context, the terminology “inten-
sive property” is identical to a size-intensive property. Here, “size” refers to its
dependence on the number of electrons of a system, denoted as N. If a quantity
denoted as @ is N-size-extensive, then it satisfies that @(n-U) =n-Q(U), where
n represents the number of system units and U denotes one system unit. Conse-
quently, normalizing the quantity @ = Q/N to transform it into a size-intensive
quantity, becomes straightforward as the system is replicated with the addition of
N electrons each time. The size-intensive property is important for MR diagnostic,
applying a cutoff of an MR diagnostic is meaningful only if the diagnostic itself is
size intensive. Otherwise, if the diagnostic values vary with the size of the system,
it is not appropriate to use cutoffs to determine the MR character across different

systems.

In this work, we suggest several approaches to transform certain size-extensive
natural orbital-based indices into size-intensive ones. Martin et al. [34] pointed
out that Ip and Inp indices are size extensive but not size intensive. Particularly,
the values of the original Ip in Eq. (3.108) and Inp in Eq. (3.109) show linear
growth as the molecular units are replicated. As illustrated in Fig. 4.2, the values
of both Ip and I'np of hydrogen chain and polyacetylene (PA) chain molecules scale
linearly with the total number of electrons IV, thus it reflects N-fold increases.
In addition, the formulations of I'p and Inp both require summation across all
natural orbital contributions. These indices should always depend on the basis

set size despite that this dependency is relatively mild.

Hence, to address this size-intensive property concern, one can normalize Ip
and Inp using the number of electrons. We suggest employing a normalization
factor calculated as half of the total number of electrons, denoted as N/2. This
normalization (i.e., original Iy and Inp divided by N/2) confines the range of Inp
to [0, 1], while Tp still extends to [0,00). Then it yields two averaged quantities:
Ip and Inp,

oy 1(1 )
In=—r=5| g7 A-nDNZ =) ni(A-n)) |, (4.1)
g,l

g,l
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FIGURE 4.2: Top: Hydrogen chain and polyacetylene (PA) chain structures;
Bottom: original Ip (left) and Inp (right) for CCSD against total number of
electrons N.

oIxp 1
N N

Inp =

Y n%(1-n?), (4.2)

o,

where n? is the occupation of the spin-natural orbital i with spin 0. We note that
the difference between actual Inp and V index of Bartlett et al. [257] is that Inp
is calculated by summing over all the natural orbital contributions, while V is
obtained by either using occupied or virtual orbitals. Ixp computed from occupied
and virtual orbitals are approximately equal for closed-shell molecules in CCSD
calculations [257]. Thereby, we should have the following relation Inp = 2V for
closed-shell molecules.

On the other hand, instead of considering the contribution from all the natural
orbitals to calculate Inp, alternatively, one can also employ the maximum value of
n?(1-n?) as a new MR index, I\{¥, which indicates the nondynamic correlation
of a system reflected by the orbital which is maximally correlated,

INy: = max{nf(1-n?)}. 4.3)
o,i

The quantity I is size intensive, as it is obtained from a single spin-natural
orbital occupation number (0 < n7 < 1). The lower bound of I{f* is zero when

n‘l’ is either 0 or 1, while the upper bound is 0.25, observed at n‘l7 = 0.5, which
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corresponds to the maximum nondynamic correlation. Generally, a higher value of
INR indicates a stronger manifestation of MR character, and I7" can showcase
the maximum effect of a particular orbital that impacts significantly the MR
character.

In addition to the asymmetric correlation entropy Scorr, which was introduced
previously, we also consider a symmetric entropy proposed by Shannon [274] in
1948 as part of his information theory. We adopt this formulation written in terms
of {n7}, and normalize it by the total number of electrons N in the molecular

system being studied.

1
Ssym = —ﬁZ[ngln(n‘i’)+(1—n‘i’)ln(1—n‘if)]. (4.4)

In Fig. 4.1, the distribution of scaled symmetric Shannon entropy is observed
to closely resemble the distribution of Inp for a closed-shell two-electron and two-
orbital model system. Hence, they are expected to show noticeable similarities.

In a manner analogous to I'p, which serves as an indicator for dynamic cor-
relation, we introduce an additional indicator, Sy, using the ansatz S}}’IS. In fact,
this newly proposed indicator is based on Jaynes entropy which is a well-known
concept from statistical mechanics and information theory [275, 276]. The Jaynes
entropy (also known as “maximum entropy”) is commonly applied to find a proba-
bility distribution maximizing the entropy under given constraints. The prevalent
formula is represented as Sjaynes = —X; p;Inp;, where p; stands for the prob-
ability distribution. In the context of NO occupation numbers, the behavior of
n? tending toward 0 or 1 is revealed in relation to dynamic correlation, while
approaching 0.5 is indicative of nondynamic correlation, and this can serve as a
well-established constraint. Then we utilize the probability term “p; = 4n7(1-n7)”
in the Jaynes entropy formulation, where the factor of “4” guarantees that the
maximum value of p; is one. Upon summing over all spin-natural orbital contri-
butions and being normalized by the total number of electrons N, this yields a

new natural orbital-based correlation index,
4
Sy= —Nzn‘i’(l—n‘i’)lnMn?(l—n? ). (4.5)
o,

Moreover, Sy is expected to indicate dynamic correlation when considering its
resemblance in curve shape to Ip as a function of n{ for the two-electron and
two-orbital closed-shell model system (see scaled I %’IS and S}}’IS curves in Fig. 4.1).

In addition, Cioslowski [246] mentioned that c( is not a size-extensive quantity

and that only systems with the same number of electrons can be compared.

84



4.2. METHODOLOGY

Hence, we normalize 1— c% diagnostic (especially for CISD) by the total number of
electrons, yielding (1 - cg)/N , which is expected to be size intensive. Alternatively,
our group had recently suggested another normalization approach for 1— 0(2) based

on the problem of an infinite number of non-interacting atoms. '

1-c2—1-c2N, (4.6)

where cg is the reference configuration coefficient in CISD/CASSCF methods. We
note that the absolute value of ¢ is required in Eq. (4.6). Within the normalization

factor, N denotes the total number of electrons of the molecule being considered.

1For a CI wave function expansion in systems dominated by dynamic correlation, the reference
(HF) coefficient cg = 1. The rigorous condition for the normalization of the reference CI coefficient
should be satisfied is that Icgll/N ~ 1 for dynamic correlation predominant systems. Particularly,
for non-interacting systems predominated by dynamic correlation (e.g., an infinite number of non-
interacting helium atoms), this normalization approach in Eq. (4.6) prevents the cg/N term from
vanishing [3, 13, 255].
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4.3 Computational Details

All CISD, CCSD, and CCSD(T) calculations and geometry optimization processes
were carried out by using an open-source quantum chemistry program, Psi4
[368-3701, and all MP2 calculations were carried out with another open-source
quantum chemistry package, PySCF [371, 372]. The molecular geometries and

basis sets are listed as follows:

* 16 molecular systems with a total of 18 electrons [373], Ar, CoHg, CH3F,
CH3NH2, Fz, HzOz, HQS, HCI, HOF, HOOH, Methanol, N2H4, NHQF, PH3,
NHyO0H, SiH4. The geometries were optimized at the MP2/6-31G* level
[374-376], and the calculations of CISD/6-311G [377] were performed through
Psi4. In addition, the Selected Configuration Interaction (SCI) method
[378, 379] with 6-311G basis set was also employed using PySCF, and the

SCI techniques can achieve nearly FCI solution for these small molecules.

¢ 7 small diatomic molecules at the equilibrium distance (R.) and stretched
geometry (1.5R,) that have been studied by Handy et al. [11] and in the
original Ip and Inp article [13]. cc-pVTZ basis set [380] was employed.

¢ 34 small molecules of Nielsen and Janssen [1] from which they defined
the D1 and D9 diagnostics for MP2 and CCSD, the geometries of these
molecules were optimized by MP2 or CCSD with cc-pVTZ basis set [380].
This set is also referred to as the NJ34 dataset.

All the calculations of closed-shell molecules were done using restricted
Hartree Fock (RHF) reference, with the frozen core option in post-HF meth-
ods (except for the 18-electron systems), and the energy convergence threshold
was set to 1078 a.u. In addition, we utilized our in-house Python3 program for
the computation of all the natural orbital-based indices, as well as the D; and
D5 diagnostics of MP2. The program makes use of several libraries, including
Numpy [381], Scipy [382], Pandas [383, 384], and Matplotlib [385]. Moreover, the
Matplotlib library was employed for generating all the graphs in this chapter.

Since some approximate wave function methods like MP2, CISD, and CCSD
methods do not satisfy the Hellmann-Feynman theorem [330, 331], their density
matrices can be constructed in two manners: the unrelaxed density refers to the
density obtained from the expectation value, while the relaxed density takes
into account orbital relaxation and results from the energy derivative [139, 386].
Although the NO occupation numbers can be obtained from either unrelaxed or

relaxed density matrices for these post-HF methods mentioned above, it should
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be noted that the relaxed density is not always N-representable. This means that
the occupation numbers of the natural orbitals can sometimes exceed one or even
become negative [273, 387], which can lead to inappropriate evaluations of certain
natural orbital-based MR indices that involve operations such as square roots
or logarithms, for example, I II\)/[S and SMS . To avoid these unphysical occupation
numbers, we primarily used the unrelaxed density in most of the calculations
presented in current chapter.

For the calculations involving unrelaxed densities, we utilized the PySCF
package to compute the unrelaxed MP2 density matrices, neglecting SCF orbital
relaxation. Additionally, the unrelaxed CISD or CCSD densities were evaluated
using the Psi4 software. On the other hand, for the purpose of investigating some
specific instances across the NJ34 dataset, we also evaluated the relaxed densities
involving MP2 and CCSD calculations using Gaussian16 [388].

In the end, a complete set of correlation measures considered in this study is
presented in Tab. 4.1. According to their statistical properties, these diagnostics
are classified into five distinct groups: maximum (including minimum), average,

ratio, and among other metrics.

TABLE 4.1: List of electron correlation measures used in the study.

Category Correlation Metrics

D1 [244] and Do [1], ng and ny, [32]

Maximum
2% [389], NON [257], Mgiag [29], 1 - c2 [253]
T, [251, Tp and Inp [13, 3891, XEN [257]
Average
Seorr [27, 281, Seym and Sy [390]
Ratio rnp [13, 34]

Ip and Iyp [13], MRI and -log() [257]
1-c72[3], (1-c2)/N [389]

Other metrics
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4.4 Results and Discussion

4.4.1 A Priori Analysis of Correlation Metrics

In this section, we present a priori analyses to explore the connections between
various correlation metrics, with the goal of gaining initial insights into their
relationships. Above all, among the correlation metrics based on CCSD, previous
studies by Lee and Jiang et al. [26, 253] have reported a linear relationship be-
tween T'7 and D;. In the view of statistics, the average and maximum quantities
can be correlated when they capture related aspects of the behavior of a system.
For instance, in the context of correlation metrics, 7’1 represents an average mea-
sure of the electron correlation contributed by the single-substitution amplitudes,
while D1 measure relies on the largest singular value of two square matrices con-
structed by the single-substitution amplitudes. The correlation between these two
quantities indicates that the overall contribution and the maximum contribution
from the single-substitution amplitudes are connected. Similarly, Martin et al.
[33, 34] have observed correlations between the original Inp and S oy (Without
normalization), despite that they are not size-intensive quantities.

Among the average quantities, we expect a correlation, for instance, between
E and S¢orr, Ssym, and XEN. The normalization approach used for m and Scorr,
which involves dividing by the total number of electrons N, does not affect their
linear correlation. Thus, IN_D and Scorr should be still correlated. Furthermore, the
linear correlation between Ixp and S sym can be anticipated due to their similar
curves against n?, as demonstrated in Fig. 4.1 for the closed-shell two-electron
and two-orbital model system. Additionally, both XEN and Ixp can be expressed

in terms of contributions from occupied and virtual orbitals, >

1 vir occ
XEN=—_Y n? 1——Zn,, 4.7)
N Ul
occ vir
Inp = —Zn”(l ny)+ —Zn”(l n?). (4.8)
N ag, i 0' l

and, as other authors have found, [257] we have heuristically identified that the
contributions to Inp from occupied and virtual natural orbitals are approximately

equivalent (see Fig. A4 in Appendix A.3). Thus

occ vir

—Zna(l ny Zn”(l n? 4.9)

2This thesis only focuses on closed-shell systems, the term “occupied (occ)” corresponds to the
N highest occupied spin-natural orbitals with respect to the occupation numbers, and “virtual (vir)”
corresponds to the rest spin-natural orbitals.
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Hence, Inp can be approximately written as

Tw=2¥
Inp = — ) ni(1-n7)
Na,i i i
vir

2
~2XEN - — 7|2
N;'"l'

~ 2XEN, (4.10)

where the term 1%, Z‘(;“; In‘L.TI2 is usually significantly smaller than 2XEN. Particu-
larly, it is commonly observed in the SR regime where n? approaches 0 or 1. Thus,
Inp is considered to be identical to 2XEN.

With respect to the maximum quantities, we anticipate a linear correlation
between I ﬁg" and ng, nr, and NON. For closed-shell molecules computed using
correlated wavefunction methods with an RHF reference, ng and ny, are identified
as the lowest and highest eigenvalues among the first N/2 and the remaining

spin-natural orbitals (sorted in descending order), respectively.

— : g
nH_ziIél]%fI/lz{ni }, 4.11)
anzmax{n‘i’}, (4.12)
i>N/2

then I ﬁg" is evidently contributed by either ng or ny,

e max{ %H(l - %H) %L(l - %L) } (4.13)

In the following, we will provide analytical descriptions of the observed linear
correlations among these average quantities and maximum quantities, including
1- c%)/N and Inp, as well as 1— cg/N and Ixp obtained from CISD calculations;
I ;’I‘g" and Dy obtained from MP2 and CCSD calculations.

(1) Connections between (1 — 0(2))/N, 1- c%/N, and Inp

We present an analytical explanation for the connection between (1 — cg)/N ,
1- cg/N , and Inp for CI methods. To begin with, the CI wavefunction of an N-

electron system is given by

W(1,...,N) =Y ¢; Di(L,...,N), (4.14)

where c; are the expansion coefficients cg being the one associated with the
Hartree-Fock (HF) Slater determinant and assumed to be the dominant one. The
Slater determinant ®;(1,2,3,...,N) are constructed from HF orbitals.
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The trace of the CI density matrix in the MO basis, denoted as Tr(!D), the sum
of CI coefficient square multiplied by N, and the sum of NO occupation numbers

are identical to N,
Tr('D) =Nf--.f Iw(,...,N)|? d1...dN
= Nzi:c?
:Zni
i

=N.

(4.15)

Moreover, Tr(!D) can be computed by summing the contributions from both

occupied and virtual orbitals,
Tr(!D) = Tr(*D°®) + Tr(:D""), (4.16)

and in terms of matrix element form, and it can be evaluated using diagonal
elements 1D;; and 1D,,.
For the wavefunction of CISD, which only involves the ground state, single,

and double excitations, the sum of CI coefficients read as

2_ 2 2 2
Y ci=cg+eg+ep
i
2 2 b2
=cp+ ) lefIP+ Y lei (4.17)
ia ijab
=1,

where c% contributes to N occupied (spin) orbitals, c% = IC‘Z |2 contributes to N — 1
occupied orbitals (all except i) and one virtual orbital (a), cp = |C?JI? |2
to N —2 occupied orbitals (all except i, ;) and two virtual orbitals (a,b).

Hence, Tr(!D°°) and Tr(*D"'") in Eq. (4.16) can be rewritten as

contributes

Tr(‘D°) = Nc2 + (N - 1)cd + (N - 2)cd, (4.18)
Tr(lDVir) = N _ TT(IDOCC)
=ci+2c3 (4.19)

=2(1-c3)-c3,

The NO occupation numbers {n;} are determined through the diagonalization
of 'D. It is assumed that the diagonal elements of D play a more significant role

in generating n; than the off-diagonal elements, and the impact of transforming
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from MO to NO basis is neglected. If the term c% in both Tr(!D°¢) and Tr(!D""),
as shown in Eq. (4.19), is sufficiently small to be disregarded, then

occ occ

Tr(! D) ~ Z n;= Z_n‘; , (4.20)
12 o,l
. vir vir
Tr(!D"") ~ Z ni= Zn;’ ) (4.21)
1 o,l

The derivation of the above approximations is supplied in Appendix A.1. By
combining Eq. (4.19) and Eq. (4.21), one obtains

vir

Y ni=2(1-co). (4.22)

Then, by using the approximate relationship in Eq. (4.10), one attains

_ 4(1-co)?
Inp ~2XEN~ ———. (4.23)

Additionally, we have the option to expand the normalized indicator 1 — cg/ N,

in Eq. (4.6), through the Taylor series around the point where 1 — c% -0,
(1-c2) (N-1)(1-c2)?

1-c2N = vt SN +0((1-c2)®). (4.24)

Assuming that 1— c% ~ 0, the leading term of Eq. (4.24) is significantly larger than
the second leading term. The leading term is identified as (1 — c(z))/N . It implies
that the two normalization approaches (i.e., (1 — c%)/N and 1-— cg/N ) yield almost
identical results when l—c% ~ 0. Consequently, our analytical interpretation based
on non-strongly-correlated systems, suggests that co-based correlation metrics
are linked to Inp. And with appropriate normalization, it can serve as a reliable
correlation measure. However, the use of E is recommended over c( as it is not

limited to CI methods involving CI expansions.
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(2) Connection Between I* and D3 Diagnostic

For a closed-shell molecule, the unrelaxed electron density from MP2 in terms
of HF canonical orbitals [391], denoted as 'D (or in matrix element form as ! Dg/{f 2),

can be written as

1nMP2 _ 1RHF , 1ncorr

Dpq = Dpg + Dpg's (4.25)
1RHF _

Dyj— =264, (4.26)
D= - Y e (atep 2ty (4.27)
abk
1Dy = 3 ebe (ars - 2659, (4.28)
ijc
'DfT =1Dg" =0, (4.29)

where the subscripts p,q denote arbitrary molecular orbital indices, i, are the
occupied ones at the HF level and a, b are virtual ones. The double-substitution
amplitudes, shown in Eq. (3.101), are represented only in terms of (ia|jb) inte-
grals and corresponding orbital energies. The NO occupation numbers {n;} are
routinely derived by diagonalizing the entire !D. However, in the case of MP2
using HF canonical orbitals, the single-substitution amplitudes vanish, ¢f =0,
thus the elements in the occupied-virtual (ov) or virtual-occupied (vo) blocks of the
unrelaxed 'D are zero. Consequently, the NO occupation numbers, {r;}, from MP2
calculations can be determined by separately diagonalizing the occupied-occupied
(00) and virtual-virtual (vv) blocks within the unrelaxed 1D (see Appendix A.1).
For convenience, we use 1D, to represent the combined matrix of Df;’.” and
1D?J.HF, and 1D, to represent the matrix DeY". Then, the minimum occupation
number of occupied orbitals (nf) and the maximum occupation number of virtual

orbitals (n1) can be evaluated by

ng = Amin(*Dy), (4.30)
nr = Amax(le), (431)

where Apin denotes the smallest eigenvalue of the matrix 1D,, and Apay denotes
the largest eigenvalue of the matrix 'D,.
On the other hand, the Dy diagnostic, defined in Eq. (3.98), can be rewritten
as [392, 393]
Dy =max{D3,Dj}

(4.32)
- max{ V Amax(MTMD), |/ A (NTN) }
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where the matrix M and N are represented by

— b,ab
M= a% £y 5 (4.33)
N=Y 52, (4.34)

ijc

We note that D§ in Eq. (4.32) stands for 2-norm of T?, and D for 2-norm of T in
Eq. (3.98) presented in Chapter 3. The double-substitution amplitudes t‘i”jl.’, shown
in Eq. (3.101), are formed using only (ia|jb)/(e; +€; — €, —€p) terms as Nielsen and
Janssen did [1].

As Beran and Head-Gordon mentioned in a previous study [394], the 1-RDM
can be approximately generated by t‘i‘JI.’ amplitudes that are transformed from
ov x ov matrix to o x ov? or v x 0%v matrices, as was used in the design of Dy
diagnostic. The occupation numbers {n;} obtained through this approach might
be easier to interpret despite the deficiencies for describing pair- or higher-order
correlations. In order to examine the theoretical reason behind the connection

max

between Dy and I\f", we approximate the unrelaxed D by eliminating all the
t”fz tl.’;j and t°¢¢¢® terms,
Jki

ij ij
= corr b b
lDij =_4 Z tgk t?k , (4.35)
abk
Dy =4Y 1202l (4.36)

ijc

Similarly, we use fli to denote the combined matrix of DS;’.” and ID?J.HF,

and 1P]\)/,, to represent the matrix [Tf’bﬁ. Then the approximate 77z and 77, can be

expressed in terms of DJ and DY, respectively.

AH = Amin(1Dy) = 2 — 4(D$)?, (4.37)
AL = Amax(1Dy) = 4(DY). (4.38)

Thus following the definition of Ii7* in Eq. (4.13), one can reach an approxi-

mate I which is directly connected to Ds,
Jim 1= IR = D5(2-4D3). (4.39)

We note that I’II%/X — Iy for an unrelaxed MP2 electron density including correc-
tions up to second-order in which we have neglected some small terms. In practice,
the latter terms contribute to the electron density and thus affect the value of

natural occupation numbers.
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FIGURE 4.3: Dy diagnostic against I\{* and I{]* for the NJ34 dataset [1]
calculated at the MP2/cc-pVTZ level of theory.

Based on the NJ34 dataset of Nielsen and Janssen [1] calculated at the MP2

level, we examine the relationships between approximate Iy and I\7*, as shown

in Tab. A1 and plotted in Fig. 4.3. The plots of 77y and ny, rry, and ny, are shown in

Fig. Al in Appendix A.3, and we can see that iy <ng, nf, =ng, fg%i > I{f;gx (more
details see Appendix A.2). Furthermore, it has been observed that the impact of
terms like t‘]’.é’ t?]‘: and ti?; t?}’ on generating of NO occupation numbers is relatively
small in the SR regime, while it turns to be more significant in the MR regime.
As illustrated in Fig. 4.3, we examined the approximate connection described
in Eq. (4.39), and found a proportionally fitted connection between I7* and Do,
which tends to evolve into a more linear relationship.

In addition, for the NJ34 dataset, we also investigated the natural orbital-
based indices obtained from the relaxed density matrix. In general, the values
of INf" obtained from relaxed density (computed at the MP2 or CCSD level)
are almost all identical to the ones from unrelaxed density as shown in Fig. A2
(in Appendix A.3), except two significant outliers (i.e., O3 and CN*) from the
MP2 results. Both molecules are considered to be in strong MR character regime.
Tab. A4 (in Appendix A.3) shows the natural orbital occupation number and If*
of these two molecules calculated at the MP2 level. The ny, which contributes
to IY* for O3 molecule from relaxed density is remarkably less than the one
from unrelaxed density, while the ny which contributes to I ﬁgx for CN* molecule
from relaxed density is obviously greater than the one from unrelaxed density.
Thus, IY]" calculated from unrelaxed and relaxed densities are usually the same
except for some particular MR cases. If the primary concern is the connection
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between I\ and Dy in Eq. (4.39), it is necessary to take into account the situation
where a significant distinction arises between unrelaxed and relaxed densities,
particularly in certain nondynamic correlation regimes. However, if the focus is
only on using the cutoffs of I3 as MR diagnostic (will be addressed in Chapter 5),

then calculating IQ]" with a relaxed density is suitable as well.
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4.4.2 Statistical Assessment of Correlation Metrics

(1) Analysis of a Collection of 18-Electron Systems
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FIGURE 4.4: Linear relationships between Inp and 4(1 — c%)/N as well as 4(1 -
cg/ N) from CISD and Selected Configuration Interaction (SCI) calculations.

The N-dependence impact on the linear relationship (i.e., 4(1—c%)/N , 4(1—c%/N ),
and Inp for CI methods) will be examined by a collection of 18-electron systems.
The idea is inspired by the work of Gill et al. [373], where they quantified the
MR character using the D diagnostic from CCSD/6-311G calculations for each

of these 18-electron systems. They also showed a linear relationship between
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the correlation energy error predicted by the intracule functional model and the
D1 diagnostic. Furthermore, Cioslowski [246] pointed out that c¢( is not a size-
extensive quantity and that only the systems with the same number of electrons
can be compared. Hence, by considering these molecules with 18 electrons, we
ensure a consistent comparison of systems with the same number of electrons.
This comparison addresses the issue of N-dependence, which could probably affect
the linear relationships in our a priori analysis.

Fig. 4.4 shows evident linear relationships between Inp and 4(1— cg)/N as well
as 4(1- c?)/ N from CISD and Selected Configuration Interaction (SCI) calculations.
When fitting Inp against 4(1 — c%)/N , both CISD and SCI data yielded similar
slopes of approximately 1.0. This result is consistent with the approximate rela-
tionship established in Eq. (4.23). Moreover, it reveals that the result from the SCI
solution, which incorporates higher-order excitations than singles and doubles,
aligns more closely with the approximate relationship outlined in Eq. (4.23) for
these 18-electron systems.

However, we also note a more noticeable difference in the linear fitting func-
tions between the 4(1 — cg/N ) term and Inp for CISD and SCI calculations. This
notable discrepancy in the linear fitting between 4(1 — c%/ Ny and Inp for CISD
and SCI data can be attributed to the larger values of 4(1 — cg/N ) and is related
to the higher-order expansion of 4(1 — cg/ N). Therefore, the concern regarding the
affect of N-dependence on the linear relationships for CI methods (i.e., between
4(1- c%)/N ,4(1- cg/N ), and Ixp) can be eliminated.

(2) Diatomic Molecule Dissociation

To assess these correlation metrics, we first review 7 small diatomic molecules
at the equilibrium distance (R.) and stretched geometry (1.5R.) that have been
studied by Handy et al. [11] and in the original Ip and Inp article [13]. We carried
out CISD and CCSD calculations with the cc-pVTZ basis set.

