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Abstract

The �eld of theoretical quantum chemistry aims to organize chemical laws, principles and
rules by applying quantum mechanics to various challenges within the real of chemistry.
Central to this framework is the interconnection of the structure with the properties of
molecular systems. This interconnection is used to provide theories and explanations for
chemical phenomena, such as bonding, heats of formation, and reactivity mechanisms,
among others.

From the early days of quantum mechanics, electronic structure theory establishes the fun-
damental laws necessary for the mathematical treatment of chemistry problems. These laws
are well-established and understood. However, the enormous task of method development
is oriented towards overcoming the limitations imposed by the large computational cost
involved in the solutions to the many-body electronic Schrödinger equation.

Achieving accurate or exact solutions for this equation allows for a complete description of
the motions of electrons in atoms and molecules, posing a formidable challenge. Although
theoretically feasible, in practice, the exact solution is prohibitively expensive to compute
for large systems. Thus, designing a method that delivers cheap and accurate approximate
solutions is primordial for the development of theoretical chemistry and to extend accu-
rate solutions to large systems. In developing such methods, the description of electronic
correlation is of fundamental importance. This refers to the in�uence that the motion of
one electron has on the motion of another electron in a many-electron system. Central to
this description is the concept of electron correlation energy, de�ned as a measure for the
energy di�erence between the exact solution and that captured by mean �eld models (e.g.,
Hartree-Fock).

Electron correlation can be classi�ed into the so-called dynamic and nondynamic correlation
types. While the former is considered universal in the sense that it is associated with the
instantaneous electron-electron interaction, the latter is related with system’s attributes,
such as the relative energy of the orbitals (the mathematical functions used to represent
the electrons in a molecule). In fact, most of available theoretical treatments can accurately
handle just one or the other of these two correlation types. While there are options for
simultaneously addressing both types of correlation, their widespread adoption is impeded
by the substantial computational workload associated with these approaches.

Scienti�c research works included in this thesis are focused to merge di�erent strategies,
suitable for simultaneously treat dynamic and nondynmic correlation, together in an uni�ed
framework. Such that a balanced treatment of electronic correlation can be achieved with an
a�ordable computational cost. This thesis addresses the development and implementation of
theoretical chemistry methodologies designed to account for a balanced treatment of electron
correlation within an accessible computational cost, and investigates their performance and
limitations.
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Initially, we explore the capabilities of wave function theory (WFT) methodologies with
density functional theory (DFT), resulting in improved mingled WFT-DFT approximations.
We select the WFT part to handle the treatment of non-dynamic correlation, while the
remaining dynamic correlation is incorporated from DFT. One of the common strategies
employed to merge WFT with DFT methods relies on the range-separation of the Coulomb
operator, in which DFT functionals take care of the short-distance part, while long-range
inter-electronic interactions are evaluated by the chosenwave functionmethod (WFT-srDFT).
We uncover the limitations of WFT-srDFT in the characterization of open-shell systems. We
show that spin polarization e�ects have a major impact on the (short-range) DFT exchange
energy and are of vital importance to provide a balanced description between closed and
open-shell con�gurations. Furthermore, we introduce and test di�erent strategies to account
for spin polarization in the short-range. Our results indicate that the use of short-range
DFT correlation (without exchange) in combination with a (full-range) multicon�gurational
wave function might be an excellent approach for the study of open-shell molecules, largely
improving the performance of WFT and WFT-srDFT.

Moreover, we introduce a novel hybrid approach, termed WFT-soDFT, in which the cou-
pling between the two theories is performed through a partitioning of the orbital space,
distinguishing between large and small natural occupation numbers (NOONs) associated
with WFT and DFT correlation, respectively. To this end, we employ a local density cor-
relation functional aiming to only account for small-occupation correlation energy. Our
results exemplify the method’s ability to handle small but challenging chemical systems, for
which WFT-soDFT shows a notable improvement over the pristine WFT method. However,
we identify problems associated with the continuity of the occupations along dissociation
curves, the size of the basis set and the choice of the parameter associated with the truncation
of the orbital space. Our �ndings collectively highlight the potential of the WFT-soDFT
approach as a computationally a�ordable strategy to handle electron correlations.

We further explore an alternative method, consisting in the use of a two-electron e�ective
potential able to retrieve the dynamic correlation contribution to a complete active space self
consistent �eld (CASSCF) wave function. The e�ective potential depends on the electronic
separation, and resembles the form of a Gaussian-damped Coulomb interaction. Through
the study of atomic and diatomic systems, we demonstrate the limitations and strengths of
the proposed approach. FCI quality results can be achieved within a proper parametrization
of the e�ective potential. This turns to be one of the major challenges in the development of
a general approach of this type. In order to rationalize the role played by the parameters in
the potential, we analyse changes in energy, electron correlation and electron distribution.
To this end, Coulomb hole analysis and electron correlation indexes show their relevance in
the development of the method.

From Coulomb hole analysis made for representative systems, we devise the main e�ects
delivered by the e�ective potential into the CASSCF wave function. Drawing from our
�ndings, we propose a modi�ed approach involving the segmentation of the e�ective
potential into inte- and intra-atomic components. We then investigate distinct impacts
of these contributions. Accurate results obtained with this approach in the calculation of
diatomic potential energy surfaces of molecules with di�erent spin states points to promising
insights for future works.

Finally, we turn our attention to the applicability of a mixed scheme that incorporates
spin-orbit coupling contributions in a perturbative way. Such calculations are based on the
application of the spin-orbit mean-�eld approximation with non-relativistic wave functions.
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Within this framework, we perform electronic structure calculations to unravel the origin
of SOCs in model open-shell molecules, with special focus on di�cult scenarios such as
molecular distortions and intermolecular interactions. Obtained results demonstrate the
suitability of our WFT method in the calculation of SOCs of open-shell systems, while
providing a deep understanding of the relationship between couplings and the collective
nature of the electronic states. During this study, we introduce a new de�nition of the SOC
constant for the study of molecular aggregates.





Resumen

El campo de la química cuántica teórica tiene como objetivo organizar leyes, principios
y reglas químicas aplicando la mecánica cuántica a diversos desafíos dentro del ámbito
de la química. Fundamental en este marco es la interconexión entre la estructura y las
propiedades de los sistemas moleculares. Esta interconexión se utiliza para proporcionar
teorías y explicaciones de fenómenos químicos, como la formación de enlaces, los calores de
formación y los mecanismos de reactividad, entre otros.

Desde los primeros días de la mecánica cuántica, las leyes fundamentales necesarias para
el tratamiento matemático de problemas químicos se han consolidado en el marco de la
teoría de la estructura electrónica. Estas leyes están bien establecidas y comprendidas. Sin
embargo, la enorme tarea del desarrollo de métodos que queda, se ha orientado a superar
las limitaciones impuestas por el alto costo computacional involucrado en las soluciones de
la ecuación de Schrödinger electrónica de muchos cuerpos.

Lograr soluciones exactas o precisas para esta ecuación permite una descripción completa de
los movimientos de los electrones en átomos y moléculas, presentando un desafío formidable.
Aunque teóricamente factible, en la práctica, la solución exacta es prohibitivamente costosa
de calcular para sistemas con varios átomos. Por lo tanto, diseñar un método que proporcione
soluciones aproximadas económicas y precisas es primordial para el desarrollo de la química
teórica y para extender soluciones precisas a sistemas grandes. En el desarrollo de tales
métodos, la descripción de la correlación electrónica es de importancia fundamental. Esto se
re�ere a la in�uencia que tiene el movimiento de un electrón en el movimiento de otro en un
sistema de muchos electrones. Fundamental en esta descripción es el concepto de energía
de correlación electrónica, de�nida como una medida de la diferencia de energía entre la
solución exacta y la capturada por modelos de campo medio (por ejemplo, Hartree-Fock).

La correlación electrónica se puede clasi�car en los llamados tipos de correlación dinámica
y no dinámica. Mientras que la primera se considera universal en el sentido de que está
asociada con la interacción instantánea electrón-electrón, la segunda está relacionada con
atributos del sistema, como la energía relativa de los orbitales (las funciones matemáticas
utilizadas para representar a los electrones en una molécula). De hecho, la mayoría de los
tratamientos teóricos disponibles pueden manejar con precisión solo uno u otro de estos dos
tipos de correlación. Aunque existen opciones para abordar simultáneamente ambos tipos
de correlación, su adopción generalizada se ve obstaculizada por la carga computacional
sustancial asociada con estos enfoques.

Los trabajos de investigación cientí�ca incluidos en esta tesis se centran en fusionar diferentes
estrategias, adecuadas para tratar simultáneamente la correlación dinámica y no dinámica,
en un marco uni�cado. De esta manera, se puede lograr un tratamiento equilibrado de la
correlación electrónica con un costo computacional asequible. Esta tesis aborda el desarrollo
e implementación de metodologías de química teórica diseñadas para tener en cuenta un
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tratamiento equilibrado de la correlación electrónica dentro de un costo computacional
accesible, e investiga su rendimiento y limitaciones.

Inicialmente, exploramos las capacidades de las metodologías de teoría de la función de
onda (WFT) con la teoría del funcional de la densidad (DFT), lo que resulta en aproxima-
ciones mejoradas de WFT-DFT mezcladas. Seleccionamos la parte de WFT para manejar el
tratamiento de la correlación no dinámica, mientras que la correlación dinámica restante se
incorpora desde DFT. Una de las estrategias comunes empleadas para fusionar los métodos
WFT con DFT se basa en la separación de rango del operador de Coulomb, en la cual los
funcionales de DFT se encargan de la parte de corta distancia, mientras que las interacciones
electrónicas de larga distancia se evalúan mediante el método de función de onda elegido
(WFT-srDFT). Revelamos las limitaciones de WFT-srDFT en la caracterización de sistemas
de capa abierta. Mostramos que los efectos de polarización de espín tienen un impacto
importante en la energía de intercambio de DFT (de corto alcance) y son de vital importancia
para proporcionar una descripción equilibrada entre con�guraciones de capa cerrada y
abierta. Además, introducimos y probamos diferentes estrategias para tener en cuenta la
polarización de espín en el corto alcance. Nuestros resultados indican que el uso de la
correlación de DFT de corto alcance (sin intercambio) en combinación con una función de
onda multicon�guracional (de alcance completo) podría ser un enfoque excelente para el
estudio de moléculas de capa abierta, mejorando en gran medida el rendimiento de WFT y
WFT-srDFT.

Además, presentamos un enfoque híbrido novedoso, denominado WFT-soDFT, en el cual el
acoplamiento entre las dos teorías se realiza a través de una partición del espacio orbital,
distinguiendo entre números de ocupación natural (NOONs) grandes y pequeños asociados
con la correlación de WFT y DFT, respectivamente. Para ello, empleamos una función de
correlación de densidad local con el objetivo de tener en cuenta solo la energía de correlación
de ocupación pequeña. Nuestros resultados ejempli�can la capacidad del método para
manejar sistemas químicos pequeños pero desa�antes, para los cuales WFT-soDFT muestra
una notable mejora sobre el método de WFT prístino. Sin embargo, identi�camos problemas
asociados con la continuidad de las ocupaciones a lo largo de curvas de disociación, el tamaño
del conjunto de base y la elección del parámetro asociado con la truncación del espacio
orbital. Nuestros hallazgos resaltan colectivamente el potencial del enfoque WFT-soDFT
como una estrategia computacionalmente asequible para manejar correlaciones electrónicas.

Exploramos además un método alternativo, que consiste en el uso de un potencial efectivo
de dos electrones capaz de recuperar la contribución de correlación dinámica a una función
de onda autoconsistente de espacio activo completo (CASSCF). El potencial efectivo depende
de la separación electrónica y se asemeja a la forma de una interacción Coulombiana
amortiguada por una función gaussiana. A través del estudio de sistemas atómicos y
diatómicos, demostramos las limitaciones y fortalezas del enfoque propuesto. Se pueden
lograr resultados de calidad FCI mediante una parametrización adecuada del potencial
efectivo. Esto resulta ser uno de los principales desafíos en el desarrollo de un enfoque general
de este tipo. Para racionalizar el papel desempeñado por los parámetros en el potencial,
analizamos cambios en la energía, correlación electrónica y distribución electrónica. Con
este �n, el análisis del agujero de Coulomb y los índices de correlación electrónica muestran
su relevancia en el desarrollo del método.

A partir del análisis del agujero de Coulomb realizado para sistemas representativos, ideamos
los principales efectos entregados por el potencial efectivo en la función de onda CASSCF.
Basándonos en nuestros hallazgos, proponemos un enfoque modi�cado que implica la
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segmentación del potencial efectivo en componentes inter y intraatómicos. Luego, inves-
tigamos impactos distintos de estas contribuciones. Los resultados precisos obtenidos con
este enfoque en el cálculo de super�cies de energía potencial diatómicas de moléculas con
diferentes estados de espín apuntan a perspectivas prometedoras para trabajos futuros.

Finalmente, dirigimos nuestra atención a la aplicabilidad de un esquema mixto que incorpora
contribuciones de acoplamiento espín-órbita de manera perturbativa. Dichos cálculos se
basan en la aplicación de la aproximación de campo medio espín-órbita con funciones de
onda no relativistas. Dentro de este marco, realizamos cálculos de estructura electrónica para
desentrañar el origen de los acoplamientos espín-órbita en moléculas modelo de capa abierta,
con especial atención a escenarios difíciles como distorsiones moleculares e interacciones
intermoleculares. Los resultados obtenidos demuestran la idoneidad de nuestro método
WFT en el cálculo de acoplamientos espín-órbita en sistemas de capa abierta, al tiempo
que proporcionan una comprensión profunda de la relación entre los acoplamientos y la
naturaleza colectiva de los estados electrónicos. Durante este estudio, introducimos una
nueva de�nición de la constante de acoplamiento espín-órbita para el estudio de agregados
moleculares.
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CHAPTER 1
Introduction

Theoretical chemistry is devoted to the study, elucidation and understanding of chemical
phenomena through the use of electronic structure theory methods, whose foundations
are well established and understood. For a molecular system of N electrons andM nuclei
described by the position vectors r⃗i and R⃗A respectively, the full non-relativistic Quantum
Mechanical Hamiltonian can be written in atomic units as
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(1.1)

where the �rst and second terms are the kinetic energy terms for electrons and nuclei,
respectively. Labels A, B, . . . , are for nuclei and i, j, . . . , are for electrons, ZA (ZB) are the
atomic number of the nucleus A (B) andMA is the ratio of the mass of nucleus A to the
mass of an electron. The distance between electron i and nucleus A is riA = |r⃗i − R⃗A|; the
distance between electron i and electron j is rij = |r⃗i− r⃗j | and the distance between nuclei

A andB isRAB = |R⃗A− R⃗B|. The Coulomb attraction term between the ith-electron and
the Ath-nucleus is 1/riA, the corresponding electron-electron (nucleus-nucleus) interaction
term is 1/rij (1/RAB).

The electronic structure description of ground and excited states is often based on the
Born-Oppenheimer approximation. Within this approximation, the nuclear kinetic energy
term is neglected and the last nucleus-nucleus repulsion term in 1.1- can be considered
constant. Consequently, the complex many-body quantum problem of treating nuclei and
electrons in a molecular system is reduced to �nd the solution to the time-independent
electronic Schrödinger equation (eSE):

Ĥel(r;R)Ψ(r;R) = E(R)Ψ(r;R), (1.2)

where Ĥel(r;R) is the electronic Hamiltonian, Ψ(r;R) the electronic wave function that
depends on the coordinates of each electron of the system (r) and parametrically on the
positions of the nuclei (R). The total electronic energy E(R) is still a function that depends
on the nuclear spatial con�guration for a givenmolecular system. Themain goal of electronic
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1. Introduction

structure methods is to get an accurate (close to or nearly exact) solution for Eq. 1.2. In fact, a
variational (exact) solution exists, the so-called full con�guration interaction (FCI), however,
due to the factorial scaling growth of the computational cost needed to acquire such solution,
its application is currently restricted to systems of no more than 20 electrons [5, 6, 7]. Over
time, this constraint has motivated the objective of developing approximate but well-de�ned
mathematical procedures of simulation, and devising novel methods capable of diminishing
the computational cost for accurate solutions of the eSE [1]. Approximations based directly
on the eSE, are commonly referred as wave mechanics of wave function theory (WFT).
Alternatively, a powerful electronic structure method, based on the electronic density rather
than electronic wave functions is called density functional theory (DFT) [8, 9], the most
popular version of which is based on the Kohn-Sham (KS) equation.

In any case, achieving accurate solutions with an a�ordable computational cost involves
addressing inherent challenges, such as:

(i) The formidable di�culties posed by the eSE, being a non-separable second-order partial
di�erential equation in 3×N -spatial coordinates (with N being the number of electrons).
The eSE has not only one, but in�nitely many solutions that are antisymmetric under the
interchange of any two electrons. This illustrates how di�cult the task of solving the
equation is.

(ii) In practice, for approximate solutions, numerical precision challenges in connecting
the eSE’s energies to properties of interest become important. This is due to the inherent
scaling of such energies with the molecular size (extensive), but the magnitudes of inten-
sive energies (such as bond energies, activation energies, excitation energies, ionization
potentials, and electron a�nities, etc.) do not change correspondingly. Therefore, to reliably
compute the intensive properties by subtracting two total energies (computed from eSE)
requires the extensive energies be computed to high precision as the molecular size grows.
While some methods have been designed to account for this problem by expressing inten-
sive properties as solutions to matrix eigenvalue problems, as embodied, for example, in
equations-of-motion (EOM) or Green’s function methods [10, 11, 12], there are properties
such as reaction activation energies and non-covalent intermolecular interactions that still
need to be determined through eSE energy di�erences (see, for example Ref. [13]).

(iii) Orbitals and antisymmetric wave functions (e.g., Slater determinants) give rise to large
(third power and higher) scaling in computational e�ort as the number of electrons and
basis functions increase [14]. This is important since, in most cases, large basis sets are
required in order to achieve the desired accuracy.

At a fundamental level, a critical factor in re�ning electronic structure calculations is the
treatment of the quantum mechanical Coulomb electron-electron interaction. This is known
as the electron correlation problem, and represents a crucial challenge that has garnered
signi�cant attention over the years. In the early days of quantum chemistry, the neglect of
correlation was identi�ed as leading to severe problems such as the energy overestimation of
bond dissociation energies [15, 16, 17]. This de�ciency becomes apparent when examining
the process of complete homolytic dissociation of a bond, as in the case of H2. Without
correlated motion between the electrons, there exists a �nite possibility of both electrons
being on the same atomic center [1].

This lack of electron correlation is implicit in single Slater determinant wave functions.
Improved wave functions incorporate, somehow, the e�ect of excited con�gurations (de-
terminants). In practice, this is commonly performed by expanding the Hartree-Fock (HF)
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1.1. Overview of this thesis

determinant through perturbation theory, con�guration interaction (CI) or through coupled-
cluster (CC) ansätze. In KS-DFT the problem is translated to the de�nition of the exchange
correlation functional. However, as pointed out in a recent work [18], the DFT density can
be improved to FCI quality through the utilization of a large basis set. Moreover, in the
limit of a complete basis set, a reference electron density of the FCI type can be accurately
reproduced by a set of orbitals in a single Slater determinant.