Tab. 4.2 shows the correlation metrics from CISD/cc-pVTZ. The behaviors of all
the correlation metrics exhibit a consistent manner as the nondynamic correlation
increases along the stretching of molecules, except the Beg which contains strong
nondynamic correlation nature even at the ground-state equilibrium distance.
As a result, all the correlation metrics of Beg exhibit larger values than other
molecules. If we examine these molecules at R,, it is observed that only Beg
significantly surpasses the threshold of 1— c(z) <0.1. In contrast, the remaining
molecules are categorized as SR based on the values of 1 — 0(2), even though Lig

and Ny are in close proximity to the cutoff.
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FIGURE 4.5: Relationships between correlation metrics of a series of ground-state
small diatomic molecules at the equilibrium distance, R, and 1.5R.. Top: linear
fitting of Ixp against 4(1 — c%)/N (left) and 4(1 — cg/ N) (right) calculated at the
CISD/cc-pVTZ level. Bottom: linear fitting (left) and quartic fitting (right) of Do
against Iy calculated at the CCSD/cc-pVTZ level.

The correlation metrics obtained from CCSD/cc-pVTZ calculations are shown
in Tab. 4.3. With the exception of Beg, all the correlation metrics exhibit an
increase as the molecules are stretched. At the equilibrium (R,), the T7 and D,
do not meet their MR cutoffs for any molecule, while Dy indicates MR character
for Bey, Fy, and Lis. Notably, both Inp and I ND. Show large values for Beg and
Liy even at R, and I is relatively large for Fy. These observations align with
the results of CISD, suggesting that these natural orbital-based indices tend to
exhibit more agreement with Ds.

In Fig. 4.5, we display the notable correlation between these correlation met-
rics: two normalized diagnostics, 4(1 - c(z))/N and 4(1 - c%/N ), along with Ixp ob-
tained from the CISD calculations; and the Dy diagnostic in relation to Iy7*
calculated at the CCSD level. On one hand, similar to the observations in the anal-
ysis of 18-electron systems, the linear relationship between 4(1 — cg)/N , 41— cg/N ),

and Inp still aligns with our previous a priori analysis and the assessment over
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the collection of 18-electron systems. For CISD, both normalization approaches
are equivalent in terms of ensuring that 1 - cg remains size-intensive. On the
other hand, the relationship between Dy and I, as established in Eq. (4.39),
is not limited to MP2 and can also be extended to CCSD. By utilizing a single
proportional parameter to simply scale the relationship in Eq. (4.39), we obtained
a notable fitting for the data range (D2 < 0.4), as shown in the bottom right plot
in Fig. 4.5. Both I and Dy are determined based on maximal values, and when
the double-substitution amplitudes play a predominant role in generating the
density matrix, their correlation aligns with expectations. This correlation can
be represented by either a linear fit (R? = 0.99) or a proportional quartic function
by scaling Eq. (4.39). Although the squared regression coefficient for the quartic
fit is marginally lower than the linear one, it can be significantly improved when
excluding data points where D9y > 0.5. The quartic fit is particularly advantageous
as D9 approaches zero, as supported by our analytical explanation, and it remains
valid within the range of D9 < 0.4, while it fails obviously when Dy approaches
0.5. Further discussion on this matter will be presented in Chapter 5.

The values of Ip presented in Tab. 4.2 and Tab. 4.3 exhibit insignificant
changes along the stretched geometry. This result aligns with the findings of
dynamic correlation energies reported by Handy et al. [11]. Moreover, most of the

Tp values from CISD are close to their corresponding values from CCSD.
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(3) Review the 34 Molecules of Nielsen and Janssen

In this study, our objective is to further explore the relationships among
various correlation metrics calculated at the MP2 and CCSD levels of theory. This
study includes examining relationships within the same categories as well as
across different categories, such as amplitude-based and natural orbital-based
indices, as well as average-based and maximum-based diagnostics. In this work,
we revisit the 34 molecules originally studied by Nielsen and Janssen [1], in which
they defined the D; and Dy diagnostics for MP2 and CCSD. This dataset is also
referred to as the NJ34 dataset within this study.

Firstly, within the category of amplitude-based diagnostics, there are no appar-
ent linear correlations between single and double-substituted amplitude-based
diagnostics. However, we note that 7'; and D; derived from CCSD exhibit a rela-
tively consistent trend. Fig. 4.6 reveals that the Do diagnostic, I I‘{I‘g", ng, NON,
even with —log(I) retain excellent linear correlations in both MP2 and CCSD
calculations. Note that the value of NON (largest occupation number in unoccu-
pied natural orbitals) is equivalent to nz,/2 for these closed-shell molecules, so the

nr, index is omitted here. IT2*

arises from either ng or ny, thus it contains the
information from ng or nr. Furthermore, it can be applied to a much broader
range of electronic structure methods than Do, and it has an easier interpretation
than empirical fitted indices like —log(I) and MRI. Therefore, the I{]" index is
promising to substitute ng, ny,, NON, —log(I), MRI and D, as they are linearly
correlated and provide the same information. In addition, detailed data tables of
these correlation metrics obtained from MP2 and CCSD calculations are provided

in Appendix A.3 (see Tab. A2 and Tab. A3).

TABLE 4.4: Relationships between Dy and I max from the NJ34 dataset [1]

Method Relationship Fitting Function Regression R?
Linear I max =0.422D5 —0.034 0.986
MP2
Quartic 1P = 0.673D3(2-4D3) 0.990
Linear I max =0.349D5 - 0.028 0.990
CCSD
Quartic I72% = 0.543D3(2 - 4D2) 0.988

The fittings of the relationship between Dy and If* are analogous to the

results presented in the diatomic dissociation case, as shown in Fig. 4.5. For the
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FIGURE 4.6: Linear relationships between Dy diagnostic and other correlation
metrics from MP2/cc-pVTZ and CCSD/cc-pVTZ calculations of the NJ34 dataset
from Ref. [1].
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NJ34 dataset, Tab. 4.4, the relationship between Dy and I\, as established
in Eq. (4.39), is not limited to MP2 and can also be extended to CCSD. As we
have discussed previously in the case of diatomic molecule dissociation, both the
linear and quartic fittings (i.e, utilizing a single proportional parameter to scale
the relationship in Eq. (4.39)), exhibited excellent performance (with squared
regression R? = 1.00). Further discussion regarding these fittings, which can
be used to determine cutoff values for I{7* as effective MR diagnostic, will be

elaborated on in Chapter 5.

Next, Let us examine the linear correlation between Inp and other correlation
metrics obtained from MP2 and CCSD results, as shown in Fig. 4.7. We observe
that IN_D exhibits a significant linear correlation with Scorr, Ssym and XEN, with
regression coefficients (R2 > 0.9) for both MP2 and CCSD. The linear correlation
between m and Sgynm is as expected, as the two indices exhibit similar curves
against nY (as shown in Fig. 4.1) for the closed-shell two-electron and two-orbital
model system. Moreover, the linear correlation between Inp and correlation en-
tropy Scorr suggests that the choice of an asymmetric distribution function (with
the maximum point not occurring at ny = 0.5) does not significantly impact the
behavior of average-based correlation metrics. Exceptionally, the MR indicator Sy,
designed specifically for measuring dynamic correlation, does not show a signifi-
cant correlation with Inp. In Chapter 5, we will systematically study relationships
among these correlation metrics using larger datasets, and explore the utility of

these metrics as MR diagnostic tools.

In addition, through our analysis of the NJ34 dataset, we have verified that
the contributions to Ixp from occupied natural orbitals and virtual orbitals are
approximately equivalent, as mentioned by Bartlett et al. [257] in their study.
This observation supports the formulation of Ixp in Eq. (4.10), where the latter

term %ZZ“; Infl2 is significantly smaller compared to 2XEN, especially when
n; approaches 0 or 1. This explains the linear relationship observed between
XEN and Iyp in Fig. 4.7, where Inp can be approximately calculated by 2XEN.
Nevertheless, the molecules CN* and Csg exhibit the largest m values, which lead
to the slope of the fitting function with XEN greater than 0.5. These two molecules
are characterized as MR by all the presented correlation metrics (more details on

the cutoffs of Inp and I Nb. for MR character will be provided in Chapter 5).

Fig. 4.8 illustrates the linear relationships among 7Ti, D1, and the size-
extensive version of Inp. Given that both 7y and D; are derived from single-
substitution amplitudes, the current analysis reveals a linear correlation between

them, consistent with prior studies by other authors [35, 253]. Furthermore,
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FIGURE 4.9: —log(I) versus MRI [257] from MP2/cc-pVTZ and CCSD/cc-pVTZ
calculations of the NJ34 dataset in Ref. [1].

T \/m and the size-extensive version of Inxp in Eq. (3.109) exhibit a moderate
level of correlation, where Ny stands for the number of correlated electrons.
This implies a correlation between the size-intensive version of Inp in Eq. (4.2)
and T, if they are normalized in the same way.

As illustrated in Fig. 4.9, the —log(I) and MRI from MP2 or CCSD typically
categorize the majority of molecules into SR group, with only a few exceptions
that exhibit strong MR character (i.e., CNT and Cs). The —log(I) and MRI were
devised by Bartlett et al. [257] through fitting parameters to separate 15 SR and
15 MR character molecules. Although adjusting the fitting parameters might
improve these indices in different situations, it is not our purpose here.

Through the statistical assessments of the linear relationships among various
correlation metrics, despite working with relatively small datasets, we have been
able to reduce these metrics based on their similarities. Within the category of

maximum quantities, it is evident that I KI‘%", ng, nr, —log(I), MRI, and D9 are
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highly correlated. On the other hand, within the category of average quantities,
Inp = 2XEN has been verified across different sets. Consequently, the natural
orbital-based indices like Scorr, Ssym, and those introduced by Bartlett et al. [257],
such as, NON, —log(I), MRI, and XEN, will be excluded from our subsequent
analysis in Chapter 5.
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CORRELATION INDICES AS MR DIAGNOSTIC TOOLS

5.1 Introduction

MR diagnostics can be considered a specific type of correlation measure (or referred
to as “metrics”) that are designed to identify MR character within systems. In liter-
ature, numerous correlation metrics have been introduced (we refer to Section 3.4
in Chapter 3), and some of them have been proposed with specific cutoff values to
serve as MR diagnostics, such as T'1 [25], D1 [244], D3 [1], M giag [29], %TAEL(T)]
[31], %E cor [(T)] [18], and among others. Nonetheless, the application of MR di-
agnostics faces challenges with conflicting results, where different diagnostics
may provide inconsistent indications of MR character [18, 19, 32, 253, 395, 396].
Previous studies have suggested diagnostic pairs that complement each other
for optimal results [1, 26], while combining multiple diagnostics has been shown
worse outcomes according to some authors [36]. Although energy-based diagnos-
tics (e.g., %TAE[(T)], %E corr[(T)]) have been advocated by some authors, they
require computationally expensive calculations, such as CCSD(T) [18, 19, 32-35]
or FCI [11, 223-225]. Therefore, with the existence of numerous MR diagnos-
tics, the need arises to reduce redundancy and effectively utilize MR diagnostics.
Motivated by this, we aim to (i) identify the minimal set of representative MR
diagnostics while avoiding redundancies; (ii) exclude MR diagnostics that are
dependent on the system size. In this context, we refer not only to size-intensive

diagnostics but also emphasize that even small portions of the system exhibiting
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significant MR character should remain detectable by MR diagnostics regardless
of increasing the system size; and (iii) develop robust MR diagnostics based on
the correlation indices that can be applied across all electronic structure methods.

This chapter focuses on analyzing a collection of various correlation metrics,
including (natural orbital-based) correlation indices (e.g., IN_D, I ﬁg", nyg, nr) and
MR diagnostics (e.g., T1, D1, D2, %TAEI(T)], %E corr[(T)]). Our primary goal is to
examine the linear relationships among these correlation metrics, as measured
by the squared Pearson’s correlation coefficient (R2). Through this analysis, we
categorize and classify the correlation metrics based on their linear relationships,
ultimately consolidating them into a single representative in each category. Sub-
sequently, we provide some specific MR case studies by incrementally increasing
the system size to evaluate the performance of these correlation metrics as MR
diagnostics. In these typical MR system series, we consider that the MR character
should be always identifiable regardless of the system size. Therefore, any correla-
tion metrics identified as dependent on system size, and failing to indicate MR
character in larger systems, will be discarded from the following analysis.

Our secondary objective is to establish MR cutoffs for (natural orbital-based)
correlation indices through their linear relationships with other MR diagnostics
that already have cutoff values. Then we will also assess the agreement among MR
diagnostics based on these cutoff values. By addressing these objectives, we aim
to provide a comprehensive guide for utilizing natural orbital-based correlation

indices as effective MR diagnostic tools.

5.2 Computational Details

All CCSD and CCSD(T) calculations were performed by using an open-source
quantum chemistry program, Psi4 [368-370]. We assessed the correlation indices
and MR diagnostics derived from CCSD or CCSD(T) using a recently created
cc-327 dataset, which consists of a total of 327 diverse molecular structures. The

molecular geometries and basis sets are listed by several subgroups as follows:
* Strong correlated systems:

— Hydrogen chains (Hg, ) with varying chain lengths, where n = 1,2,...,12.
The inter-Hy unit distance was set to 3 Bohr, and the intra-unit dis-
tance was set to 2 Bohr. These calculations were performed using the
aug-cc-pVDZ basis set. [397, 398]

— Polyacetylene (PA) chains (C,,H,, +2) with varying chain lengths, where
n took on values of 2, 4, 6, 8, and 10. The bond distances were adapted
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as follows: intra-unit rcc = 1.34 A, ropg = 1.09 A, and 6ccy = 121.5°,
inter-unit rce = 1.45 A. The calculations were performed using the
Sadlej-pVTZ basis set. [399]

— Twisted ethylene (CoHy) structures, [400] the twisted angles ranging
from 0 to 85° with an increment step of 5°. The aug-cc-pVTZ basis set
[397, 398] was employed, and the geometries were adopted Ref. [400].

— Stretched p-quinodimethane (PQM) structures, [400] the geometries
were optimized at the B3LYP level. The both-end C-C bond lengths
were systematically stretched from 1.35 to 1.9 A with a step of 0.05 A.
These calculations utilized Pople’s 6-31G* basis set, which includes a
diffuse function p with an exponent of 0.0523. [400—403]

Three diatomic molecular dissociations [3] with the aug-cc-pVDZ basis set:
[397, 398] Hey (R = 3.0, 3.7,4.4,5.0 A), HeNe (R = 3.1, 3.5,4.5, 7.0 A), and
HeAr (R =5.0,4.3,5.5,8.0 A).

The isoelectronic series of He [3] (He, Li*, Be2*, B3*, C**, N®*) using opti-
mized even-tempered basis sets [404, 405] from Ref. [3] using the procedure
outlined in Ref. [238].

Polyhedra of He [3] consisting of 2, 3, 4, 5, and 6 helium atoms, positioned
at a distance of 10 A from the geometric center of the polyhedra, using the
6-31G basis set. [377]

Bartlett’s 14 SR (excluding Oy triplet) and 15 MR molecules [257]% with the
cc-pVTZ basis set. [380, 398, 406]

The W4-17 dataset, which includes 160 closed-shell molecules, [35, 292]
with the cc-pVTZ basis set. [380]

The S66 non-covalent interaction dataset [407] with the aug-cc-pVDZ basis
set. [397, 398]

All MP2 calculations were carried out with another open-source quantum

chemistry package, PySCF [371, 372], including in total 5090 closed-shell molecular
structures from the GMTKNS55 dataset [408] and the AD-3165 dataset [18]. In
GMTKNS55, we collected the values of Dy for the 1925 closed-shell molecules
among the total 2462 molecular structures, the rest are large molecules and have

2Due to a CCSD convergence problemn with Psi4, we slightly modified the geometry of some
molecules, and we computed Ng at R =3.8 A, HF at R =3 A, CoHy at 89°).
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been discarded due to large computational cost requirements or because they
were open-shell cases (the full table of excluded molecular structures is available
in Ref. [389]). Henceforth, this dataset collection is referred as the GMTKN55-
1925 dataset. The calculations for all molecules were carried out at the MP2
level with the def2-qzvp basis set. In the case of the WATER27 subset, it was
increased with diffuse functions s and p for the oxygen atoms. In addition, in
subsets G21EA, AHB21, and IL16, the diffuse functions s and p were added for
all non-hydrogen atoms, and the diffuse functions s were added to the hydrogen
atom. The core-electron of heavy elements in some systems of HEAVY28 (Pb, Sb,
Te, Bi, I), HEAVYSB11 (Pb, Sn) and HAL59 (I) were replaced by the def2-ECP
effective core potentials [408].

Using the AD-3165 dataset which was initially presented in a recent work
of Kulik and coworkers [18], we repeated calculations over the entire AD-3165
dataset using MP2 with the cc-pVTZ basis set and obtained Dg, ﬁg", ng, nL,
M giag, etc. The results were merged with the ones of the GMTKN55-1925 dataset
and are referred to as the mp-5090 dataset.

All the calculations of closed-shell molecules were done using a restricted
Hartree-Fock (RHF) reference, with the frozen core option in post-HF methods,
and the energy convergence threshold being set to 1078 a.u. We utilized our
in-house Python3 program for the computation of all the natural orbital-based
indices, as well as the D9 diagnostic of MP2. The program relies on several
libraries, including Numpy [381], Scipy [382], Pandas [383, 384], and Matplotlib
[385]. Additionally, the Matplotlib library was employed for generating all the
graphs.

In this chapter, we always used the unrelaxed density to generate natural
orbital occupation numbers in most of the calculations. The PySCF package was
used to compute the unrelaxed MP2 density matrices, and the unrelaxed CCSD
densities were evaluated using the Psi4 software.

Additionally, we also employed one size-intensive energy-based correlation
metric based on the CCSD correlation energy and its spin-separated components:
the percentage of opposite spin correlation contribution, %E?ﬁr,

ECCSD(OCﬁ) ECCSD(GCﬁ)

corr corr

x 100 = x 100. (5.1)
EGRP EGr (ap)+Egr°(aa)

WE b, =

The opposite spin correlation is more closely associated with short-range (dynamic)
correlation rather than long-range (nondynamic) correlation [409]. According to

the Pauli principle, the probability of finding two same-spin electrons at the same
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spatial position must be zero, while it is generally nonzero for electrons with
opposite spins. Thus, %E Zﬁr is expected to measure dynamic correlation.

The comprehensive collection of correlation metrics examined in this chapter
can be found in Tab. 5.1. Compared to the list presented in Tab. 4.1 from Chapter 4,
we have discarded certain similar correlation metrics. Since our focus in this
chapter is on the correlation metrics applicable to the MP2, CCSD, and CCSD(T)
levels of theory, co-based diagnostics will not considered here.

TABLE 5.1: List of electron correlation measures employed in the study.

Category Correlation Metrics

D1 [244] and Do [1], ng and ng, [32]
Iggx [389], Mdiag [29]

Maximum

Average Ty [25], Sy [390], Ip and Inp [13, 389]

%TAE[L(T)] [30], %E core[(T)] [18]

Ratio
%EP 13901, rxp [34]
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5.3 Results and Discussion

5.3.1 Exploring Linear Relationships Among Correlation Metrics

In this section, we collect various MR diagnostics from the cc-327 dataset. Our
initial focus centers on exploring linear relationships among these diagnostics,
which can be assessed through the squared Pearson’s correlation coefficient (R2),
see Tab. A7 in Appendix A.4. Additionally, as demonstrated in the statistical
assessment in Chapter 4, the connection between Dy and I is significant when
D9 < 0.4 or smaller, while the connection is poorer in severe MR regime (from
Dy > 0.4). Consequently, in order to avoid the affect of the data from severe MR
character, we have performed further analyses to examine linear relationships
when Dy < 0.4 (refer to in Tab. A8 in Appendix A.4) and when D9 < 0.3 (refer to
Tab. 5.2). Particularly, we note that by applying the criterion Dy < 0.4 to the cc-327
dataset, we obtain a dataset consisting of 311 molecular structures, referred to as
the cc-311 dataset. Similarly, utilizing the criterion Dy < 0.3 yields a dataset of
299 molecular structures, denoted as the cc-299 dataset.

Firstly, we have categorized these MR diagnostics into distinct groups based

on their linear relationships:
* Average quantities: Sy, Ip, Inp
* Maximum quantities: IGR", ng, nr, Maiag, D2
* Single-excitations: T'1, D1
¢ Ratio: %E?frr, rND, % TAE(T), %E cor [(T)].

In the category of average quantities, it is unsurprising that both Sy and Iy
exhibit consistently high correlation, as they both reflect dynamic correlation.
The correlation between Ixp and Sy can be explained by our analysis of their
mathematical ansatz, where we observe a heuristic linear relationship between
these two metrics when the majority of ny values are close to 0 or 1. This behavior
is evident in the singlet two-electron two-orbital model system (MS) as presented
in Chapter 4: when n7 < 0.1 or n7 = 0.9, both S}}/IS and I%\\I/IS show synchronous
variations (i.e., they either increase or decrease together). However, in the range
of 0.1 <n? <0.9, they exhibit inverse variations. In other words, Inp and Sy are
correlated for systems in the SR or mild MR regime (see Tab. 5.2), whereas this
correlation is lost for systems in severe MR regime (see Tab. A7). In addition, we
note that Sy and I are not correlated with any other MR diagnostics apart from
Inp (see Tab. 5.2), as expected.
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FIGURE 5.1: Linear relationships between pairs of MR diagnostics from CCSD
over the cc-299 dataset (D9 < 0.3).

Among the maximum quantities, we have previously demonstrated the rela-
tionships between Dy and I, ny, and np, in the preceding chapter. Additionally,
M giag is linked to ny and ny, by its definition in Eq. (3.104) for the closed-shell
systems. Given the high correlation observed among these maximum quantities,
it becomes apparent that one of them can serve as a representative metric for the
others.

In the category of single-excitation metrics, there exists a correlation between
T1 and D1, as previously noted by other authors [18, 35, 253]. Despite the dis-
tinction in their statistical properties, with 7'; derived from average metrics and

D1 from maximum metrics, they show a correlation, especially in systems in the
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FIGURE 5.2: Linear relationships between T'; and D; diagnostics from CCSD
over the cc-299 dataset (Dg < 0.3).

SR regime (both 7'; and D; are much smaller than their cutoffs). However, this
correlation weakens as systems transition into the MR regime (one of the values
of T1 and D1 is larger than their cutoffs).

As shown in Fig. 5.2, the relationships between the cutoff values of the maxi-
mum metric D1 < 0.05 and the average metric 71 < 0.02 are apparent. Notably,
the majority of data points fall within the region where both metrics indicate SR
character. Furthermore, almost no molecule tested in the cc-299 (D9 < 0.3) dataset
would be classified as MR according to 77 but as SR to D;. This observation
suggests that the cutoff for the maximum metric is more restrictive than the
average metric. In other words, one can employ the cutoff of the maximum metric
as a sole MR diagnostic, rendering the cutoff for the average metric unnecessary.

Within the category of ratio quantities, they are poorly correlated with each
other or with any other metrics. In general, energy-based diagnostics show low
correlations among themselves or with other wavefunction-based correlation

indices, as previously noted by other authors [18, 35].
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5.3.2 Assessing Correlation Metrics for Detecting MR Character

From our standpoint, MR diagnostics introduce an additional criterion for correla-
tion measures: the ability to capture the most strongly correlated aspects within
the system. This principle remains valid regardless of the system’s size, even if
only a small portion of it requires a necessary MR description, it validates the
classification of the molecule as MR. In this context, it is only logical to employ
correlation measures built upon the concept of maximal distance between wave-
functions. To support this argument, we design the following Ho(He)s,,, O2(Ne),,,
and O9(N3), molecular systems, and we aim to assess various electron correlation

metrics as candidates for MR diagnostics.

(1) Ho(He)2, molecular systems

H
?
I
1
1
\}
n ! a n
A 1 ‘_I_‘
r J i
=== He He He L He He He ===
1
1
1
I
1
1
1
1
1
1
1
1
‘
H

FIGURE 5.3: Hy(He)g, molecular systems (n =1,2,3,4,...).

The Ho(He)g,, molecular systems (n = 1,2,3,4,...) are all open-shell singlets
with Dgj, symmetry. As shown in Fig. 5.3, these systems have a consistent fixed
geometry where all constituent atoms lie within a single plane. In this structure,
a constant separation of 8 A is maintained between the two hydrogen atoms (H-H).
Positioned equidistantly between these hydrogen atoms, a linear arrangement of
helium atoms (He) extends perpendicular to the H-H axis. Along this axis defined
by the helium chain, every two adjacent helium atoms at each side of the H-H line
are separated by 2 A. The larger systems are constructed by the addition of Hes
units to the smaller ones.

This system provides typical evidence that the maximum quantities remain
constant regardless of the system’s size expansion, as long as it does not intro-

duce an additional portion exhibiting MR character. As shown in Tab. 5.3, these
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FIGURE 5.4: Average quantities or ratios as correlation metrics against the
total number of electrons N for the Ho(He)2,, molecular systems, calculated at
the CCSD/cc-pVDZ level of theory. As there are no core electrons frozen for

the hydrogen and helium atoms, all electrons are correlated. The dashed line
represents the cutoff for MR diagnostic.

maximum quantities consistently signify the presence of MR character within
this system, even if it exists only within a small part of the overall structure. On
the other hand, when considering average quantities or ratio-based correlation

metrics, they show a clear dependence on the system size, as depicted in Fig. 5.4.

TABLE 5.3: Maximum quantities as correlation metrics for the Ho(He)2, molecu-
lar systems, calculated at the CCSD/cc-pVDZ level of theory.

Mol. n Dl D2 ng nyg, I?%x

HoHeg 1 0.1491 1.0222 1.0000 1.0000 0.25
HsHe;p 5 0.1489 1.0222 1.0000 1.0000 0.25
HoHegp 10 0.1489 1.0222 1.0000 1.0000 0.25
HoHe3p 15 0.1489 1.0221 1.0000 1.0000 0.25

All of these metrics show the dependence of the system’s size. For instance, the
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T diagnostic shows an inverse relationship with v N, where N denotes the total
number of electrons. This relationship can be interpreted through its definition,
which is expressed as 71 = ||¢1]l/ \/m Here, the total number of correlated
electrons, N¢orr, equals N for hydrogen and helium atoms. The Euclidean norm of
t1 amplitudes remains constant at 0.149 and is independent of the system size.
Consequently, as the system is extended by adding additional helium atoms, the
values of T'; steadily decrease and fall below its designated cutoff when n = 14. As
the system size approaches infinity, 7'; will ultimately vanish.

As the system size increases, other average quantities and ratio quantities
decay towards their respective limits, as illustrated in Fig. 5.4. They can be
effectively fitted with an appropriate power of N, and exhibit an asymptotic decay
trend as the system size increases. In particular, the limit of Ixp converges to the
value of Ip for a single helium atom. This convergence occurs because the original
version of Ixp is size-extensive, and the average metric Inp approaches that of a
single helium atom as the system size approaches infinity. Since the CCSD and
CCSD(T) energies are very close when treating the Ho(He)g,, molecular systems,
the related (T) energy-based MR diagnostics like %TAE[(T)] and %E .o [(T)] are
not considered in the current analysis. Nonetheless, the subsequent examples of
0O2(Ne),, and Og(N3), molecular systems are specifically for assessing these (T)
energy-based MR diagnostics.

(2) 02(Ne),, molecular systems

OZNe Ne 0 «--->0
2A

ozNe2 Ne 0 <«---»>0 Ne
2A

OzNe3 Ne 0 «--->0 Ne Ne

. 2A

OzNen ==xx Ne O <«-—-->0 Ne Ne ===

2A

FIGURE 5.5: O2(Ne),, molecular systems (n =1,2,3,4,...).

The Og(Ne),, molecular systems (n =1,2,3,4,...) which are all open-shell sin-
glets, are illustrated in Fig. 5.5. These systems consist of linear chain structures in

which two oxygen atoms are separated by 2 A. Neon atoms are alternately added
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to each side of the oxygen atoms. The distances between neighboring neon atoms
are consistently maintained at 5 A, and the separation between two adjacent neon

atoms remains at 5 A as well.

TABLE 5.4: Maximum quantities as correlation metrics for the O2(Ne),, molecular
systems, calculated at the CCSD/cc-pVDZ level of theory.

Mol. n D1 Dz ng nr IK;SX

O2Ne 1 0.0939 0.6683 1.3973 0.5985 0.2105
O2Nes 2 0.0939 0.5683 1.3973 0.5985 0.2105
OgNes 3 0.0939 0.5683 1.3973 0.5985 0.2105
OgNey 4 0.0939 0.5683 1.3973 0.5985 0.2105
Og2Nes 5 0.0939 0.5683 1.3973 0.5985 0.2105
O2Neg 6 0.0939 0.5683 1.3973 0.5985 0.2105

Similarly, for the initial system OgNe, all the MR diagnostics consistently
indicate MR character. Moreover, with an increase in the system size, all the
maximum-based MR diagnostics shown in Tabh. 5.4 remain constant. We note that
D and Dy greatly exceed their cutoff values.

In contrast, as shown in Fig. 5.6, all the average quantities or ratio metrics
exhibit clear size-dependency (except %#TAE[(T)], which remains relatively con-
stant around 36.62). Significantly, both 71 and %E ., [(T)] fall below their cutoffs
as the system size increases. Finally, as the system size approaches infinity, Inp
approaches 0.013, which corresponds to the value of Inxp for a single Ne atom.

According to the analysis of the current MR molecular systems, it becomes evi-
dent that all the average or ratio-based correlation measures (except %#TAE[(T)])
are dependent on the system size. We note that %TAE[(T)] should be also size-
dependent, while it is not evident in the current MR case due to the zero contri-
butions from individual neon atoms to %TAE[(T)]. In the subsequent MR case,
we will illustrate how %TAE[(T)] is sensitive to the variations in the system size.
Hence, applying a cutoff for these average or ratio-based correlation metrics is
not suitable as they are size-dependent, and they are inappropriate to be used as
MR diagnostics. In contrast, the maximum-based correlation measures remain
consistent regardless of system size. Moreover, ng or ny, approaching 1.0 indicates
a highly-correlated regime. With appropriate cutoffs, they are recommended for

use as MR diagnostics.
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FIGURE 5.6: Average quantities or ratios as correlation metrics against the
total number of electrons N for the O2(Ne),, molecular systems, calculated at
the CCSD/cc-pVDZ level of theory. The dashed line represents the cutoffs for MR
diagnostics.
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(3) O2(N3), molecular systems

02N2 Ne«->N O0<«---+>0
r, 2A

0O,(N,), N<-N 0<-->0 N<-N
r, 2A r,

O,(N,); NN 0<«-->0 NN N<«->N

. r, 2A r, r,

02(N2)n === Ne->N QO <«-—-—-+0 N+—>N N<>N ===

r, 2A r, r,

FIGURE 5.7: O2(N2),, molecular systems (n =1,2,3,4,...). The N2 molecular units
are at r, =1.097 A.

Similar to the Og(Ne),, systems that we have presented previously, the Og(Nsg),
molecular systems (n = 1,2,3,4,...) are designed by replacing the neon atoms
of O2(Ne), by N2 molecular units which are at their equilibrium distance. As
illustrated in Fig. 5.7, these systems consist of linear chain structures in which
two oxygen atoms are separated by 2 A, and the Ny molecular units are alternately
added to each side of the oxygen atoms. The distances between neighboring Ny
units are consistently maintained at 5 A, and the separation between two adjacent

Ny units remains at 5 A as well.

TABLE 5.5: Maximum quantities as correlation metrics for the O3(Ng),, molecular
systems, calculated at the CCSD/cc-pVDZ level of theory.

Mol. n D1 DQ ng nr, Ii\?gx

02Ny 1 0.0939 0.5682 1.3975 0.5983 0.2105
O2(N2)2 2 0.0939 0.5681 1.3977 0.5981 0.2105
O2(Ng2)3 3 0.0939 0.5681 1.3977 0.5981 0.2105
O9(Ng)gs 4 0.0939 0.5681 1.3977 0.5981 0.2105
O2(N2)s 5 0.0939 05681 1.3977 0.5981 0.2105
O9(Ng2)s 6 0.0939 0.5681 1.3977 0.5981 0.2105

Tab. 5.5 shows the maximum-based correlation metrics. As expected, they are
insensitive to the variation in the system size, and their values are consistent
with the ones of O2(Ne), that have been shown in Tab. 5.4. Therefore, they can

reflect the maximum MR character in the system regardless of the system size.
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Fig. 5.8 illustrates that the average-based and ratio-based MR diagnostics are
size-sensitive, consistent with the results from H2(He)s, and O2(Ne),, systems.
Especially, it demonstrates a clear decrease in %TAE[(T)] when increasing system
size of O9(N2),. This results in the cutoffs for %TAE[(T)] invalid, as %TAE[(T)]
decreases from approximately 10% to 2%. The extrapolation indicates a further
reduction to a very low value of 0.815, ultimately rendering it unsuitable as an
MR diagnostic.
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FIGURE 5.8: Average quantities or ratios as correlation metrics against the
total number of electrons N for the O2(N32),, molecular systems, calculated at the
CCSD/ce-pVDZ level of theory. The dashed line represents the cutoffs for MR
diagnostics.
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5.3.3 Cutoffs for IJJ* as an MR Diagnostic Tool

In the previous section, several correlation metrics, including E, rND, T'1, %E?ﬁr,
DE core[(T)] and %TAE[(T)] have been demonstrated to inappropriately serve as
MR diagnostics, due to their susceptibility to system size variations and their
inability to detect significant MR character in large systems. In addition, D,
is not recommended to be MR diagnostic because of its susceptibility to orbital
rotation. As previously discussed, a Bruckner rotation would yield zero values for

single-substitution amplitudes (we refer to Chapter 3). Hence, we only consider

max
ND °

insensitive to system size as our chosen MR diagnostics.

these maximum quantities, including I ng, nr, Mgag, and Dy that remain

Firstly, following the connection between Igp*

and Dy that have been es-
tablished previously in Eq. (4.39) in Chapter 4, we employ one single fitting
parameter, denoted as x, to scale the relationship between Dy and I({*. The

fitting function is given by

2 2
max — [ D2(2-4D)]. (5.2)
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FIGURE 5.9: Fitting of Dy against I7* for NJ34 set (left) and mp-5090 set (right),
calculated at the MP2 level.

max

Analyzing the fittings of D9 against Iy* performed across the test datasets
derived from MP2 calculations, as illustrated in Fig. 5.9, we find an equivalence
with the established Dy cutoff values for MP2 (D3 > 0.15-0.17) as suggested
by Nielsen and Janssen [1]. Remarkably, the Ig7* cutoffs, obtained from the
fitting functions, show minimal variation when utilizing either a modest MP2
test set (NJ34 set) or an extensive one (mp-5090). Furthermore, as shown in
Tab. 5.6, the agreement between the two diagnostic methods (quantified as the

percentage of molecules classified consistently as MR or SR) exceeds 94%. This
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TABLE 5.6: Equivalence between Dy and IyJ* cutoffs for MR diagnostics based

on the NJ34 and the mp-5090 datasets, calculated at the MP2 level

Set Size K Regression R2 Dy I ND Agreement(%)
0.15 0.029 94
NJ34 34 0.673 0.99
0.17 0.037 97
0.15 0.030 98
mp-5090 5090 0.687 0.95
0.17 0.037 96
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FIGURE 5.10: Fitting of Dy vs. Ixf® in the cc-327 dataset under varying Dy

criteria, calculated at the CCSD level.

observation validates the substitution of Dg >0.15—0.17 with I ﬁg" >0.03-0.037
for calculations at the MP2 level.

When performing fittings of Dy against I({* using the CCSD datasets, select-
ing an appropriate fitting range within the CCSD dataset becomes crucial. This
choice of fitting range relies on the fact that the maximum point of the fitting
curve in Eq. (5.2) occurs at Do = 0.5. Ideally, the fitting is reliable only within

the range of 0 < Dy < 0.5, with better accuracy achieved as the values approach
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zero. Conversely, as values approach 0.5, deviations become more significant, and
when D3y exceeds 0.5, the fitting loses validity. In contrast to the MP2 datasets,
where all Dy values are less than or equal to 0.3, the CCSD datasets involve
strong-correlated systems where Dy > 0.4, and this can already significantly affect
the fittings using Eq. (5.2) (see Fig. 5.10).

The purpose of the fittings is to ensure accuracy in the vicinity of these Do
cutoffs (i.e., Dg > 0.15—0.18 for CCSD). As a result, we performed tests with four
different fitting ranges within the cc-327 dataset obtained from CCSD calculations,
namely Dy < 0.5, Dy < 0.4, Dg < 0.3, and Dg < 0.2. The results of these four
fittings, corresponding to the four different ranges in the cc-327 dataset, are
presented in Fig. 5.10. While the fitting parameter x varies slightly for different
fitting ranges, these fitting curves closely align around the Dg cutoff values, with
squared regression coefficients (R2) consistently exceeding 0.97. The established
cutoff values of I]* derived from these fittings, based on the respective dataset
ranges, are summarized in Tab. 5.7. Especially, these cutoff values show seldom
variation relative to the choice of fitting range or dataset, with all agreements
between the cutoffs of Ii* and their corresponding Dy cutoffs surpassing 95%.
Consequently, we recommend the use of I{* > 0.024 — 0.034 which is equivalent
to Dg > 0.15—-0.18 as the MR diagnostic for CCSD calculations. We adopt the
original cutoffs for D2 as suggested by the authors [1]: Dy < 0.15 indicates the SR
regime, Dy > 0.18 signifies inadequacy of the CCSD method, corresponding to the
MR regime, and Dy values between 0.15 and 0.18 suggest being cautionary on the

current CCSD calculation.

TABLE 5.7: Equivalence between Dy and I cutoffs for MR diagnostics based
on the cc-327 dataset, calculated at the CCSD level

Data Range Size K Regression R? Do IS Agreement(%)
1 .024
Dy <0.5 318 0.565 0.98 0.150.0 9%
0.18 0.034 97
0.15 0.024 95
Dy;<0.4 311 0.558 0.97
0.18 0.034 97
0.15 0.025 96
Dy<0.3 299 0.571 0.97
0.18 0.035 98
1 .02
Dy<0.2 254 0.584 0.97 0.5 0.025 %
0.18 0.035 98
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FIGURE 5.11: Relationships between pairs of MR diagnostics from CCSD over

the cc-327 dataset (D2 < 0.4), including 311 molecular structures.

TABLE 5.8: Equivalence of cutoffs of MR diagnostics and classification of MR(%)
over the cc-327 dataset by each MR diagnostic from CCSD calculations.

Cutoffs Dy I ﬁﬁx ny nr Mgiag
Level 1 0.15[1] 0.024 1.950 0.040 0.04
MR(%) 76 80 79 74 81
Level 2 0.18[1] 0.034 1.930 0.058 0.06
MR(%) 54 56 55 60 61
Level 3 - 0.048 1.900[154] 0.0674[257] 0.1[29]
MR(%) - 16 16 40 13
Level 4 - 0.06 - 0.116 [257] -
MR(%) - 11 - 11 -

* Note that n;, = 2NON [257] for closed-shell molecules.

Furthermore, we also consider the suggested cutoff of n;, = 2NON = 0.116 by
Bartlett et al. [257], and we establish a trial cutoff of I{{* = 0.06 based on n¢ =
0.058, determined by the linearly fitted relationship, nz, = 2.134I3*~0.014. These
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cutoff values for Do, Iﬁg", ng, nr, and Mgijae are summarized in Tab. 5.8. It is
noteworthy that the cutoffs at Level 1 and Level 2, which correspond to the cutoffs
of Dy, tend to be relatively smaller, while the cutoffs at Level 3 are associated
with n; = 1.9 (except for nr), and the highest cutoffs at Level 4 correspond to
nz, = 0.116. The suggested cutoffs from these four levels are categorized based on
their sensitivity in detecting MR character. Level 1 cutoffs are the most restrictive,
and they classify over 70% the molecular structures as MR character in the cc-
327 dataset. Level 2 cutoffs which are based on D2 =0.18, are often accepted in
the literature [18, 32, 34—36], and they identify over 50% molecular structures
with MR character. Level 3 cutoffs are less stringent, but they are worth being
examined. On the other hand, level 4 cutoffs are the least restrictive, and using
level 3 or level 4 to detect MR character does not significantly affect the MR(%)

classified by I ggx Hence, a higher cutoff than level 3 is not recommended.
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CHAPTER

EXTENDED BAERENDS’ DISPERSION MODEL

6.1 Introduction

According to Gritsenko and Baerends [88], an FCI calculation for Hy molecule
(triplet) with a basis set that involves only s+ p orbitals can yield up to 51% of the
binding energy compared to the benchmark data of Kolos and Wolniewicz [410].
Moreover, they have shown that by employing s + p + d basis functions, the FCI
method is capable of retrieving 91% of the reference energy, and the inclusion of f
functions improved the accuracy to 98%. Moreover, they suggested that induced
dipole-induced dipole two-electron terms from the FCI pair density account for
London dispersion [88-90]. Gritsenko and Baerends [88] fitted the total energy
difference between FCI and CAS(2,2) to determine Cg = 6.276 and Cg = 161.994
for the singlet Hy molecule, using the aug-cc-pV6Z basis set, the interatomic
separation distances R being set from 11.0 to 13.0 a.u. [90] In addition, as we
have introduced in Chapter 3, they put forward that induced dipole-induced dipole
two-electron AO quartets (i.e., sa(1)pa(1)sg(2)ps(2) and sa(2)pa(2)sg(1)ps(1))

from the FCI pair density can account for London dispersion [88-90].

Angyén et al. [42] also referred that the use of a basis set that incorporates
higher angular momentum functions leads to higher instantaneous multipole
moments. In particular, they pointed out that using these basis sets (e.g. including
d-and f-type GTO) gives rise to non-vanishing transition quadrupole and octopole

moments, which in turn contribute to dispersion energy terms such as —Cg/R®
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and —C19/R1%, where R represents the interfragment distance. Therefore, using
s+ p orbitals can only produce Cg, while incorporating s + p +d orbitals gives Cg
and Cg, and employing s+ p +d +f orbitals we can include up to C1¢. Furthermore,
by performing CISD calculations on Heg with the aug-cc-pV6Z basis set, they
determined the dispersion coefficients Cg = 1.33475, Cg = 12.4082, and C1g =
125.313 through fitting the energy difference E opr(R) — E ¢orr(00) for R values

ranging from 8 to 16 a.u.

In the context of RDMF'T, they proposed an approximate RDMFT functional
[88] to recover vdW binding energy of Hy (triplet) molecule. This RDMFT func-
tional incorporates the electron-electron interaction energy term derived from an
approximate pair density. The approximate pair density was formed by using a
finite set of combinations of natural orbital products, reflecting the interactions be-
tween a pair of instantaneous atomic multipoles resulting from intra-atomic s — p,
s —d, or s — [ excitations. In practice, the approximate pair density (referred
as vdW pair density by Baerends et al. [88—-90]) can be represented in terms of
induced dipole-induced dipole two-electron AO quartets. This particular RDMFT
functional (using eight natural orbitals) was shown to successfully recover 50%
of the benchmark vdW binding energy of Hs provided by Kolos and Wolniewicz
[410].

With respect to the induced dipole-induced dipole terms, Angyan et al. [42]
presented a simplified model system: Hey at large internuclear distances R,
using a basis set consisting of two s orbitals and one p orbital on each helium
atom. By employing this model, they derived an analytical correlation energy
expression for CI with double excitations only (CID) and MP2, written in terms
of these induced dipole-induced dipole two-electron integrals in AO basis. They
demonstrated qualitatively a 1/R® decay of the correlation energy resulting from

London dispersion.

Baerends et al. [88-90] and Angyan et al. [42] used induced dipole-induced
dipole terms in their simplified model systems of Hy and Hey. Nevertheless, it
remains unclear how much dispersion energy can be retrieved by the electron-
electron interaction energy, Vee, directly derived from these terms. Moreover, it is
unknown how much Cg can be retrieved using this model for larger systems be-
yond Hy and Hey. Additionally, when d orbitals are present, it becomes necessary
to consider induced multipole-induced multipole terms corresponding to higher
multipole effects. To the best of our knowledge, there are currently no studies
that have revealed induced multipole-induced multipole two-electron terms from

the perspective of pair density to retrieve dispersion energy beyond He and Heg
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molecules.

In this chapter, we will explore two dispersion models for various systems, us-
ing approximate pair densities: (i) constructed solely from induced dipole-induced
dipole terms, referred to as Baerends’ model, and (ii) incorporating extended
induced multipole-induced multipole (higher multipole) terms, referred to as the
extended Baerends’ model. A detailed list of the terms employed in both models
is provided in Tab. 6.1. Using these two models, we will assess the contribution
of the Vg term to the total dispersion energy and gain insights into the role
of the long-range pair density components in dispersion interactions. Following
Eq. (3.78) and Eq. (3.79) presented previously in Chapter 3, the Ve term can be
straightforwardly derived from approximate pair densities constructed using (i)
Baerends’ model (p‘zid(l,2), Ve‘id), and (ii) extended Baerends’ model (pgxt(l,Z),
Vert), Employing various correlated wavefunction (post-HF) methods and basis

sets, we will retrieve Cg of a collection of diatomic systems.

TABLE 6.1: Baerends’ model versus extended Baerends’ model.

Terms Baerends’ model Extended Baerends’ model

pa(1,2) p94(1,2) pS¥i(1,2)

All two-electron  sA(1)pa(1)sg(2)pp(2) sa(D)pa(1)sp(2)pp(2)
AO terms sa(2)pa(2)sg(1)pp(1) sA(2)pa(2)sp(D)pp(1)
pa(1)da(D)sp(2)pB(2)

pA(2)da(2)sp(1)pp(1)

sa(Dpa(1)pp(2)dp(2)

sa(2)pa(2)pp(1)dp(1)

pa(1)dA(1)pp(2)dp(2)

pA(2)da(2)pp(1)dp(1)

dd t
Vee Vee Veeex
Ve%d VéfeXi

Co cy cy

* Each p orbital incorporates 3 functions: py, py and p;, each d orbital includes
5 spherical functions:d 2, de_yZ, dyy, dyz, dyz.
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6.2 Methodology

We extract the dispersion energy from the calculations of correlated wavefunction
methods following two approaches: (i) by computing the correlation energy differ-
ence between a dimer and its individual monomers, and (ii) through the V. term
which is derived from the correlated pair density. The latter approach is linked
to the Baerends’ and extended Baerends’ models, while the former approach can
serve as a reference which allows us to compare their performance.

On one hand, to retrieve the total dispersion energy from the total energy
calculated by correlated wavefunction methods, we first follow the early work of
Baerends et al. [90] or Angyén et al. [42], and fit the correlation energy difference
between a dimer AB and its two monomers A and B at large separations. The
total dispersion energy can be obtained from

EAB

disp = AEAB = (E)A(B _E)A(B,OO) - (ErAe]g _ErAe]g,oo)

= (EX; -EX -EX) - (B3 - Evef - Eeh). (6.1)

The correlation energy is determined by the difference between total energy
computed by a post-HF method X and by a reference method. For instance, in
the case of a singlet Hy molecule, we can employ FCI as the method X, and
the CAS(2,2) can be chosen as a reference. When the Hs molecule is infinitely
separated, it results in two individual hydrogen atoms. In each hydrogen atom,
there is only one electron, and there is no need to consider electron correlation.
Hence, we can simply take EESIOO = Eggoo = 2EII_{IF, then AEy, = EESI —ES{;S(Q’Z)
for the singlet Hy molecule. When dealing with noble gases, we can employ the HF
energy as the reference for each system. Since this approach requires FCI or near
FCI solutions and an appropriate reference method (e.g., HF, UHF, CASSCF), it
becomes impractical for large systems.

On the other hand, we will calculate the dispersion energy through the Ve‘fed

and V& terms, as they have been shown a 1/R® asymptotic behavior. Let us first

provide a theoretical connection between VZ? and V£ terms and the total E‘(;.]:’p
through the virial theorem. The electronic virial theorem reads,
5 OE
2T=-V-) gq ) (6.2)
o ¢ 0qq

where g, denotes nuclear Cartesian coordinates. Since the total electronic energy

E=V +T,then

5 1V 1 oE
=V - — — 6.3
2 Z;Qa oq (6.3)

a

132



6.2. METHODOLOGY

le—-8
0.0 -8-
o -6-—o-¥-8
— .—-"'—‘.F -
;; —-0.51 ,/.’
— —1.01 /’
) /7
9 1 5 I.
2] / corr, AB
GC) / ® Vee
W —2.0 I.,' Vggrr,AB
25 30 35 40
R (a.u.)
FIGURE 6.1: Vg, ™AB and V:grr’AB against the interatomic distances R in large-

separated Heg, calculated at the FCI/aug-cc-pVDZ level of theory, with energy
terms extracted through IQA.

The virial theorem requires a wavefunction that satisfies the electronic Schrodinger
equation, and the true wavefunctions of FCI and HF (i.e., Completed Basis Set

limit) can satisfy it [113]. Then we have

OE corr
0qq

1 1
Ecomr = —yeorr — 52 Qa (6.4)

2 @

1VCOI‘I‘ 1vCOI‘I‘ 1 Z OECOIT

= — + — _— X

glee Tglen ToLdaTs,

The correlation energy of the dimer system can be decomposed into the intra-

monomer and inter-monomer contributions,

+EAB

B
+E corr*

corr

Ecorr = EA (6.5)

corr

Following the virial theorem, the simplified relationship of 27 = -V is vali-
dated when 0E/dq, = 0. For instance, at equilibrium or for diatomic molecules
at dissociation. Let us assume a diatomic molecule AB at dissociation limit (i.e.,
R — 00), once completely separating the diatomic (dimer) and atomic (monomer)

contributions, we have

1 1
i = 5Vee ™0 + gVan ™0, 6.6)
corr,AB . . . corr,AB
The V., term decays more rapidly when R approaches infinity than V,, ,

and a numerical evidence of Heg at large separations is shown in Fig. 6.1. Consider
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corr,AB
Vee

the separation of dynamic and nondynamic partitions within term, then

we have

corr,AB ndy,corr,AB dy,corr,AB
Ve =V ¥ +V ) (6.7)

At the dissociation limit (R — oo), the intermonomer correlation energy can be
split into nondynamic and dynamic correlation components at long-range inter-
electronic regions, which corresponds to the long-range V;dy’corr’lr and Viy’corr’lr,

EAB —pAB | gAB (6.8)

corr ndy,corr dy,corr

]'Vndy,corr,AB 1de,corr,AB
E ee + 5 ee .

do not
AB

AB or Verédy,corr,AB

Since the nondynamic correlation partition terms E_ dy,corr

account for dispersion, then the dispersion energy Eﬁi}:p is retrieved by E

dy,corr’
EAB _ EAB _ ]'de,corr,AB _ 1‘/dy,corr,hf 6.9)
disp ~ ~dycorr — g 'ee =glee > (6.
where VI denotes the long-range dynamic correlation described by Vee. At

d 1 d AB
large R, we have V""" = V  Forma®,

Since Véied or V& both result from long-range components of pair density
related to dispersion, our hypothesis is that when using only s + p basis functions,
Vad = yext = ZEI(;EP, and when using s + p + d basis functions, we have V& =
2E3i]:p. These relationships will be numerically examined in the next sections of

this chapter.

6.3 Computational Details

We performed calculations at the MP2, CISD, CCSD, CCSD(T) levels for each
molecule in a broad range of separations, using the PySCF package [371, 372].
Our in-house Python program, which relies on the Numpy [381], Scipy [382], and
Pandas [383, 384] libraries, was employed for the evaluations of VZ? and V.
The SAPT calculations were performed using Psi4 [368, 369]. A convergence
energy threshold was set at 10712 (a.u.) for all the calculations. The basis sets
employed were aug-cc-pVXZ (X=D,T,Q,5,6) [397, 398, 411]. Tab. 6.1 shows the
extended induced multipole-induced multipole two-electron AO quartets. The
two-electron integrals based on these terms were selected for calculating V.
The dispersion energy coefficient Cg terms (i.e, Cgeaéd and Cg;gt) were obtained
by fitting the corresponding energy values in the large range of interatomic

distances R (from 22.68 to 43.47 a.u.), using a nonlinear least squares technique
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implemented in the Scipy [412] package. The values of V¢ were fitted to the
polynomial regression function, —Cge%d/RG, whereas V¥ values were fitted to
—C;/eeext/R6 - C‘Bjeeext/RS. In this chapter, we only focus on the Cg terms, as it is the
leading term of dispersion energy.