Including electron correlation has a signi�cant e�ect on calculated energies, with implica-
tions in a numerous amount of physical and chemical phenomena [15, 19, 20]. To name a
few examples: the calculation of bond energies, bond dissociation, potential energy surfaces
of main-group and transition metal compounds, reaction barrier heights, proton a�nities,
hydrogen bond energies, ground- and excited-state charge transfer, valence and Rydberg
excitations, and singlet-triplet splitting in diradicals stand out as some of the most important
properties of interest. In this regard, WFT has a great disadvantage, since, computational
resources grow considerably with system size. A more favorable scaling is achieved by DFT;
for this reason, it has become the method of choice for large and complex systems.

The respective advantages and limitations of WFT and DFT have inspired the design of
mixed approaches. For small enough systems, WFT can be made systematically accurate,
so, there is a motivation to incorporate systematic WFT procedures into DFT to improve
the treatment of electron-electron interactions. Mingled WFT+DFT methods attempt to
overcome the limitations encountered in both approaches, while taking advantage of their
strengths.

This thesis addresses the development and implementation of quantum chemistry hybrid
methodologies designed to account for a balanced description of electron correlation within
an accessible computational cost, and investigates their performance and limitations. While
challenges (i), (ii) and (iii) depicted above represent extremely relevant issues, the problem
of electron correlation is central in the development of methods and description of model
systems studied in this thesis.

1.1 Overview of this thesis

One of the main objectives of this work is intended to combine WFT methodologies with
DFT, resulting in mingled WFT-DFT approximations. We further explore the use of a two-
electron e�ective potential on-top of a WFT method. The rest of this chapter covers a brief
introduction to the electron correlation problem, and various de�nitions of electron correla-
tion energy are introduced. Next, some of the standard in-use methods for treating electron
correlation are brie�y discussed, underscoring the essential criteria that any electronic
structure method must consider for its applicability in computational chemistry. Starting
from the essentials of HF theory, Chapter 2 is devoted to show the theoretical foundations
of electronic structure methods typically encountered in the theoretical chemistry literature.
Then a review of active space con�guration interaction theories, which, through systematic
improvements of the wave function, allows for enhancements in the treatment of electronic
correlation. These theories are a basic component for the methods proposed in this thesis.
Each of the following chapters contains a short introduction to make them self-contained.

In Chapter 3, we study the capabilities and limitations of WFT combined with short-range
DFT (WFT-srDFT) method, and we apply it to the characterization of open-shell systems.
Spin polarization e�ects on the DFT exchange contributions are recognized as the major
source of success (or failure) of the method. To this end, we introduce di�erent strategies
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to account for spin polarization in the short-range exchange functional. Examples with
several model molecular systems allow us to identify a successful strategy for the study of
open-shell molecules.

The promising results obtained with the mingled WFT-DFT methodologies is the principal
motivation that drives the proposal, development and exploration of the capabilities of a
similar approach in Chapter 4. This new method is based on the partitioning of the natural
orbital (NO) space, and further discrimination of the available and relevant NO occupations.
The idea originates from the experience showing that NOs with large occupations describe
relevant, molecule-speci�c e�ects. We propose the splitting of the NO space, and introduce,
as in previous works with model Hamiltonians [21], a local density functional accounting for
the electron correlation associated to NOs with small occupations. We follow the WFT+DFT
proposal previously explored by Savin [22, 23], where separation of the NO space is done by
means of a given threshold parameter. Orbitals with NO occupation numbers (NOONs) larger
than a given threshold (ν) are correlated explicitly at the WFT level, while the remaining
correlation energy is described with the complementary ν-dependent NO functional (NOF).

In Chapter 5, we expand the idea previously proposed by Roos [24] on the so-called “corre-
lation factor methods”, early mentioned in the review work of McWeeny [25]. In turn, these
methods are based on the idea that the short-range correlation (mostly dynamic) remains
independent of the CI expansion, but is dealt analytically by introducing interelectronic
variables. In fact, the explicit inclusion of the interelectronic separation r12 in a 2-particle
wave function can lead to solutions of extraordinary accuracy [26, 27, 28, 29], as shown in
the calculation of the helium atom by Pekeris [30] and those for the hydrogen molecule
by Kolos and Woliniewicz [31]. In our case, the method is based on the combination of an
e�ective two-electron potential that adds dynamic correlation to a wave function includ-
ing nondynamic correlation, i.e., the complete active state self-consistent �eld (CASSCF)
method. Through an extensive parametrization, and Coulomb hole analysis, we provide
both theoretical evidence and numerical proofs, demonstrating the successful application of
this strategy in both atomic and diatomic systems.

Finally, Chapter 6 is devoted to show the applicability of the restricted active space con�gu-
ration interaction (RASCI) method in conjunction with a recent implementation based on
the spin-orbit mean �eld approximation (SOMF), allowing us to explore and unravel the
spin-orbit couplings (SOCs) in open shell molecules. In this study, the proper description of
nondynamical correlation and the performance of SOMF theory for open-shell systems are
analyzed.

Additional information regarding complementary de�nitions, results and derivations used
in the works presented in this thesis can be found in the accompanying appendices.

1.2 Electron Correlation

During the years 1928 to 1929, in the early stages of quantum mechanics, Heisenberg and
Dirac [32, 33] described the e�ects of electron correlation as the fundamental origin of
magnetism, speci�cally in terms of the exchange energy, which depends on the spin state
and the wave function’s antisymmetry, governed by Pauli’s exclusion principle [34]. As
previously mentioned, exchange e�ects appear on electrons of the same spin, keeping them
spatially separated. This is a purely quantum mechanical e�ect with no classical analogue.
Despite this initial description, the term was not introduced into quantum chemistry lit-
erature until 1934 by Wigner and Seitz as a result of their investigations on the cohesive
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energy of metallic sodium [35]. While electron correlation refers to the measure of how
the movement of one electron is in�uenced by the presence of others, the term “electron
correlation energy” (Ec) was introduced in 1959 Löwdin, as the di�erence between the exact
eigenvalue of the nonrelativistic electronic Hamiltonian and the HF energy (E0) computed
in the limit that the basis set approaches completeness [36, 37],

Ec = Eexact − E0. (1.3)

Despite the allowance of exchange e�ects by the HF wave function, it is inadequate to
treat the total correlation among the motions of distinct electrons. The electron correlation
energy is a measure of this inadequacy and not an observable linked to an operator. This
purely theoretical de�nition (1.3), was initially introduced by Löwdin [36], and subsequently,
various terms associated with it have emerged to categorize and identify limitations in
approximate computational techniques [38]. Although the correlation energy is a small
fraction of the total energy of the system, typically of the order of 1%, it can be of the order
of chemically important energies such as binding energies and electron a�nities.

Diverse terminology associated with electronic correlation energies has been developed to
elucidate the in�uence of electron motion within atoms, molecules, and polyatomic systems.
In atoms, electron correlation can be classi�ed into two primary forms: radial and angular
[39, 40]. Radial correlation compels electrons to remain at a distance from nuclei, this kind
of correlation is managed using basis functions with varying exponents. Angular correlation
pertains to the likelihood of an electron’s presence on one side of a nucleus when another is
on the opposite side, this is often described using high-angular-momentum functions.

Within diatomic molecules, the internuclear axis (z) de�nes a natural orientation of the
coordinate system, and it turns to be appropriate to describe the correlation in terms of the
z coordinates. In this case, the term axial (or "left-right") correlation has been introduced. It
denotes the increased likelihood of an electron being in proximity to nucleus A when another
electron is close to nucleus B. Alternatively, it is sometimes referred as the propensity of an
electron to be located far from the z-axis due to the presence of another electron [41, 42].
The angular (or "equatorial") correlation in diatomics can be perceived as the complementary
e�ect, aligning with the intuitive notion that, at large separations, an in-phase motion of the
z-coordinates of the two particles and an out-of-phase motion of the x and y coordinates
are energetically more favorable than their opposites [41]. For axial correlation description,
electrons must be allowed to occupy the antibonding (σu) orbital. Meanwhile, for angular
correlation, electrons must be allowed to occupy the higher energy πu orbital. In both cases,
a multicon�gurational wave function is required to adequately describe the system.

Finally, in polyatomic systems, electron correlation categorization is often based on criteria
rooted in interelectronic distances, discerning between long-range (lr) and short-range (sr)
interactions. The latter (sr correlation) arises from the singularities in the Hamiltonian
due to the strong (instantaneous) interactions among electrons. This type of correlation is
manifested in the appearance of electron-electron cusps in the exact wave function [17].
The behaviour of electrons near these cusps is too complicated to be described by small
orbital expansions. Therefore, an acceptable description often requires the extension of the
orbital basis, together with the inclusion of a large amount of excited con�gurations in the
wave function. Following this strategy, the regions in the space where the wave function
inaccurately represents the system can be reduced, but this often requires a large amount of
computational e�ort. On the other hand lr interactions, are related to orbital degeneracies
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or to van der Waals forces, and are manifested, for example, in the left-right and equatorial
correlation emerging in the H2 molecule [41, 42]. Fortunately, this type of correlation can be
recovered, for instance, by wave functions with a relatively small number of determinants
[17].

Another widely used classi�cation of electron correlation is done in terms of dynamic and
nondynamic correlation types [43, 44, 45, 46], this classi�cation is often expressed within
the framework of con�guration interaction, where the overall electronic wave function is
expanded in terms of di�erent electronic con�gurations. Dynamic correlation (DC) is said
to be included if the expansion contains a most dominant con�guration and only small (but
energetically important) contributions of other con�gurations. Similar to SR correlation, DC
is attributed to the instantaneous electron repulsion, and is manifested from the inability
of the HF wave function to model interelectronic cusps and dispersion interactions. Non-
dynamic correlation (NDC), also termed static correlation, arises when there are two or more
dominant con�gurations of similar importance, raising from near-degeneracy of electronic
con�gurations (as represented by Slater determinants). DC is considered universal in the
sense that instantaneous electron-electron repulsions are inherent to any system with at
least two electrons, causing �uctuations in electron distribution. In contrast, NDC has
been regarded as a system-speci�c quantity. The distinct e�ects of DC and NDC have
been observed in terms of the electron density. The instantaneous repulsion of electrons
that characterizes the DC, results in subtle localized changes in the electron density when
compared to the HF description. NDC, however, induces signi�cant, global alterations in
the electron density due to the interactions among the various electronic con�gurations
involved in its description. The impact of electron correlation on the electron density has
been used to categorize the division of correlation energy into DC and NDC components
[47, 48, 49].

As a �nal remark, an alternative de�nition of the correlation energy is described in the DFT
formalism [50], where it is computed from a functional of the density EDFT

c [ρ]. The exact
DFT correlation energy can be computed by knowing the exact ground-state density and
the exact correlation functional EDFT

c [ρexact]. A relation of the correlation energy de�ned
in Eq. 1.3 and that from DFT reads as Ec ≤ EDFT

c . However, since EDFT
c − Ec is small

but non zero, self consistent DFT results for the correlation energy should not be compared
directly with the conventional de�nition of Löwdin [51].

1.2.1 Methods for the treatment of electron correlation.

It is not possible to give a comprehensive account of all the literature regarded to electron
correlation methods. However, according to the type of reference wave function used,
two main classes of methods can be devised. The �rst is the single-reference-based (SR)
approaches, which use a single Slater determinant as the reference wave function. The
Møller-Plesser second-order perturbation theory (MP2) [52], CI and coupled cluster (CC)
with single and double excitations (CISD or CCSD)[53, 54] are some typical examples. The
second class is the multi-reference (MR) approaches, in which the reference wave function
is composed of two or more determinants, examples are the multireference CI (MRCI)
[55, 56, 57], the complete active space self-consistent �eld (CASSCF)[58] and its perturbative
variant (CASPT2)[59].

AmongWFT approaches, post-HFmethods are designed to enhance the treatment of electron
correlation beyond the limitations of the HF approach. These improvements are achieved
through various approaches that use the HF wave function as the reference starting point.
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Among post-HF strategies, in variational approaches, such as CI, the energy is always an
upper bound to the true energy of the system. Particularly, the CI wave function is expressed
as a linear combination of Slater determinants, including single andmultiple excitations, with
respect to the HF electronic con�guration, to account for electron correlation e�ects. As the
expansion increases, the energy is systematically closer to the exact solution. However, as
mentioned at the beginning of this chapter, a full expansion is in most cases computationally
intractable. Further details about CI formalism will be described in section 2.2.

Part of the di�culties related with the large computational e�ort encountered in WFT
methods have been addressed in recent years. The improvement of computational power
and the use of local-correlation, development of linear-scaling techniques [60, 61, 62, 63],
and the recent developments of the density matrix renormalization group (DMRG) method
[64] in multireference quantum chemistry o�ers the ability to describe static correlation in
a large active space. All of this is bringing back the interest on WFT methods for medium-
to large-size systems.

The reference wave function can introduce additional challenges. For instance, (single-
reference) CI, MP[52], and CC [65, 66] approaches focuses on �nding the total electronic
energy of one electronic state based on the premise that the single-reference HF wave func-
tion is the dominant con�guration. Unfortunately, the orbitals generated self-consistently
in a mean �eld might be of poor relevance for the description of a multicon�gurational char-
acter system. The same problem arises in other nonvariational approximated methods, such
as CC with singles and doubles (CCSD)[67], and CCSD with triples perturbative excitations
(CCSD(T))[37], which can be applied to numerous molecular systems, providing accurate
energies, but may fail in describing molecular dissociations.

In DFT, the problem turns to extract the required information from the electron density (a
one-body quantity). Although formally DFT is exact, in practice the available approximations
have several limitations. Most modern functionals can still have errors of 100 kcal/mol
in relatively simple systems. These can be connected to systematic errors such as self-
interaction error (SIE) and static correlation error in more complex systems [68]. SIE is
considered one of the key failings of KS-DFT[69], it can be described as the result from the
interaction of each electron with the entire electron density (including its own density). In
KS-DFT, the energy is computed from a density functional approximation (DFA), so there
is no way to precisely distinguish two-body Coulomb interactions from self-interaction,
consequently, for a one-electron system, the SIE is equal to the entire Coulomb energy, this
can be seen from the expression for the classical Coulomb integral

J [ρ] =
1

2

∫ ∫
dr⃗1dr⃗2

ρ(r⃗1)ρ(r⃗2)

r12
(1.4)

where ρ is the electron density, r⃗ the spatial coordinated of an electron, and r12 is the
distance between two electrons. For a single electron, the Coulomb operator yields a non-
zero value leading to a repulsive interaction with itself. This term also exists in WFT but is
canceled out by the corresponding exchange term (at the HF level). Attempts to remove self-
interaction from the Coulomb energy are performed by the exchange-correlation functional,
as exchange is approximated in DFT, the imperfect cancellation leading to the SIE. In KS-DFT,
SIE leads to arti�cially delocalized electron densities, resulting in an overestimation of the
stability of molecules and ions. A widely used strategy to reduce SIE is through use of
hybrid and range-separated hybrid functionals, since they include some fraction of exact
HF exchange (which cancels with part of the Coulomb energy). However, the optimum
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exchange-mixing fraction is system dependent [69].

A qualitative classi�cation of the methods can be done according to their ability to describe
DC and NDC. Regarding the treatment of DC, methods such as MP2, CCSD, CISD and DFAs
are typical workhorses due to their performance. Due to the nature of the problem, NDC
is accounted by multireference approaches such as CASSCF or DMRG. However, current
e�orts have been turned to the challenging description of systems presenting both DC and
NDC. The simultaneous accurate treatment of both types of correlations is provided by very
few methods such as CASPT2 or MRCI, and most recently in alternative approaches such as
the adiabatic connection linked to MCSCF (AC-MCSCF) [70], the∆NO method [71] and the
global natural orbital functional (GNOF) approach [72].

Mingled WFT+DFT methods attempt to simultaneously address NDC and DC e�ects with
manageable computational demands. This holds particular value for applications inmodeling
excited states, where challenges arise from the intrinsic nature of these states—almost all
of which are open-shell states. In some cases, these states exhibit multicon�gurational
character, especially those involving excitations to valence-like orbitals. Relevant challenges
encompass convergence di�culties, points on the potential energy surface (PES) where
near-degeneracies among di�erent states occur. Additionally, a universal method for excited
states should demonstrate accuracy across various types of excitations, including valence,
Rydberg, charge-transfer, etc. [73].

Both SR and MR approaches can be independently integrated into mingled schemes. Given
the vast amount of WFT approaches and DFAs available, literature presents numerous
strategies for WFT+DFT combinations. Among the DFT mingled with single-con�gurational
WFT approaches, the most representative involves combining density functional exchange,
HF exchange, and DFT correlation, resulting in hybrid DFAs. When combining DFTwithMC-
WFT approaches, various choices can be made. For example, one can opt for CI calculations
with Hamiltonian matrix elements obtained by using elements from DFT, utilize methods
that incorporate density functional energy corrections to WFT energies, or combine DFT
with CIS. A schematic representation of di�erent DFT+MC-WFT choices and their features
is summarized in Figure 1.1.

One of the major challenges for mingled WFT+DFT schemes, is related to the question, how
to separate energy contributions covered by each of the two approaches?, i.e. how to avoid
a partial double counting of electron correlation e�ects? [74, 75]. Strategies designed to
avoid such problem characterize the mingled methods. For example, a particular class of
DFT+MC-WFT, are those based on the range-separated formalism [22, 76, 77], in which
short-range interactions are accounted by DFT and the long-range interactions by WFT
[78, 79, 80]. This is done by splitting the two-electron interaction into short- and long-range
terms. Under this strategy, the electron correlation double counting problem can be avoided
(in principle), provided a correct separation of the short- and long-range interactions within
the two di�erent methodologies.
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Figure 1.1: Some of the available DFT+MC-WFT mingled approaches. A very brief description of
their features is included inside dashed-line squares.

Details on selected approaches able to simultaneously account for DC and NDC can be
consulted in Apendix A of this thesis.

1.2.2 Desirable properties in an electronic structure method.

In the framework of electronic structure, method development stands as a dynamic and
competitive research �eld, marked by diverse contributions from various groups (as noted
in the previous section). Each proposed approach undergoes a comprehensive process,
often spanning years to establish its validity. The process of development of a theoretical
model chemistry can be divided into �ve stages [81, 1] (see Fig. 1.2). A successful candidate
achieves certain general features, such as, ensuring validated accuracy (chemical accuracy,
1-2 kcal/mol, is globally accepted) for certain properties (e.g. heats of formation or ionization
potentials). Its formulation must be as general as possible, avoiding speci�c procedures for
particular molecules or particular symetries. In most cases, the computational aspect plays
a signi�cant role in determining the method’s applicability to various chemical problems
of interest. Thus, model’s applicability should be achieved in a reasonable time and with
reasonable computational resources.