All the IQA calculations were done in collaboration with Prof. Angel Martin
Pendas, using a modified version of their Promolden program [344, 413], which

provides energy partition results with exceptional precision.
6.4 Results and Discussion

TABLE 6.2: Cg terms of Hy and Hes obtained from FCI.

. Vdd yext .
Molecules Basis Config. Cs Cg™/2 Cg* /2 Lit.

Hsp AVTZ 4s3p2d 6.51 6.51 6.51 6.50
Heg AVTZ 4s3p2d 147 1.47 1.47 1.46

* The basis set AVTZ denotes aug-cc-pVTZ.
* Lit. stands for literature, and the Cg values from the literature were
all sourced from [414].

Tab. 6.2 shows the Cg terms of the singlet molecules of Ho and Hey calculated
at the FCI level of theory with the aug-cc-pVTZ basis set (4s3p2d). The values
of Cgeded/Z and Cgee:t/2 for both He and Heg were found to be equivalent to the
Cg values obtained from the correlation energy in Eq. (6.1). Moreover, these
values closely matched the values of Cg reported in the literature [414]. Hence,
for calculating Cg of the Hy and Hey molecules, the extended Baerends’ model,
which includes induced multipole-induced multipole terms, did not result in any
improvements from V2 when compared to V<.

However, the Cge%d /2 values (in Tab. 6.4) for larger diatomic molecules beyond
Hy, Heq, and Beg are far deviated from the Cg values calculated from the corre-
lation energy (in Tab. 6.3). In particular, the deviation error of Baerends’ model
compared to the reference values (in Tab. 6.3) is relatively high for larger noble
gas dimers. On the other hand, as expected, the Cgeeext/Z values shown in Tab. 6.5
have been significantly improved and were valid for all these correlated wavefunc-
tion methods. Noticeably, when increasing the basis set size in the HeNe case,
the Cé"f:t/z value retrieved from CCSD(T) approached the Cg value in literature.
Since the wavefunction methods rely on the choice of basis sets, our objective is

not to achieve high agreement with the Cg values from the literature for all the
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TABLE 6.3: Cg of diatomic molecules obtained from various methods.

Molecules Basis MP2 CISD CCSD CCSD(T) Lit.

HeNe AVDZ 2.12 2.18 2.27 2.49 3.03

HeNe AVTZ 236 241 2.59 2.87 3.03
HeNe AVQZ 241 2.44 2.66 2.97 3.03
HeNe AV5Z  2.42 2.44 2.67 2.98 3.03

HeAr AVDZ 8.78 7.76 8.44 9.09 9.55
HeKr AVDZ 1230 10.76 11.71 12.55 13.42
NeAr AVDZ 1586 12.43 13.92 15.27 19.5
Neg AVDZ 4.2 3.78 4.28 4.48 6.38
Ary AVDZ 69.52 4493 52.70 58.14 64.3

* The basis set AVXZ denotes aug-cc-pVXZ (X=D,T,Q,5).
* Lit. stands for literature, and the Cg values from the literature were all
sourced from [414].

dd
TABLE 6.4: Cgee /2 of diatomic molecules obtained from various methods.

Molecules Basis  MP2 CISD CCSD CCSD(T) Lit.

HeNe AVDZ 048 0.61 0.66 0.73 3.03
HeNe AVTZ 0.49 0.58 0.64 0.72 3.03
HeNe AVQZ 049 0.57 0.64 0.72 3.03
HeNe AV5Z 0.49 0.56 0.63 0.71 3.03
HeAr AVDZ 1.34 1.57 1.72 1.93 9.55
HeKr AVDZ 1.93 2.19 2.40 2.68 13.42
NeAr AVDZ  0.58 0.70 0.83 0.99 19.5

Neg AVDZ 0.21 0.27 0.32 0.37 6.38

Ary AVDZ 1.70 1.89 2.33 2.81 64.3

Beg AVDZ 253.77 160.72 136.98 165.88 214

* The basis set AVXZ denotes aug-cc-pVXZ (X=D,T,Q,5).
* Lit. stands for literature, and the Cg values from the literature were all
sourced from [414].
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ext
TABLE 6.5: Cgee /2 of diatomic molecules obtained from various methods.

Molecules Basis MP2 CISD CCSD CCSD(T) Lit.

HeNe AVDZ  2.12 2.17 2.31 2.49 3.03
HeNe AVTZ 2.36 2.37 2.60 2.87 3.03
HeNe AVQZ 242 2.40 2.66 2.96 3.03
HeNe AV5Z 2.42 2.39 2.67 2.97 3.03
HeAr AVDZ 8.74 7.68 8.45 9.10 9.55

HeKr AVDZ 1228 10.64 11.72 12.56 13.42
NeAr AVDZ 15.86 12.22 13.92 15.27 19.5
Nesz AVDZ  4.15 3.72 4.15 4.50 6.38
Ary AVDZ 69.54 44.02  52.72 58.16 64.3
Bes AVDZ 25279 15948 135.52 192.05 214

* The basis set AVXZ denotes aug-cc-pVXZ (X=D,T,Q,5).
* Lit. stands for literature, and the Cg values from the literature were all
sourced from [414].

molecules we tested. Instead, a more reasonable comparison can be done between
the Cg values retrieved by fitting AE ag in Eq. (6.1) and the ones obtained through
Baerends’ model or the extended Baerends’ model, which are all evaluated using

the same wavefunction method with a given basis set.

To assess the improvement in the results of Cg obtained from the extended
Baerends’ model (nggt/z)’ as shown in Tab. 6.5, compared to the ones from
Baerends’ model (Cgeded/Z) in Tab. 6.4, we use the Cg values derived from the
correlation energy in Tab. 6.3 as reference. Then we evaluate the Mean Absolute
Percentage Error (MAPE) of Cgeded/z and Cgeeext/z across various post-HF methods,

dd
as illustrated in Fig. 6.2. The MAPE values for Cgee /2 exceed 80% for all these
correlated wavefunction methods, while they drop significantly, falling below
1.54%, when considering the V¥ model. Consequently, the extended V& model

can effectively retrieve dispersion energy from correlated wavefunction methods.

Through numerical assessment of the two pair density models to isolate disper-
sion from post-HF calculations on various diatomic systems, we first verified the
theoretical connection between Egi]:p and Ve?’corr’lr/Z. In practice, this relationship
extends beyond true FCI, CASSCF, and HF methods to include non-variational
methods such as MP2, CCSD, CCSD(T), and the variational method CISD which
is not size-consistent. We note that the current numerical results do not really

satisfy the virial theorem, especially when concerning the virial ratio derived
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FIGURE 6.2: Mean Absolute Percentage Error (MAPE) comparison of Cg retrieved

from Baerends’ model (Cg‘id/2) and extended Baerends’ model (Cgeegt/2) over
various post-HF methods. For each post-HF method, the reference Cg values were
taken from Tab. 6.3, and the data of Bes was not included because an appropriate
dispersionless reference method was not found for Bes.

from correlation energy components (i.e., Veore/Tcorr = —2, also known as the cor-

related virial ratio [415]). However, compared to the correlated virial ratio, this

AB _ yrdycorrlr
Edlsp Vee

separation of diatomic molecules and the incompleteness of basis set limits.

relationship, /2, demonstrates a lower sensitivity to the infinite

For the simple Hy and Hes molecules, we demonstrated the relationship
C:‘id = 2Cg, which holds true for both Baerends’ and extended Baerends’s mod-
els. However, as we extended our analysis to larger systems, we found that
including the extended induced multipole-induced multipole terms (V) becomes
necessary to properly account for dispersion interactions. Remarkably, the ex-
tended Baerends’ model shows a promising path for calculating Cg of the diatomic
systems. This model only relies on very few quartet term-based long-range compo-
nents of the pair density, and it does not require a dispersionless reference method
(e.g., HF, CASSCF) to isolate the long-range dynamic correlation. Our results high-
light the significance of incorporating higher multipole terms when dealing with
larger systems (in the presence of d orbitals). Notwithstanding, when it comes
to polyatomic molecules, retrieving dispersion energy through V¢/2 remains a

challenge. We consider one possible reason is that the approximate 2-RDM (in
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the AO basis) of the extended Baerends’ model also involves many other created
instantaneous dipoles among atoms within the monomers, making it challenging
to isolate their individual contributions to dispersion interactions between the two
separated monomers. Therefore, further analysis might be required to address

this issue.

139






CHAPTER

DISPERSION IN PAIR DENSITY TERMS

7.1 Introduction

Hydrogen or helium dimers are frequently employed as primary examples in the
study of London dispersion interactions. For the ground-state hydrogen or helium
atoms, the overall shape of the charge distribution is spherical due to the spherical
symmetry of the 1s atomic orbitals involved. However, due to the uncertainty
principle [416], the charge distributions cannot remain stationary. The random
fluctuation of these charge distributions generates instantaneous multipoles,
giving rise to rapidly fluctuating fields and leading to London dispersion [41]. The
helium dimer (Hey) is often mentioned in lectures or textbooks as a typical vdW
system. However, its complexity arises from the coexistence of dispersion and intra-
atomic electron correlation within each helium monomer. Hence, in the absence of
intra-atomic electron correlation, the lowest triplet state of the Hg molecule (two
electrons with spin-up or spin-down) at large interatomic separations serves as

the simplest comprehensible example of a vdW bonded system [297].

Baerends et al. [88-90] as well as Angyén et al. [42] independently utilized
induced dipole-induced dipole terms in their simplified model systems for Ho
or Heg. As shown in the previous Chapter 6, these terms form the basis for
constructing Baerends’ model, and this model has been demonstrated to be highly
accurate for recovering Cg of He and Hey systems by using the relationship

ydycormAB _ ZE‘gi]zp. For treating larger molecules that include d orbitals, we have
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shown the necessity of using the extended Baerends’ model by adding more
terms. Yet, the contribution of dispersion energies from the electron-electron
interaction energy partition terms (e.g., VST, AVed, AV, and the role of pair
density partition cy [3] in calculating the total dispersion energy have not been
thoroughly explored.

In this chapter, we will first examine dispersion interactions in these three
molecular systems: Hg (singlet and triplet) [88, 90, 359, 417, 418], and Heg at
large interatomic separation distances. By employing FCI calculations, we extract
the dispersion energy of these systems and analyze the dispersion terms in terms
of total energy and pair density partitions. Firstly, we aim to understand the
contribution of decomposed energy terms (e.g., T, Ven, Vee, AVid, AV, VI9)
to dispersion energy, with a comprehensive analysis of Hyo and Hes cases. Sec-
ondly, our objective is to use AV ! I £0 recover dispersion energy, and extend its
applicability to various wavefunction methods over some larger dimer systems.

With respect to the pair density and Coulomb hole partitions, our main goal
is to understand the relationship between the total dispersion energy and the

Coulomb hole partition cyr, denoted as h.;(s), [3, 92], particularly in the context of

€11
long-range regime. For this purpose, we introduce a new concept dispersion hole,
which accounts for dispersion interactions in terms of interelectronic distance, and
it can be applied to calculate and identify dispersion. Furthermore, our secondary
goal is to understand the connection between 1/R3 asymptotic behavior of h gisp(R)

[3, 91] and the 1/R® dependence of dispersion energy.

7.2 Computational Details
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£ = -0002
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9 W, [HF] © -0.003
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FIGURE 7.1: Potential energy surface E ag and AE pg for Hy molecule (singlet 1H,
and triplet 3Hy), calculated with aug-cc-pVTZ basis set. The reference dispersion
curve Cg = 6.4990267054 and Cg = 124.39908358 are taken from Ref. [313].
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7.2. COMPUTATIONAL DETAILS

To investigate the role of dispersion energy terms and partitions, as well as
the basis set dependency on the dispersion energy coefficients (Cg and Cg)', our
assessments included both Hg (singlet and triplet) and Hey dissociation cases.
For the dissociation of Hy (singlet and triplet) over a large range of interatomic
distances (R ranging from 22.68 to 43.47 a.u.), we employed truncated basis sets
consisting of s+ p, s+ p+d, and s+ p +d + f orbitals in the aug-cc-pVXZ (X=D,
T, Q, 5, 6) basis set. For the dissociation of Heg, we employed the same range of
interatomic distances (R) and utilized the aug-cc-pVXZ basis sets with X=D, T,
and Q [397, 398, 411].

In the case of He, we used FCI as the method X, and we adopted the CAS(2,2)
as a reference for singlet and HF as a reference for triplet (see Fig. 7.1). When
the Hy molecule (both singlet and triplet) is infinitely separated, it results in two
individual hydrogen atoms. In each hydrogen atom, there is only one electron
and no electron correlation is needed to consider. Hence, we can simply take
Et =Ey =2EY", then AEy, = Ef ' ~Ep.

All the HF, CASSCEF, and FCI calculations were performed using the PySCF
package [371, 372]. To evaluate the radial intracule, we used the open-source
RHO2_0PS program [419], which is based on the algorithm developed by Cioslowski
and Liu [420]. In addition, to calculate various energy terms and partitions,
we utilized an in-house program implemented in Python3, which uses Numpy
[381], Scipy [382], and Pandas [383, 384] libraries. This program facilitated
the calculations of kinetic energy (T'), electron-nuclear attraction energy (Ven),
electron-electron interaction energy (Vee), Coulomb energy (), exchange energy
(K), as well as the V' partitions: AV,) and AV, [3] along with the range-
separated components: short-range terms AVy2*" and AVA"®" | as well as the long-
range terms AVl I and AV ' Tn practice, the range separation was achieved
by selecting two-electron integrals in terms of AOs. Specifically, we considered
only the terms such as ya(1) ya(1) xs(2) x5(2') and ya(2) ya(2") x5(1) y8(1"), which
contribute to the long-range interactions. We calculated first AV, and AV !
coming from these terms. Then, the short-range interaction energies can be
obtained by simply subtracting the long-range contributions.

For determining Cg coefficients, we employed a non-linear least squares fitting
technique from the Scipy package [412]. The fitting process involved obtaining the
corresponding energy values at a large range of R and fitting them by polynomial
regression functions (e.g., —Cg/R 6 or —Cg/R®—Cg/R®). In particular, for basis sets

that consist only of s type functions, like STO-3G, no dispersion energies can be

1In this thesis, C 10 Will not be considered due to the issue of basis sets.

143



CHAPTER 7. DISPERSION IN PAIR DENSITY TERMS

obtained. However, when p functions were included, it accounted for the induced
dipole-induced dipole contribution to dispersion (Cg). Additionally, the inclusion
of orbitals beyond p introduced the induced dipole-induced quadrupole term (Cg)
and so on. Hence, for basis sets containing s and p functions, the fitting function
became —Cg/R®, while for basis sets with orbitals beyond p, the fitting function
was modified to —Cg/R® — Cs/R8.

In addition to the He and Heg systems, other dimer molecules used in this
study were sourced from a recent study by Mazziotti et al. [364]. We performed
computations (e.g., MP2, CISD, CCSD, CCSD(T)) for each dimer molecule in a
broad range of separations, using the PySCF package [371, 372]. An in-house
Python program, which relies on the Numpy [381], Scipy [382], and Pandas
[383, 384] libraries, was employed for the evaluations of AV and AV, A
convergence threshold of energy was set at 107!2 a.u. for all the calculations.
The basis sets employed were aug-cc-pVXZ (X=D,T,Q,5) [397, 398, 411]. The Cg
coefficient terms were obtained by fitting the corresponding energy values in the
large R range of 22.68 to 43.47 a.u. using a non-linear least squares technique
implemented in the Scipy [412] package. For all the molecules in this study using
basis sets that include d orbitals or orbitals beyond d, the polynomial regression
fitting function employed for the analysis is —Cg/R® — Cg/R8. In this chapter, we

only focus on the Cg values, while the fitted Cg values will not be discussed.

7.3 Results and Discussion

7.3.1 Dispersion in Hy Molecule

Tab. 7.1 shows that the fitting of the total energy difference between the FCI
and reference method tends to yield correct dispersion energy coefficients, com-
pared with the literature Cg = 6.4990267054 and Cg = 124.39908358 of Thakkar
[313]. Considering that Cg and Cg are determined by fitting AE g (Eq. (6.1)) as a
function of R, the nonlinear least squares regression approach does not allow for
achieving high precision of Cg and Cg. In addition, since the truncated basis sets
achieved different degrees of convergence within the given separation distance
range, a straightforward extrapolation of Cg against the basis set is not possible.
Even though it might be possible to improve the precision of determining Cg by
increasing the separation distance R for each basis set, this is not our current pur-
pose. Our goal is to analyze the contribution of the electronic energy components
to dispersion (e.g., T, Ven, and Vo) and the long-range pair density partition cyg.

The total energy can be split into kinetic energy T, electron-nuclear attraction
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TABLE 7.1: Dispersion coefficients Cg and Cg of Hy (singlet and triplet). They
were determined by fitting AEp in Eq. (6.1) over a fitting range of 22.68 to
43.47 a.u. The AE A term was obtained from the total energy difference between
FCI and a reference method, CAS(2,2) for the singlet and HF for the triplet Ho
molecule.

Basis set Singlet Triplet
Cs Cs Cs Cs
aug-cc-pVDZ (3s2p) 6.334 6.334
aug-cc-pVTZ (4s3p) 6.506 6.506
aug-cc-pVQZ (5s4p) 6.498 6.498
aug-cc-pV5Z (6s5p) 6.480 6.480
aug-cc-pV6Z (7s6p) 6.479 6.479

aug-cc-pVTZ (4s3p2d) 6.505 74.229 6.505 74.227
aug-cc-pVQZ (5s4p3d)  6.497 96471 6.497  96.470
aug-cc-pV5Z (6s5p4d) 6.478 109.856 6.478 109.855
aug-cc-pV6Z (7s6p5d) 6.477 119.711 6.477 119.723

aug-cc-pVQZ (5s4p3d2f) 6.496  97.882 6.496  97.881
aug-cc-pV5Z (6s5p4d3f) 6.475 112.430 6.475 112.433
aug-cc-pV6Z (7s6p5d4f) 6.474 122911 6.474 122.911

energy Ven, electron-electron interaction energy Ve and nuclear-nuclear repulsion
energy Vin. Considering that the classical Coulomb formalism of nuclear-nuclear
repulsion energy V;,, does not account for the dispersion energy, our attention is
solely directed towards the remaining three components: T', V,,, and V.. Hence,
AE pp is decomposed into contributions from T', Vi, and Ve terms. The dispersion
energy retrieved by each term still follows Eq. (6.1) and results in AT, AVe,, and
AVee terms. The corresponding Cg and Cg terms of Hg molecule (singlet and
triplet) are exhibited in Tab. 7.2, Tab. 7.3 and Tab. 7.4, respectively. On one hand,
it is observed that Cg terms retrieved from both singlet and triplet states of the
Hs molecule are nearly identical, while they are slightly affected by the basis set
truncation levels. In the following work, our main focus will be on Cg terms, as Cg
terms are more susceptible to numerical errors. On the other hand, despite the
fact that the one-electron energy terms AT and AV, provide a more substantial
contribution compared to the two-electron energy term AV, they can partially
cancel out each other due to having opposite signs, resulting in half the magnitude

of the two-electron energy term AVg,.
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TABLE 7.2: Dispersion coefficients CéT and C QT of Hy (singlet and triplet). They
were determined by fitting AT over a fitting range of 22.68 to 43.47 a.u. The AT
term was obtained from the 7' energy term difference between FCI and a reference
method, CAS(2,2) for the singlet and HF for the triplet Ho molecule.

Singlet Triplet
Basis set
CAT AT AT M
aug-cc-pVDZ (3s2p) 29.153 29.079
aug-cc-pVTZ (4s3p) 31.806 31.796
aug-cc-pVQZ (5s4p) 32.296 31.845
aug-cc-pV5Z (6s5p) 32.813 31.807
aug-cc-pV6Z (7s6p) 32.403 31.701

aug-cc-pVTZ (4s3p2d) 30.763  831.5562 31.077 448.696
aug-cc-pVQZ (554p3d) 30.119 1655.565 31.719 588.590
aug-cc-pV5Z (6s5p4d) 32.570  533.438 31.672 726.432
aug-cc-pV6Z (7s6p5d) 31.235 1333.760 31.553 844.214

aug-cc-pVQZ (5s4p3d2f) 32.151 604.777 31.716 593.504
aug-cc-pVSZ (6s5p4d3f) 31.545 1027.243 31.667 736.494
aug-cc-pV6Z (7s6p5d4f) 30.281 1739.949 31.537 862.228

An interesting observation in the case of the Hy molecule (both singlet and

triplet) is that CGAVee is approximately equal to 2Cg. Taking into account the
dy,corrlr

relationship Cgee = 2Cg established in Chapter 6, the contribution of Ve term
to dispersion should only occur at the long-range interelectronic regime for the
Hj molecule. At very large separations of the Hy molecule, we assume that the
two-electron interactions consist of classical Coulomb repulsion and quantum
dispersion interactions, resulting in VEC! = VedleiSp +1/R. As shown in Tab. A9, CQV%
is also found to be identical to CQV‘; which were obtained by simply fitting the
energy difference: Vg:;CI —1/R. The Vg term, 1/R, for Hg molecule will be discussed

later in Eq. (7.5).

The Vee term (shown in Eq. (3.77)) can be decomposed into Coulomb energy
term, JJ, exchange energy term, K, and the cumulant energy term, C. Particularly,
C =0 for the HF method. Tabh. A10 and Tab. A11 show the J and K contributions
to the dispersion coefficient. The determination of C6AJ for He molecule (singlet)
involved fitting the energy difference between J¥CI and JC4522) while Cé" and

CQK for Hy molecule (triplet) were obtained by fitting the energy differences
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TABLE 7.3: Dispersion coefficients C(ASVen and CQV“‘ of He (singlet and triplet).
They were determined by fitting AV,, over a fitting range of 22.68 to 43.47 a.u.
The AVe, term was obtained from the Ve, energy term difference between FCI and
a reference method, CAS(2,2) for the singlet and HF for the triplet Hy molecule.

Singlet Triplet
Basis set
Cgven Céven Cgven Cgven
aug-cc-pVDZ (3s2p) -35.455 -35.389
aug-cc-pVTZ (4s3p) -38.273 -38.270
aug-cc-pVQZ (5s4p) -38.752 -38.310
aug-cc-pV5Z (6s5p) -39.247 -38.252
aug-cc-pV6Z (7s6p) -38.840 -38.146

aug-cc-pVTZ (4s3p2d) -37.286  -868.725 -37.607 -482.942
aug-cc-pVQZ (5s4p3d)  -36.636 -1707.214 -38.245 -637.316
aug-cc-pV5Z (6s5p4d) -39.071  -594.372 -38.182 -783.713
aug-cc-pV6Z (7s6p5d) -37.738 -1400.389 -38.064 -907.498

aug-cc-pVQZ (5s4p3d2f) -38.664  -659.917 -38.241 -643.284
aug-cc-pV5Z (6s5p4d3f) -38.045 -1089.624 -38.175 -795.655
aug-cc-pV6Z (7s6p5d4f) -36.783 -1809.064 -38.046 -927.794

JFCI JHF KFCI

between and , or between and KHF In the case of Hy molecule
(singlet), the exchange term of V. is absent, resulting in K = 0. Conversely, in
the He molecule (triplet), Cé‘] and CéK exhibit opposite signs and can partially
cancel each other.

Next, we will explore the role of pair density partition in understanding the
origin of dispersion arising from long-range Coulomb interactions. On one hand,
following the pair density partition approach in Fig. 3.3 and using correlated pair
density from method X (e.g., X = FCI in the case of Hs molecule), then V2™ can

be partitioned into

Vecgrr = Vgg - V£F = AVeceI + AVeceH’ (7.1)
AVed =VEP - VEF = (g% - S + (k¥ - KHTF), (7.2)
AV = VE VP —yvX _gX _gX =X, (7.3)

On the other hand, to identify the contribution of dispersion interactions from
AV and AVE, a range separation treatment is required to isolate the long-range

components that account for dispersion interactions. Then, only the long-range
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TABLE 7.4: Dispersion coefficients Cj * and Cg * of Hy (singlet and triplet).
They were determined by fitting AV, over a fitting range of 22.68 to 43.47 a.u.
The AV, term was obtained from the Vi, energy term difference between FCI and
a reference method, CAS(2,2) for the singlet and HF for the triplet Hy molecule.

Singlet Triplet
Basis set
Cgvee Cgvee Cgvee Cgvee
aug-cc-pVDZ (3s2p) 12.636 12.643
aug-cc-pVTZ (4s3p) 12.973 12.981
aug-cc-pVQZ (5s4p) 12.954 12.963
aug-cc-pV5Z (6s5p) 12.914 12.925
aug-cc-pV6Z (7s6p) 12.915 12.924

aug-cc-pVTZ (4s3p2d) 13.028 111.403 13.035 108.471
aug-cc-pVQZ (5s4p3d)  13.014 148.122 13.022 145.196
aug-cc-pV5Z (6s5p4d) 12.978 170.790 12.987 167.135
aug-cc-pV6Z (7s6p5d) 12.979 186.339 12.988 183.007

aug-cc-pVQZ (5s4p3d2f) 13.008 153.020 13.020 147.662
aug-cc-pVHZ (6s5p4d3f) 12.976 174.811 12.984 171.593
aug-cc-pV6Z (7s6pbd4f) 12.975 192.026 12.983 188.477

dynamic correlation components can be connected to the relationship in Eq. (6.9)
that has been established in Chapter 6. Specifically, the connection lies between
AVed! and E gigp.

In the case of the singlet Hy molecule at large separation distance, we observe
that the exact long-range electron-electron interaction energy includes a 1/R term
and the dispersion term (shown in Tab. A9 in Appendix A.5). Let us consider
a simplified Hg (singlet) model [3] to clarify the origin of the long-range 1/R
energy term. In this model, a minimal basis set is used, where each atom is
assigned one 1s GTO. We should emphasize that this model does not account for
dispersion, as instantaneous dipole moments cannot be generated solely using
spherically symmetric s-type basis functions even though it is calculated at the
FCI level. Thus, it is also referred to as the minimal Hy model in this study. At
the dissociation limit (i.e., the interatomic distance R — oco), we can neglect the
overlap between the two atomic orbitals. The FCI coefficients of the ground state
and first double excitation state configurations both converge (co = —c1 = 1/v/2).

Therefore, as R goes to infinity, the exact spinless pair density is given by (see
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support information in Ref. [3])

FCI 2
Py (r1,re) |p_ o =2[¥rcry, o)l [,

= (IxaCe)Plyp ) + lyp )2 yara)?). (7.4)

We note that the FCI pair density at the dissociation limit is exclusively con-
tributed by the covalent two-electron AO quartets, indicating its long-range
characteristics in relation to interelectronic distance. Then, the closed form of

VECT] R—oo €an be determined as

p5Clry,re) |5 .
VFCI \R—»oo ff 2 |R ad dl‘l dl‘z
[lry —roll

2a(ller-ralP+Irz—rpl®) | p—2a(le1—rp*+|rz—ral®)

stfe_ dry d
__5 ridr
2 lIry —ral| 15

=R (7.5)

where A; = (2a/m)** denotes the normalization factor and a denotes the exponent
of the 1s GTO basis function, respectively. The interatomic distance R = ||rp —rzl|.
The unit of energies is always in Hartree.

The spinless Single-Determinant (SD) approximate pair density (for R — co)

is written as (see support information in Ref. [3])

SD 2
p5 (1,r2) |5 =21¥sp1,r2)* [z

= (IxaCe) Pl )l + )2 xara)?)

1
+E(uA(ranuA(m»%|xB<r1>|2|xB(rz)|2). (7.6)

In contrast to the FCI pair density, it includes contributions not only from covalent
two-electron terms (long-range) but also from ionic two-electron terms (short-

range). Then, the closed form of VeseD | R—oo Can be derived by

SD
V ,02 (rl’r2)|R—>oo
oo = 2) ] T e

N* e~2a(lri-ral®+lr2-rpl®) 4 ,~2a(lr1-rpl+r2-ral®)
= —ff dr1 dl‘g
2 [lr1 —rall
N* e—2a(ri—rall®+r2—rall®) | ,—2a(lr1-rp*+/r2—rpl*)
+ —ff dridry
4 [lry — 1ol
a 1
= —_t —. (7-7)
7 R
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The spinless Hartree-Fock pair density (for R — oo) reads (see support information
in Ref. [3])

P5 " (r1r2)|p_ o = 21 HF(rL T2 5o
1 2 2 2 2
= —(Ixa)P Iyl + ¥ xal2)l?)
2

1 2 2 2 2
+§(|XA(I'1)| Lxa@2)l® + 1y [xBr2)l?). (7.8)

Similar to the SD pair density, it also involves a mixture of contributions from
covalent two-electron terms (long-range) and ionic two-electron terms (short-

range). Then, the closed form of Ve}eIF | R—oo €an be obtained as

p2 (rl’r2)|R—>oo
Vool f f dry d
Inee el

e—2a(llr1—ral®+lr2-rpll®) | ,~2a(llri—rp|®+lrz—rall*)

fo dry d
-_5 rpdr:
4 lIry — | 152

N4 e—2a(lle1=ral®+llrz—rall®) 4 o—2a(llr1—rp|*+/Irz-rp|l*)
+ —ff dr1 dI‘z
4 llr1 —rall
a 1
=\ -+ 5 (7.9)

Therefore, the two partitions of V'™ in this Ha model, using a minimal basis set

composed solely of s-type GTOs, at R — oo are obtained as

1

AVecé |R_,oo = SR’ (7.10)

AVeceII |Rﬁoo =- (7.11)

7

Fig. 7.2 illustrates the radial intracule density of the minimal (singlet) Ho
model at a separation of R = 9.45 a.u. The intracule curve of FCI only shows
one peak at the long-range region (s — R), while the intracule curves of HF and
SD show two peaks, one at the short-range region (s — 0) and the other at the
long-range region (s — R). One can observe that the SD intracule curve coincides
with the HF curve in the short-range region and overlaps the FCI curve in the
long-range region. In the short-range regime, the electron-electron interaction
energy evaluated by using HF or SD radial intracule density remains a constant of
Va/n. This is due to the presence of the ionic two-electron terms, which arise from

the use of Hartree-Fock Coulomb J and exchange K operators and compensate
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FIGURE 7.2: Radial intracule density of the minimal (singlet) Ho model with a
minimal basis set (1s GTO for each atom) at a separation distance R = 9.45 a.u.
See support information in Ref. [3].

with the cumulant term in the FCI. In the long-range regime, the 1/R term in Vi,
arises from the covalent two-electron terms. This term can be interpreted as the
classical Coulomb repulsion within the Hg model. The current Ho model which
utilizes a minimal basis set, is absent of a 1/R® asymptotic behavior in all these
Vee terms, thus this model can not account for dispersion interactions. However,
the inclusion of p functions in the basis set enables the creation of induced dipole-
induced dipole terms, which are associated with dispersion interactions. In the
next chapter, we will introduce a minimal dispersion model that extends beyond
the Hy minimal model and provide a more comprehensive insight into dispersion.
In Tab. 7.6 and Tab. 7.7, we examined CGAV:eI and CQV‘;H and its range separa-
tion components in singlet and triplet cases, respectively. For the purpose of this
comparison, the results of CQJ and CQK (see Tab. A10 and Tab. A11 in Appendix
A.5) have been summarized in Tab. 7.6 and Tab. 7.7 for the case of singletc and
triplet, respectively. The sum of CéJ and CéK closely matches that of CGAV%I, as
well as Cg ecel’sr, indicating that they all originate from the short-range effect. It
is notable that the short-range terms, CQV:QI’SY and CQV;H’SY can cancel each other
out in both singlet and triplet cases, as they arise from the SD approximation
at short-range and do not contribute to dispersion. Furthermore, we performed
individual examinations of the term VP from the SD approximation, which was
evaluated with various truncated basis sets, including s, p, d, and f orbitals. It
has been demonstrated that VP exhibits a long-range behavior characterized

solely by a 1/R term. This observation is consistent with the analytical derivations
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obtained from the minimal Hy model with 1s GTO basis set in Eq. (7.7). Conse-
quently, it can be concluded that the SD approximation, even when supplemented
with p orbitals, does not incorporate any dispersion energy contributions with a
1/R® asymptotic behavior at long range. Firstly, we conclude that the dispersion
energy arises from the cumulant part of pair density, as observed previously in
[3, 91, 365]. Secondly, we have numerically demonstrated that the relationship

eqp.lr

CQVQE = 2Cj is validated in both singlet and triplet Hy cases, implying that the

long-range cumulant part of pair density accounts for the dispersion interactions.

TABLE 7.5: Cg terms from pair density partitions for Hg (singlet and triplet).

Range he hey

short-range (s — 0) (Cé" + CQK) —(CGAJ + CéK)

long-range (s — R) 06A Vee

Tab. 7.5 summarizes the Cg components obtained from pair density partitions
with range separation in our current work, based on Hy (singlet and triplet) cases
at large separation distances. Notably, the contribution of CQVee from Vg, can be
obtained from the long-range part A .;; in both Hy (singlet and triplet) cases, while
the short-range part of 2., results in a term like —(Cé‘] + CéK ), which can be
canceled out by C@J + CGAK from the short-range part of i .;. The reasons behind
these non-dispersion (short-range) Cg components will be further discussed in
Chapter 8, based on the minimal dispersion model. Additionally, it is worth noting
that the relationship CQVee = CgVeCeHJr = 2Cg holds true for both singlet and triplet
Hj at the large separations.
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7.3. RESULTS AND DISCUSSION

7.3.2 Dispersion in Hey Molecule

The Helium dimer (i.e., Heg molecule) is a well-known vdW system. Since the dis-
persion interactions dominate the electron correlation between the two monomers
separated at large R, taking the HF as a dispersion-free reference method in
Eq. (6.1) is sufficient for our purpose of capturing the dispersion interactions. Con-
sidering the dispersion in Hey at large separations, we evaluated AE zp in eq. (6.1)
using the target (e.g., FCI, CCSD(T), CCSD, CISD, MP2) and the reference (HF)

methods.

Tab. 7.8 summarizes Cg and its components of Heg calculated using various
methods with the aug-cc-pVDZ basis set that only includes s and p functions. The
values of Cg retrieved using FCI and CCSD(T) are 1.47 and 1.45, respectively,
both of which exhibit high accuracy compared to the literature value of Cg = 1.46
[44]. On one hand, similar to the case of Hy molecule, the Cg partition terms,
CéT and Cgv“, exhibit opposite signs with CQV“, and they can largely cancel
out despite their great magnitudes. On the other hand, unlike the Hy case which
does not have 1the intra-monomer electron correlation, for Heg the relationship

11
CQVee = CQVee does not hold true, as the Cg terms retrieved from AV 2"* and

AV values have the same signs and can not cancel out (except for MP2). Thus,
the short-range partition of AV, exhibits a 1/R® asymptotic behavior, which
cannot be neglected, while it can not account for dispersion (for further analysis

results of the short-range partition of AV, we refer to Appendix A.5).

Although there is no obvious relationship found between C6AVee and the to-
erplr

tal Cg, the relationship CQV""" = 2E jigp still holds true. As we have shown in
Chapter 6, the total dispersion of Heg can be retrieved by using the pair density
of Baerends’ model which is simply based on the induced-dipole induced dipole
terms, thus we summarize the relationships, 2Cg = CQV:eH’lr = Cévélg = Cgeded. In
practice, the AV term requires the use of a suitable reference method to elim-
inate nondynamic correlation. The VZ? term is limited by the two-electron AO
quartets incorporated in the approximate pair density. Therefore, the AVeCeH’lr
term offers greater potential for modeling dispersion based on this relationship.
erplr

Tab. 7.9 demonstrates further that the relationship, CGAVee = 2Cg, always

holds true when comparing the results from the same wavefunction method using

cp.Ar
different basis sets. When using FCI with a larger basis set, CSVE"

/2 equals
the value of 1.46 from literature [44]. Nonetheless, this relationship remains
robust across various approximate wavefunction methods (e.g., MP2, CISD, CCSD,

CCSD(T)), even though they retrieve Cg values to different extents. Additionally,
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CHAPTER 7. DISPERSION IN PAIR DENSITY TERMS

TABLE 7.8: Dispersion coefficient Cg and its decomposed terms of Hes molecule
calculated by various wavefunction methods with the aug-cc-pVDZ basis set. The
reference values of Cg were retrieved by fitting AE s in Eq. (6.1), over the fitting
range of 22.68 to 43.47 a.u.

Ceterms FCI CCSD(T) CCSD CISD MP2

Cs 1.47 145 137 137 113
(o 6.67 698 7.5 739 0.42
cg’  -1021  -1047 -10.38 -10.66 -1.49
cgVe 5.01 494 460 464 220
cs’ 4.30 438 427 435 0.62
(o -2.80 -2.80 -2.66 -2.70 -0.67
‘I
cyve 1.50 158 161 165 -0.06
c1,sT
cyVe 1.50 158 162 165 -0.06
cplr
cyve 0.00 0.00 000  0.00 0.0
11
NG 3.51 336 299 299 226
CT[,ST
Cyle 0.57 046 025 026 0.0
cplr
V" 2.95 290 273 274 226
dd
Cye 2.95 2.80 273 273 226

this relationship exhibits insensitivity to the choice of basis sets.
In order to understand why the use of induced-dipole induced dipole terms or

eqp.lr
Cév can not ahgn with the whole C Vee contribution in Heg case, we analyzed

the CQVS"' terms (C6 ee) of Heg at large R (i.e., from 22.68 to 43.47 a.u.) calculated
at the FCI level,
ChVee =y C5Vee, (7.12)

and each individual fragment C Vee can be obtained by fitting the corresponding
energy term AV, as a function of R.

AVeie _ (VeF(;CI i FCI i, oo) (VHFI VI;eIF,i,oo)

. . (7.13)
FCLi HF,i FCLi HF,i
ee l_V 1_2 (Vee l_Vee 1),

s

dimer monomers
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7.3. RESULTS AND DISCUSSION

cplr
TABLE 7.9: CQVS"' /2 and Cg of Heg molecule obtained from various wavefunction

methods with the aug-cc-pVXZ (X=D,T,Q) basis set. The reference values of Cg
were retrieved by fitting AE Ag in Eq. (6.1), over the fitting range of 22.68 to 43.47
a.u.

Basis Term FCI CCSD(T) CCSD CISD MP2
aug-ce-pVDZ CgieII’lr/2 147 145 1.38 137 113
(3s2p) Csé 147 145 138 137 113
aug-cc-pVTZ cg"e?"h/g 147 144 134 134 112
(4s3p2d) Cé 147 144 134 134 112
aug-cc-pVQZ CSAVe?I’h/z 146 143 133 1.33 112
(5s4p3d2f)  Ce 1.46 1.43 133 133 1.12

TABLE 7.10: Dispersion coefficient CQVee and its range-separated terms of Heg
molecule calculated by various wavefunction methods with the aug-cc-pVDZ basis
set.

Cgterms FCI CCSD(T) CCSD CISD MP2

cg’e 501 4.94 460  4.64 2.20

c;'* 206 204 187 191 -0.06
Ir

Cg'= 295 289 273 273 226

where the term represents the contribution from some two-electron integral terms
in the AO basis. The Ve, term is evaluated through Eq. (3.79) as presented in
Chapter 3. Then, we calculated the individual contributions of AV, term by term
(i.e., based on the angular momentum of the GTOs involved in the two-electron
terms entering the V expression), and specifically determined the terms that
exhibit a 1/R® dependence.

Tab. 7.11 shows all the 1/R 6 dependent terms of AVeie and their corresponding
CgVele values for the Heg molecule, calculated using the FCI method with the aug-
cc-pVDZ basis set. Remarkably, the CQVQQ contributions from on-site “ssss” terms
are found to be substantial, while the contributions from on-site “sspp” terms and
the on-site “spsp” terms proposed by Baerends et al. [90] are relatively smaller.

» o«

Notwithstanding, all these on-site “ssss”, “sspp”, and “spsp” terms collected in
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CHAPTER 7. DISPERSION IN PAIR DENSITY TERMS

TABLE 7.11: Non-zero terms of V. contributing to Cévée of Heg molecule cal-
culated at the FCIl/aug-cc-pVDZ level of theory. These terms are labeled with
two-electron AO quartets in Mulliken notation, i.e., x,(1)x+(1)xo(2)x2(2).

Notations two-electron AO quartets CSAVele

on-site sa(1)sa(1)sa(2)sa(2) 1.61

$sss terms sp(1)sg(1)sp(2)sp(2") 1.61

on-site sa(1)sa(1Npa@)pa(2h) -0.39

sspp terms sp()sg(1)pp2)pp(2) -0.39
Baerends’ on-site terms sa(Dpa(1)sa(2)pa(2) -0.16
spsp terms sp(1)pp(1)sp(2)pg(2") -0.16
Baerends’ dispersion terms sa(Dpa(1)sg(2)pp(2) 1.47
spsp terms sA(2)pa(2)sg(D)pp(1) 1.47

Ve

* Apart from some numerical errors, ZC§ ¢ = 5.06, is consistent with

C5Vee =5.01 in Tab. 7.8.

Tab. 7.8 are ionic terms, and they correspond to the short-range correlations.
Consequently, only the Baerends’ dispersion terms, also known as induced dipole-
induced dipole terms, namely, sA(1)pa(1)sg(2)pg(2') and sa(2)pa(2')sg(1)pr(1),
which are long-range covalent terms, are responsible for dispersion. In addition,
we note that the aug-cc-pVDZ basis set only includes 3s2p, and the extended
Baerends’ model is not needed for this analysis.
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7.3.3 Dispersion in Diatomic and Polyatomic Molecules

Now we will verify whether the previously established relationship of Cg =

cqp.lr
CQVQ‘* /2 holds true for other systems beyond He and Hey. To accomplish this,

we extend our numerical analysis to various dimer molecules which were sourced
from Ref. [364]. Due to the computational limitations of performing FCI calcu-
lations for these systems, we employ SR wavefunction methods such as MP2,
CISD, CCSD, or CCSD(T) for the assessment. Specifically, we examine whether
AVeCeH’lr exhibits a leading term decay of 1/R® at large interatomic or intermolecu-
lar separations when evaluated using these SR wavefunction methods, and we
quantitatively assess the extent to which dispersion energy coefficient Cg can be
retrieved by AV ! I obtained from these SR wavefunction methods. Moreover, we
examine whether the V& term results from the extended Baerends’ model (in

Chapter 6) remains consistent with AV
Jr

°I1
Ve /2 for comparison with the literature values

Tab. 7.12 shows the data of Cé
of Cg. Firstly, it is worth noting that the leading term of the energy values of
AV,;H’lr for all the molecules consistently follows a 1/R® dependence, indicating the
character of dispersion interactions identified in the energy of AVeceH’lr. Secondly,
in terms of quantifying the dispersion energies captured by AVeceH’lr, our results
reveal that for the HeNe molecule employing the aug-cc-pVXZ (X=D,T,Q,5) basis

c

Il
sets, the values of C(ASVee /2 obtained from CCSD(T) approach the Cg value of 3.03

from literature as the basis set size increases. Furthermore, with the aug-cc-pVDZ

‘1
ee

basis set, the values of C6A ,hn/2 retrieved from these post-HF methods generally
underestimate the actual Cg, except for MP2 which sometimes overestimates
Cg for certain molecules such as Arg, Bego, ArSOs, (CHy)g, arlld (S0O9)9. This
comparison with Cg from literature is inappropriate, as Cgv:enyr& is definitely
method-dependent and basis-set-dependent, thus a more reasonable comparison
should be with Cg from AEag shown in Tab. 6.3 or Cg retrieved by Baerends’

model or extended Baerends’ model in Chapter 6.

As we have demonstrated in Chapter 6, Baerends’ model using an approximate
pair density constructed from the induced dipole-induced dipole terms for these
molecules can not yield accurate values for Cge%d for large molecules (e.g., larger
noble gas systems beyond Heg). This discrepancy becomes more significant as the
size of the system increases. To address this limitation, we incorporate extended

terms derived from d orbitals to get the extended Baerends’ model. For noble gas

ext cqp.lr
diatomic molecules, the C;’ee /2 term exhibit close agreement with those of CQV%

Fig. 7.3 shows the Mean Absolute Percentage Error (MAPE) comparison between
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eplr
TABLE 7.12: CGAVee /2 of various dimer molecule separation obtained from dif-

ferent wavefunction methods.

Molecules Basis MP2 CISD CCSD CCSD(T) Lit.

HeNe AVDZ 212 2.17 2.31 2.49 3.03
HeNe AVTZ 2.36 2.37 2.60 2.87 3.03
HeNe AVQZ  2.42 2.40 2.66 2.97 3.03
HeNe AV5Z 2.42 2.39 2.67 2.98 3.03
HeAr AVDZ 8.74 7.68 8.45 9.10 9.55

HeKr AVDZ 12.28 10.64 11.72 12.56 13.42
NeAr AVDZ 15.86 12.22 13.92 15.27 19.5
Neg AVDZ  4.15 3.72 4.15 4.50 6.38
Ary AVDZ 69.54 44.01 52.71 58.15 64.3
Bey AVDZ 252.06 162.95 139.24 195.62 214
ArCOgq AVDZ 9776  55.43 74.33 85.29 114.5
ArSOq AVDZ 14454 7423 102.62 128.7
(NHs)2 AVDZ 8394 5157 64.83 79.47 89
(CHy)2 AVDZ 143.84 91.69 115.04 135.78 130
(CO2)2 AVDZ 15043 77.35 114.48 159
(SO2)2 AVDZ 428,55 249.57 159.08 294

* The basis set AVXZ denotes aug-cc-pVXZ (X=D,T,Q,5).

* Lit. denotes the Cg value from the literature. The reference Cg value
of dimer (NHg)9 was taken from [421], the reference Cg of ArSOg was
calculated by SAPT2+, while the reference Cg for other molecules were
taken from [414].

* Apart from those diatomic molecules, all the geometries of other polyatomic
molecules were taken from [364].

erplr

ext
Ve and Cge"‘ /2 with the same reference Cg from Tab. 6.3 in Chapter 6. The
crplr

6
ext 11
highest MAPE is 1.54% for Cgee /2 and 1.45% for Cgvee when using CISD, while

for the rest post-HF methods the MAPE values are all below 0.5%, and both

erp,lr

AV I
Ce

systems.

ext
and Cgee /2 approaches highly aligned with each other for these noble gas

Nevertheless, it is necessary to emphasize that extended Baerends’ model is
applicable only to diatomic molecules so far. The extended Baerends’ model is still
challenging to handle polyatomic molecule dimers such as ArCOq, (NHg3)g, (CHy)o,
and others. As we have discussed in Chapter 6, the approximate 2-RDM of the

extended Baerends’ model involves other created instantaneous dipoles within
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16 1 1.54 Vext
1.46 e Ce=< /2
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Methods

FIGURE 7.3: Mean Absolute Percentage Error (MAPE) comparison of Cg re-

C

ke
trieved from the long-range pair density partition cy; approach (Cévee /2) and

the extended Baerends’ model (C:ee:t/Z) over various post-HF methods. For each
ab initio method, the reference Cg values were taken from Tab. 6.3, and only
diatomic molecules are included except Beg, because an appropriate reference
method was not found to retrieve the dispersion energy of Bey from the correlation
energy calculated by these post-HF methods.

the monomers, and the two-electron AO quartets are not directly connected to the
induced dipole-induced dipole interactions from the two separated monomers. As
a result, extended Baerends’ model captures not only dispersion in the polyatomic
molecule dimers but also short-range correlations.

Based on various numerical assessments, we have demonstrated the potential
of the relationship CQV:"I o = 2Cj¢ for calculating dispersion solely through AVecen’lr.
This approach offers several advantages: (i) does not require a dispersionless ref-
erence method (unlike the approach in Eq. (6.1)), nor the calculation of monomers;
(i1) it avoids using PT2 treatment or polarizabilities; (iii) it only requires approxi-
mating the pair density which must include the long-range dynamic correlation,
and (iv) it implies a direct connection between the long-range part of the pair

density partition ci; and the dispersion energy.
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7.3.4 Dispersion Hole and Asymptotic Conditions

le-5

SaAPASBPB

2.5
2.0
1.51
1.01
0.5+
0.0+
—0.51
-1.0

hgisp(S)

15 18 20 22 25 28 30 32
s (a.u.)

FIGURE 7.4: Dispersion hole Agisp(s) represented by the radial intracule
density, I44(s), which is derived from induced-dipole induced dipole terms
saA(Dpa(D)sg(2)pp(2) and sa(2)pa(2)sg(1)pg(1) of Hey molecule separated by
R =22.68 a.u. And calculated at the FCl/aug-cc-pVDZ (3s + 2p) level of theory.
The top black point represents the value of % 4isp(R).

In the previous sections, we have demonstrated the relationship between total

dispersion energy and the dispersion energy retrieved from the AVeCeH’lr term,

AVEAB - pyemlr

B3, = s =T (7.14)
and,
1 ps(1,2)
AV = o fA fB o dlde
1 heyls)
=— f ds. (7.15)
2JIR S

Hence, the long-range part of pair density partition p§H(1,2) can be directly
connected to dispersion energy. For the convenience of visualization, we will
employ its radial intracule, 4. (s), in the following context.

To explore further this connection between the long-range component of 4., (s)
and dispersion energy, we introduce a novel concept: the dispersion hole, which can
represent the long-range part of A, (s). To illustrate the curve of the dispersion
hole, we use an example of a Heg molecule with a large interatomic separation,

calculated at the FCI/aug-cc-pVDZ level of theory. At large separation distances,
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7.3. RESULTS AND DISCUSSION

the radial intracule density I;4(s) which is derived from the induced-dipole
induced dipole terms (i.e., using Baerends’ model), is identical to the long-range
part of 2 (s) in the case of Hep. Fig. 7.4 shows the curve of radial intracule density
144(s) against the interelectronic distance s, and it can be used to represent the
dispersion hole in this Heg case. However, it is worth noting that the dispersion
hole can not be always represented by the radial intracule density from Baerends’
model, because as we have demonstrated in Chapter 6 Baerends’ model became
invalid when including d orbitals for treating large molecules. In addition, since
I44(s) can be decomposed into contributions from sAp.ASBP+B, SAPyASBPyB, and
SAP-ASBP.B terms, corresponding to x,y, and z components of dispersion hole,
respectively. This decomposition can help the following analysis of the dispersion
hole of Hes.

le-7

31 sapxasspxs/

21 SaPyaSBPyB Sq f\
E 1 Q\/’ ‘/‘
A% 01 A [ Ky
X3 ./R\S
< -14 \J

s
-2 1
_34
15 18 20 22 25 28 30 32
s (a.u.)

25_1e—5

| sapmas R S

2.01 APzASBPZB | 3
— I R |
)
5 —5 @)
NT
<

S5 |
S3

15 18 20 22 25 28 30 32

FIGURE 7.5: The x/y, and z components of dispersion hole 7 g;sp(s) of Hez molecule
separated by R = 22.68 a.u. And calculated at the FCI/aug-cc-pVDZ (3s +2p) level
of theory. The top left: sAp.asBpP.B/sAPyASBP,B contributions to 2 gisp(s); The top
right: p./p, orbital illustration of the left and right side regions surrounding E.
The bottom left: spp.asgp.B contribution to A gisp(s). The bottom right: p, orbital
illustration of the left and right side regions surrounding R. The black points
denote the intracule value at s = R.
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As shown in Fig. 7.5, As the two atoms are aligned along the z-axis, the z
component of A 4is,(s) dominates the dispersion hole, with two orders of magnitude
larger than the ones of x/y component of /4 4;s,(s). We note that the individual x/y
components of the dispersion hole curves exhibit antisymmetry with respect to
the point of s = R, while the individual z component shows full symmetry around
s = R. However, the overall dispersion hole by combining the x,y,z components,
in Fig. 7.4, shows slight asymmetry, with the left side curve slightly lower than
the right side.

Due to the symmetry, the x and y components are equivalent, and both of
them arise from the contributions of 7 or 7* molecular orbitals. Since the induced
dipole-induced dipole terms are made by a product of four AOs, and the s-type
AOs are spherically symmetric, then the positive and negative domains in the
dispersion hole can be easily connected to the orientation of two interacting p-type
AOs, as illustrated in the top right of Fig. 7.5. The regime s; < R corresponds to
an interaction between two p,/p, with opposite phases from two separated atoms,
resulting in negative quantities. In contrast, the regime sg = R corresponds to
an interaction between two p./p, with the same phase, yielding positive quan-
tities. Analogously, this interpretation can be applied to the z component of the
dispersion hole, as illustrated in the bottom right of Fig. 7.5. In particular, the
region very close to R is labeled as s3. It accounts for the same phase of two p,
that generates positive quantities. Moreover, the peak occurring at R corresponds
to the maximum induced dipole-induced dipole interactions contributed by the z
component of the dispersion hole.