In order to provide a focus for the subsequent content of this thesis, it is helpful to consider
some properties that electronic structure methods should attempt to satisfy. In fact, the
design of such a method faces challenges that go beyond achieving mere accuracy, since
computational e�ciency requires approximations that compromise transferability and ac-
curacy. Over the years, various authors [1, 82, 83, 84] have established criteria that can be
summarized in the following points

(1) The use of an empirical correction is undesirable.
(2) Independent on symmetry or speci�c choices of con�gurations.
(3) Size consistency, size extensivity and size intensivity.
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1. Introduction

(4) Invariant to classes of transformations, particularly unitary transformations among
degenerate orbitals.
(5) Applicable to excited states and open shells.
(6) Should allow the generalization to include relativistic contributions.
(7) Inclusion of triple excitations.

  Stages of development

#1
Target

#2
Formulation

#3
Implementation

#4
Verification

#5
Prediction

Target accuracy 
selection

(qualitative and 
quantitative)

Approximate but 
well-defined and 

general as 
possible

Application in 
reasonable times 
and at reasonable 

cost

Test the model 
against known 

chemical facts, or 
other models

Application to 
problems with 
unknown or in 
dispute answer

Figure 1.2: Pople’s �ve stages of the development process for a theoretical model, adapted from
Ref. [1].

Point (1) results from the performance observed from semiempirical approaches (methods
that combine theoretical principles with empirical adjustments to parameters based on
experimental data). These are limited by uncertainty over the consequences of the massive
integral approximations and the large number of empirical parameters. Regarding point (2),
methods designed for speci�c molecular cases can be made both fast and accurate. However,
their transferability and accuracy for related molecules might be signi�cantly compromised
due to a lack of testing with reference data. Reference data could be incomplete, even when
examined with a suitable measure of molecular and electronic similarity.

Three of the most vital considerations are the properties of size-consistency, size-extensivity,
and size-intensivity (point 3). Size-consistency pertains to the ability to describe the PES
of a given system. Originally, size-consistency was de�ned as the correct non-interacting
description (in qualitative sense), what has been referred to as the "additive" separability
of the wave function. If we imagine two H2 molecules separated by a large distance, large
enough that the molecules can be considered to be isolated one from the other, then the
energy calculated for both molecules simultaneously should be exactly twice that from
one isolated molecule of H2. The size-consistency concept is more of a system-dependent
problem than an inherent property of an electronic structure method. As for example,
the restricted HF (RHF) solution for the dissociation of the H2-H2 dimer is size-consistent.
But the RHF solutions are not size-consistent for closed-shell molecules dissociating into
open-shell fragments (as in the dissociation of a H2 molecule into two H atoms).

Size-consistency and size-extensivity are used interchangeably in the literature, however,
the latter[82] is de�ned in a more mathematically formal way, referring to the method’s
correct (linear) scaling, i.e. an electronic structure method should provide size-extensive
energies in the sense that the energy should grow linearly with the number of electrons
in the system. The requirements for size-extensivity can be depicted as follows. Consider
a system of two noninteracting fragments A and B, separated at an in�nite distance for
which the Hamiltonian operator can be written as
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1.2. Electron Correlation

ĤAB = ĤA + ĤB, (1.5)

where ĤA is associated with the fragment A and ĤB with fragment B. The exact solution
for the combined system satis�es

ĤAB |AB⟩ = EAB |AB⟩ , (1.6)

while the exact solutions for the fragments are respectively

ĤA |A⟩ = EA |A⟩ , (1.7)

ĤB |B⟩ = EB |B⟩ , (1.8)

therefore, the exact compound wave function can be written as the product

|AB⟩ = |A⟩ |B⟩ , (1.9)

and the exact energy for the compound system may be written as the sum,

EAB = EA + EB. (1.10)

These relations (1.9 and 1.10) constitute the requirements for size-extensivity [17]. In fact,
both, size-consistency and size-extensivity are properties of the exact wave solution for
the electronic Schrödinger equation. HF qualify as size-extensive, as well as MP2 and
CC theories. On the other hand, in general, truncated CI methods with double or higher
excitations are not size-extensive. Lack of this property implies that errors from the exact
energy increase as more electrons enter the calculation. For systems composed of multiple
non-interacting subsystems, size-extensivity ensures that the method generates the same
energy, whether calculations are performed separately for each subsystem or simultaneously
for the entire super-system.

Both, size-extensivity and size-intensivity were introduced in analogy with the properties
in thermodynamics, where an extensive property scales with the size of the system and an
intensive property is independent of the size of the system [85]. In the realm of theoretical
chemistry, a method is said to be size-intensive if the excitation energy of a system, A,
computed in isolation is equal to the excitation energy ofA in the presence a non-interacting
subsystem B,

EA∗ − EA = EA∗∪B − EA∪B, (1.11)

where labels A∗ and A are the excited and ground states of subsystem A, respectively, as
before, B label is for another subsystem that is in its electronic ground state and does not
interact with A. A size-intensive method will show no change in the excitation energy
as a function of the number of non-interacting molecules [86]. The failure in describing
size-intensivity can be interpreted as the degradation of the accuracy of an individual excited
state as additional fragments are present in the overall system.
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1. Introduction

The property of invariance under unitary transformations (4), meaning that the energy
(or other properties) is unchanged by a rotation of the orbitals, has been subject of study
by various authors [82, 87, 88]. For ab-initio methods, the molecular orbitals obtained as
solutions to integro-di�erential one electron equations are often not unique. Di�erent
sets of orbitals can be related by di�erent unitary transformations. Thus it is certainly
desired that energy and other properties not be a�ected by the orbital representation. This
susceptibility to change introduces certain degree of arbitrariness into the solutions. While
the requirement of invariance was highlighted by Bartlett [82] in the framework of CC
theory, it might be also of crucial importance for other theories. Kong [89] has demonstrated,
through tensor analysis that the HF, single-reference CI, and CC methods are all invariant
with respect to rotations within occupied and unocuppied orbital spaces. Similarly, the
CASSCF and MRCI methods are invariant with respect to rotations in three spaces: core,
active and inactive virtual orbital spaces [58] (a de�nition of such spaces can be consulted
in section 2.3).

The orbital invariance problem is related with the calculation of excited states (5). This
is because for open-shell cases (most of excited states) the invariance properties can be
problematic, leading to complicate energy evaluation. However, the absence of invariance
may not lead to signi�cant issues, unless the orbital energies are essentially degenerated. In
these cases, orbitals mix arbitrarily causing problems in schemes such as CASSCF followed
by a CI calculation [87], or in variants of CC theory methods [82, 88].

Additional desirable properties (6 and 7) in an electronic structure method are related to the
method’s accuracy. Relativistic contributions are crucial for certain problems, as for example,
the inclusion of spin-orbit coupling in the description of photophysical mechanisms [90], or
kinetic and exchange corrections for heavy atoms [91].

In the calculations of energy di�erences such as heats of reaction, binding energies and
activation energies to chemical accuracy, it is recognized (particularly in the realm of CC
approaches) that, for high-accuracy results, the CCSD approach supplemented by a pertur-
bative correction for connected triple substitutions is the most successful one in practical
applications [92]. While part of the success of the (T) correction is due to a slight error
compensation [93, 94], the accuracy delivered by CCSD(T), for much of computational
chemistry, makes it the method of reference. Nevertheless, this level of accuracy is com-
monly associated with tremendous computational e�ort [61], making the inclusion of triple
excitations not always desirable and sometimes not even necessary due to other sources of
error [95].
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CHAPTER 2
A review of theoretical background

Amongst the vast plethora of electronic structure methods, this chapter is dedicated to those
approaches and analysis tools that are relevant to the development of this thesis. Further
literature review on related relevant approaches is also included.

2.1 Hartree-Fock approximation

For a molecular system of N electrons andM nuclei described by the position vectors r⃗i
and R⃗A, respectively, the electronic Hamiltonian of Eq. 1.2 can be written in atomic units as

Ĥel = −
N∑

i

1

2
∇2

i −
N∑

i

M∑

A

ZA

riA
+

1

2

N∑

i

N∑

j ̸=i

1

rij
(2.1)

where as indicated in the introduction, ZA is the atomic number of the nucleus A, 1/riA
the Coulomb attraction term between the ith-electron and the Ath-nucleus and 1/rij is the
corresponding electron-electron interaction term. We can combine the one electron terms
and rewrite this Hamiltonian 2.1 as

Ĥel =
N∑

i

h(i) +
1

2

N∑

i

N∑

j ̸=i

1

rij
(2.2)

The one-particle term (H0 =
∑N

i h(i), in this case) can be exactly solved by a wave function
with a structure that reduces to a simple separable product constructed of one-particle
functions ϕi(r⃗i; R⃗A),

Ψ0(r;R) =

N∏

i

ϕi(r⃗i; R⃗A) (2.3)

where the notation Ψ0(r;R) means a function of all particle coordinates indicated by r,
that depend parametrically on the collective nuclear coordinates, R. By choosing each
one-particle function as an eigenfunction such that h(i)ϕi(r⃗i) = ϵiϕi(r⃗i), we would have

13



2. A review of theoretical background

H0Ψ0(r;R) = E0Ψ0(r;R) ; E0 =
N∑

i=1

ϵi (2.4)

We can choose a collection of one-particle functions to describe the individual behavior of
electrons, one possible choice for such set of functions (a �nite basis set) is the so-called
atomic orbitals (AOs), describing electron probability distributions around an atomic nucleus,
which is the usual choice within the quantum chemistry community, or alternatively, plane
waves, which are typically used within the solid state community in periodic boundary
conditions calculations. Several types of atomic orbitals can be used: Gaussian-type orbitals
(GTOs), Slater-type orbitals (STOs), or numerical atomic orbitals (NAOs) [96]. For basis sets
of comparable size NAOs are generally more accurate than GTOs, as demonstrated in various
studies [97, 98, 99, 100]. GTOs are primarily employed in quantum chemistry packages
because, in principle, STOs can be precisely expanded into GTOs [101], and because GTOs
demonstrate computational e�ciency in integral evaluation schemes[102, 103, 104, 105, 106].

GTOs will be the chosen basis set used throughout this thesis. The building blocks of a
GTO are linear combinations of Gaussian functions that closely expand a given STO. The
quality of this expansion is important since STOs represent analytical radial solutions to
the hydrogenic Schrödinger equation. In fact, Slater orbitals are better from a theoretical
point of view since they have the correct behavior near the nucleus (cusp) and the correct
asymptotic long-range behavior. Consequently, a large number of Gaussians is needed for an
accurate representation of the electronic system while typically fewer STOs than GTOs are
needed to reach a certain level of accuracy [107]. Nonetheless, in practice, this drawback is
counterbalanced by the quicker evaluation of molecular integrals involved in computations,
permitting the use of a larger number of functions.

By including spin in each one-particle function (through multiplication by α or β spin
functions), the corresponding functions are called spinorbitals

χi(x⃗i) = χi(r⃗i, σi) = ϕi(r⃗i)α(σi), (2.5)

where σ is a coordinate in spin space, x⃗i indicates both the space- and spin-coordinates (x⃗i =
r⃗i, σi). When these form the basis set, the eigenfunction of the one-particle Hamiltonian
(Eq. 2.3) is the so-called Hartree product (HP). HPs are eigenfunctions of any one-particle
Hamiltonian. We can take advantage of this to solve Eq. 2.1, by expressing the two-particle
term as the "average" of one-particle operators u(r⃗i). Representing the average electron
repulsion of all other electrons toward electron i, we can write 2.1 as

Ĥel =
N∑

i

[h(i) + u(r⃗i)] +
1

2

N∑

i

N∑

j ̸=i

1

rij
−

N∑

i

u(r⃗i)

=

N∑

i

F (r⃗i) + V = Ĥ0 + V,

(2.6)

with

V =
1

2

N∑

i

N∑

j ̸=i

1

rij
−

N∑

i

u(r⃗i) (2.7)
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2.1. Hartree-Fock approximation

F̂ =
N∑

i

[h(i) + u(r⃗i)], (2.8)

where F̂ (r⃗i) being the so-called Fock operator. For V small (clearly smaller than the two
particle term), the Hamiltonian can be simpli�ed to Ĥ0 = F̂ . This simpli�cation reduces
the N -particle problem to a set of one-particle eigenvalue problems,

Ĥ0χ0(x⃗i) = ϵiχ0(x⃗i). (2.9)

The eigenvalues of this operator are known as the orbital energies, which are a measure
of the energy that an electron (the sum of the kinetic energy and the average electrostatic
interaction energy terms) in a given orbital.

The HP in the basis of spin orbitals is an uncorrelated wave function that does not account
for the indistinguishability of electrons. Suitable solutions of the electronic Schrödinger
equation must have the appropriate permutational symmetry, (|Ψ0|2 being invariant to the
exchange of space and spin coordinates of any two electrons). To ful�ll this requirement,
the wave function is chosen to have the form of an antisymmetrized product, the Slater
determinant,

Ψ0 =
1√
N !

∣∣∣∣∣∣∣∣∣

χ1(x⃗1) χ2(x⃗1) . . . χN (x⃗1)
χ1(x⃗2) χ2(x⃗2) . . . χN (x⃗2)

...
...

. . .
...

χ1(x⃗N ) χ2(x⃗N ) . . . χN (x⃗N )

∣∣∣∣∣∣∣∣∣

= |χ1(x⃗1)χ2(x⃗2) . . . χN (x⃗N )⟩ , (2.10)

being 1/
√
N ! a normalization factor. Using a HP to form a Slater determinant introduces

exchange e�ects, where the motion of two electrons with parallel spins is correlated, but
for two electrons with opposite spins it remains uncorrelated. Additional eigenstates of Ĥ0

(denoted as Ψa
i ) can be formed by substituting one occupied molecular orbital, χj(x⃗j), with

an unoccupied orbital, χa(x⃗j) (Ψa
i = |χ1(x⃗1) . . . χa(x⃗j) . . . χN (x⃗N )⟩). Various forms of

Ψa
i , generated by di�erent single orbital substitutions, represent potential ’con�gurations’

derived from the ground state reference wave function. More complex con�gurations can
be derived from multiple substitutions as well.

The independent particle model depicted above corresponds to the HF-SCF approximation
when the Slater determinant becomes the "best" single determinantal approximation to
Ψ, that is, the lowest-energy single determinant constructed from the variation of the
orthogonalN -spin orbitals ⟨χi|χj⟩ = δij . The energy expression de�ned as the expectation
value of the Hamiltonian using the Slater determinant wave function corresponds to

E[{χi}] = −
1

2

∑

i

∫
dr⃗ χ∗

i (r⃗i, σi)∇2χi(r⃗i, σi) +

∫
dr⃗ ρ(r⃗)v(r⃗)

+

∫
dr⃗ dr⃗′

ρ(r⃗)ρ(r⃗′)∣∣r⃗ − r⃗′
∣∣ + Ex[{χi}]

(2.11)

the sum features the integration of spin variables (σ) contained in the spinorbitals, v(r⃗)
stands for the external potential formed by the nuclear charges, ρ(r⃗) is the electron density
given by
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ρ(r⃗) =
∑

j

∑

i

|χi(r⃗, σj)|2 (2.12)

The exchange energy term is given by

Ex[{χi}] = −
1

2

∫
dr⃗ dr⃗′

∣∣γσ(r⃗, r⃗′)
∣∣2

∣∣r⃗ − r⃗′
∣∣ , (2.13)

with the one-particle density matrix, in this case given by

γσ(r⃗, r⃗
′) =

Nσ∑

i

χ∗
i (r⃗, σ)χi(r⃗

′σ). (2.14)

Hartree-Fock equations are a set of integro-di�erential equations for the e�ective one-
particle orbitals, obtained from the variational theorem and minimizing the functional

L[{ϕi}] = E[{ϕi}]−
∑

ij

λij

[∫
dr⃗ χ∗

i (r⃗σ)χj(r⃗σ)− δij
]
, (2.15)

where orthogonality of the orbitals is ensured by the Lagrangemultipliersλij . Corresponding
Euler-Lagrange equations are obtained from the variation of L with respect to the spin
orbitals χ∗

i , χj and λij , giving the corresponding Hartree-Fock equations,

[
−1

2
∇2 + v(r⃗) +

∫
dr⃗′

ρ(r⃗′)∣∣r⃗ − r⃗′
∣∣

]
χi(r⃗σ)−

∫
dr⃗′V HF

x (r⃗, r⃗′)χi(r⃗
′σ) = ϵiχi(r⃗σ).

(2.16)

These equations unveil the main features of the HF approximation, which can be illustrated
by replacing the integral kernel V HF

x (r⃗, r⃗′) = γσ(r⃗, r⃗
′)/
∣∣r⃗ − r⃗′

∣∣, with a set of orbital
dependent potentials

[
−1

2
∇2 + v(r⃗) +

∫
dr⃗′

ρ(r⃗′)∣∣r⃗ − r⃗′
∣∣ + vHF

i (r⃗σ)

]
χi(r⃗σ) = ϵiχi(r⃗σ), (2.17)

where

vHF
i (r⃗σ) = −

∫
dr⃗′

ni(r⃗σ, r⃗
′σ)∣∣r⃗ − r⃗′
∣∣ , (2.18)

and

ni(r⃗σ, r⃗
′σ) =

χ∗
i (r⃗σ)γσ(r⃗, r⃗

′)χi(r⃗
′σ)

|χi(r⃗σ)|2
. (2.19)

For an occupied orbital, the termϕi(r⃗σ)ϕ
∗
i (r⃗

′σ) is dominant in γσ(r⃗, r⃗
′), thusni(r⃗σ, r⃗

′σ) ≈
|χi(r⃗σ)|2. Therefore, the term ni for occupied orbitals makes
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vHF
i (r⃗σ) ≈ −

∫
dr⃗′

∣∣χi(r⃗
′σ)
∣∣2

∣∣r⃗ − r⃗′
∣∣2 (2.20)

i.e., it cancels the density of spin orbital χi. In other words, each e�ective electron moves in
an average �eld determined by all the other electrons, excluding the �eld of its own charge
cloud. Additionally, when considering neutral atoms with nuclear charges Z , the asymptotic
form of the total e�ective HF potential is di�erent for occupied and virtual orbitals. In the
former case, it resembles the following expansion [108]

vHF
Total,i ∼ −

Z

r
+

∫
dr⃗′

ρ(r⃗′)−
∣∣χi(r⃗

′σ)
∣∣2

∣∣r⃗ − r⃗′
∣∣ ∼ −Z −N + 1

r
(r →∞) (2.21)

For unoccupied orbitals, the following expansion follows

vHF
Total,i ∼ −

Z

r
+

∫
dr⃗′

ρ(r⃗′)∣∣r⃗ − r⃗′
∣∣ ∼ −

Z −N
r

(r →∞) (2.22)

These results show that for occupied orbitals, the asymptotic behavior of vHF
Total,i is 1/r,

but this is not the case for virtual orbitals, where the decay is more pronounced. Thus,
under the HF approximation, the virtual spectrum of a neutral atom does not match the
Rydberg-like series characteristic of particles bound by a Coulomb potential. This outcome
suggests that the HF virtual orbitals will have a signi�cant degree of di�usion, result that
can be of importance when considering the utilization of HF orbitals in more sophisticated
electron correlation approaches, such as those found in post-HF methods.