The dispersion hole, % 4;sp(s), vanishes upon integration over the interelectronic
distance, s.

fhdisp(s) ds =0. (7.16)

The dispersion hole can be used to calculate dispersion energy,

. AVIAE 1 0 b (s) . 1 haisp(s) . @17

disp = 2 _ZfLR s S_Zf s 5 ’
cp.Ar

where the factor of “2” in relationship CGAVee = 2Cg is incorporated. Conse-

quently, the relationship shown in Eq. (7.17) provides a new path to model London
dispersion only through a dispersion hole. Further discussion on the dispersion
hole and its closed form from a minimal dispersion model will be in Chapter 8.
In addition, it has been previously demonstrated by our group, that the long-
range peak of Coulomb hole partition at s = R, denoted as A, (R), shows a leading
term of 1/R3 [3, 91]. Hence, at s = R, the plot of the near peak point of hgisp(R)
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FIGURE 7.6: Dispersion hole of the largely-separated Hes molecule calculated
at the FCI/aug-cc-pVDZ (3s + 2p) level of theory. The black point represents the
value of A gisp(R).

in Fig. 7.4 against interatomic distance R should exhibit an asymptotic behavior
of 1/R3. When expanding hgisp(R) in terms of 1/R™, the fitting coefficients are
denoted as D3, D5, etc.? Then, the expression of hgisp(R) is given by

D3 Ds
haispR) = 5+ 2+ (7.18)

Fig. 7.6 shows the fitting of A 4;sp(s), the leading term is explicitly 1/R3, and
the corresponding fitting coefficient D3 and D5 are given by 0.272 and -0.992,
repsectively. This asymptotic condition can be applied to identify dispersion.
Further investigation on the connection between D3, D5, and Cg will be addressed
in the following chapter.

In the case of Hey calculated at the FCl/aug-cc-pVDZ (3s2p) level of theory,
the dispersion hole can be simply represented by the radial intracule density of
Baerends’ model. Consequently, we will perform further analysis of the individual
contributions from the x/y terms and the z terms to the Cgeléd terms, D3, and D5
terms, respectively.

On one hand, from the view of dispersion energy Cg terms, the x/y terms collec-
tively contribute 1/3 to the total ng’d , whereas the z terms contribute 2/3 to Cgeded.
On the other hand, from the view of the approximate pair density constructed

using induced-dipole induced dipole terms, the corresponding radial intracule

2We note that D4/R4 term is not considered. An analytical demonstration will be provided in the
following chapter.
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TABLE 7.13: Dispersion coefficient terms of Heg molecule (FCI/aug-cc-pVDZ).

x/y terms z terms

Terms
ClEt e Dyely) VD Dsz)  Ds(2)

Ratio 16.667% 16.659% 66.667% 100% 66.681%
Value 0.492 -0.165 1.966 0.272  -0.662

° x/y terms: sp(1) p,a(D)sp(2) p,B(2),5A2) p,a(2)sg(1) p,B(1)/
saA(1)pya(1)sg(2)p,B(2),sA(2) pya(2)sp(1) p,yB(1)
° z terms: spA(1) p,a(1)sB(2)p,B(2),5A(2) p,A(2)sp(1) p,p(1)

density, 144(s), shown in Fig. 7.4, is equivalent to A, (s). Notably, at a specific
long-range point (s = R), we observe that the intracule A, (R) demonstrates a
decay behavior of 1/R3. However, while the x/y terms contribution to h ey (R) show
an asymptotic behavior of 1/R5, the z terms exhibit a dependence on both 1/R3 and
1/R5. Therefore, the z terms contribute to the entire D3 and contribute to nearly
2/3 of the Dj5. In other words, the 1/R® leading term decay behavior serves as a
necessary condition in the asymptotic behavior of A, (R), it alone is insufficient
to fully identify the whole dispersion energy contribution from Veded or AVecél’lr. In
addition, similar results have been obtained for the Hy molecule, with the leading
term coefficient D3 observed to be insensitive to truncated basis sets. Further

details for the results of the Hyg molecule are available in Appendix A.5.
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CHAPTER

MINIMAL DISPERSION MODEL BASED ON Hy

8.1 Introduction

In the previous chapter, we have shown that the Hy (FCI) model with a minimal
basis set (i.e., only using s-type functions) fails to describe the dispersion energies
with the expected 1/R® asymptotic behavior. As a result, it becomes necessary
to augment the minimal basis set with p-type polarization functions in order to
provide a minimal description of dispersion in Hy [360, 422—424]. In this chapter,
we present a minimal dispersion model based on the singlet Hy molecule in its
ground state, employing uncontracted s + p Gaussian-type orbitals (GTO). Our
primary focus is on the electron-electron interaction energy, Vo, which can be
obtained from the pair density. It is worth noting that V. is the only approximate
energy component within the approximate functionals of RDMFT. Conversely, in
the DFAs, both the kinetic energy term and the V,, term require approximation.
Hence, a well-suited approximation targeting on the Vi, term, particularly one
that accounts for dispersion, can be helpful in the development of new functionals
within the context of RDMFT or DFT.

In this chapter, our objective is to construct a minimal dispersion model of
Hy that will aid in analyzing the contribution of the induced dipole-induced
dipole terms and the AVeceH’lr term to the total dispersion energy, as well as to
explore the connection between the 1/R? asymptotic behavior of k., (R), and the

corresponding contribution to the dispersion energy.
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The overall procedure of the workflow for deriving the expression of Ve can be
summarized as follows. Starting with the s + p Atomic Orbitals (AOs) basis func-
tions, we employ the Linear Combination of Atomic Orbitals (LCAO) approach to
construct Molecular Orbitals (MQOs). Next, we generate all possible Slater Deter-
minants (DETs) based on these MO and construct the FCI wavefunction (WFN)
for the two-electron molecular system. By squaring the WFN, we obtain the pair
density. The intracule transformation is then adopted to analytically evaluate
all the two-electron integrals, and the resulting semi-analytical expression for
Vee will be given in terms of the CI coefficients, geometry (i.e., the interatomic

distance, R), and basis set variables (i.e., exponents).

x(r) — ¢(r) — O(1,2) — P(1,2) — p2(1,2) — I(s) = Vee
AO — MO — DET — WFN — pair density — intracule — V.

Subsequently, we derive various semi-analytical terms based on the intracule

density or Ve, for further analysis, such as A, (s), VE™, AVeceH’lr, and V24,

8.2 Methodology

8.2.1 Wavefunction

This semi-analytical model for the singlet Hy is based on two hydrogen atom
centers, A and B, separated by a large distance R, with the interatomic axis
aligned along the z-axis [3, 91]. The normalized Cartesian AO basis functions of

atom A at (xa,ya,za) with one electron at (x,y,z) are depicted as:

—asl(x—xa)2 +H(y—-ya) 2 +(z—2zp)%]

salx,y,2) = Nge

Preali, y,2) = Np(x — 1) e~ WlEmA HO3) 4 e=2 ]
(8.1)

—apl(x—xa)?+(y—ya)2 +(z—24)%]

pyA(x,y,Z) =<M)(y_yA)e

DA, 7,2) = Np(z — zp) e~ Ol H0-00)* 1 em2n)]

where A; and A4}, represent the normalization factors of the basis functions, while
as and a, denote the exponents of the corresponding Gaussian functions. The
same basis function forms are utilized for atom B.

The MO diagram of this Hg model is illustrated in Fig. 8.1, we have utilized
LCAO approach to combine 8 AOs and generate 8 MOs, the one with the lowest
energy is the occupied orbital ¢; that is used to form the ground-state configu-
ration. Due to the symmetry, s and p, orbitals are overlapped when forming the

MO in this Hy molecule which is aligned along the z-axis. As a result, all the
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FIGURE 8.1: MO diagram of Hg (s + p) model.

bonding orbitals ¢ and anti-bonding orbitals ¢* should be formed by mixing s and
p. orbitals. Nevertheless, we have the option to simplify the MOs, specifically the
o and ¢* orbitals, by forcing s and p, orbitals not to be mixed. This simplification,
however, does not compromise the primary objective for modeling the dispersion of
the singlet Hg at large interatomic distances when comparing the semi-analytical

and numerical outcomes.

TABLE 8.1: Slater Determinants (DET) that conform the FCI expansion.

* * * * * * * *
DET 0101 010] 0,0, 0,0, Txly WMy Tyly T,T
CI coeff. Co C1 Cc2 C3 C4 Cs Ce Cc7

We construct 8 DET's by utilizing the 8 MOs. Tab. 8.1 shows the 8 DETs, which
include one ground-state and 7 double excitations. Let us take an example of
Slater Determinants (DET) for the ground-state 0101 which is the Hartree-Fock
(HF) wavefunction,

Oyp(1,2) = Ao [p1(r1) p1(r2)l (alo1)Blog) — flo1)alo2))
=N [sA(rl) + SB(I‘l)] [SA(I‘Q) + SB(I‘z)] ((X(O‘l)ﬁ(ag) - ﬁ(al)a(og)) , (8.2)
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where A represents the normalization factor of ®yr(1,2). The notation, 1 =
{r1,01}, represents the spatial and spin coordinates. The AO basis is orthonormal
within each atom. The spin functions a or § ensure the antisymmetry in the HF
wavefunction.

The FCI wavefunction for the singlet Ho model system can be expressed as:

7
¥(1,2) = co®ur(1,2)+ ) ¢; P;(1,2), (8.3)
i=1

where the CI coefficient, c¢; (see Tab. 8.1), fulfills the sum rule,
7
Y =1 (8.4)
=0

In the FCI wavefunction of this Hg model in Eq. (8.3), the CI coefficient of the
Hartree-Fock determinant (cg) is typically close to 1 at short interatomic distances
(R — R, where R, denotes the equilibrium distance) and converges to 1/V2 at
the dissociation limit (R — oo) [425].

For the FCI wavefunction of the two-electron system in Eq. (8.3), the pair

density can be obtained simply by taking the square of the wavefunction:
p2(1,2) =21%(1,2)1%, (8.5)

where the normalization follows McWeeny’s convention [182]. The p2(1,2) and
Vee terms (e.g., VT, AV, ') were evaluated using the matrix representation of
2-RDM in the AO basis, and the required two-electron integrals were evaluated
through the integration of intracule. For more details, we refer the readers to go
from Eq. (3.78) to Eq. (3.85) in Chapter 3.

The 1-RDM and 2-RDM in the MO basis can be obtained by using the CI
coefficients, and then they must be transformed from MO to AO basis. Consid-
ering our simplified models where s and p, atomic orbitals do not mix, then
the MO coefficients are simplified to i% for AOs that contribute to bonding
or antibonding interactions. Hence, the final expressions of the contribution of
Vee to the correlation energy (VO'), or its partitions AV,2 and AV involve 11
variables: the interatomic distance (R), basis function exponents (as, ), and
eight CI coefficients (cg, c1,...,c7), which are derived from the FCI wavefunction
of the Hy model (with uncontracted s + p basis functions).

In this work, the idea is to first collect all the 1/R® asymptotic energy compo-
nents within VS, as well as within its partition AVsa', based on the two-electron
AO quartets, at large separation distances R. Then these quartets will be em-
ployed to establish approximate pair density models to recover the dispersion of

this simplified Hy model system.
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8.2.2 SP11dd and SP11cll Models

Now let us introduce two types of semi-analytical pair density models: SP11dd
and SP11cll, which are designed for retrieving dispersion energy from V™ and
AV respectively. Both of these models will be expressed in a semi-analytical
manner, and involve 11 variables for calculating energies, including R, a5, a5,
and c¢; (where i =0,1,...,7). As the CI coefficients are obtained from numerical

FCI calculations, these models are not truly analytical.

SP11dd model is implemented by incorporating the induced-dipole induced
dipole terms shown in Tab. 8.2, from the FCI pair density. In this simplified
Hy model system, the SP11dd model is identical to Baerends’s model [88—-90]
described previously in Chapter 6.

TABLE 8.2: Induced dipole-induced dipole terms.

Terms SADxA SAPyA SADzA

SBPxB SAPxASBPxB
SBPyB SAPyASBPyB
SBP:zB SAPzASBP:zB

* Each two-electron AO term of the pair density includes
1aWxaWyp2)xp(2) and yA(2)xa@)xp(LxB(1).

In this model, 2Dj apasppp 1N Eq. (3.79) can be determined by the corresponding
CI coefficient products. Then the p‘zid(l,2) term retrieved by the SP11dd model

can be explicitly expressed in individual x,y,z terms:
p34(1,2) = p3h*(1,2) + p247(1,2) + 39 (1,2), (8.6)
and

p5H(1,2) = =N (co — c1)(ca — ¢5)sa()pxa(Dsp(2)p.5(2),
p34Y(1,2) = A (co — c1)(c6 — 1) sa(D)pya(Dsp(2)p,8(2), (8.7)
p597(1,2) = — N, (co — c1)(ca — c3)sa(Dpa(Vsp(2)p.5(2),

where A, Ay, and A, represent the normalization factor for each term.! The

corresponding radial intracule density I7 ,, I g 4> and I, can be derived using
Eq. (3.87) and Eq. (3.88) in Chapter 3. The total radial intracule density I ;4 =

1We note that the normalization factor includes all the essential normalizations for AOs, MOs,
DETs, and WFN.
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I 2 g+t g ot 2 4 Consequently, the associated Ve"éd terms retrieved by the SP11dd

model can be determined from

1, I% (s)
Veded’x = Ef dd dS)

S
1,17 (s)
yady - f dd " gs, (8.8)
2 S
1 1% ,(s)
yddz _ _f dd™> 4,
2 S
thus,
VL = vah e Vbt + Vat”. (8.9)

We note that due to the symmetry of two-electron integrals for the Hg model sys-
tem, the closed-form of two-electron integrals evaluated from s5(1)pa(1)sg(2)pg(2)
and sA(2)pa(2)sg(1)pg(1) terms are equivalent. In addition, as the two hydrogen
atoms are aligned along z-axis, the closed-form of two-electron integrals from
sA(Dpxa(Dsg(2)pB(2) and sa(1)pya(1)sp(2)p,B(2) are also identical. Hence, the
expression of V% derived from the SP11dd model can be reduced only in terms of
sA(D)pa(D)sp(2)p,a(2) and sa(1)p,a(1)sp(2)p,B(2).

SP11cIl model is formed by merging the induced dipole-induced dipole terms
shown in Tab. 8.2 from the FCI pair density, and the ionic terms collected in
Tab. 8.3 from the SD approximate pair density, and all of these terms show 1/R®

asymptotic behavior when contributing to energy.

The SP11cIl model is constructed by approximating the pair density partition,
Ap;H(l,2), using very few terms shown in Tab. 8.2 and Tab. 8.3. This model is
helpful for analyzing the short- and long-range part of the Coulomb hole partition,
h ¢y (s), as introduced previously in Eq. (3.93) in Chapter 3.

The SP11cIl model is designed for accurately recovering the entire AV
at large R, and it can be expressed as a sum of short-range and long-range
components,

AVEL = AVEST 4 AVEIIE = ApEInsT y y7dd, (8.10)

In the previous chapter (refer to Chapter 7), we demonstrated that AV
includes additional energy terms with a 1/R% dependence at short-range, distinct
from the long-range component, AVecgl’lr. As we have revealed in Chapter 7, the
long-range component AVeCeH’lr is equivalent to Ve‘id in the cases of Hy molecule

(both singlet and triplet states) with an s + p basis.
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By performing a thorough term-wise analysis, we have systematically iden-
tified all the energy terms within AV that exhibit a 1/R% asymptotic behavior
at large R. Through this term-wise analysis approach applied to AV, we have
pinpointed not only the induced dipole-induced dipole (covalent) terms (as shown
in Tab. 8.2), but also certain ionic energy terms that show a 1/R® asymptotic be-
havior (as listed in Tab. 8.3). Specifically, the induced dipole-induced dipole terms
exclusively arise from the FCI pair density, whereas the ionic terms originate
from the SD approximate pair density. Moreover, the ionic terms distinctly exhibit
short-range characteristics as we have demonstrated in the minimal He model (in
Chapter 7).

TABLE 8.3: Ionic terms contributing to AV,1' which arise from the SD approxi-
mate pair density.

Terms si(Z) sa(2)pa(2) pZ(Q)
s2(1) s2(1)s%(2) s2(1)sa(2)pa(2) s2(1)pa(2)
sa(1)pa(1) SA(l)pA(l)Si(2) sa(1)pa(1)sa(2)pa(2) SA(l)pA(l)pi(Z)
pi(» pR(Ds5(2) PA(Dsa@)pa(2) PP

* Each p orbital should be considered: py, py and p,. For instance, si(l)pi@)
represents si(l)piA(Q), si(l)piA(Z), and si(l)pzA@)-

* As treating the Ho molecule, the ionic terms for atom B are identical to those for
atom A.

In particular, among these ionic terms, si(l)si@) and s%(l)s%@) provide
the largest contributions to AV,y'. These terms appear in the SD approximate
pair density, as demonstrated in the dispersionless simplified Hy model with
minimal basis set (i.e., using only 1s GTOs) shown in Chapter 7. In addition, ionic
terms such as spA(1)pa(1)sa(2)pa(2) and sg(1)pg(1)ss(2)pg(2) were referred to as
“on-site correlation terms” by Baerends et al. [90] and are connected with local
correlation within the atoms, while their contributions become negligible at large

R as we have shown in the Heg case in Chapter 7.

8.3 Computational Details

All the semi-analytical expressions were derived using the Mathematica program
[426]. The CI coefficients were obtained from a numerical FCI calculations of
the Hy molecule with some given input parameters of R,as and a,, using the
PySCF package [371, 372] and a modified version of Knowles and Handy’s program
[238, 427]. The 1-RDM and 2-RDM were generated using the in-house DMN code
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[428, 429]. The range of separation distances R was set from 7.56 to 18.90 a.u.
For comparison, the corresponding numerical results of intracule and AV were
computed using the DMN code [428, 429] together with the open-source RHO2_0PS
program [419] based on the algorithm of Cioslowski and Liu [420].

8.4 Results and Discussion

In this section, we will present the results obtained from the semi-analytical
models SP11dd and SP11cll. Firstly, we will identify the short- and long-range
correlations from the radial intracule density and Ve components obtained from
both models. Next, we will present a simplified version of the SP11dd model
under the specific condition of a; = a,. Then the asymptotic behavior of A, (R)
from the SP11cIl model will be investigated. Subsequently, the kinetic energy
and electron-nuclear attraction energy contributions to dispersion energy will
be taken into account to establish a complete minimal dispersion model of Hs.
Finally, we will provide the expression of the dispersion hole that provides the
dispersion energy from AVeCeH’lr based on the minimal dispersion models of Hy.

In addition, we emphasize that all the models presented in this chapter are
highly qualitative dispersion models. Due to the poor basis set employed, they
provide unsurprisingly very low accuracy in calculating Cg values, deviating signif-
icantly from the literature value of Cg = 6.499026705-- - for Hg [316]. Nonetheless,
these models can recover a correct portion of dispersion from the FCI wavefunc-
tion. They are helpful for understanding the connections between the dispersion
hole and dispersion energy, as well as the relationship, AVech’lr = 2F gisp, that was
established in Chapter 6.

8.4.1 Short- and Long-range Correlation in SP11clIl Model

At large separation distances (i.e., R is scanned from 7.56 to 18.90 a.u.), the
numerical results of AV, evaluated by the SP11cII model can be fitted by

AV
CG
RS

AV =A - , (8.11)

where A represents a constant term that is independent of R, and it is not zero in

this case. The positive value of CGAV:eII arises from the fitting coefficient over RS.
Fig. 8.2 shows a numerical example of V2 calculated with the model SP11dd,

and AV." by the model SP11cIlI, under the specific setting condition of a; =

ap = 1.0 for the basis function exponents. As we see, although both models yield
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energies that decay as 1/R®, there is a small but significant gap of approximately
¢ AV _

8% between the corresponding fitting coefficients (i.e., CX“ =0.2448 and C;
0.2673). As a result, we cannot assume that the SP11dd and SP11cII models are
approximately identical. Since the additional 1/R® terms (see Tab. 8.3) of SP11cII

model can not be neglected, we need to verify whether they contribute to the

long-range correlation.
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FIGURE 8.2: Model SP11dd vs. SP11cII.

Now we analyze the ionic terms of AVS! contribution to the short-range
correlation through the radial intracule density and AV, energy components. On
one hand, we compare the radial intracule densities derived from both SP11dd
and SP11cIl models. Fig. 8.3 shows a plot of intracule at R =9.45 a.u. As expected,
at the short-range regime (s1), the magnitude of the radial intracule density from
the SP11cIl model (i.e., A (s)) is more significant, while it is zero from the SP11dd
model. At the long-range regime (s2), which corresponds to a large interelectronic
distance s approaches the interatomic distance R and each electron is associated
with one atom, both intracule curves become indistinguishable (as shown in the

inset plot of Fig. 8.3). Thus, by excluding the short-range correlation from the
SP11cll model, both models exhibit immediate agreement. The intracule analysis
reveals that the long-range part of the SP11cIl model is identical to the SP11dd
model, while the additional ionic terms in the SP11cII model only contribute to

the short-range correlation.

On the other hand, the fitting function in Eq. (8.11) can also be decomposed
into short- and long-range contributions. As the long-range contribution only
results from covalent (i.e., the induced dipole-induced dipole) terms, the short-

range correlation must come from the ionic terms, then Eq. (8.11) can be split

into
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FIGURE 8.3: Comparison between the radial intracule densities I ;4 from SP11dd
and A, SP11cll models against the interelectronic distance s, the short-range
regime represented by s; and long-range regime by sg. The calculations were
performed on Hy at an interatomic separation of 9.45 a.u., with uncontracted s+ p
GTO basis set (using the exponents, a; = @, = 1.0) and the FCI level of theory.
The inset figure shows that the radial intracule densities from these two models
are identical at the long-range regime.

ISt

OOVl
short-range: AV =A - GRT,
e (8.12)
CAVee”
1 6
long-range: AV " = g
AV . . . AV I
The C;"* term in Eq. (8.11) is decomposed into two components: C; " *  and

eqp.lr
ciVee Then, we perform a numerical analysis (see Tab. 8.4), and find that the

6
CI1,ST
short-range (ionic terms) contribute to both A and Cgv“

(covalent terms) give rise to Cév‘*e

, while the long-range
cplr

Tab. 8.4 presents the numerical assessment on the 1/R® dependent terms in
the SP11dd and SP11cII models. The energy term AV.! is obtained by taking
the difference between VECT and VSP. The ionic term contribution to AV is
solely from VeSeD, and they arise from the SD approximate pair density rather than
the FCI one. Hence, these ionic terms presented in VP should not contribute
to the true dispersion energy. Considering the (long-range) covalent terms are
not incorporated in the SD approximate pair density, the SD approximate pair

density is dispersionless, and it can effectively eliminate many other terms from
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TABLE 8.4: Analysis of SP11dd and SP11cIl models, using a; = a, = 1.0. The

p CI,ST

CQVQ‘* term in Eq. (8.11), and its range-separated components: CQVQ‘* and
eqp.lr

C@Vee in Eq. (8.12), which are represented by “sr” and “Ir”, respectively.

AVLD
Cg ™ inEq. (8.11)
Methods Terms
sr Ir
covalent 0 0.2448
FCI
ionic 0 0
covalent 0 0
SD
ionic -0.0225 0
SP11dd model covalent 0 0.2448

SP11cIl model covalent+ionic  0.0225 0.2448

the FCI pair density that are unrelated to dispersion. Additional detailed data

using different values of exponents can be found in Tab. A15 in Appendix A.6.

8.4.2 Simplified Model of SP11dd

Since we have demonstrated that the SP11dd model and the long-range part of
the SP11cIl model are identical for this Ho model system, now we only focus on
analyzing the SP11dd model which involves the induced-dipole induced dipole
terms that account for London dispersion. However, the semi-analytical expression
of this model still remains fairly complex. In order to gain more insights from
this dispersion model, we present here a simplified semi-analytical expression
of the SP11dd model in a particular scenario of basis function exponents, where
as = ap = @, (@ > 0). Then, the intracule density of the SP11dd model can be

simplified as

e+ R’ s (_9qR(s + R) + e**R5(2aR(R — s)+ 1)~ 1) F,
4\/maR3

_ _Pp)2
e R s (aR (2aR(s~R)* +R -2s) +1)F, (8.13)

2/maR3

) o a(s+R? (aR (2aR(s+R)*+R +2s) +1)F,

2/naR3

Tq(s)=
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where s denotes the interelectronic distance, R is the interatomic distance, and
F.y,F, are coefficient products composed of CI coefficients. Fy, is associated
with spp.AsppxB and sAp,ASBp,B, While F, is associated with spp.Aspp.B (see
Tab. 8.2)
Fyy=(co—c1)ca—c5+ce—cq),
(8.14)
F,=(co—c1)ca—c3).
We note here that both F, and F, exhibit a 1/R? dependence when plotted against
R, and the fitting coefficients of 1/R? for both Fy, and F, are approximately
equal in magnitude but with opposite signs. Specifically, F, can be written as
—Fy/R3 (where F > 0), while F, can be expressed as Fo/R3. We note that the
coefficient products of these dispersion terms show 1/R3 dependent behavior, and
the corresponding two-electron integrals (i.e., from induced-dipole induced dipole
terms) are 1/R® dependent as well, thus finally they contribute to dispersion
energy (1/R®) when they are combined together.
As R increases large, we can obtain the limit of the intracule I54(s =R) as R
approaches infinity. The expression of I;4(R) can be expanded in terms of 1/R as
Ly Ly Ls
Idd(R)=L0+E+ 1?+ 1?4““ .
At R — oo, the lower order L,/R" dependent limits Ly = L1 = Lg = 0, thus the
leading term of I ;4(R) is determined as

F() a
TIigR)|p_ o = 2?3\]; (8.16)

where the F( comes from fitting 1/R? term coefficient of Fyy and F,. On the other
hand, the V, expression of the SP11dd model is

(exf(vaR) -2, /2Re=F) F,,

(8.15)

vad = .
4aR ; (8.17)
(erfe(vaRr) +2,/2Re=F" (aR2+1) - 1)F,
* 2aR3 ’

and by approximating the fitted factors F, and F, to —Fo/R 3 (Fo>0)and Fo/R3
respectively, we can also determine the leading term of Vg‘éd when R approaches

infinity,

3F,
Ved d

e |R—>oo=_m‘ (818)

Therefore, it is apparent that there is a connection between the intracule I ;4(R)
in Eq. (8.16) and the dispersion energy of Ve"éd in Eq. (8.18). Both of them depend
on the fitting parameter Fy and the GTO basis set exponent a.
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Furthermore, in the general case where a; # a,, we can also achieve a closed-
form expression for the intracule I ;4(s = R). While this expression is more complex
than the previous one, the fitting curves of F, and F’ still exhibit the relationship
Fy,=-F¢/R 3 and F, = Fo/R®. Therefore, the leading term of the intracule Iz4(R)

can be determined as
LR _4Fy | 2aiaj .
ddR)|p_oo= 77\ ma ) (8.19)

If we let a; = a, = @, we can retrieve Fq. (8.16).

The leading term of V¢ is determined as

24F, \/adad
ydd - P (8.20)

o |Roo = RS (as+ap)®

and by making a5 = a, = a, it will return Eq. (8.18).
By combining Eq. (8.19) and Eq. (8.20) together, through Fjy, we obtain an
analytical connection between the 1/R3 leading term of intracule I ;4 and the 1/R®

leading term of dispersion energy contributed by Ve"éd,

3v2m  Igq(R)|p_,

V! == , 8.21
ee |R—>oo (063+06p)3/2 R3 ( )
and
ydd 3V2n
Ce® |rooo = ml)sﬁﬂm. (8.22)

where the Dj is the leading term coefficient of 1;4. As an easy check, if we set
as = ap = 1.0, and using the D3 = 0.092 by fitting 144 against R, then we obtain
Cgecéd =0.245. Thus, the direct link shown in Eq. (8.21) is derived straightforwardly
from the semi-analytical expression, which has been verified in the Ho model using
only s+ p basis functions. Although establishing a straightforward connection
between I ;4(R) and Ve%d is challenging due to basis set dependency in the current
development, we highlight that the tight connection between D3 and Cg allow us

to gain information of dispersion energy from a fixed Ds.

8.4.3 Asymptotic Condition of /. (R)

Since the SP11dd model and the long-range part of SP11cII model are equivalent,
then we can use the intracule closed-form of SP11dd model to investigate the

asymptotic behavior of 4. ;(R). Based on the partial contributions of xy and 2
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terms (see Eq. (8.14)), the closed-form of I ;4(R) in Eq. (8.19) can be split into

oy 4Fy | 2d3a}
I'’ (R =y | a——— 8.23
dd( )|Raoo R5 T[((Xs + ap)ga ( )
@) 4F, 2a3a’ 8F, 2a3a’ 690
dd™R=00 ™ R3 \ m(as+ap) RS\ m(as+ap)? ’

then the corresponding dispersion energy term Ve‘id can also be decomposed into

two terms:

3 5
yad.xy - _%ﬂ (8.25)
ee  |[R—oo RS (a, +a,)p

16Fy \/ala)

Vdd,zl - _
¢ [B=co™ " R6 (qs+a,)P

(8.26)

We demonstrate that the contribution of the z term intracule, IZ ,(R), which
decays as 1/R® and 1/R®, accounts for 2/3 of the dispersion energy VZZ. On
the other hand, the xy term intracule I Zfi(R) exhibits only a 1/R% asymptotic
behavior, and contributes to 1/3 of VZ?. This result is consistent with the previous
numerical analysis of the dispersion hole x/y and z components from Baerends’
model, which was applied to the singlet Ho molecule across different truncated
basis sets, as discussed in Chapter 7. Hence, the 1/R? leading term of I44(R) or
h¢;(R) is a necessary condition but not a sufficient condition for identifying the

1/R® dependent dispersion energies from or Ve‘id or AVeCeH’lr.

8.4.4 Inclusion of Kinetic Energy and Electron-Nuclear

Attraction Energy Contribution to Dispersion

Up to this point, we only focus on the V. part contribution to dispersion energy
without taking into account the contributions of the kinetic energy 7' and the
electron-nuclear attraction energy Ve,. In this section, we aim to investigate
the roles of T and V¢, in determining the total dispersion energy and provide a
minimal dispersion model that allows us to describe these contributions. In the
previous chapter, by using numerical results, we have demonstrated that for the
dissociation of the singlet Ho, the difference between the kinetic energies TFCI_

TCAS(2,2) VEAS@2) contributes

and the electron-nucleus attraction energies VECT -
to the coefficients Cg and Cgen, respectively. We also found that TCA522 and
Ve%AS(Z’Q) do not contain the 1/R® terms, implying that the dispersion energy 1/R®

terms only arise from the FCI. In this work, we perform a term-wise analysis of
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T in terms of p1(1;1’) and V¢, in terms of p1(1), we refer to Eq. (3.68), Eq. (3.69)
in Chapter 3, then all the 1/R® asymptotic energy terms which are based on

one-electron AO terms used in p1(1;1’) are determined.

By considering all these 1/R® asymptotic energy terms (shown in Tab. A16),
we can model dispersion energy terms from T and V,, respectively. Combining
these with the Ve, contribution, the complete minimal dispersion model for Hy
can be established. Nevertheless, we also aim to extend this semi-analytical model
in order to compare it with the more realistic numerical FCI calculations, where
the s and p, orbitals are mixed to form ¢ and ¢* bonds due to symmetry, and in
total 12 DET should be included in the realistic FCI wavefunction. To reconcile
these differences between the non-mixed s and p, based model and the mixed s
and p, based realistic FCI calculation, also to accommodate the 12 CI coefficients
within the simplified Hg model, where the wavefunction in Eq. (8.3) relies on 8 CI
coefficients, we must ensure the normalization of the wavefunction with these CI
coefficients used in the semi-analytical model. Hence, we impose a renormalization

factor, .4, to renormalize the wavefunction,
N, = Z sz‘ (8.27)

Considering these one-electron AO terms contributing to dispersion collected
in Tab. A16, an approximate p1(1,1’) and p1(1) can be constructed based on the
FCI wavefunction in Eq. (8.3) of this simplified He model system. Then, using
Eq. (3.68) and Eq. (3.69) in Chapter 3, the contributions of kinetic energy and

electron-nucleus attractive energy to the dispersion energy can be retrieved by

Bas[3(co—c1)? — A+ Saplca —c3)® +(ca —c5) +(ce — c7)?]

Tdisp — 8.28
v , (8.28)
2a 1 4 [2ap
) -4 —[5(00—01)2—%]—— —(ca —c3)? +(ca—c5)? +(ce — c7)?]
lesp — A 3 T
en e/% ’
(8.29)

We note that the renormalization factor .4, in the numerator, combined with the
term (cg — ¢1)%/2, can effectively cancel out the convergence behavior of ¢¢ and ¢;

(i.e., co converges to approximately 1/v/2 and ¢ approaches around —1/v/2).
The Ve(gSp part is derived from model SP11dd in Eq. (8.8) and Eq. (8.9), and it
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reads,

3,5
Vdisp_ 8y asap

e | = m[Q(CO —c1)(cg —c3)—(co—c1)cs —c5)—(co—c1)(ce —c7)],
s P c

(8.30)
and we note here that the normalization factors A, A4,, and .4 used in Eq. (8.7)

are combined within the closed-forms of the two-electron integrals.

8.4.5 A Full Semi-Analytical Minimal Dispersion Model of Ho

In the last section, we have introduced a minimal dispersion model based on
the singlet Hy that involves 11 variables (i.e., R, as, ap, ¢; where i =0,1,...,7).
Although we have obtained the closed form of some parts, the model still requires
the CI coefficients that are generated from a numerical FCI calculation. Since
the FCI is a variational method, the minimization procedure requires solving the
partial differential equations, E/dc; = 0, over all the c¢; coefficients, and allows us
to calculate the total energy. Nonetheless, it is practically very difficult to handle
everything analytically even for the Ho model using uncontracted s + p (GTO)

basis functions.

Let us now consider some outputs from the numerical FCI calculations to
simplify the model. In the case of the singlet Hy molecule at large R, we can split
the FCI total energy, E, into two parts: Ecas(e,2) and E gisp. As the CAS(2,2) energy
2 converges more rapidly than the FCI one, the corresponding cg = —¢; = \/Li in
CAS(2,2) while it still remains a dispersive 1/R® tail in the FCI case. Hence, at
large R, the Ecag(2,2) term can be assumed as a constant that is independent of
R, whereas E ;) is the only term that varies along the stretching of . Hence, at
a sufficiently large R, we can assume that E — E 4isp is constant. Then employing
the variational principle to minimize the total energy of FCI becomes equivalent

to minimizing E gigp,

min{E} = min{E gisp}. (8.31)

The total dispersion energy of the minimal dispersion model is yielded by summing

2The CAS(2,2) method used here is equivalent to the Hy model with minimal basis set (i.e., one
1s-orbital) shown in support information of Ref. [3]
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over its three components in Eq. (8.28), Eq. (8.29) and Eq. (8.30),

1 5
Egisp =36¥s[§(00 —c1)? =11+ Eap[(CZ —¢3)? +(ca—c5)® +(ce —c7)’]

2a5 1 4 | 2a
— 4\ —[—(00—01)2—1]——\ —p[(c2—03)2+(C4—C5)2+(06—C7)2]
T 2 3 /4

8 a?ag
[2(co—c1)(ca—c3)—(co—c1)(ca —c5)—(co—c1)ce —c7)l.
(8.32)

We imposed a constraint to the renormalization factor A, = 1, thus solving the en-

+ —_—
(as +a,)°R3

7
ergy minimization problem with the constraint A, = Y c? =1 requires a Lagrange
=0

multiplier A, the Lagrangian can be then expressed as follows

7
Leit, V) = Egispe:) + MY ¢ - 1). (8.33)
=0

Up to this point, although this Lagrangian is still hard to solve analytically,
we can employ some numerical results as initial assumptions for simplifying
the analytical solution. For instance, at large R, we notice that co = —c1, cg =
—c3 =—2c¢4 = 2¢5 = —2c¢g = 2¢7 from numerical analysis in FCI calculations. This
leads to an important simplification of the analytical solution for reducing the CI
coefficient variables to only co and cg. Solving the following partial differential

equations yields explicitly analytical expressions of ¢y and cg only in terms of ay,

ap and R.
0%(ci,A)
— = 0,
¢ (8.34)
0Z(ci, A)
—F—=0.
oA
The minimal dispersion model can be written as,
Egisp = THP + VP + V™. (8.35)

By adopting the analytical solutions of CI coefficients, we can obtain the simplified
closed-form under the condition of (-12/2as/n +9as+8/2a,/mn —15a,) <0,
which is satisfied for the range of a5 >0.007 or a) >0.17,

. ‘ 1152a3a’
disp disp _ sUp
TP+ Ve P =— , (8.36)
(as +ap)0(-12/2as/m+9as +8,/2a,/m—15a,)RE
. 2304a3a’®
vaise S (8.37)

(s +ap)0(=12y/2as/m + 9 as +8y/2a,/m — 15a,)RE
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thus we have

VAP = 2B gigp. (8.38)

We note that this derivation result aligns with the previously established relation-
ship in Eq. (6.9) in Chapter 6.

The analytical results have been verified through numerical data obtained
from FCI calculations via PySCF. Tab. A15 in Appendix A.6 shows the dispersion
coefficient Cg and its partition terms calculated from the minimal dispersion
model, which is based on the singlet Hy for various basis set exponents as and
ap ranging from 0.6 to 1.2, with a scanning range R set from 7.56 to 18.90

AE B

a.u. To examine 06 and CQV*

, we calculated and fitted the energy difference
between numerical calculations from FCI and CAS(2,2) against R, denoted by
AE pg = Ef;gl _Eggse,z), and AV = Vel‘;CI - Ve%AS(z’Q), respectively. These results
are compared to the AVecen’lr predicted by this semi-analytical model and are
equivalent to 2C GAEAB. Furthermore, we also verified that the numerically obtained
Ve%d is identical to the one calculated by the full semi-analytical model in Eq. (8.37).
Despite the accuracy of calculating dispersion, this simplified minimal dispersion
model provides a simple closed-form and demonstrate the identical relationships

AVCH'Ir Vdd
between the terms: C¢ ">, Cg* , Cgee and ZCQEAB.

8.4.6 Expression of the Dispersion Hole

The radial intracule density of SP11dd model (Z34(s)) or the long-range part of

SP11cll model vanish upon integrating over the scalar interelectronic distance s

fldd(s) ds =f hep(s)ds=0. (8.39)
LR

In this minimal dispersion model of Hg, both I34(s) and long-range part of A ;(s)

can be used to represent the dispersion hole, as we introduced in Chapter 7.
[hasiras =0, (8.40)

In the model SP11dd, if we split the dispersion hole expression into contributions
from the xy terms and the z term, then the closed-form of 4 4i5,(s) can be expressed

as follows

haisp(s) = hgig () + R, (5), (8.41)

isp
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where

ny 2 1 2

e )—m\ ﬂsa?’/zaw( ~4e” 2B+ @)1 4 R(s — R)(as + ap))
sTap

_48—%(R+s)2(as+ap)(1+R(S+R)(as + ap))),

F, 2 1 2

e P A AR L LR
stap

+R4(as + ocp)z — 2R33(as + crp)2 +R2(oc§s2 + ZaSapsz +as+ a}%s2 +ap))

+ 2 2 B+@H @) (9 L 9Rs(ay + ) + RMas + ap)? + 2R3s(as + )’

+R%*(a2s? + 2a,a,8% + as + a282 +ap))

~3B-9"@stap) (4 1 Rs(ary +ap)(—4— 4RX(as + ap) + Rs(as + ap))
+R%(as + ap) 2+ (2R% + s%)(as + ap))
+e 2B+ @r ) (4 4 Ro(a, + )4 + AR2(a + ap) + Rs(as + ap))
+R(@y + a,)2+ 2R+ 55)(ay + ap)),
(8.42)
Fyy=F.+F,. (8.43)

According to the numerical results of CI coefficients and the fittings of CI co-
efficient products shown in Eq. (8.14), we can make an approximation of F, =
—Fo/R3,(Fy>0)and F, =~ Fo/R3, and Fy can be determined by using the analytical
solutions of CI coefficients (as presented in Section 8.4.5),
96,/aad >
Fo=- . (8.44)

(as+ap)P(-12v/2as/m+9as+8\/2a,/n—15ap)

Fig. 8.4 shows the dispersion hole curves contributed by xy terms and z term,

as well as the total one. As the diatomic molecule is aligned along the z-axis, the
magnitudes of hfhsp(s) are roughly 100 times larger than the hzfsp(s). In addition,
we also examined that the analytical integration of Eq. (8.40) above resulted in
zero for all three curves.

On the other hand, the dispersion hole expression above can be rearranged as

hdisp(s) = +U_), (845)

for convenience, the relevant terms are rewritten as

2a3a}
No=\|—7—7""7= (8.46)
n(as+ap)

185



CHAPTER 8. MINIMAL DISPERSION MODEL BASED ON Hj
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FIGURE 8.4: Dispersion hole of Ho minimal dispersion model in Eq. (8.41) and
Eq. (8.42) with uncontracted s + p Gaussian-type basis functions (exponents
as = ap = 1.0). The interatomic distance R = 7.56 a.u. and the parameter F in

Eq. (8.44) equals 0.3264.
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U* =e 2 B+ (4025R* 1 84252R3 + 4a(2s + aps®)R2 + 12a0s2R +125), (8.47)
U™ =e 2B (_4025sR* 1+ 8a252R® — 4ag(2s + aos®)R? + 12a0s2R — 125), (8.48)
Qo =as+ap. (8.49)

In Eq. (8.45), the curves of U* and U~ against s are symmetric, and the

integration of A 4isp(s) can be written as

NyF . ~
fhdisp(s)ds = ?(\[U ds +fU ds), (850)
where -
de~2%R" (¢ R2+3
fU+ ds = (a0 ), (8.51)
@o
1 2
4e72%R" (qyR? + 3)
f U ds = — . (8.52)
@o
Hence, the analytical integration of A gisp(s) fully vanishes,
fhdisp(s)ds =0. (8.53)

Notice that the term U™" decay to zero in the range of s € [0,00), thus we can
use only U~ term to substitute U* + U~ terms in the expression of Agjsp(s). It

could be helpful for modeling dispersion hole for future study.
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CHAPTER

CONCLUSIONS

Electron correlation plays a crucial role in quantum chemistry and physics. It
has been regarded as nature’s “chemical glue”, facilitating the cohesion of atoms,
making them form molecules and solids, thereby maintaining the cohesion of the
real world [9, 10, 430]. The performance of quantum chemistry methods strongly
relies on the approximations of electron correlation. Two primary aspects of
electron correlation were addressed in this thesis: the development and statistical
analysis of MR diagnostics (Chapter 4 and Chapter 5) and the study of London
dispersion interactions through the correlated pair density perspective (Chapter 6
to Chapter 8).

In Chapter 4, we introduced normalization approaches for various correlation
metrics to ensure their size-intensivity and also proposed several new indices
to be electron correlation measures. Subsequently, we established analytical
connections between certain correlation metrics across different categories (i.e.,
Inp and 1— 0(2) with appropriate normalizations, and I7* and Ds). These findings
have been validated numerically through statistical assessments of various small
datasets. Moreover, we applied the linear relationships determined through the

statistical assessments to reduce the number of distinct correlation measures.

Chapter 5 focused on the application of correlation metrics as MR diagnostic
tools. We first analyzed the linear relationships among MR diagnostics using
large datasets. Through the linear relationships, we categorized those correlation

metrics that provide similar information, proposing a single representative one to
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substitute others. Then, we analyzed various correlation metrics across several
typical MR systems while incrementally increasing the system size. We excluded
a few correlation metrics from being considered MR diagnostics, as they failed
to detect MR character in large systems. Afterwards, we suggested cutoffs for
the remaining correlation metrics, based on their fitted relationships and known
cutoffs of other MR diagnostics. In the end, only a small number of MR diagnostics

can be used, and these maximum metrics, such as Dy and I, provide the same

information. Consequently, we propose the use of I\[* as a representative MR
diagnostic tool with appropriate cutoffs, highlighting its potential for application

across all types of electronic structure methods.

In Chapter 6, we first derived a theoretical connection between dispersion en-
ergy and the long-range dynamic correlation described by the Ve term, grounded
in the virial theorem. To assess this theoretical connection, we examined two
pair density-based dispersion models, namely Baerends’ model and the extended
Baerends’ model. Then, we applied these two models to a group of diatomic
molecule dissociation cases evaluated through various correlated wavefunction
methods. Comparing the dispersion energy evaluated through these two models
and retrieved from correlation energy using a dispersionless reference method, we
confirm the validity of this theoretical connection, which remains robust regard-
less of the electronic structure methods and basis sets employed. In addition, the
extended Baerends’s model has significantly improved the accuracy for retrieving
dispersion energies of larger diatomic molecules beyond Hg and Heg, especially in

the necessary presence of d orbitals within the basis set for the large systems.

Chapter 7 provided an exhaustive numerical analysis of the contributions of
various electronic energy components to dispersion in Ho (singlet and triplet) and
Hey at large interatomic distances. We analyzed the dispersion energy contributed
by the correlation energy components, particularly the AV,, terms. Then, we
assessed various molecular systems through the AVecéI’lr term, which is derived
from the long-range part of correlated pair density partition Ap;H. The application
of the ApgII approach has been demonstrated to successfully retrieve dispersion
energy captured by wavefunction method calculations with a given basis set. At
the end, we introduced the concept of a dispersion hole. In general, it can be
represented by the long-range part of the Coulomb hole partition, 4., which has
been shown connected to dispersion. The dispersion hole can be applied to aid in

calculating and identifying dispersion interactions.

In Chapter 8, a minimal dispersion model was presented for the molecular

H, singlet at large interatomic separations. While this simplified model did not
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aim for precise dispersion energy, it provided qualitative insights beyond second-
order perturbation theory. Moreover, it helps understand the connection between
dispersion energy and the long-range component of the Coulomb hole partition,
offering new insights for the development of future advanced dispersion models.

Overall, we explored electron correlation in quantum chemistry from two
perspectives: developing and assessing MR diagnostics based on correlation mea-
sures, and studying London dispersion interactions captured by SR wavefunction
methods. Our work led to the introduction of new MR diagnostic approaches, al-
lowing for a deeper understanding of nondynamic correlation effects. On one hand,
we identified the significance of including extended induced multipole-induced
multipole terms to accurately evaluate dispersion energies in larger diatomic
molecules. On the other hand, we also revealed that the long-range part of the
pair density partition Ap;H (also referred to as the long-range part of the cumu-
lant of the pair density) is enough to determine the Cg coefficient of dispersion
interactions. These findings provide valuable insights into the development of

electronic structure methods that include London dispersion interactions.
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APPENDIX A

A.1 Diagonalizing Density Matrix

Consider a compacted matrix that represents the occupied-occupied (00), occupied-
virtual (ov), virtual-occupied (vo), and virtual-virtual (vv) blocks in the one-

electron density matrix, denoted as 'D,

1 1Doo 1Dov 1Dii lDia
D=1, 1 = 1 J (A1)
Dy, Dy, Dai Daa
we diagonalize it using a unitary matrix U, and yields
1
s(X+Y 0
ulput = [2EFY L , (A2)
0 3 X-Y)
where
X ="Dj; +'Daa;
Y= \/(lDii _lDaa)2+41Dia1Dai- (A3)

As 1D is a Hermitian matrix with real numbers, we have 1D;, = 1D,;. If the off-
diagonal block elements (i.e, 1D;,) approach zero, then we can perform a Taylor
series expansion of the term Y around the point where 1D?a =0,

1 D2

Y =1/(ID;; — Do) + ——2——+6((*D2)?). (A4)
V(1Dj; —1Dgqa)?

If we take the leading term of Y, the summations of eigenvalues over oo and vv

blocks are approximated as
occ
Y n? =Tr(*Dyy),
a,i
vir 1
Z ny =Tr(*Dgq). (A5)

g,i
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A.2 Upper Bound of I7* for MP2

Given two positive semidefinite matrices, A and A, both being symmetric matrices
of the same dimension and containing real numbers, then all their eigenvalues
are non-negative. According to Courant-Fischer min-max theorem [431], the

maximum eigenvalue of their matrix sum satisfies the upper bound inequality,
Amax(A+A) < Anax(A) + Anax(A). (A6)

Consider the construction of occupied-occupied (00) block of the unrelaxed density
matrix of MP2, as shown in Eq. (4.27), the two matrices A and A can be established
by

A= % Ly, A7)
a

A= % 19 eo, (A8)
a

then

Aim =2 - 4Amax(A)
<2~ [Amax(4A) + Amax(—24)]
<2 Amax(4A - 24)
— (A9)

Analogously, for the virtual-virtual (vv) block in Eq. (4.28),

_ be ,ac
B—Uzctijtij, (A10)
B=) 5t (A11)
1jc
then
ﬁL = 4/lmax(B)
> Amax(4B) + Amax(—2B)
> Amax(4B — 2B)
=nr. (A12)

To demonstrate j;‘f}]‘;/x to be the upper bound of I, let us first consider the

max

difference between 7" and the approximate one I7,

A = Ipax — [uax, (A13)
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A.2 UPPER BOUND OF II“\’}%X FOR MP2

As established in Eq. (4.13), IT]¥ is determined either by npy or ny, allowing us

to examine these two cases separately. If nz contributes to I'w2* and 7y to I72%

ND ND °
then
o202
(307 )

Since we focus on closed-shell singlet molecules calculated at the MP2 level,
both ny and ngy are assumed to be not less than 1, and ny = g have been
demonstrated in Eq. (A9), thus A <0.

Similarly, if nz, contributes to I{7* and r, to I ggx, then it is easy to achieve

again A < 0. Hence, I,II?]%/X serves as the upper bound of Iy7* for MP2.
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A.3 Supplementary Results: Chapter 4

TABLE Al: MP2/cc-pVTZ, comparison between n;-based indices and approximate
n;-based indices for 34 molecules, geometries are optimized by MP2/cc-pVTZ [1].

Mol. ng  Ag  np  Ap D& W
HF 1.968 1.952 0.024 0.036 0.016 0.024
H,0 1.964 1.946 0025 0.038 0.018 0.026
NH; 1.962 1944 0021 0.033 0.019 0.027
CHy 1.966 1.947 0.016 0.026 0.017 0.026
HCI 1.959 1.939 0.026 0.041 0.020 0.030
SiHy  1.969 1.947 0012 0.023 0.015 0.026
COy 1.940 1916 0064 0.091 0.031 0.043
CIOH 1949 1929 0.041 0064 0.025 0.034
HyS 1.954 1931 0027 0.043 0.022 0.033
BeO 1.932 1.902 0.054 0.078 0.033 0.047
co 1.940 1914 0052 0.077 0.029 0.041
HNC 1936 1.907 0.050 0076 0.031 0.044
Ny 1.923 1.889 0.067 0.100 0.037 0.053
Cly 1.935 1.907 0.050 0.080 0.032 0.044

CH20 1.952 1931 0.038 0.059 0.024 0.033
HCN 1.923 1.888 0.062 0.093 0.037 0.053
FOH 1.937 1.905 0.0568 0.093 0.031 0.045
Clx0 1.926 1.894 0.062 0.097 0.036 0.050
CoHy 1926 1.891 0.0563 0.079 0.036 0.052
FNO 1923 1.886 0.079 0.118 0.038 0.056
CHp:NH 1.928 1.890 0.054 0.087 0.035 0.052
Cs 1.893 1.847 0.078 0.116 0.051 0.071
CoHy 1931 1.894 0.046 0.075 0.033 0.050
CINO 1915 1.869 0.092 0.143 0.044 0.066
H3No 1.922 1.879 0.061 0.099 0.038 0.057

CHy 1.962 1936 0.018 0.029 0.018 0.031
Fo 1918 1868 0.078 0.131 0.040 0.062
Py 1.896 1.849 0.080 0.121 0.049 0.070
HNO 1916 1.870 0.073 0.118 0.040 0.061
BF 1.956 1918 0.029 0.046 0.022 0.039
BCl 1.948 1910 0.030 0.047 0.025 0.043
O3 1.856 1.768 0.181 0.291 0.082 0.124
CN* 1.835 1.740 0.148 0.232 0.076 0.113
Cy 1.826 1.721 0.154 0.247 0.080 0.120
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FIGURE A1l: Plots between D9 diagnostic and approximate natural orbital-based
indices from MP2/cc-pVTZ for 34 molecules [1].
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TABLE A2: MP2/cc-pVTZ, various MR diagnostics for the 34 molecules from [1],
geometries are optimized at the MP2/cc-pVTZ level.