Finally, two crucial points need emphasis. First, for optimizing the utilization of spin
symmetry in evaluating Hamiltonian matrix elements, it is bene�cial to use the one-electron
basis generated in spin-restricted SCF calculations. That is, the molecular orbitals are equal
for α and β electrons, it enables the construction of spin-adapted linear combinations
of Slater determinants, known as con�guration state functions (CSFs). These CSFs are
eigenfunctions of the S2 operator, representing true electron spin multiplets. Second,
concerning index notation in the rest of this chapter, we adhere to the standard convention:
indices p, q, r, s, . . . denote arbitrary orbitals, i, j, k, l, . . . denote occupied orbitals (or
inactive in the case of correlated methods) in the reference determinant (Ψ0), t, u, v, w, x, y
denote active orbitals in correlated methods, and a, b, c, d, . . . denote orbitals from the
virtual space.

2.2 Con�guration interaction formalism

Con�guration interaction method is a straightforward application of the Ritz method of
linear variations [53], yielding highly accurate wave functions for small and medium-sized
molecular systems (for both open- and closed-shell cases). Under CI formalism, an exact
solution to the many-electron problem is achieved by expanding the wave function within
the complete set of determinants generated through the distribution of all electrons across all
orbitals (full CI expansion). By introducing constraints to the construction of con�guration
expansions, the CI wave function can be truncated, resulting in various approximations
approaching the Full Con�guration Interaction (FCI) limit.
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2. A review of theoretical background

An arbitrary normalizableN -electron wave functionΨ = Ψ(x⃗1, x⃗2, . . . , x⃗N ) taken at �xed
values of space and spin coordinates of the �rst N − 1 electrons (x⃗q = r⃗q, σq = const), can
be expanded in a complete set of one-electron functions, χp = χp(x⃗), p = 1, 2, . . . ,∞ as

Ψ(x⃗1, x⃗2, . . . , x⃗N ) =
∞∑

iN=1

ciNχiN (x⃗N ) (2.23)

The coe�cients of this expansion are functions of the coordinates of the otherN−1 electrons
(p = 1, 2, . . . , N−1). As such, they should also be normalizable functions of their arguments.
Therefore, we can repeat the expansion, and for �xed values of x⃗p, p = 1, 2, . . . , N − 2, we
may expand cpN ≡ cpN (x⃗1, x⃗2, . . . , x⃗N−1) into series as a function of x⃗N−1; we get

Ψ(x⃗1, x⃗2, . . . , x⃗N ) =

∞∑

pN−1,pN=1

cpN−1pN (x⃗1, x⃗2, . . . , x⃗N−2)χpN−1
(x⃗N−1)χpN (x⃗N ).

(2.24)

Continuous repetition of this procedure will allow us to expand the total wave function as

Ψ(x⃗1, x⃗2, . . . , x⃗N ) =

∞∑

p1,p2,...,pN=1

cp1p2...pNχp1(x⃗1)χp2(x⃗2) . . . χpN (x⃗N ), (2.25)

where coe�cients cp1p2...pN become independent of the electronic coordinates. The anti-
symmetry of the wave function leads to some restrictions on the values of the coe�cients
in the expansion. For instance, with respect to the interchange of electrons "1" and "2" it
follows that

cp1p2...pN = −cp2p1...pN (2.26)

and so forth. Slater determinants, which can be built from a given set of spin orbitals, are
constructed by collecting those terms that contain the same spin orbitals, and di�er only
in the order of the electron coordinates and in the order of the subscripts p1, p2, . . . , pN
of the coe�cients cp1p2...pN . Requesting the subscripts pq to form an increasing sequence
(p1 < p2 < · · · < pN ), the set of N indices pq is called the Ith "ordered con�guration".
Within this structure, the CI wave function consists of a linear combination of the set of
Slater determinants ΨI , corresponding to the di�erent ordered con�gurations [109],

Ψ =
∑

I

CIΨI . (2.27)

If the one-electron functions form a complete set in the one-electron Hilbert space, then the
determinants corresponding to all the ordered con�gurations form a complete set in the
linear space of the antisymmetric N -electron functions. Additionally, if the one-electron
functions are orthonormalizd, then the determinants built up from them are orthonormalized
as well. In practice, as we start from a �nite number of spin orbitals, χp, the determinants
corresponding to the ordered con�gurations form a complete basis in the subspace of
antisymmetric wave functions.
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2.2. Con�guration interaction formalism

The CI method consists in the variational determination of the expansion coe�cients
appearing in Eq. 2.27,

∂

∂CI

⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩ = 0, (2.28)

This requires the solution of a secular equation corresponding to a linear variational problem,
equivalent to an eigenvalue problem for the coe�cients and the energy,

HC = EC, (2.29)

where C is a vector containing the expansion coe�cients. The CI expansion is written out
in terms of one-electron spin orbitals, so it does not contain explicitly the interelectronic
distances. Consequently, the behavior of the wave function in the cases when two electrons
are close to each other is described only as a combined e�ect of many di�erent terms in
the CI expansion. This is the underlying reason why the CI expansion converges rather
slowly, specially as far as the local properties of the wave function are concerned. This lack
in providing a compact description of electronic correlation is the principal limitation of
the CI method. Consequently, a considerable amount of computational e�ort is needed to
perform accurate CI calculations for large molecules.

Standard CI implementations start by forming several Slater determinants all having the
required spatial and spin symmetries, that di�er from the dominant determinant of the
ground state through promotion of one, two, three, or more electrons. Once the CI code
is instructed as to which single, double, etc. promotions to include, it forms the relevant
Slater determinants an then forms the Hamiltonian matrix elements between all pairs of
determinants. These matrix elements are all expressed in terms of the MO-based integrals.
The dimension of the CI Hamiltonian matrix thus formed is Ndet ·Ndet and to �nd Nstates

eigenvalues requires Nstates · N2
det steps, which can be out of control if Ndet becomes

very large. For this reason, some CI-based calculations involve careful selection of which
determinants to include in the procedure [14], and, in practice, most CI methods are restricted
to �nding only the lowest eigenvalue of Ĥel or few of them. This is key to make the method
feasible, as FCI methodologies rarely give all eigentstates of Ĥel.

This can be followed by a further step in which the one-electron (and perhaps two-electron)
reduced density matrices are computed from the eigenvectors. These matrices can be stored
and used to obtain expectation values for the corresponding electronic properties. Reduced
transition density matrices, involving two di�erent eigenvectors, can also be obtained and
used for the calculation of transition moments between two electronic states [53]. A vastly
mentioned solution to the problem of computational cost relies on the systematic truncation
of the CI expansion, giving the so-called CIS, CISD, CISDT, ..., etc. approaches. However,
truncation introduces a lack of size-extensivity in the wave function (which can be repaired
by Davidson’s quadratic renormalization [110, 111]). The CI ansatz is also taken by other
methods, by restricting the FCI solution to a portion of the orbital space (the so-called active
space). Computational e�ort can be diminished giving rise to application for larger systems,
the following sections are devoted to describe single reference methods of this type.
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2. A review of theoretical background

2.2.1 CIPSI algorithm

Selected con�guration interaction approaches rely on the same principle as the usual CI
approaches, except that determinants are not chosen a priori based on an occupation or
excitation criterion, but selected on the �y among the entire set of determinants. This
selection is based on their estimated contribution to the FCI wave function.

A selective procedure is important from the fact that even inside a prede�ned subspace of
determinants, only a small number signi�cantly contributes to the wave function. Among
other methodologies, for comparative purposes and testing of the methods developed in
this thesis, we recur to the usage of CIPSI as introduced by Huron and co-workers [112]
(and implemented in Quantum package [113]).

CIPSI is an iterative CI selection algorithm that allows us to perturbatively select determi-
nants from the FCI space. CIPSI wave function is built iteratively, starting from a reference
wave function composed of a linear combination of Slater determinants, ΨI , spanning a
internal space, S.

ΨCIPSI =
∑

ΨI∈S

CIΨI . (2.30)

Typically, this reference is the lowest-energy HF single determinant or a CASSCF wave
function. External determinants (Ψα /∈ S) are then computed and added to the expansion
based on their e�ective second-order perturbative energy contribution [114].

At every iteration, the Hamiltonian is diagonalized in the reference space S to obtain the
variationally minimized energyEref and expansion coe�cientsCI . Then the individual con-
tributions to the energy from all the members in the set {Ψα} are estimated from perturbation
theory as

e(2)α =

〈
ΨCIPSI

∣∣Ĥ
∣∣Ψα

〉2

Eref − ⟨Ψα|Ĥ|Ψα⟩
. (2.31)

If this second-order energy is greater than a �xed or iteratively modi�able threshold, Ψα is
selected for the next iteration. The sum of all these contributions is

EPT2 =
∑

α

e(2)α , (2.32)

which is an estimate of the total missing correlation energy. The CIPSI energy of the current
iteration is therefore,

ECIPSI = EPT2 + Eref , (2.33)

the subset of all {Ψ∗
α} determinants with the largest contributions is then added to the

variational space. Selection iterations are repeated up to a given number of determinants
(typical calulations can include millions) until some other criterion is met (e.g. reasonably
convergence of the CIPSI energy). Within this algorithm, the quality of the wave function is
systematically improved and converges toward the FCI solution.
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2.3. Complete active space approaches

2.3 Complete active space approaches

When designing con�guration spaces smaller than FCI, a critical consideration is the treat-
ment of both static and DC (DC) energy. Addressing static correlation involves retaining,
within the truncated expansion, dominant con�gurations from the FCI expansion, along
with nearly degenerate con�gurations. On the other hand, DC energy treatment involves
introducing many con�gurations generated by excitations beyond the reference space—such
as single, double, and triple excitations.

Con�gurations chosen for an accurate representation of static correlation are often termed
’reference con�gurations’ of the CI wave function, collectively forming the ’reference
space.’ In CAS single reference methods, this reference space typically consists of a single
con�guration (usually a HF determinant denoted as Ψ0). The system’s orbital space is
divided into ’active’ orbitals with variable electron occupation, ’inactive’ orbitals that are
doubly occupied, and unoccupied orbitals composing the ’virtual’ space. While inactive
electrons are treated in a mean-�eld manner, exact solutions to the FCI problem are obtained
within the smaller active space, procedure that is referred as CASCI method.

Further improvements over the CASCI wave function can be achieved by imposing certain
restrictions to the electrons in the orbital spaces. There is a whole family of methods for
di�erent restrictions (e.g. RASCI [115], RASSCF [116], GASSCF [117], LASSCF [118]). For
instance, in the case of the restricted active space (RAS) wave functions, active orbitals
are classi�ed into subcategories (RAS1, RAS2, and RAS3). In constructing the RAS wave
function, constraints are set on the allowed number of electrons in RAS1 and RAS3, while no
restrictions apply to the occupations in RAS2. As an example, a multi-reference singles and
doubles CI (MRSDCI) wave function with a CAS reference space can be realized within the
RAS framework, where RAS1 corresponds to inactive orbitals, RAS2 to active CAS orbitals,
and RAS3 to secondary orbitals. RAS1 can have at most two holes, and RAS3 can have at most
two electrons, with no constraints on RAS2, except that the total number of electrons remains
equal to N . This uni�ed approach to constructing con�guration expansions simpli�es wave
function design and optimization signi�cantly. In fact, the use of CAS or RAS methods
allows moderately sized systems to be studied as long as the active space is relatively small.
Without considering symmetry reduction of computational cost, the total number of possible
Slater determinants for an active space withM spatial orbitals, Nα up spin electrons and
Nβ down spin electrons is

NTotal =
M !

Nα!(M −Nα)!

M !

Nβ !(M −Nβ)!
. (2.34)

This factorial growth establishes a bottleneck in the implementation and use of CAS-based
approaches. Modern computing architectures can handle active spaces of approximately 18
electrons in 18 orbitals (∼ 2× 109 determinants) [119]. This limit can be extended with the
use of massively parallel supercomputer implementations, partially up to 22 electrons in 22
orbitals (∼ 5× 1011 determinants) [120]. More recently, adaptive sampling methodologies
have enabled the exploration of extremely large active spaces, performing calculations with
∼ 50 active electrons in ∼ 50 active orbitals through the Adaptive Sampling Con�guration
Interaction (ASCI) method, strategy employed to study large molecules such as polyradical
periacenes and iron porphyin (see reference [121]).

Regarding the orbitals in a CI expansion, several crucial points should be noted. For e�ec-
tively treating static correlation, orbital determination schemes and reference con�gurations
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2. A review of theoretical background

is essential [122], as multiple con�gurations may contribute similarly to the �nal state. It is
necessary to mantain a balanced treatment of all signi�cant reference con�gurations. Along
a PES, the relative importance of various con�gurations may change, necessitating the
inclusion of the full set of reference con�gurations in orbital optimization to prevent bias in
the description of the PES. Moreover, to recover a substantial portion of DC energy through
CI requires a large number of excited con�gurations, making simultaneous optimization
of orbitals and con�guration coe�cients challenging, if not infeasible. In the upcoming
sections, we will dive into details about CASCI, RASCI, and CASSCF methods.

2.3.1 Complete active space con�guration interaction (CASCI)

The CASCI wave function is constructed as a linear combination of con�gurations resulting
from all the possible electronic distributions within the active space and the expansion
coe�cients are solved in a variational procedure. In this case, no restrictions are placed on
the occupations of the active orbitals, but the remaining orbitals are either always doubly
occupied (inactive set), or always unoccupied (secondary set). The orbitals remain �xed
without further optimiztion. For a CASCI expansion the energy is invariant to rotations
within the inactive, active, and virtual orbital subspaces.

Upon de�ning the active space, the CASCI Hamiltonian is formed and usually expressed
within the basis of active space orbitals. An initial Fock matrix is then estimated, often based
on these active space orbitals. Subsequently, diagonalization of this Fock matrix takes place
within the active space, yielding molecular orbitals and their respective orbital energies.
This diagonalization process ensures that the Fock matrix within the active space either
becomes diagonal or approaches diagonalization. During this step, the inactive space orbitals
typically remain unchanged.

In order to show part of the formalism. We express Hamiltonian 2.1 in second quantization
(spin-orbital representation) as

Ĥ =− 1

2

∑

σ

∫
dr⃗ ψ̂†

σ(r⃗)∇2ψ̂σ(r⃗)

+
∑

σ

∫
dr⃗ ψ̂†

σ(r⃗)v(r⃗)ψ̂σ(r⃗)

+
1

2

∑

σ

∑

σ′

∫
dr⃗ dr⃗′ ψ̂†

σ(r⃗)ψ̂
†
σ′(r⃗

′)w(r⃗, r⃗′)ψ̂σ′(r⃗′)ψ̂σ(r⃗)

(2.35)

where σ are the spin coordinates of the electrons, v(r⃗) the external potential created by
nuclei and w(r⃗, r⃗′) the potential among electrons (for Coulombic systems w = 1/|⃗r − r⃗′|).
As previously indicated, x⃗i = (r⃗i, σi). The action of the ladder operators ψ̂σ(r⃗)

† and ψ̂σ(r⃗)
on an N -electron state ΨN is de�ned as

ψ̂†
σ(r⃗)ΨN+1(x⃗1, . . . , x⃗N ) =

1√
N + 1

Â[δ(x⃗− x⃗N+1)]ΨN (x⃗1, . . . , x⃗N ), (2.36)

where δ(x⃗− x⃗i) = δ(r⃗− r⃗i)δσσi
. The operator ψ̂†

σ(r⃗) adds a particle with spin σ at position
r⃗ to the N -particle state, while ψ̂σ(r⃗) anhilates a particle with spin σ from the N -particle
state. Operator Â is the antisymmetrization operator de�ned as
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2.3. Complete active space approaches

ÂΨ(x1, . . . , xN ) =
∑

P∈SN

sign(P )Ψ(xP (1), . . . , xP (N)) (2.37)

where the summation runs over all permutations P of the group of permutations SN of N
elements. The expectation value of the electronic Hamiltonian (Ĥ) with state |Ψ⟩ can be
written as

⟨Ψ|Ĥ|Ψ⟩ =− 1

2

∑

σ

∫
dr⃗∇2

r′γσ(r⃗, r⃗
′)|r′=r

+
∑

σ

∫
dr⃗ ρσ(r⃗)v(r⃗)

+
1

2

∑

σ

∑

σ′

∫
dr⃗ dr⃗′ Γσσ′(r⃗, r⃗′)w(r⃗, r⃗′).