Mol. D Do Inp  IF3  rxp ng  NON
HF 0.010 0.110 0.019 0.016 0.145 1.968 0.012
H,0 0.009 0.116 0.024 0.018 0.152 1.964 0.012
NH;3 0.009 0.118 0.025 0.018 0.147 1.962 0.011
CH4 0.009 0.115 0.024 0.017 0.133 1.966 0.008
HCI 0.008 0.124 0.015 0.020 0.167 1.959 0.013
SiHy 0.009 0.115 0.013 0.015 0.123 1.969 0.006
COq 0.043 0.151 0.029 0.031 0.188 1.940 0.032
CIOH 0.018 0.134 0.018 0.025 0.169 1.949 0.021
H,S 0.011 0.131 0.017 0.022 0.162 1954 0.013
BeO 0.053 0.157 0.034 0.033 0.209 1.932 0.027
co 0.036 0.146 0.029 0.029 0.188 1.940 0.026
HNC 0.029 0.153 0.031 0.031 0.185 1.936 0.025
No 0.026 0.167 0.034 0.037 0.208 1.923 0.033
Cly 0.015 0.152 0.016 0.032 0.184 1.935 0.025

CH>0 0.038 0.131 0.026 0.023 0.160 1.952 0.019
HCN 0.027 0.168 0.034 0.037 0.198 1.923 0.031
FOH 0.017 0.154 0.024 0.031 0.166 1.937 0.029
Cl,0 0.028 0.163 0.019 0.036 0.190 1.926 0.031
CoHpy 0.024 0.165 0.033 0.036 0.184 1.926 0.026
FNO 0.052 0.172 0.029 0.038 0.195 1.923 0.039
CHNH 0.026 0.166 0.029 0.035 0.166 1.928 0.027
Cs 0.050 0.196 0.039 0.0561 0.216 1.893 0.039
CoHy 0.024 0.163 0.028 0.033 0.155 1.931 0.023
CINO 0.052 0.189 0.026 0.044 0.207 1.915 0.046
H3Ny 0.027 0.174 0.030 0.038 0.179 1.922 0.030

CH, 0.009 0.127 0.023 0.018 0.137 1.962 0.009
Fg 0.023 0.182 0.023 0.039 0.175 1918 0.039
Py 0.028 0.194 0.023 0.049 0.237 1.896 0.040
HNO 0.042 0.180 0.030 0.040 0.188 1.916 0.037
BF 0.026 0.143 0.022 0.022 0.157 1.956 0.015
BCl 0.021 0.150 0.019 0.025 0.180 1.948 0.015
O3 0.0568 0.270 0.039 0.082 0.238 1.856 0.091
CN* 0.101 0.255 0.067 0.076 0.322 1.835 0.074
Co 0.051 0.264 0.066 0.080 0.308 1.826 0.077
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TABLE A3: CCSD/cc-pVTZ, various MR diagnostics for the 34 molecules from [1],
geometries are optimized at the CCSD/cc-pVTZ level.

Mol. T1 D1 Dz m Ig;f)x I'ND ng

HF 0.007 0.012 0.118 0.019 0.016 0.145 1.967
H0O 0.007 0.011 0.126 0.025 0.019 0.156 1.962
NH; 0.006 0.010 0.131 0.029 0.020 0.158 1.959
CHy4 0.007 0.012 0.135 0.030 0.021 0.154 1.958
HCl1 0.006 0.011 0.143 0.018 0.024 0.183 1.951
SiHy 0.011 0.017 0.148 0.019 0.023 0.163 1.952
COq 0.018 0.046 0.150 0.026 0.026 0.176 1.948
CIOH 0.009 0.022 0.155 0.020 0.025 0.179 1.949
HsS 0.009 0.016 0.158 0.021 0.028 0.187 1.943
BeO 0.043 0.104 0.160 0.029 0.028 0.195 1.943
CO 0.018 0.039 0.162 0.030 0.027 0.189 1.945
HNC 0.016 0.033 0.163 0.033 0.030 0.191 1.938
No 0.013 0.026 0.172 0.032 0.033 0.199 1.932
Cla 0.008 0.021 0.176 0.018 0.034 0.198 1.929

CH0 0.018 0.056 0.177 0.030 0.032 0.178 1.934
HCN 0.014 0.029 0.178 0.034 0.035 0.197 1.928
FOH 0.009 0.021 0.181 0.024 0.033 0.170 1.935
ClLO 0.014 0.044 0.181 0.021 0.034 0.197 1.930
CoHao 0.013 0.028 0.182 0.035 0.036 0.193 1.925
FNO 0.020 0.058 0.187 0.027 0.036 0.184 1.929
CHNH 0.012 0.034 0.192 0.032 0.039 0.178 1.919
Cs 0.023 0.052 0.193 0.040 0.041 0.216 1.914
CoHy 0.011 0.032 0.195 0.033 0.040 0.174 1.916
CINO 0.021 0.062 0.199 0.025 0.041 0.202 1.915
H3Ng 0.011 0.035 0.206 0.034 0.042 0.193 1.911

CH, 0.009 0.019 0.209 0.041 0.042 0.200 1.912
Fa 0.010 0.027 0.212 0.024 0.044 0.179 1.909
Py 0.017 0.033 0.214 0.024 0.048 0.242 1.899
HNO 0.017 0.055 0.218 0.033 0.045 0.197 1.910
BF 0.016 0.031 0.227 0.029 0.047 0.191 1.900
BCl 0.016 0.031 0.242 0.026 0.0564 0.219 1.886
O3 0.025 0.072 0.261 0.032 0.063 0.208 1.881
CN* 0.068 0.185 0.372 0.071 0.103 0.346 1.767
Co 0.039 0.086 0.377 0.075 0.109 0.346 1.752
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FIGURE A2: Plots between MR diagnostic pairs from MP2/cc-pVTZ and CCSD/cc-
pVTZ of 34 molecules, geometries are optimized by MP2/cc-pVTZ and CCSD/cc-
pVTZ, respectively [1]. The two outliers (from MP2) in strong nondynamic correla-
tion regime are O3 and CN™.

TABLE A4: MP2/cc-pVTZ, I[* from unrelaxed and relaxed density of

O3, CN* and Cg molecules in strong nondynamic correlation regime.

The occupation numbers in bold are the ones correspond to I ggx

Mol ‘ Unrelaxed density Relaxed density

‘ ng nr Iﬁ%x ng nr Iﬁﬁx

O3 1.85633 0.18113 0.08236 1.85922 0.14222 0.06605
CN* | 1.83469 0.14761 0.07582 1.88889 0.10109 0.05247
Co 1.82570 0.15375 0.07956 1.83295 0.13399 0.07655
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A4 Supplementary Results: Chapter 5

TABLE A5: Summary of linear fittings

Method Dataset Fitting Function Regression R?
SCI 18e-mols  4(1-c2)/N =1.007Ixp 0.998
SCI 18e-mols 4(1-c¥N)=1.053Inp 1.000
SCI 18e-mols  (1-c2)/N =0.956(1—c2™N) 0.999

CISD 18e-mols  4(1-c2)/N =1.031Ixp 0.998
CISD 18e-mols 4(1-c2N)=1.068Inp 0.998
CISD 18e-mols  (1-c2)/N =0.965(1—cZ™) 1.000
CISD  Handy-Tmols 4(1-c2)/N =1.102Ixp 0.987
CISD  Handy-Tmols 4(1-c¢2N)=1.167Inp 0.984
CISD  Handy-Tmols (1-c2)/N =0.943(1-c2N) 0.998
CCSD  Handy-7mols I =0.386D2—0.037 0.991
CCSD NJ34 IDax = 0.349D5 - 0.028 0.990
CCSD ce-311 1% = 0.367Dg — 0.030 0.987
MP2 NJ34 Iax = 0.422D5 — 0.034 0.986
MP2 mp-5090  IH8&X=0.373D3—0.026 0.953

TABLE A6: Summary of quartic fittings

Method Dataset Fitting Function Regression R?
CCSD  Handy-7mols Ij3*=0.562D3(2-4D3) 0.959
CCSD NJ34 IP2x = 0.543D3(2 - 4D3) 0.988
CCSD ce-311 I3 = 0.558D3(2 - 4D3) 0.973

MP2 NJ34 I%ax = 0.673D2(2 - 4D2) 0.990
MP2 mp-5090  IRa*=0.687D3(2—4D3) 0.953
MP2 mp-5090  Ipa%=-6.203D3 +1.516D3 —0.001 0.958
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A.5 Supplementary Results: Chapter 7

TABLE A9: Dispersion coefficients Cgee* and Cg‘*e* of Hy (singlet and triplet).

They are obtained by fitting the energy difference VeFeCI —1/R over a fitting range
of 22.68 to 43.47 a.u.

Singlet Triplet
Basis set
Cgee * C;’ee * Cgee * C;’ee *
aug-cc-pVDZ (3s2p) 12.636 12.644
aug-cc-pVTZ (4s3p) 12.971 12.982
aug-cc-pVQZ (5s4p) 12.952 12.964
aug-cc-pV5Z (6s5p) 12.913 12.926
aug-cc-pV6Z (7s6p) 12.911 12.923

aug-cc-pVTZ (4s3p2d) 13.019 115387 13.029 112.378
aug-cc-pVQZ (5s4p3d)  13.006 151.211 13.018 148.033
aug-cc-pV5Z (6s5p4d) 12.974 171.162 12.986 167.877
aug-cc-pV6Z (7s6p5d) 12.977 185.237 12.990 181.804

aug-cc-pVQZ (5s4p3d2f)  13.001 155572 13.016 150.500
aug-cc-pV5Z (6s5p4d3f) 12.971 175536 12.982 172.335
aug-cc-pV6Z (7s6p5d4f) 12.973 191.131 12.985 187.275
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TABLE A10: Dispersion coefficients CéJ and C@J of He (singlet and triplet). They
were determined by fitting AJ over a fitting range of 22.68 to 43.47 a.u. The AJ
term was obtained from AJ energy term difference between FCI and CAS(2,2) for
the singlet and HF for the triplet Hg molecule.

Singlet Triplet
Basis set
cg? gl (orad cg?
aug-cc-pVDZ (3s2p) 4.148 13.034
aug-cc-pVTZ (4s3p) 5.236 15.487
aug-cc-pVQZ (5s4p) 5.356 15.580
aug-cc-pV5Z (6s5p) 5.449 15.602
aug-cc-pV6Z (7s6p) 5.388 15.557

aug-cc-pVTZ (4s3p2d) 5.208  73.825 15.284 166.959
aug-cc-pVQZ (5s4p3d) 5.274 140.660 15.592 232.321
aug-cc-pV5Z (6s5p4d) 5.447  89.640 15.615 295.460
aug-cc-pV6Z (7s6p5d) 5.303 182.002 15.568 349.644

aug-cc-pVQZ (5s4p3d2f) 5.394  80.405 15591 234.329
aug-cc-pV5Z (6s5p4d3f) 5.359 135.074 15.613 299.596
aug-cc-pV6Z (7s6p5d4f) 5.227 219.557 15561 357.601
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TABLE A11: Dispersion coefficients CéK and CQK of Hy molecule (triplet). They
were determined by fitting AK over a fitting range of 22.68 to 43.47 a.u. The AK
term was obtained from the K energy term difference between FCI and HF.

Triplet
Basis set
ce¥ cg¥
aug-cc-pVDZ (3s2p) -17.779
aug-cc-pVTZ (4s3p) -20.441
aug-cc-pVQZ (5s4p) -20.540
aug-cc-pV5Z (6s5p) -20.549
aug-cc-pV6Z (7s6p) -20.505

aug-cc-pVTZ (4s3p2d) -20.183  -244.270
aug-cc-pVQZ (5s4p3d) -20.490 -331.565
aug-cc-pV5Z (6s5p4d) -20.495 -408.634
aug-cc-pV6Z (7s6p5d) -20.447 -473.745

aug-cc-pVQZ (5s4p3d2f) -20.488 -334.396
aug-cc-pV5Z (6sbp4d3f) -20.492 -414.419
aug-cc-pV6Z (7s6p5d4f) -20.438 -483.820
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Tab. A12 presents the coefficients D3 and D5 retrieved from the A, (R) data
fitting in the Hy molecule for both the singlet and triplet cases. The results align
with those obtained in the Hgy case. The coefficients D3, which correspond to
the dispersion energy coefficient Cg, are found to be identical in both singlet
and triplet cases and are highly insensitive to the basis set size. Although the
Ds5 coefficients switch sign from negative to positive upon including d or f basis
functions, we should be aware that higher-order terms, such as D7 or Dy, are likely
to exist when d or f orbitals are introduced. This could explain the significant
change in D5 values with the increase of basis sets, and the increase in numerical
error associated with higher-order terms in the data fitting should also be taken

into account. Nevertheless, they tend to be converging.

TABLE A12: The coefficient D3 and D5 of He (singlet and triplet).

Singlet Triplet

Basis set
Ds D5 D3 Ds

aug-ce-pVDZ (3s2p)  0.384 -2.904 0.384 -2.849
aug-ce-pVTZ (4s3p) 0.379 -2.862 0.379 -2.908
aug-ce-pVQZ (5s4p)  0.378 -2.911 0.378 -2.902
aug-cc-pV5Z (6s5p) 0.378 -2.796 0.378 -2.836
aug-cc-pV6Z (7s6p) 0.379 -3.079 0.378 -2.916
aug-ce-pVTZ (4s3p2d)  0.378 1.908 0.379 1.791

aug-cc-pVQZ (5s4p3d) 0.378 2.395 0.378 2.434
aug-cc-pV5Z (6s5p4d) 0.378 2.778 0.378 2.704
aug-cc-pV6Z (7s6p5d) 0.378 2985 0.378 2.733

aug-cc-pVQZ (5s4p3d2f) 0.378 2402 0.378 2477
aug-cc-pV5Z (6s5p4d3f) 0.378 2671 0.378 2.635
aug-cc-pV6Z (7s6p5d4f) 0.378 2593 0.378 2.635

The results in Tab. A13 show that in the Hy molecule singlet case, using
the aug-cc-pVXZ (X=D,T,Q,5,6) truncated basis set (utilizing s + p orbitals only).
We first calculated the electron-electron interaction energy fragment, VZ¢. Then
we retrieved the corresponding dispersion coefficient, Cge%d, by fitting the Veffad
energies against R. These calculations employed the induced-dipole induced-
dipole two-electron AO quartets proposed by Baerends et al. [88—90]. Comparing
these results to CGA Vee of Hjy molecule singlet case in Tab. 7.4, it was found that

the induced-dipole induced dipole terms are sufficient to accurately reproduce
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dd
TABLE A13: Dispersion coefficient Cgee and its partitions of He singlet.

x/y term z term
Basis set Total
c Ze%d (&) ratio Cge%d &) ratio
aug-cc-pVDZ (3s2p) 2.111 16.667%  8.445 66.667% 12.668
aug-cc-pVTZ (4s3p) 2.169 16.667% 8.675 66.667% 13.013
aug-cc-pVQZ (5s4p) 2.166 16.667% 8.664 66.667% 12.996
aug-cc-pV5Z (6s5p) 2.160 16.667% 8.639 66.667% 12.959
aug-cc-pV6Z (7s6p) 2.160 16.667% 8.638 66.667% 12.958

* x/y terms: spA(1) pa(1)sp(2) p4B(2),5A(2) pxa(2)sg(1) py(1)/
sa(D)pya(1)sp(2) pyB(2),5A(2) pya(2)s(1)p,B(1)

* z terms: SA(l)pZA(l)SB(Z)pZB(Q),SA(Z)pZA(z)SB(l)sz(l)

Cgv“. As the two atoms are aligned along the z-axis, the two-electron AO quartets

such as spp.ASppxB and sAp,aSBp,B in the xy plane contribute in total around

1/3 of CQVee, while spap.asBp.B term contributes around 2/3 of C(A;Vee, and this

contribution ratio is independent of the basis set size.

TABLE A14: The coefficient D3 and D5 terms and their contribution

ratios of Hg singlet.

x/y term z term Total
Basis set

Ds5(x/y) Ds3(z)  Ds(2) Ds Ds
aug-cc-pVDZ (3s2p) 16.623% 100% 66.754% 0.384 -2.988
aug-cc-pVTZ (4s3p) 16.641% 100% 66.718% 0.379 -2.992
aug-cc-pVQZ (5s4p) 16.644% 100% 66.712% 0.378 -2.984
aug-cc-pV5Z (6sbp) 16.645% 100% 66.710% 0.378 -2.978
aug-cc-pV6Z (7s6p) 16.643% 100% 66.713% 0.378 -2.980

* x/y terms: sp(1) p,a(D)sB(2) p1B(2),5A(2) pra(2)sp(1) p,(1)/
saA(Dpya(Dsp(2)pyB(2),5A(2)pya(2)sp(1) p,B(1)
* z terms: sp(1) p,A(1)sB(2) p,B(2),5A(2) p2A(2)sB(1) p,B(1)

In terms of radial intracule density, Tab. A14 presents the coefficients D3

and Dj fitted by radial intracule density that is constructed only by the induced-

dipole induced dipole terms, against R, which show good agreement with the
D3 and D5 values obtained from A (R) of Hs molecule singlet in Tab. A12. In

other words, when considering long-range distances at the point where s = R,
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the radial intracule density resulting from the induced-dipole induced dipole
terms is equivalent to A, (R). It also reveals that only the spp,aspp.B term-
based intracule fragments are responsible for Ds/R2, while both s p.aspp.g and
SADyASBD,B term-based intracule density fragments can only be fitted to Ds/R 5,
Therefore, based on our analysis, we can conclude that the leading term D3/R3
asymptotic behavior of intracule A, ;(R) is a necessary condition, but it is not
sufficient to fully account for the dispersion energy contribution from Vee.

Fig. A6 illustrates the radial intracule density derived by the induced-dipole
induced dipole terms, I;4(s). At large separation distance (e.g., R = 22.68 a.u.),
the radial intracule density I;4(s) and long-range part of s (s) are identical in
Hj, case. Despite their small magnitudes, these intracule quantities are found to

be insensitive to the size of the truncated basis sets.
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FIGURE A6: Radial intracule density, derived from induced-dipole induced dipole
terms sa(1)pa(1)sg(2)pg(2) and sa(2)pa(2)sg(1)pg(1) of He molecule singlet with
FCl/aug-cc-pVXZ (X=D,T,Q,5,6) basis set (truncated s+ p functions). The black
points denote the intracule value at s = R. The bottom plot is a combination of the
top two plots.
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A.6 Supplementary Results: Chapter 8

TABLE A15: The dispersion coefficient Cg and its partitions from the minimal
dispersion model based on the singlet Hy.

Vdd
Exponent AE eqp.st erplr C Vee

Hy AVee AVee AV I 6
- 2Cy Cy Cq Cg e

as  ap numeric analytic

0.6 0.6 1.0292 1.0226 0.1111 1.0291 1.0292 1.0293
0.6 0.7 08454 0.8415 0.0882 0.8454 0.8454 0.8455
0.6 0.8 0678 0.6763 0.0678 0.6786 0.6786 0.6787
0.6 09 0538 05372 0.0514 0.5386 0.5386 0.5386
0.6 1.0 04257 0.4247 0.0387 0.4256 0.4257 0.4257
0.6 11 03363 0.3357 0.0292 0.3363 0.3363 0.3363
06 12 02663 0.2659 0.0221 0.2663 0.2663 0.2663
0.7 0.6 07729 0.7677 0.0816 0.7729 0.7729 0.7730
0.7 0.7 06683 0.6651 0.0689 0.6683 0.6683 0.6684
0.7 0.8 05612 0.5592  0.0558 0.5612 0.5612 0.5612
0.7 0.9 04636 0.4623 0.0442 0.4636 0.4636 0.4636
0.7 1.0 0379 03787 0.0346 0.3796 0.3796 0.3796
0.7 1.1 03095 0.3090 0.0270 0.3095 0.3095 0.3095
0.7 1.2 02522 0.2518 0.0211 0.2522 0.2522 0.2522
0.8 0.6 05851 0.5808 0.0604 0.5850 0.5851 0.5852
0.8 0.7 05270 0.5243 0.0537 0.5270 0.5270 0.5271
0.8 0.8 04593 04575 0.0454 0.4592 0.4593 0.4593
0.8 0.9 03923 03911 0.0374 0.3922 0.3923 0.3923
0.8 1.0 03310 0.3303 0.0303 0.3310 0.3310 0.3310
0.8 11 02774 0.2769 0.0244 0.2774 0.2774 0.2774
0.8 12 02317 0.2313 0.0195 0.2317 0.2317 0.2317
09 0.6 04494 0.4459 0.0453 0.4494 0.4494 0.4495
0.9 0.7 04179 04156 0.0421 0.4179 0.4179 0.4180
09 0.8 03753 03738 0.0370 0.3753 0.3753 0.3753
09 09 03296 03286 0.0314 0.3296 0.3296 0.3296
09 1.0 02854 0.2847 0.0262 0.2853 0.2854 0.2854
09 11 02448 0.2444 0.0216 0.2448 0.2448 0.2449
09 12 02090 0.2086 0.0177 0.2090 0.2090 0.2090

Continue on the next page
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APPENDIX A

TABLE A15: (Continued)

Exponent 92 g En, c gvee c évecgl st c QV;H Ir nged
as  ap numeric analytic
1.0 06 0.3518 0.3489 0.0347 0.3518 0.3518 0.3519
1.0 0.7 0.3349 0.3330 0.0335 0.3349 0.3349 0.3350
1.0 0.8 0.3080 0.3067 0.0303 0.3080 0.3080 0.3080
1.0 09 0.2767 0.2758 0.0264 0.2767 0.2767 0.2767
1.0 1.0 0.2448 0.2442 0.0225 0.2448  0.2448 0.2448
1.0 1.1 0.2143 0.2139 0.0190 0.2143 0.2143 0.2143
1.0 12 0.1864 0.1861 0.0159 0.1864 0.1864 0.1864
1.1 0.6 0.2817 0.2792 0.0271 0.2817 0.2817 0.2818
1.1 0.7 02723 0.2705 0.0270 0.2722 0.2723 0.2723
1.1 0.8 0.2548 0.2536 0.0250 0.2548 0.2548 0.2548
1.1 09 0.2331 0.2323 0.0223 0.2331 0.2331 0.2331
1.1 1.0 0.2099 0.2093 0.0194 0.2099 0.2099 0.2099
1.1 1.1  0.1869 0.1865 0.0167 0.1869 0.1869 0.1869
1.1 1.2 0.1652 0.1649 0.0142 0.1652 0.1652 0.1652
1.2 06 0.2315 0.2313 0.0217 0.2315 0.2315 0.2316
1.2 0.7 02251 0.2235 0.0221 0.2251 0.2251 0.2251
1.2 0.8 0.2131 0.2120 0.0209 0.2130 0.2131 0.2131
1.2 09 0.1976 0.1969 0.0190 0.1976 0.1976 0.1976
1.2 1.0 0.1805 0.1800 0.0168 0.1805 0.1805 0.1805
1.2 1.1 0.1630 0.1627 0.0146 0.1630 0.1630 0.1630
1.2 1.2 0.1461 0.1458 0.0127 0.1461 0.1461 0.1461

° C(?EH2 is obtained by fitting the energy difference: AEg, = EEI(;I _E%:S(zz),
while C5"* is by fitting AVe = VECT - VGASE2),

* The highlighted row in bold (basis function exponents a; = a, = 1.0) is the
numerical example that we frequently refer to in this thesis.

° Ve‘id represents the contributions of induced-dipole induced dipole terms
[88-90] to Vee, “numeric” results are evaluated numerically by se-
lecting the induced-dipole induced dipole two-electron integrals (i.e.,
sa(D)pa(1)sg(2)pg(2")) within PySCF package, while “analytic” means to
be calculated straightforwardly through Eq. (8.37).
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A.6 SUPPLEMENTARY RESULTS: CHAPTER 8

099 (,1)¥%d(1)82d pue ‘(,1)84d(1)84d (,;1)8%d(1)¥*d syusseidos
(,Dnd(1)8d = N@ANVMQ\CCMQQEQ ‘uLIe} oy ‘odueysul 4o 2d pue ‘“d ‘*d :parepisuod aq pnoys [eyqio d yoery ,
((0€'8) by ur wrey %w%xw 0} 9)NqLIJU0d oY) pue ‘uoisiadsip Suresie) WIY-g oYl ULIof
suL19) [EU0SeIp-Jjo oYL ‘T = gP(3) X J wae) oy ‘pazifeuniou ade sQV oY) 9dulg K[eAroadsal ‘(67'g) ‘bi pue (87'8) by
Ul SULIS) %mum\» PUB ggp. L, 03 @INGLITU0D Aoy pue ‘uotsaadsip Surjedae) INQY-T JO SISeq 8Y3 ULIOJ SULI9) [euoSeIp 8y, ,

Ni@m&\ocm&cg (,1Ed(T)¥8s(2)Vd(,5)Vs (3)vd(,1)dd
gP(@)%d [(DVd(T)Vd (2)4d(,2)ds(,1)Vd(T)Vs (g)dd(,1)Vd
(1)Ed(,1)4s(,5)Vd(g)Vs gP(@)%s [ (D Es(D)ds (@Vs(,1)ds
(,8)4d(2)ds(1)Vd(,T)Vs %avmi (DVs(T)Vs  (2)ds(,1)Vs

(jo)vd(1)dd (,8)8d(1)vVd (,2)Vs(1)ds (,2)as(T)Vs SULIS,

*G}] JO [opowW UOTSIOdSIP [BWITUIW 93 UL PISN SULID) )Y UOIJO9[o-0M) PUE 9U() 9TV ATIVL
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