(2.38)

The electronic energy in Eq. 2.38 is expressed in terms of the electron density ρσ , the one-
particle reduced density matrix γσ (1-RDM) and the diagonal two-particle reduced density
matrix Γσσ′ (2-RDM) de�ned in our notation as

ρ(r⃗) = ⟨Ψ|
∑

σ

ψ̂†
σ(r⃗)ψ̂σ(r⃗)|Ψ⟩ = N

∑

σ

∫
dx⃗2 . . . dx⃗N

∣∣Ψ(r⃗σ, . . . , x⃗N )
∣∣2 (2.39)

γσ(r⃗, r⃗
′) = ⟨Ψ|ψ̂†

σ(r⃗
′)ψ̂σ(r⃗)|Ψ⟩

=N

∫
dx⃗2 . . . dx⃗NΨ∗(r⃗′σ, x⃗2, . . . , x⃗N , )Ψ(r⃗σ, x⃗2, . . . , x⃗N )

(2.40)

Γσσ′(r⃗, r⃗′) = ⟨Ψ|ψ̂†
σ(r⃗)ψ̂

†
σ′(r⃗

′)ψ̂σ′(r⃗′)ψ̂σ(r⃗)|Ψ⟩

=N(N − 1)

∫
dx⃗3 . . . dx⃗N

∣∣Ψ(r⃗σ, r⃗′σ′x⃗3 . . . x⃗N )
∣∣2 ,

(2.41)

for an overview of the properties of density matrices see references [123, 124]. Here, it is
worth noting a widely used quantity: the on-top pair density de�ned for state I by

ΠI(r⃗) = N(N − 1)

∫
|ΨI(r⃗1, r⃗2, r⃗3, . . . , r⃗N )|2dr⃗1dr⃗2 . . . dr⃗N |r⃗1=r⃗2=r⃗ (2.42)

which corresponds to the probability density of �nding two electrons at a point δ in space.
As will be shown, ΠI(δ) is used in various works attempting to introduce the simultaneous
treatment of both DC and NDC. Equivalently, in the orbital representation, the 1-RDM and
2-RDM are described by the nD tensor named n-density matrix (n-DM), a 2n-index tensor
of dimensionKn (K being the size of the orbital basis set), the orbital representations for
the spinless 1-RDM and 2-RDM are

γσ(r⃗
′
1; r⃗1) =

K∑

pq

1Dpqϕ
∗
p(r⃗

′
1)ϕq(r⃗1) (2.43)
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γσ(r⃗
′
1, r⃗

′
2; r⃗1, r⃗2) =

K∑

pqrs

2Dpqrsϕ
∗
p(r⃗

′
1)ϕ

∗
q(r⃗

′
2)ϕr(r⃗1)ϕs(r⃗2). (2.44)

In this representation, the electronic energy (Eq. 2.39) can be written in terms of the 1-RDM
and 2-RDM as

E =
∑

pq

1Dpqhpq +
1

2

∑

pqrs

2Dpqrsgpqrs, (2.45)

where the p, q, r, s indices are labels for di�erent orbitals, 1Dpq and 2Dpqrs the corresponding
one- and two-electron probability amplitudes, and hpq and gpqrs the one- and two-electron
integrals de�ned as

hpq =

∫
dx⃗ϕ∗p(x⃗)

(
−1

2
∇2 −

∑

A

ZA

rA

)
ϕq(x⃗), (2.46)

gpqrs =

∫ ∫
dx⃗1 dx⃗2

ϕ∗p(x⃗1)ϕ
∗
r(x⃗2)ϕq(x⃗1)ϕs(x⃗2)

r12
, (2.47)

where rA stands for the electron-nuclear separation. The generalized Fock matrix is de�ned
as

Fmn =
∑

q

1Dmqhnq +
∑

qrs

2Dmqrsgnqrs. (2.48)

This is general and valid for any kind of wave function, however, because of the di�erent
weights on the one- and two-electron parts, the electronic energy cannot be evaluated as
the trace of this matrix. To illustrate this, �rst, we can write Eq. 2.45 in the form

E =
1

2

∑

pq

1Dpqhpq +
1

2

∑

pl

1Dplhpl +
1

2

∑

pqrs

2Dpqrsgpqrs, (2.49)

where l is a dummy index introduced here for convenience. This equation can be further
simpli�ed by introducing a Kronecker delta function δpq and grouping corresponding indices

E =
1

2

∑

pq

(
1Dpqhpq + δpq

[
∑

l

1Dplhql +
∑

lrs

2Dplrsgqlrs

])
, (2.50)

comparing this expression with the de�nition of the generalized Fock matrix, Eq. 2.48, leads
to the formulation of the energy as

E =
1

2

∑

pq

(
1Dpqhpq + δpqFpq

)
. (2.51)

Instead, the energy evaluation can be simpli�ed by taking into account the di�erent occu-
pancies of the inactive, active and virtual orbitals. We �rst note that, when assuming doubly
occupied orbitals in a restricted formulation, the elements of the density matrices 1Dpq and
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2Dpqrs vanish in the presence of virtual indices. When there is one inactive index, i, the
evaluation turns to be

1Diq = 2δiq (2.52)

2Dpqis = 2δis
1Dpq − δiq 1Dps. (2.53)

Thus, we can split the generalized Fock matrix into two components, one involving purely
the inactive density and the other involving the J andK matrices built from the active space.
When the �rst index corresponds to an inactive orbital and the second is not restricted

Fin = 2
(
IFni +

A Fni

)
, (2.54)

where the inactive and active Fock matrices are introduced respectively as

IFmn = hmn +
∑

i

(2gmnii − gmiin), (2.55)

AFmn =
∑

vw

(gmnvw −
1

2
gmwvn). (2.56)

Next, when the �rst index is active (and the second is general), we obtain

Fvn =
I∑

w

Fnwγvw +Qvn, (2.57)

where the auxiliay Q matrix is given by

Qvm =
∑

wxy

Γvwxygmwxy, (2.58)

Finally, if the �rst index is virtual, Fan = 0. Inactive and active Fock matrices are symmetric.
This formulation of the generalized Fock matrix is quite useful because it only requires
density matrices with all indices active and two-electron integrals in the MO basis with
three indices active and one general index, greatly reducing the storage and computational
cost of the MO transformation.

2.3.2 Restricted active space con�guration interaction (RASCI)

In a similar fashion to CASCI, the single reference RASCI family of methods emerges from
splitting the orbital space of a reference con�guration (Ψ0) into three di�erent subspaces:
RAS1, RAS2 and RAS3. With RAS1 (RAS3) orbitals being doubly occupied (virtual) inΨ0. As
in other single-reference CI methods, the RASCI wave function for a target state

∣∣ΨRASCI
〉

can be obtained by the action of an excitation operator (R̂) on a reference wave function as

∣∣ΨRASCI
〉
= R̂ |Ψ0⟩ =

∑

I

CI |ΨI⟩ , (2.59)
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the excitation operator R̂ can be expanded as

R̂ = r̂0 + r̂h + r̂p + r̂hp + r̂2h + r̂2p + ..., (2.60)

with r̂0 containing all possible excitations within RAS2, (reduced FCI) and the rest of the
terms in Eq. 2.60 generate con�gurations with increasing number of holes (h subindex) in
RAS1 and/or particles (p subindex) in RAS3. By setting the dimensions of these two orbital
spaces, RAS2 is automatically de�ned (see �gure 2.1).

  

`

RAS1

RAS2

RAS3

Figure 2.1: Representation of the three RAS spaces and the action of the r̂0, r̂h (hole) and r̂p (particle)
terms of the excitation operator on the reference state (|Ψ0⟩), here exemplifying a triplet state with
an active space of six electrons in four orbitals (RAS2(6e,4o)).

The expansion of R̂ to all possible number of holes and particles is equivalent to FCI. The
CI amplitudes (CI ) and the state energies are obtained by iterative diagonalization of the
corresponding RASCI Hamiltonian:

∑

J

〈
ΨI

∣∣∣Ĥ
∣∣∣ΨJ

〉
CJ = ECI . (2.61)

Truncation of the excitation operator from Eq. 2.60 leads to restrictions on the number of
holes in RAS1 and particles in RAS3, giving di�erent levels of approximation. The simplest
approach is to truncate R̂ to its zeroth order term (reducing to the CASCI ansatz), while
systematic improvements are achieved by enabling r̂h and r̂p terms in the R̂ expansion.
Other �avors of RASCI can be de�ned based on the nature of R̂: excitation energy (EE),
spin-�ip (SF), performing excitations of spin-α electrons to empty spin-β orbitals (or vice-
versa), and the ionization potential (IP) and electron attachment (EA) operators connecting
Hilbert spaces with di�erent number of electrons [125, 126]. In any case, spin completeness
is ensured independently of the employed reference con�guration and the nature of R̂. The
�exibility of the RASCI wave function naturally allows the treatment of highly correlated
systems, in particular the RASCI(h, p) approach in combination with the SF excitation
operator has shown to provide a good compromise between accuracy and computational
cost [127].
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2.3.3 Multicon�gurational Self-Consistent Field (MCSCF)

Since the 1930s, Multicon�gurational Self-Consistent Field (MCSCF) methods have evolved
as a signi�cant advancement in describing molecular systems where electron correlation
plays a crucial role [128]. They are generalizations of the Hartree-Fock model built upon the
idea of carry out a CI calculation where orbitals are variationally optimized simultaneously
with the coe�cients of the electronic con�gurations. In MCSCF theory, the wave function
is constructed as a linear combination of Slater determinants or CSFs, of the form

|k, C⟩ = exp
(
−k̂
)∑

I

CI |ΨI⟩ , (2.62)

where exp
(
−k̂
)
is the orbital-rotation operator, which carries unitary transformations of

the orbitals. Except for this operator, the parametrization of the model is identical to that of
the CI model. In fact, one can resort to the orbital splitting in CASCI or RASCI schemes; by
doing so, the corresponding wave functions contain CI coe�cients and orbitals variationally
optimized under the restrictions imposed by the de�nition of the active space in each case.
The wave functions are constructed by variationally optimizing the expectation value of the
energy

E = min
k,C

⟨k,C|Ĥ|k,C⟩
⟨k,C|k,C⟩ , (2.63)

with respect to the parameters of k̂ and the CI coe�cients. Here, the problem of optimization
is highly non-linear with potentially large number of local solutions and strong couplings
among the degrees of freedom. Other drawbacks encountered in MCSCF approaches are
related with some amount of arbitrariness, since, as a rule of thumb, an incorrect, unbalanced
or ill-de�ned active space will yield unsatisfactory results [129]. Additionally, the importance
of using a good initial set of orbitals for the e�cient optimization of MCSCF wave functions,
is a common issue when dealing with practical situations [130]. For example, it has been
shown that orbitals obtained by diagonalizing the MP2 density matrix constitute a better
initial set of orbitals than the canonical Hartree-Fock orbitals, where the virtual orbitals
with the lowest orbital energies are too di�use to describe electron correlation (see section
12.5.5 from Ref. [17]).

Despite these potential problems, orbital optimization in MCSCF approaches ensures the use
of adequate orbitals employed for the description of the system, avoiding the introduction of
a bias (towards a particular con�guration) in the calculations [17]. MCSCF wave functions
are �exible in the sense that they can be taken as wave functions per se (mostly used for
qualitative descriptions) or as orbital generators for more elaborate approaches, as for
example in multicon�guration pair-density functional theory (MPDFT) [131].

Among the most widely used and successful MCSCF methods, is the CASSCF approach
[58]. While MCSCF designs a general framework, CASSCF is a speci�c implementation of
MCSCF with a complete active space. Similar to CASCI, in the CASSCF wave function, the
inactive orbitals are doubly occupied in all con�gurations, the active orbitals are subject
to no restrictions on their occupations and the secondary orbitals are unoccupied in all
con�gurations. For cases in which electronic excited states are requested, a procedure
known as state average (SA) is often employed. In SA-CASSCF, the orbitals are optimized
considering a densitry matrix average of all states included, giving a more balanced set
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of orbitals for the evaluation of relative energies [122]. Both CASSCF and its SA version,
yield a set of orbitals and a reference space, and have shown to be adequate choices for
cases where nondynamical correlation plays a signi�cant role, also, CASSCF satis�ed the
Hellmann-Feynman theorem, while CASCI doesn’t. The success of these methods can be
attributed to improvements in the e�ciency of fast algorithms to solve the full/CAS CI
problem [5, 6, 132, 133, 134], second-order orbital optimization [135, 136], and thoughtful
approximations to the electron repulsion integral (ERI) tensor [137, 138, 139].

2.4 Dynamic correlation in CI approaches

Nowadays, there exist a plethora of di�erent strategies for a balanced treatment of nondy-
namic electron correlation. Ranging from relatively simple ideas such as those involved in
multireference methods, to more complex situations involving alternative approaches: GW
approximation [140, 141], natural orbital functionals [142, 143, 72], geminal-based methods
[144], use of transcorrelated Hamiltonians and algorithms such as DMRG [145, 146, 147, 148].

Particularly for variational CAS approaches, despite their relative success in treating NDC,
they face limitations for cases in which DC becomes relevant for the accurate description of
the system. As early mentioned in section 1.2, the CI approach to the correlation problem
imposes a strong computational burden, since a large number of contributions are needed
for a correct description of DC. Large CI expansions become slow and computationally
intractable, or implicitly, introduce the need for designing elaborate algorithms to handle
the required data for calculations. DC treatment is di�cult even at MCSSCF level, since it
requires a very large number of orbitals with small occupation numbers. In other words,
there is no advantage in optimizing the orbitals required for DC.

To overcome these limitations, one may opt to truncate the expansion as in the singles-
and-doubles model (CISD, or MRCISD), were the expansion’s con�gurations are generated
by carrying out single and double excitations from the full set of reference con�gurations.
However, this leads to further shortcomings such as lack of size consistency and, when
breaking spin symmetry, to spin contamination. Also, higher-order excitations may be
important for accurately describing certain electronic processes. An unbalanced or lack of
correlation treatment might result in the emergence of non-physical solutions and introduces
sources of error [66, 83].

Alternatively, approaches which have shown promising improvement, are focused on the
introduction of second order perturbative corrections on top of the single reference CAS
energies [149, 150, 59, 151]. However, these do not avoid inherit di�culties, such as the
“intruder state problem” from perturbation theory. To address these challenges, “n-electron
valence state perturbation theory” (NEVPT2) has been applied to CASCI or CASSCF wave
functions [152, 153, 154], presenting a novel approach that ensures size consistency, absence
of intruder states, spin completeness, and o�ers an equivalent level of accuracy for both
ground and excited states.

Other studies have shown the performance and accuracy achieved through the use of di�er-
ent schemes for computing orbitals to be employed in CASCI. For example, the unrestricted
natural orbital (UNO-)CASCI approach [155], which uses the natural orbitals derived from
unrestricted HF calculations as the MO basis for a CASCI calculation. While the lack of DC
remains, similar approaches to UNO-CASCI have demonstrated to be alternatives delivering
correct solutions for speci�c needs and problems [121, 156, 155] and, in some cases, can
provided accurate reference for subsequent treatment of DC [157, 158].
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The main objective of this thesis is closely related to the ongoing e�orts in the �eld. It
is mainly dedicated to exploring the performance of mingled (WFT/DFT) methodologies
[73], where DC is introduced from a density functional approximation (DFA, see below), or
provided by an e�ective potential, into both SR- and MR-CI approaches.

2.5 Density functional theory

In 1964, Pierre Hohenberg and Walter Kohn (HK) [8] demonstrated that for molecules with
a non-degenerate ground state, the molecular energy of the ground state, the wave function,
and all other electronic properties are uniquely determined by the electronic density of that
state (commonly denoted by ρ0(r⃗)).

The �rst Hohenberg-Kohn theorem states that the ground state energy of any interacting
many-particle system with a given interparticle interaction Ŵ is uniquely determined by its
ground state density. Assuming a non-degenerate ground state, we can express the ground
state energy as

Ev[ρ] = ⟨Ψ[ρ(r⃗)]|Ĥ|Ψ[ρ(r⃗)]⟩ =
∫
dr⃗ ρ(r⃗)v(r⃗) + FHK [ρ(r⃗)], (2.64)

where v is used as a label denoting the interacting system, v(r⃗) is the external potential, ρ
the ground state density and FHK the Hohenbeg Kohn functional de�ned as

FHK = ⟨Ψ[ρ(r⃗)]|T̂ + Ŵ |Ψ[ρ(r⃗)]⟩ , (2.65)

where T̂ and Ŵ are respectively the kinetic energy and two-electron interaction operators.
FHK is a universal functional in the sense that it does not depend on the external potential
and can be calculated for all ground state densities of an arbitrary interacting system.
Consequently, once the exact form of FHK is known, we can apply it to an arbitrary
electronic system, ranging from atoms and molecules to solids [108].

The second theorem provides a variational principle for DFT, analogous to the variational
theorem in conventional wave function methods. It states that for a well-behaved trial
electronic density, the functional energy yields an energy that is greater than or equal
to the exact energy of the system’s ground state (E[ρtrial(r⃗)] ≥ E0[ρ0(r⃗)]), where the
exact energy of the electronic ground state minimizes the energy functional. The energy
functional Ev[ρ] satis�es the variational property

E0 = Ev0[ρ0] = ⟨Ψ[ρ0]|T̂ + V̂0 + Ŵ |Ψ[ρ0]⟩
≤ ⟨Ψ[ρtrial]|T̂ + V̂0 + Ŵ |Ψ[ρtrial]⟩ = Ev0[ρtrial],

(2.66)

where V̂0 is the external potential operator ( ⟨Ψ|V̂0|Ψ⟩ =
∫
dr⃗ρ(r⃗)v0(r⃗)). An alternative

form fof the ground state energy expression can be written by explicit splitting ofW [ρ0] into
J [ρ0], the Coulomb energy term (resembling Eq. 1.4), and Exc[ρ0] the exchange correlation
term,

Ev0 = T [ρ0] + V0[ρ0] + J [ρ0] + Exc[ρ0], (2.67)
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with

J [ρ0] =
1

2

∫
dr⃗dr⃗′

ρ0(r⃗)ρ0(r⃗
′)

|⃗r − r⃗′| (2.68)

Based on the HK theorems, it is established that the exact energy of the electronic ground
state and its density can be calculated without directly resorting to the Schrödinger equation.

2.5.1 Kohn-Sham Density Functional Theory

For the calculation of the electronic energy of the ground state, Kohn and Sham introduced a
practical computational scheme for electronic system properties in 1965 [9]. They postulated
the existence of a reference system of N non-interacting electrons, with Hamiltonian Ĥs

and ground state density ρ(r⃗), having the same electron density of the interaction system,
moving in an external potential vs. This system is represented by the ground state Slater
determinant of orbitals ϕp satisfying the following equations (neglecting spin)

[
−1

2
∇2 + vs(r⃗)

]
ϕp(r⃗) = ϵpϕp(r⃗), (2.69)

with

N∑

p

|ϕp(r⃗)|2 = ρ(r⃗). (2.70)

By applying the �rst HK theorem, there must be at most and at least one external potential
vs, to within a constant generating the density ρ. The total energy for this non-interacting
system is given by

Evs [ρ] = Ts[ρ] +

∫
dr⃗ ρ(r⃗)vs(r⃗) (2.71)

The functional Ts[ρ] is the Kohn-Sham kinetic energy of the non-interacting system, and
can be seen as the limit case of a FHK for which inter-particle interactions are neglected.
This energy is given by

Ts[ρ] = −
1

2

N∑

p

∫
dr⃗ ϕ∗p(r⃗)∇2ϕp(r⃗). (2.72)

Note that, under the constraint that density must integrate to the total number of electrons,
the ground state density can be obtained by the solution of the Euler-Lagrange equations,

0 =
δ

δρ(r⃗)

[
Eνs [ρ]− µs

∫
dr⃗ ρ(r⃗)

]
=

δTs
δρ(r⃗)

[ρ] + vs(r⃗)− µs, (2.73)

where µs is a Lagrange multiplier introduced to satisfy the previous constraint. Recalling
Eq. 2.64 for the interacting system, a comparison with Eqs. 2.71 and 2.72 aims to set the
de�nition of the exchange-correlation energy functional as
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Exc[ρ] = FHK −
1

2

∫
dr⃗1dr⃗2

ρ(r⃗1)ρ(r⃗2)

|⃗r1 − r⃗2|
− Ts[ρ] (2.74)

As the FHK functional is only de�ned for ground state interacting systems, and Ts for
ground state densities of non-interacting systems, until here, we have operated on the
premise that every interacting system possesses an equivalent non-interacting system that
yields an identical ground state density, this was conclusively established by Kohn and Sham
[9]. With this foundational assumption recognized, the Euler-Lagrange equations for the
interacting system can be expressed as follows

0 =
δ

δρ(r⃗)

[
Eν [ρ]− µs

∫
dr⃗ ρ(r⃗)

]

=
δTs
δρ(r⃗)

[ρ] + v(r⃗) +

∫
dr⃗′

ρ(r⃗′)∣∣r⃗ − r⃗′
∣∣ + vxc([ρ]; r⃗)− µs,

(2.75)

where the exchange-correlation potential vxc is de�ned as

vxc([ρ]; r⃗) =
δExc

δρ(r⃗)
[ρ(r⃗)] (2.76)

Like HF, Kohn-Sham DFT (KS-DFT) is an e�ective non-interacting particle model with
a Coulomb potential plus a so-called exchange-correlation functional, which combines
exchange and correlation e�ects into a single term. In contrast to variational WFT method-
ologies, KS-DFT o�ers a straightforward and computationally e�cient method to incorporate
DC by explicitly accounting for electron correlation in the evaluation of this functional.
Using the fact that both, the noninteracting and interacting systems are solved for the same
density, then

vs(r⃗) = v(r⃗) +

∫
dr⃗′

ρ(r⃗′)∣∣r⃗ − r⃗′
∣∣ + vxc([ρ]; r⃗) (2.77)

to within a constant (that can be chosen such that vxc → 0 when |r| → ∞). The density for
the interacting system can be obtained by solving the KS equations (with density given as
in Eq. 2.70),

[
−1

2
∇2 + v(r⃗) +

∫
dr⃗′

ρ(r⃗′)∣∣r⃗ − r⃗′
∣∣ + vxc([ρ]; r⃗)

]
ϕp(r⃗) = ϵpϕp(r⃗). (2.78)

With this, the problem is simpli�ed to that of �nding good approximations to the FHK

implicit in vxc([ρ]; r⃗), the key of KS-DFT is the introduction of correlation energy (mostly
dynamic) through the solutions of a SCF-like set of equations, the cos of which has a scaling
similar to HF (O(N4)) or lower (O(N3) orO(N2)). This allows DFT to handle a wider range
of systems, including those with signi�cant electron correlation, like transition metals and
molecules with stronger electron interactions [159]. This is in principle true, but in practice
such calculations are limited by the approximations made to the exchange-correlation
functional, the multicon�gurational nature of the electronic states, and to spurious energy
terms (such those appearing due to self-interaction) [160].
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2.6 Overview of selected methods for simultaneous treating

of DC and NDC

Although there is a plethora of methods able to e�ciently recover either NDC or DC, very
few approaches are able to treat both kinds of correlation in a balanced manner. This section
brie�y summarizes the main features of some current approaches designed for this purpose.
Essentials on illustrative approaches with di�erent ways to treat DC are considered here.
We consider to include those using a perturbative correction, through DFT in mingled
WFT+DFT methods and others involving the adiabatic connection formula.

2.6.1 CASPT2 and CAS-NEVPT2

Here, the basic CASPT2 theory is illustrated with discussions on the most serious problem
of the approach, the intruder state problem. Original CASPT2 theory was cast in light of
four constraints [161]:

• The use of Rayleigh-Schrödinger perturbation theory (RSPT) and the intermediate
normalization approach.

• The unperturbed reference state should be the CASSCF wave function.

• The reference Hamiltonian, ĤCASPT2
0 , should be an e�ective one-electron operator.

• The CASPT2 should reduce to theMP2 formalism in the case the CASSCF CI expansion
is reduced to a single Slater determinant.

The central idea here is to correct the CASSCF wave function and energy via perturbation
theory. To this end, it is necessary to de�ne a zeroth order Hamiltonian that must be
relatively simple, and compatible with the previous constraints. This Hamiltonian can be
written in terms of a generalized Fock operator (Eq. 2.48). In order to show a suitable form of
ĤCASPT2

0 , consider the restricted closed-shell Fock operator (Eq. 2.8) written in chemist’s
notation as

F̂ =
∑

pq

Êpq

(
hpq +

∑

k

[2(pq|kk)− (pk|qk)]
)

(2.79)

where the summation is over the occupied SCF orbitals, Êpq =
∑

σ ψ̂
†
pσψ̂qσ is the spin-

traced excitation operator, the matrix elements hpq and (pq|rs) are the one-electron integrals
(containing the kinetic energy and the electron-nuclear attraction) and the electron-electron
repulsion integrals, respectively. The generalized Fock operator for a CASPT2 theory, written
in this notation is

F̂ =
∑

pq

fpqÊpq (2.80)

with

fpq = hpq +
∑

rs

1Drs

[
(pq|rs)− 1

2
(pr|qs)

]
, (2.81)
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where 1Drs are elements of the 1-RDM. F̂ does not have CASSCF wave functions as eigen-
functions. We can, however, de�ne an alternative Hamiltonian with CASSCF wave functions
as eigenfunctions, namely [162]

ĤCASPT2
0 =

∑

I

|ΨI⟩ ⟨ΨI |F̂ |ΨI⟩ ⟨ΨI |+
∑

K,L

|ΨK⟩ ⟨ΨK |F̂ |ΨL⟩ ⟨ΨL| . (2.82)

WhereΨI is the I-th root of the CASSCF procedure andΨK (andΨL) are external electronic
con�gurations not found in the CI space of the CASSCF expansion. The next step is to
compute the �rst-order correction to the wave function (

∣∣Ψ(1)
〉
), which consists of all the

con�gurations that can interact directly with the zeroth-order wave function through the
Hamiltonian. This space is referred to as the �rst-order interacting space (FOIS). To identify
and manipulate FOIS, the con�guration space is commonly separated into four subspaces
chosen by convenience to be, V0, the one-dimensional space of the reference CASSCF wave
function, VP , containing all other CASSCF CI expansions consistent with the number of
active electrons, active orbitals and spin multiplicity as the reference wave function. The
subspace VSD , is spanned by all possible single and double electron replacements generated
from the reference CASSCF wave function, and VTQ corresponds to the complement of
the �rst thee subspaces. Considering whit, the reference Hamiltonian from Eq. 2.82 can be
expressed as

ĤCASPT2
0 =

∣∣∣Ψ(0)
〉 〈

Ψ(0)
∣∣∣F̂
∣∣∣Ψ(0)

〉〈
Ψ(0)

∣∣∣

+
∑

K,L∈P

|ΨK⟩ ⟨ΨK |F̂ |ΨL⟩ ⟨ΨL|

+
∑

K,L∈SD

|ΨK⟩ ⟨ΨK |F̂ |ΨL⟩ ⟨ΨL|

+
∑

K,L∈TQ

|ΨK⟩ ⟨ΨK |F̂ |ΨL⟩ ⟨ΨL| ,

(2.83)

only those con�gurations in VSD will interact with the reference wave function via the total
Hamiltonian, and will constitute the FOIS. The interaction coming from those con�gurations
in VP is neglected due to the variational principle (VP is null in MP2). Therefore

∣∣Ψ(1)
〉

can be expressed as a linear combination of the con�gurations, |ΨJ⟩, belonging to the SD
subspace,

∣∣∣Ψ(1)
〉
=
∑

J∈SD

CJ |ΨJ⟩ . (2.84)

Being V̂ a perturbation term accounting for the remaining part of the electron-electron
interaction not accounted by ĤCASPT2

0 ,

H(z) = H0 + zV. (2.85)

In doing so, the coe�cients can be determined by solving the system of equations,

∑

J∈SD

CJ ⟨ΨI |Ĥ0 − E0|ΨJ⟩ = −
〈
ΨI

∣∣∣V̂
∣∣∣Ψ(0)

〉
, I = 1, . . . ,M, I ∈ SD (2.86)
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which can be put into a matrix-vector notation,

(H0 − E0I )C = −V, (2.87)

where I is the identity matrix. The second-order correction to the energy is given by

E(2) =
〈
Ψ(0)

∣∣∣V̂
∣∣∣Ψ(1)

〉
= V†C (2.88)

Here, a problem arises, since not all the con�gurations within VSD , as previously de�ned, are
necessarily linearly independent. Therefore an intermediary step, involving diagonalization
of the overlap matrix SIJ = ⟨ΨI |ΨJ⟩ and elimination of those eigenvectors with zero or
very small eigenvalues, is needed in order to remove the linear and near-linear dependences
among con�gurations [163].

A more serious problem is that CASPT2 su�ers from an issue common to other MRPT-based
approaches, the intruder-state problem. Provided the orthogonality of the eigenfunctions of
Ĥ0, an analytical expression for the coe�cients CI is simply

CI = − ⟨ΨI |V̂ |Ψ0⟩
ϵI − E0

(2.89)

where ϵI is the corresponding energy eigenvalue from the equation Ĥ0ΨI = ϵIΨI . The
intruder-state problem arises when the energy denominator in Eq. 2.89 vanishes, leading to
an in�nitely large coe�cient. This is promoted by a degeneration (or near-degeneration)
between the states |Ψ0⟩ and the intruder ΨI .

A simple solution to address this issue involves incorporating the intruder state |ΨI⟩ into
the reference wave function. However, in CASPT2, this is often impractical or undesirable
due to its impact on the active space during CASSCF optimization. This alteration may
lead to the emergence of new intruder states, necessitating additional electronic states in
state-averaging procedures, or resulting in prohibitively expensive calculations [164].

An alternative solution is to modify the partitioning of the Hamiltonian. If the degeneracy
between the intruder state |ΨI⟩ and |Ψ0⟩ is a consequence of the approximate description
by the zeroth-order Hamiltonian, one can adjust the structure of ĤCASPT2

0 to eliminate
this accidental degeneracy. Strategies such as the use of a Dyall’s Hamiltonian [165] or the
introduction of real and imaginary level shift techniques has proven e�ective in this regard
[166, 167].

The CAS N -electron valence state second-order perturbation theory (NEVPT2) serves as
an alternative to CASPT2. NEVPT2 is a second-order perturbation theory with a CAS
(or a CAS-like) reference wave function originally developed by Angeli and co-workers
[168, 152, 153, 154]. In contrast to CASPT2, it utilizes a Dyall Hamiltonian [165] as the
zeroth-order Hamiltonian, given by

ĤDyall
0 =

∑

i

ϵiÊii +
∑

tu

h′tuÊtu +
1

2

∑

tuvw

(tu|vw)êtu,vw +
∑

a

ϵaÊaa, (2.90)

where
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∑

pq

h′pq = hpq +
∑

i

[2(pq|ii)− (pi|qi)] (2.91)

and

êpq,rs = ÊpqÊrs − δqrÊps (2.92)

Operator (2.90) is invariant to rotations of orbitals within the active space, commutes
with the Ŝ2 operator, and yields the CASSCF energy (ECASSCF ) when applied to the
CASSCF reference wave function. By design, the choice of this full active space Hamiltonian
e�ectively addresses the problem of intruder states (unless the active space is poorly de�ned),
making CAS-NEVPT2 virtually intruder-state-free [169].

Various contraction schemes to span the �rst-order interacting space exist, including strongly
contracted (SC), internally contracted (IC), and uncontracted (UC) constructions [168]. In
any of these schemes, the FOIS can be grouped into eight distinct excitation subspaces,
depending on the number of hole and particle labels in the excitation operators. Among
them, SC-NEVPT2 is the most e�cient, as it completely avoids any iterative procedure
for the �rst-order wave function or the storage of amplitudes. However, it lacks unitary
invariance concerning rotations within the doubly occupied and virtual spaces.

Recently, a benchmark study [170] evaluated the utility and accuracy of CASPT2, NEVPT2,
and other single-reference WFT methods, involving the computation of vertical transition
energies for over 250 electronic states in 35 small to medium-sized organic molecules. The
global statistical analyses reveal that standard CASPT2 performs poorly, especially for
Rydberg transitions. NEVPT2 shows small overestimations of vertical transition energies,
providing more accurate estimates for di�erent subsets of electronic states. Among other
comparisons, results from the state-average version of CASSCF, neglecting dynamic correla-
tion, are detrimental, while NEVPT2 only slightly deteriorates results. Delivering similar
accuracies as the second-order coupled-cluster (CC2) model and CCSD.

CASPT2 and NEVPT2 are valuable methodologies, known for their strength in simultane-
ously handling NDC and DC for arbitrary electronic states, at a reasonable computational
cost, providing exact spin states.However, a notable limitation is that they are not black
box methods and require considerable experience to be used e�ectively. Additionally, for
accurate results, the active space must generally be larger than the minimum required to
describe only the NDC.

2.6.2 CAS-DFT

In revisiting WFT-DFT mingled approaches to develop a CASSCF combination with DFT,
Savin and co-workers devised two strategies. The �rst relies on the use of the on-top
pair density [171], the second, based on a correlation functional whose magnitude should
consider the correlation already present in CASSCF [172]. The new correlation functional
was developed from the free-electron gas model, where the exchange-correlation energy
per particle ϵc becomes a functional of the density (ρ(r⃗)), its gradient (in the case of GGA
versions) and the on-top pair density (Π(r⃗)), and is scaled through a control parameter
function (φ) encoding the reduction of the correlation energy when part of the correlation
energy is calculated separately by CASSCF,
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ϵc

(
ρ(r⃗),∇ρ(r⃗),Π(r⃗),

kg
kF

)
= φ

(
rs,

kg
kF

)
ϵstdc (ρ,∇ρ,Π) (2.93)

where rs is the Wigner-Seitz radius (rs = (3/4πρ)1/3), ϵstdc (ρ,∇ρ,Π) is the correlation en-

ergy given as in the standard LDA or GGA formalism. The factor φ(rs,
kg
kF

), was established
from parametrization to free-electron gas model, such that the following conditions are
satis�ed: φ→ 1 when kg → kF and φ→ 0 when kg →∞ [172]. The total energy in the
original CAS-DFT model is

ECAS−DFT = ECAS + EDFT [ρCAS ,ΠCAS , φ], (2.94)

for which the DFT contribution, uses ϵc from Eq. 2.93. It is crucial for the control parameter,
φ, to meet speci�c theoretical criteria:

1. It should possess physical signi�cance not only for the system under consideration,
but also for the electron gas.

2. It must establish a suitable distinction between static and DC for every density, elimi-
nating artifacts (such as steps in the potential curve) in the reference CI calculation.

With this strategy, the CASSCF energy can be improved by adding a weighted DC delivered
by the DFA in use. Originally, Savin and co-workers used this approach for small systems:
to compute correlation energies for the isoelectronic series of He and Be and the potential
energy curve of H2. They concluded that introducing a correction factor (depending on
the active space), enables a smooth transition between the limiting case of a pure density-
functional and a full-CI calculation.

This scheme was further modi�ed by considering the DC delivered by the active space [75].
For this purpose, to avoid double counting of DC, the DFT energy is scaled by an additional
factor f (were 0 ≤ f ≤ 1). To establish an indicator for the size of the active space, a
reference density was de�ned as

ρref (r⃗) =
occ∑

p

2|ϕp(r⃗)|2, (2.95)

where the sum runs over all occupied orbitals, and both inactive and active orbitals are
considered to be doubly occupied. The ratio ρref (r⃗)/ρ(r⃗) ( where ρ(r⃗) is the total density)
is greater than or equal to 1, and increases with the size of the active space, i.e. the smaller
the amount of the DC energy to be covered by ECAS−DFT

C becomes.

The calculation of f involves the following steps. Initially, the correlation energy per particle,
denoted as ϵc(ρref (r⃗), ρ(r⃗)) is calculated using the reference density as the density of the
active space. Following this, all virtual orbitals are included in the active space, and the
correlation energy is recalculated as ϵc(ρref (r⃗),∞). The scaling factor is then determined
as

f = 1− ϵc(ρref (r⃗), ρ(r⃗))

ϵc(ρref (r⃗),∞)
, (2.96)
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CAS-DFT provides a description for both static and DC e�ects at moderate computational
costs, representing an initial starting point for mingled schemes of this type. But the method
faced various problems. So far in the analysis, the theory assumes that all occupied orbitals
are in the active space, but in most conventional CASSCF calculations, there are also inactive
orbitals, and with such orbitals there can be also inconsistencies in the model. Later, it
was realized that the scaling factor introduced in this way did not entirely remove double
counting e�ects [74].

Based on these approaches, additional CASSCF or CASCI with DFT [173, 174] were intro-
duced, mostly, to provide a proper description of bond dissociation processes in the electronic
ground state, without focusing on electronically excited states. Related approaches incor-
porate elements such as natural orbitals [175], perturbation theory corrections [176] or
self-consistent optimization of CI and MO coe�cients [177], allowing to expand the method
to excited states studies.

2.6.3 DFT/MRCI

The DFT/MRCI method appears to be a highly accurate option able to compute excitation
energies compared to experimental values [178], while it can be considered a WFT+DFT
method, its foundations are di�erent from other approaches such as those based on the
range-separated formalism. DFT/MRCI was originally devised for the description of spectral
properties of singlet and triplet excited states [179], and has been extended to a more
general multireference method applicable to states of all spin multiplicities. Central in this
development was the aim to provide a general-purpose method for computing electronic
spectra and excited state properties. DFT/MRCI is intended to be of "black-box" character,
that is, applied straihtforwardly starting from a ground state SCF solution without previous
knowledge of the system’s attributes. In contrast with methods from the CAS family
or CASPT2 variants, in DFT/MRCI the reference space is automatically adjusted to the
requierements of the given problem [178].

In DFT/MRCI, KS orbitals are utilized as the one-electron basis from which the con�guration
space is constructed. This choice was motivated by the desire to generate a more compact
MRCI expansion than in the basis of HF orbitals. It also incorporates KS orbital energies
into the Hamiltonian. DC is well accounted for by DFT whereas HF-based MRCI needs
long expansions of doubly or even higher excited con�gurations to capture this e�ect. In
contrast, MRCI is well suited to describe static electron correlation, which arises from
near-degeneracies and is not covered by KS-DFT.

While the main emphasis of this thesis is on single-reference approaches, the subsequent
discussion is devoted to showing the essential features of the DFT/MRCI method. With
this aim, a slight change of notation will be introduced for this section. For DFT/MRCI
it is adequate to represent the Hamiltonian in a basis of CSFs, |vω⟩, characterized by v, a
spatial occupation number vector and ω, a spin-coupling pattern pertaining to the open
shells in v. In absence of spin dependent operators, the Hamiltonian matrix can be written
in a block-diagonal form for each multiplicity. MRCI can thus be performed separately for
singlets, doublets, triplets, etc.

The total set of CSFs Ω = {|vω⟩} is obtained from the set of single and double excitations
from a small reference space Ω0 = {|v0 ω⟩} (here v0 denotes the reference space con�gura-
tions). The on-diagonal elements of the DFT/MRCI Hamiltonian matrix take the following
form

37



2. A review of theoretical background

⟨vω|ĤDFT − EDFT |vω⟩ = ⟨vω|Ĥ − ESCF |vω⟩+
∑

p

∆vp(ϵ
KS
p − Fpp) + ∆Ex +∆Ec,

(2.97)

which resembles the form of the sum of the exact result plus DFT corrections. Here, ∆vp =
vp−v̄p is the di�erence of the occupation of the pth spatial orbital relative to a base occupation
v̄p, chosen as the HF occupation. The quantities ϵKS

p and Fpp denote, respectively, the KS
orbital energies and diagonal elements of the Fock operator in the KS orbital basis. Finally,
∆Ex and ∆Ec are Coulomb and exchange corrections.

The role played by DFT corrections is to account for DC that in an ab initio CI treatment,
would be described by (double and higher) excitations into energetically high-lying orbitals.
Thus, to avoid double counting in DFT/MRCI, the o�-diagonal Hamiltonian matrix elements
are modi�ed. This is achieved by excluding high energy orbitals from the treatment. A
damping function for o�-diagonal matrix elements is introduced in the original DFT/MRCI,
which depends on the energetic separation of the bra and ket CSFs,

〈
vω
∣∣ĤDFT − EDFT

∣∣v′ω′
〉
=
〈
vω
∣∣Ĥ − ESCF

∣∣v′ω′
〉
·D(∆Evv′), (2.98)

where the energy di�erence is

∆Evv′ =
1

nω

nω∑

ω

HDFT
vω,vω −

1

n′ω

n′

ω∑

ω′

HDFT
v′ω′,v′ω′ . (2.99)

The latter term denotes the spin-coupling-averaged di�erence between the diagonal elements
corresponding to the spatial occupations w and w′, being nω and nω′ , the total number of
spin-coupling patterns in v, v′, respectively. In practice, the function D(∆Evv′) is typically
chosen to be an exponential [179, 180] or an inverse arctangent function [181, 182], for
which some empirical parameters are introduced. Damping the o�-diagonal terms has
the e�ect of minimizing the double counting of DC. This also implies that CSFs from the
reference space become decoupled from the vast majority of CSFs spanning the FOIS. This
ability to discard almost all of the FOIS CSFs is one of the method’s most important features.
In practice, this is achieved using an energy-based selection criterion in addition to the
previously mentioned damping. For each FOIS con�guration w, the quantity

dw =
∑

p

∆wpϵ
KS
p −∆Esel (2.100)

is used, where ∆Esel is conventionally chosen as 0.8 or 1.0 a.u. [179]. If dw is lower than
the highest reference space eigenvalue of interest, then all of the CSFs generated from
con�guration w are selected for inclusion.

2.6.4 MCPDFT and CASΠDFT methods

While DFT/MRCI takes advantage of the KS orbitals into the WFT framework, another
possibility is to take advantage of a multicon�gurational wave function and de�ne a density
functionals accounting for the non-classical energy. This strategy is adopted in Multicon�g-
urational Pair Density Functional Theory (MCPDFT) [171, 183, 131, 184], in which one uses
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2.6. Overview of selected methods for simultaneous treating of DC and NDC

orbitals from a MCSCF wave function to compute the kinetic energy and classical Coulomb
energy of the multicon�gurational wave function. The remaining non-classical terms are
computed from a DFA as in DFT.

As indicated in previous sections, a multideterminant situation posses di�erences from the
single determinant case. As long as the wave function is represented by a single determinant,
exchange-correlation density functionals can be formulated in terms of individual spin
densities.

For a given external potential v(r⃗) and electron number N , a self-consistent solution for
the KS one-electron equations yields a pair of electron densities ρα(r⃗) and ρβ(r⃗) and a total
energyE. In the KS-DFT framework, these quantities are best interpreted as approximations
to the the corresponding physical quantities, the total density ρ(r⃗) = ρα(r⃗) + ρβ(r⃗), and
spin magnetization densitym(r⃗) = ρα(r⃗)− ρβ(r⃗) .
This standard interpretation faces a symmetry dilemma illustrated by the binding energy
curve of H2 [171]. At equilibrium, KS equations yield a self-consistent ground state, but
at larger separations, a second, lower-energy, "broken symmetry" solution emerges. This
solution describes two hydrogen atoms with opposite electron spins. Calculated dissociation
energies for the solutions pose a dilemma: the LSD or GGA energy is nearly exact for the
broken-symmetry solution with incorrect spin densities but deviates signi�cantly when
imposing the correct singlet spin symmetry. This symmetry breaking occurs in Hartree-Fock
theory as well [185, 16].

In other words, an approximate wave function may sometimes obtain a variational lower
energy state by breaking the symmetry that the exact wave function should have. For
MC wave functions, spin-DFT features a symmetry dilema andm(r⃗) is no longer a proper
description. To preserve multiplet spin degeneracies, a reformulation of the standard DFAs
was advised [171]. This has been one of the main goals of the theoretical development of
MCPDFT. In MCPDFT the so-called on-top functionals are used instead, these are formulated
in terms of the density, ρ(r⃗), and the on-top pair density, ΠI(r⃗), the MCPDFT energy is
then de�ned as the sum of the terms computed from the MC wave function plus the on-top
functional:

EMCPDFT = Vnuc +
∑

pq

[
hpq

1Dpq +
1

2

∑

rs

(pq|rs) 1Dpq
1Drs

]
+ EOT [ρ,ΠI ]. (2.101)

This expression contains the sum of nuclear-nuclear repulsion (Vnuc), the nuclear-electron
attraction (contained in hpq), and the electron-electron repulsion (given by (pq|rs) terms).
In MCPDFT, the double counting problem is avoided since the energy of the MC wave
function is not used, rather the energy is calculated as the sum of a kinetic energy term, a
classical Coulomb term and an on-top energy.

Recent developments in MCPDFT [183, 131, 186] utilize a normalized form of the on-top
density

R(r⃗) =
4Π(r⃗)

|ρ(r⃗)|2
, (2.102)

which becomes 1 in the closed-shell HF case. Moreover, MCSCF wave functions are spin
eigenfunctions with physical spin densities, while current available DFAs use unphysical
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e�ective spin densities to mimic the e�ects of unpaired electrons. As a consequence, when
applied to strongly correlated systems, DFAs are inaccurate when physical spin densities are
used. Therefore, a key strategy proposed by Gagliardi and co-workers [183, 131] is to extract
e�ective spin densities from MCSCF wave functions that will allow to use KS-DFAs. The
on-top functionals in this case are translated from common exchange-correlation functional
in LDA or GGA frameworks by setting

m(r⃗) =ρ(r⃗)[1−R(r⃗)]1/2 if R ≤ 1

m(r⃗) =0 if R(r⃗) > 1.
(2.103)

This would de�ne the on top functionalEOT [ρ(r⃗),Π(r⃗)] by "translation" or fully translation
of a KS exchange-correlation functional that depends on ρ(r⃗),m(r⃗) and the magnitude of
their gradients, ρ′(r⃗),m′(r⃗). The equation for simple translation being

EOT [ρ(r⃗),Π(r⃗)] = Exc[ρ(r⃗),m(r⃗), ρ′(r⃗),m′(r⃗)]. (2.104)

In principle, a MCPDFT approach may be combined with any wave function method. The
most commonly used is CASSCF. In a MCPDFT calculation, the CASSCF reference wave
function is computed and used to get the kinetic energy, the density and on-top pair density.
Then these functions are used as inputs to obtain the total energy. The quality of the
approach relies on two main points: (1) to compute a good quality wave function and (2)
to use a good exchange-correlation density functional. Within this in mind, various works
have been devoted to combine alternative WFT approaches other than CASSCF, and to
develop well behaved on-top functionals [187].

Alternatively, a combined WFT-DFT approach using the on-top pair density has been
proposed, the so-called CASΠDFT method [188, 189], in which the NDC is obtained with a
CAS wave fucntion, while DC is calculated with a (corrected) DFT energy functional. The
new feature introduced here is that this modi�ed correlation functional is sensitive to the
NDC already included in the WFT part. This is achieved through a correction function that
involves the on-top pair density and locally adjusts the DC energy to account for suppression
of DC (SDC) and enhancement of DC (EDC).

A local quantity that conveys information about electron correlation from WFT to DFT is
the conditional density ρcond, de�ned as the ratio of the on-top pair density to the electron
density, and de�ned as

ρcond(r⃗) =
Π(r⃗)

ρ(r⃗)
, (2.105)

which yields the electron density at r⃗ on condition that a reference electron occupies the
same position.

The conditional density for a closed-shell single determinant wave function is ρcond(r⃗) =
ρ(r⃗)/2. In the case of a MC wave function, ρcond[ΨMC ](r⃗) can be less than, equal to, or
greater than ρ(r⃗)/2, indicating electron correlation e�ects. For regions of space where
ρcondΨ

MC < ρ(r⃗)/2, a depletion of density is manifested. This e�ect corresponds to the
previously mentioned SDC [188]. The opposite case arises when the conditional density
increases, ρcond[ΨMC ](r⃗) > ρ(r⃗)/2. In such cases, the DC energy is also increased, e�ect
referred as EDC.
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It has been argued [189] that the ratio,

X(r⃗) =
ρcond(r⃗)

ρ(r⃗)/2
=

2Π(r⃗)

ρ(r⃗)2
(2.106)

indicates either, the SDC (X(r⃗) < 1) or the EDC (X(r⃗) > 1) e�ect. In CASΠDFT the total
energy is computed as a sum of the CASSCF energy and the DFT-based DC correction as

ECASΠDFT = ECASSCF + EΠDFT
DC [ρCASSCF ,ΠCASSCF ], (2.107)

with

EΠDFT
DC [ρCASSCF ,ΠCASSCF ] =

∫
dr⃗P [X](r⃗)ϵc[ρ

CASSCF ](r⃗)], (2.108)

where the multiplicative function, P [X], is introduced to adjust the DFT correlation energy
to account the SDC and EDC e�ects. The DFT contribution is evaluated in a post-CAS
fashion, i.e. after a CASSCF calculation is performed, the DFT contibution is evaluated and
added. The form of P [X] has been proposed as

P [X(r⃗)] = PSDC [X(r⃗)] =
aX(r⃗)

1 + bX(r⃗)
X ≤ 1 (2.109)

P [X(r⃗)] = PEDC [X(r⃗)] = c(X(r⃗)1/4)− d(X(r⃗)− g)2
(1− g)2 X > 1. (2.110)

Ensuring the independent representation of the SDC and EDC regions. The parameters
a− g were selected as follows. The PSDC is chosen to provide the correct SDC asymptotics
in theX → 0 andX → 1 limits. In the limitX → 0, PSDC vanishes, re�ecting strong SDC
due to strong NDC. The opposite limit X → 1 represents a weak NDC regime, which does
not suppress DC. This condition �xes b = a − 1. The single free parameter a is �tted to
reproduce the reference data for the ground state of H2 [189].

The condition PEDC(1) = 1 raises from continuity in the de�nitions 2.109 and 2.110, and
�xes one of the three remaining parameters from 2.110,

d =
c− 1

(1− g)2 . (2.111)

Finally, parameters c and g are �tted to reproduce the reference data for the excited singlet
1σ†u state of H2. Within such parametrization it has been shown that correlation energy
computed within CASΠDFT closely reproduces the reference H2 FCI data with chemical
accuracy. Suggested values for the free parameters involved in the P [X] functions are,
a = 0.2, c = 2.6 and g = 1.5. These values have been successfully used to describe
potential energy curves of molecules [190, 191].

The strategy employed by the CASΠDFT method allows for an increased accuracy in vertical
gap calculations, attributed to its capability to incorporate DC in a balanced manner for both
ground and excited states. Furthermore, the computational e�ort required for calculating
the correlation energy is negligible due to the evaluation of solely local functions. This is in
contrast to other WFT-DFT approaches, which, for instance, may necessitate the evaluation
of two-electron integrals.
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2.6.5 Range separation formalism

As previously mentioned, a way to avoid double counting of the correlation energy is to
use the range separation. The formalism proposed by Savin and co-workers [192] is based
on the split of the Coulomb interaction operator, r−1

12 , into short-range (SR) and long-range
(LR) components, as

1

r12
= v̂SRee (r12) + v̂LRee (r12). (2.112)

This splitting is restricted to the following conditions: for the long-range part, it must be
�nite at the electron-electron coalescence, r12 → 0

lim
r12→0

v̂LRee (r12) = constant , (2.113)

while at large separation limit, the operator must reduce to the Coulomb interaction

lim
r12→∞

v̂LRee (r12) =
1

r12
. (2.114)

The short-range interaction must vanish when electrons are far from each other

lim
r12→∞

v̂SRee (r12) = 0 (2.115)

and, by assumption, at short-distance separations, the full interaction is recaptured by the
operator

lim
r12→0

v̂SRee (r12) =
1

r12
. (2.116)

Under these constraints, the total electron interaction V̂ee is decomposed accordingly as

V̂ee = V̂ SR
ee + V̂ LR

ee , (2.117)

with
V̂ SR/LR
ee =

∑

i>j

v̂SR/LR
ee (rij). (2.118)

This separation is intended to describe the long-range electron interaction using a MC
wave function theory, while the short-range interaction is covered by DFT, leaving the
electron-electron cusp region to be described by the DFA. The selection is supported by the
short-range character of DC, correctly recovered by DFT, whereas local exchange density
functionals exhibit unphysical asymptotic behavior at large interelectronic distances. On
the other hand, as previously noted, the NDC caused by near-degeneracies of the ground
and low-lying excited states, is correctly described by MC expansions [193].

The exact ground state range-separated density functional can be constructed by means of
Levy’s constrained search formalism [194]

E0 = min
ρ

{
min
Ψ→ρ

⟨Ψ|T̂ + V̂ne + V̂ LR
ee |Ψ⟩+ ESR[ρ]

}
, (2.119)
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where T̂ and V̂ are the kinetic energy and electron-nuclei interaction operators and E[ρ]SR

the short-range functional de�ned as the di�erence of universal functionals corresponding
to full and long-range electron interaction operators [195, 78],

E[ρ]SR = min
Φ→ρ

⟨Ψ|T̂ + V̂ee|Ψ⟩ − min
Ψ→ρ

⟨Ψ|T̂ + V̂ LR
ee |Ψ⟩ . (2.120)

Double minimization in Eq. 2.119 is equivalent to minimization with respect to the antisym-
metrized electronic wave function

E0 = min
Ψ

{
⟨Ψ|T̂ + V̂ne + V̂ LR

ee |Ψ⟩+ ESR[ρΨ]
}
, (2.121)

with the electron density ρΨ generated by the wave function Ψ. The wave function mini-
mizing this expression (here denoted as ΨLR), is the ground state eigenfunction of the LR
Hamiltonian

ĤLRΨLR = E0ΨLR, (2.122)

this Hamiltonian includes the long-range electron interaction operator and the short-range
local potential V̂ SR,

ĤLR = T̂ + V̂ne + V̂ LR
ee + V̂ SR[ρΨLR ], (2.123)

The local potential is computed from the functional derivative of the short-range density
functional is given as

V̂ SR[ρ] =
∑

i

δESR[ρ]

δρ(r⃗i)
. (2.124)

This wave function is free from the electron coalescence cusp (exact many-electron wave
functions must exhibit cusps in regions where the coordinates of any two electrons coalesce
[196]). The electron density ρΨLR generated by ΨLR coincides with the exact ground state
density, ρ0, as in the conventional DFT [197], ρ0 = ρΨLR(r⃗). The total ground state energy
obtained in the range separated formalism is given as the sum of the WFT and DFT parts,

E0 =
〈
ΨLR

∣∣T̂ + V̂ne + V̂ LR
ee

∣∣ΨLR
〉
+ ESR[ρΨLR ]. (2.125)

The short-range density functionals account for the short-range Hartree, ESR
H [ρ], and the

exchange-correlation terms, ESR
xc [ρ] [198, 195],

ESR[ρ] = ESR
H [ρ] + ESR

xc [ρ]. (2.126)

For the implementation of this formalism, three crucial steps are of fundamental importance.
These include the selection of a speci�c form of the long-range electron interaction oper-
ator, the development of a compatible short-range functional, and the selection of a WFT
approximation to be employed in the variational equation 2.122. While multiple choices
can be made for the splitting of the Coulomb operator [172, 199, 200, 201], one of the most
comvenient splittings is based on the use of the error function (erf(x)) [173], being
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erf(x) =
2√
π

∫ x

0
du exp

(
−u2

)
. (2.127)

The Coulomb splitting can be written as

1

r12
=

1− erf(µr12)

r12
+

erf(µr12)

r12
. (2.128)

Within the use of the error function, the �rst term on the right-hand side (RHS) of this
equation accounts for the short-range interaction, while the second term accounts for the
long-range interaction in accordance with the conditions mentioned earlier. Within this
choice, to optimize the separation between DC and ND correlations, it is crucial to choose the
parameter µ optimally. Recent works [202, 203, 204] have provided recipes for determining
an optimal µ for MCSCF wave functions in conjunction with short-range DFT (MC-srDFT).
Initial results from range separation methods show promise, o�ering higher-quality results
with computational costs scaling similarly to CASSCF [202, 203, 200, 201, 173, 171, 205, 206].
However, investigating chemical reactions or electronic excitations of transition metal
complexes may face challenges due to steep scaling with the system size. A potential
solution is combining srDFT with density matrix renormalization group approaches capable
of handling larger active spaces in the lr-MC-WFT part [207]. In this thesis, we use the
range separation formalism to combine the RASCI method with short-range DFT (srDFT).
More details about our procedure can be consulted in subsection 4.3.1.

2.6.6 Adiabatic connection based methods

To �nalize this review, it is worth mentioning recent approaches based on expressions
derived from the adiabatic connection (AC). The AC formula for electron correlation energy
provides a balanced treatment of the correlation energy, allowing for the accurate inclusion
of DC e�ects in MR wave functions. The AC formalism, initially proposed in the KS-DFT
framework (AC(KS-DFT)) [185, 208, 209], has been extended to cover single determinantal
HF reference wave functions (AC(HF)) [210, 211] and more recently, to MC wave functions
(AC(MC)) [212, 213]. The AC(MC) framework o�ers a computationally e�cient alternative
to second-order multireference perturbation methods, maintaining competitive accuracy
[212, 213]. Unlike AC(KS-DFT) and AC(HF) methods limited to ground states of singlet
spin symmetry, AC(MC) is applicable to both ground and excited states with arbitrary
spin multiplicities [214, 70, 215]. The resulting computational cost of AC based methods
makes them one of the most e�cient approaches for accounting for a DC and NDC in a
simultaneous balanced way [216].

In AC theory, a model Hamiltonian (Ĥ(0)) for which a reference wave function is one of its
eigenfunctions, is assumed

Ĥ(0)Ψref = E(0)Ψref . (2.129)

Next, the parameter-dependent adiabatic Hamiltonian Ĥα is constructed as

Ĥα = Ĥ(0) + αĤ ′. (2.130)

By varying the coupling strength parameter α between 0 and 1, one smoothly switches
between the model and the exact Hamiltonians, respectively
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Ĥα=0 = Ĥ(0), (2.131)

Ĥα=1 = Ĥ. (2.132)

Be {Ψα
λ} the set of eigenfunctions of the adiabatic Hamiltonian,

ĤαΨα
λ = Eα

λΨ
α
λ , (2.133)

Ψα denoting the particular wave function, which coincides with the reference wave function
when α = 0 (ĤαΨα = EαΨα; Ψα=0 = Ψref ). Via the Hellman-Feynman theorem, it can
be shown that the correlation energy follows from the following integration [217]

EAC
c =

∫ 1

0
dαWα, (2.134)

where the adiabatic connection integrandWα is

Wα = ⟨Ψα|Ĥ ′|Ψα⟩ −
〈
Ψref

∣∣∣Ĥ ′
∣∣∣Ψref

〉
, (2.135)

whereWα is the exact AC integrand. In the AC(KS-DFT) theory, the KS determinant is used
as the reference wave function which delivers the exact electron density. The corresponding
model Hamiltonian consists of the kinetic energy operator and the local KS potential. And
the adiabatic connection Hamiltonian, in this case, includes the kinetic energy operator, a
linearly scaled electron interaction operator, and a local α-dependent potential, which �xes
the density to the exact full interacting density for each α

Ĥα
KS−DFT = T̂ + αV̂ee + V̂ α

loc such that ∀αρα = ρexact. (2.136)

The AC(KS-DFT) integrand yielding the exact KS-DFT correlation energy takes the form

Wα
KS−DFT = ⟨Ψα|V̂ee|Ψα⟩ − EHX (2.137)

where EHX is the sum of the Hartree and exchange energies.

The AC Hamiltonian in WFT is di�erent from that in KS-DFT [218]. In general, WFT
reference wave functions are multicon�gurational. In such cases, AC approaches aim at
treating only the DC not accounted by the reference wave function. Thus, it has been justi�ed
to adopt another approximation. Particularly, when coupled with the extended random
phase approximation (ERPA), the AC formalism allows for the computation of correlation
energy using only the reference 1-RDM and 2-RDM. In this context, it is convenient to
express the AC integrand in terms of transition RDMs γα,λ, occupation numbers νp, and
two-electron integrals ⟨rs|pq⟩ in the following form

Wα =
1

2

∑

pqrs

′

(
∑

λ

γα,λpr γ
α,λ
qs + (νp − 1)νqδrqδps

)
⟨rs|pq⟩ (2.138)
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where the prime indicates exclusion of terms involving all four indices p, q, r, s, belonging
to a set of either active or inactive orbitals. The AC expression has been obtained under an
assumption that the one-electron RDM stays constant along the AC path.

Extension to excited states can be performed as follows: if the reference state represents the
P th state, its connection with the vth state of the AC Hamiltonian is done in terms of the
transition RDMs i.e., γα,vp,q = ⟨Ψα

P |ψ̂
†
qψ̂p|Ψα

v ⟩. In the approximate AC formalism, transition
RDMs are obtained as [214]

(γα,v)p,q = (νp − νq)[Y⃗
α

v ]pq ∀p>q (2.139)

(γα,v)p,q = (νp − νq)[X⃗
α

v ]pq ∀q>p, (2.140)

where the vectors Y⃗
α

v and X⃗
α

v are solutions to the ERPA equations [219, 220] taking the
form of a generalized eigen problem as

(
A B

B A

)(
X⃗

α

v

Y⃗
α

v

)
= ωv

(
−N 0
0 N

)

X⃗

α

v

Y⃗
α

v

,


 (2.141)

The matricesA,B andN are given for theα-dependent elements of the adiabatic connection
Hamiltonian and 1- and 2-RDMs. Solutions of the ERPA equations come in pairs of positive
and negative eigenvalues corresponding, respectively, to excitation and deexcitation energies
[220].

The elements of A and B are linear in terms of the coupling strength parameter α,

A = A(0) + αA(1) (2.142)

B = B(0) + αB(1), (2.143)

withA(0),A(1), B(0), B(1) being α independent. The overall matricesA and B are deter-
mined from the Hamiltonian and the reference wave function as follows

Apq,rs =
〈
Ψref

∣∣∣[ψ̂†
pψ̂q, [Ĥ, ψ̂

†
sψ̂r]]

∣∣∣Ψref
〉
∀p>q , r>s (2.144)

Bpq,rs =
〈
Ψref

∣∣∣[ψ̂†
pψ̂q, [Ĥ, ψ̂

†
rψ̂s]]

∣∣∣Ψref
〉
∀p>q , r>s (2.145)

and theNmatrix (metric matrix) is given by natural occupation numbers from the reference
wave function,

Npq,rs = δprδqs(νq − νp). (2.146)

Using the ERPA approximated transition density matrices 2.139 and 2.140, the spin-summed
AC integrand 2.138 (changing λ label in 2.138 by v) becomes
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Wα =2
∑′

p>q,r>s

{(νp − νq)(νr − νs)

×

∑

v

([Y⃗
α

v ]pq − [X⃗
α

v ]pq)([Y⃗
α

v ]rs − [X⃗
α

v ]rs)

− 1

2
[νp(1− νq) + νq(1− νp)]δprδqs}⟨pr|qs⟩.

(2.147)

This equation, in conjunction with the adiabatic connection formula for the correlation
energy, provides a relatively straightforward approach for treating DC in a broad range of
MC theories. It is important to note that the approach outlined here is not exact and relies
on two approximations: (i) the assumption of the invariance of the one-electron density
matrix along the AC path, and (ii) the utilization of transition density matrices from ERPA
equations.

Considering that DC is anticipated to be described by the adiabatic connection, a further
simpli�cation can be made by approximatingWα to the lowest-order terms in the α expan-
sion,

Wα =W (0) + αW (1), (2.148)

which results in the following expression for the correlation energy

EAC0
c =W (0) +

1

2
W (1). (2.149)

For a general multireference wave function, these two terms can be found by applying
perturbation theory to the ERPA eigenproblem. Another possible approximation for the
AC integrand is based on the interpolation between the full-correlated limit and the correct
no-intergroup-correlation (for whichW (0) = 0), i.e.,

Wα = αWα=1, (2.150)

which leads to

EAC1
c =

1

2
Wα=1. (2.151)

These two extrapolation schemes, AC1 and AC0, were recently proposed [216]. AC1 holds
an advantage over the full AC approach, as the latter involves constructing ERPA matrices,
solving ERPA equations, and computing integrals to determine correlation energy, all of
which must be performed for multiple values of the coupling constant α. In contrast, AC1
requires these steps only at α = 1. Furthermore, the AC formalism has recently been
combined with the range separation of the Coulomb operator, resulting in a combined
method that incorporates a novel long-range correction for DC e�ects. In this mingled
approach, the short-range density functional part is introduced, with the corresponding
DFA dependent on the on-top pair density [221].
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2.7 Tools for analysis

The central focus of this thesis is on the development and implementation of innovative
approaches for integrating DC treatment into hybrid schemes. To achieve this goal, it is
essential to utilize available tools designed for analyzing electronic correlation and other
relevant properties. In practice, the distinction between NDC and DC is often unclear; for
this reason, numerous tools and diagnostics have been developed.

In the following subsections, we o�er a comprehensive overview of selected tools and indices
commonly used for analysis purposes. This detailed exploration aims to establish a reference
of their functionalities and capabilities. This overview serves as an introductive framework,
setting the stage for their integral role in the next chapters. As we engage in the discussion
of our research, we will consistently utilize and refer to these tools.

2.7.1 Natural orbitals

Recall the expression of the 1-RDM (2.40) in terms of ladder operators,

γ(x⃗, x⃗′) = ⟨Ψ|ψ̂(x⃗′)†ψ̂(x⃗)|Ψ⟩ , (2.152)

where x⃗ refers to the space-spin coordinate of the electron. Among other properties of the
1-RDM, its diagonal elements, have the following physical interpretation: γ(x⃗1, x⃗

′)dx⃗1 =
number of particles times the probability for �nding a particle within the volume dv1 around
the point r⃗1 with spin s1. If this density matrix is assumed to be the kernel of an integral
operator D̂, then

D̂f(x⃗) =

∫
dx⃗′γ(x⃗, x⃗′) f(x⃗′). (2.153)

From this point of view, as an integral kernel, the 1-RDM is a bounded linear Hermitian
operator with an in�nite but countable eigenvalue spectrum. D̂ is thus Hermitian and
nonegative, whose rank (number of nonzero eigenvalues) may be �nite or in�nite. The
eigenfunctions {χp} of D̂, de�ned by [36, 222, 223]

∫
dx′γ(x⃗, x⃗′)χq(x⃗

′) = D̂χq(x⃗) = νqχq(x⃗), (2.154)

are called the natural spin orbitals (NSOs) of Ψ. The respective eigenvalues are the natural
spin orbital occupation numbers (NSOONs). Once diagonalized, the 1-RDM can be written
in the form

γ(x⃗′
1, x⃗1) =

∑

q

nqχ
∗
q(x⃗

′
1)χq(x⃗1). (2.155)

NSOONs represent the average number of particles in each one of the natural spin orbitals.
Occupation numbers ful�ll two conditions:

0 ≤ νp ≤ 1,
∑

p

νp = N. (2.156)
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Consequently, the total number of particles (N ) can be distributed among more than N
spin orbitals. A limiting case is recognized when exactly N spin orbitals are occupied, this
occurs under the conditions

γ2 = γ, Tr[γ] = N. (2.157)

The former is the idempotency condition of the 1-RDM, while the latter refers to the fact that,
the sum of the diagonal elements must sum to the total number of particles in the system
(N ). When these two conditions are ful�lled, the sum of the diagonal elements has exactly
N eigenvalues equal to 1 and the remaining are zero. In fact, idempotency is a condition
satis�ed by pure states represented by a single Slater determinant [124]. If we choose the
NSOs as the basis set, and if conditions 2.157 are satis�ed, then the CI expansion (equation
2.27) is reduced to a single determinant. The fact that occupation numbers can display
non-integer values between 0 and 1 is a sign that multiple con�gurations also contribute
to the CI expansion. This is one of the most distinct features of interacting systems. The
presence of fractional natural occupation numbers re�ects the electronic correlation present
in the system under consideration. If the system is weakly correlated, occupation numbers
deviate slightly from 0 or 1, while for strongly correlated systems, large deviations from
such integers are expected.

Consider a wave functionΨ that is an eigenfunction of Ŝ2 and Ŝz , with eigenvalues S(S+1)
and M . The spatial dependence of the corresponding NSOs is computed from di�erent
integral kernels for α and β spins. Only ifM = 0will the space parts of the α NSOs coincide
with the space part of the β NSOs, and they will di�er for other values ofM .

For CI calculations, it is preferable to use the spin-free counterpart, the natural orbitals (NO),
de�ned as the eigenfunctions of the spinless 1-RDM γ(r⃗, r⃗′).

∫
dr′γ(r⃗, r⃗′)ϕp(r⃗

′) = νpϕp(r⃗), (2.158)

the eigenvalues νp, are those now between 0 and 2, represent the natural orbital occupation
numbers (NOONs). One of the primary advantages of employing NOs in CI calculations
stems from the expectation that CI expansions based on these orbitals exhibit the fastest
convergence. In other words, for a given level of accuracy, NOs yield the most compact
expansion possible. This characteristic was initially demonstrated by Löwdin [36] in the
context of a two-electron system, where the basis of natural orbitals requires the fewest
con�gurations to achieve a speci�ed level of accuracy in the energy.

While achieving such improvements may be challenging in a general multielectron case
(three or more electrons) due to a considerable reduction in the number of determinants
only occurring for speci�c restricted cases [222, 224], cumulative evidence from previous
studies indicates a notably faster convergence when utilizing NOs (for example, see [225,
226, 227, 228, 229]).

The properties of NOs make them a desirable basis for various purposes. Particularly, it has
been shown [224] that they provide an e�ective partitioning of the virtual orbital space into
subspaces suitable for correlating di�erent occupied shells. This allows truncation of the set
of orbitals used in the CI expansion with a considerably smaller e�ect on the result than
with a truncation in terms of canonical SCF orbitals [225, 229].
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In the context of active space selection in quantum chemical calculations, a notable strategy
involves using NOONs as a guide. Speci�cally, NOONs can inform about the choice of an
active space, as demonstrated in CAS theories [230, 156]. Notably, Pulay and colleagues
[156] propose the straightforward and computationally e�cient approach of employing
NOs obtained from unrestricted Hartree-Fock (UHF) calculations. Assuming successful
convergence, a practical implementation involves selecting those orbitals with fractional oc-
cupancy, typically ranging between 1.98 and 0.02. These selected orbitals are then employed
to de�ne the active space in subsequent MCSCF calculations. However, it is important
to note that achieving convergence in UHF solutions (a local minimum with respect to
orbital rotations) for general systems can pose challenges, such as those encountered near
the Coulson-Fisher point [231, 130], where the HF instabilities can be related to system’s
attributes like the geometry and the number π-electrons (in some cases) [232].

Extending this strategy, a similar methodology has been introduced for the determination
of the active space in the RASSCF method. In this approach, the starting point involves
an SCF density matrix that is averaged over the electronic states of interest. Subsequently,
the choice of a RAS partition is formed by considering the corresponding natural orbital
occupation numbers and applying Pulay’s criterion [233].

Among various applications, NOONs can serve as a diagnostic tool for wave functions,
especially in cases requiring multireference treatment. For fully variational wave functions
(for example, RHF, MCSCF or FCI cases), satisfying the Hellmann-Feynman theorem, the
�rst-order density is uniquely de�ned. In the case of nonvariational methods, not satisfying
the Hellmann-Feynman theorem, there are various de�nitions of the �rst-order density,
coming from the expected value of the particle number operator and from the derivative
expression for the relaxed-density. Such cases can lead to nonphysical NOONS [234], mainly
characterized by their ill-behavior along potential energy surfaces and by values larger than
2.0, or negative.

Results taken from model systems computed with single reference methods demonstrate
the use of nonphysical NOON (mainly, negative) as an indicator of the breakdown of
the single con�guration approximation [234, 129]. Moreover, it has been observed that
While improving the basis set does result in slight quantitative modi�cations, the problems
associated to the presence of unphysical NOONs are unaltered [129].

Additionally, NOONs �nd utility in de�ning correlation indices [36, 235, 236, 46, 237, 238]
and metrics for quantifying the amount of e�ectively unpaired electrons [239, 240, 241].

As we will illustrate in subsequent subsections, the natural orbital concept has expanded
to a similar class of orbitals derived from the singular value decomposition of one-particle
transition density matrices. These orbitals prove to be well-suited for describing excited
states, playing a pivotal role in the analysis of such states.

2.7.2 Correlation indices based on natural orbitals

The quest for an e�cient correlation metric is a current challenge in the electronic structure
community. Various statistical measures, including leading CI coe�cients (ci), CC amplitudes
(tai , t

ab
ij ), and natural orbital occupations (νi), have been proposed. While much e�ort has

focused on establishing metrics for NDC [242, 243, 244, 245, 246, 247, 156, 155, 248], there
are fewer works on DC [45, 46, 249, 237, 250].

Among these criteria, the use of natural orbitals and their occupations is a desired choice due
to their straightforward determination (involving only the diagonalization of the 1-RDM)
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and interpretation (providing qualitative insights and spatial localization about correlated
electrons).

In this thesis, we adopt numerical indices based on the use of NOONs, as recently proposed
in our group [46, 237], to account for DC and NDC, denoted respectively as ID and IND .
The concept raises from the ability to decompose electron correlation into dynamic and
nondynamic components using the cumulant of the 2-RDM. Under this scheme, global ID
and IND indices can be de�ned from a two-electron model [46],

ID =
1

4

∑

σ,p

[νσp (1− νσp )]1/2 −
1

2

∑

σ,p

νσp (1− νσp ) (2.159)

IND =
1

2

∑

σ,p

νσp (1− νσp ), (2.160)

such that

Itotal = ID + IND =
1

4

∑

σ,p

[νσp (1− νσp )]1/2, (2.161)

where νσp is the occupation of the p-th NSO with spin σ. Notice that IND serve as a
measure of the deviation from the idempotency of the 1-RDM (2.40), indicating the lack of a
single-reference representation of the wave function. These expressions assume that for
an N -electron system, the total measure can be obtained by summing individual orbital
contributions.

Previously, it has been shown one important feature of ID and IND , their size-extensivity
[251], since they are able to display correct asymptotic behavior in the study of dimers (i.e.
at in�nite separations, their values are exactly the sum of the respective monomer values).
However, ID and IND are not size intensive, and their values tend to scale with system size.

The simplicity of these electron correlation functions makes them applicable to a wide
range of electronic structure methods, provided a set of natural orbitals and occupancies
are available. A normalized version of these indices (denoted by ĪD and ĪND) has been
proposed in our group (see Ref. [252]). These will be used in Chapter 6 as an auxiliary tool
in the analysis of a method combining CASSCF wave functions with an e�ective potential
for DC.

2.7.3 Fractional occupation density

In practice, the analysis of strongly correlated electrons characterized by a multicon�gura-
tional wave function can be challenging due to the unclear distinction between NDC and
DC contributions to a system. As noted previously, NOs and their NOONs might play an
essential role in measuring electronic correlation. Occupation values provide information
about static and dynamic correlation through the number of unpaired electrons, while
associated NOs can o�er insight into the spatial distribution of correlated electrons.

For chemical purposes, elucidating the number of unpaired electrons and their spatial
distribution is of interest for related properties such as diradical character or chemical
stability. The fractional occupation number weighted density (FOD), introduced by Hansen
and Grimme [253, 254], is a relatively simple tool designed for the real-space diagnostic of
NDC. The FOD can be generaly described by
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ρFOD(r⃗) =
∑

p

f(νp)ϕ
∗
p(r⃗)ϕp(r⃗), (2.162)

where, f(νp) represents the fractional electron distribution number, a function of the elec-
tronic occupancy of the p-th natural orbital. The metric for quantifying unpaired electrons
relies on the speci�c νp to f(νp) mapping chosen. Widely employed forms of f(νp) are
those de�ned by Yamaguchi (fY ) [239]

fY (νp) = 2νp − ν2p (2.163)

and the extensions proposed by Head-Gordon (fU and fS) [240]

fU (νp) = min(νp, 2− νp), (2.164)

fS(νp) = ν2p(2− νp)2. (2.165)

The e�ective number of unpaired electrons in electronic states can be determined by exam-
ining the NOONs (0 ≤ νp ≤ 2) using the expression

N =
∑

p

f(νp) =

∫
dr⃗ρFOD(r⃗), (2.166)

where the sum runs over all natural orbitals and the contributions of the doubly occupied
and unoccupied orbitals are exactly zero [255]. fY and fU metrics can be inserted into
equation 2.166 to compute the total number of unpaired electrons, denoted as NY and
NU , respectively. Moreover, they will produce the same values for νp = 0, 1, 2, but will
di�er at intermediary values. It has been argued that fY mapping tends to overestimate the
number of unpaired electrons, while fU should be more capable to provide reliable results
[240, 255, 115].

2.7.4 Natural transition orbitals

In the study of excited states, the interaction among electrons introduces a layer of complexity
when attempting to understand electronic transitions. As electrons interact with each other,
the alteration of one electron’s state a�ects the states of the remaining electrons. This
complexity poses challenges to traditional descriptions of electronic transitions, such as the
inaccuracies found in Koopmans’ model. Koopmans’ model envisions electronic excitations
as the promotion of an electron from occupied orbitals to virtual ones. However, this model
is not only quantitatively inadequate, but also qualitatively insu�cient in many scenarios
[256].

An additional challenge can be illustrated when considering the lowest level of theory
capturing the physics of excited states, the CIS wave function, constructed as the linear
combination of singly excited Slater determinantsΨa

i , computed from a reference HF ground-
state determinant,

ΨCIS =
∑

i,a

Ca
i Ψ

a
i . (2.167)
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The analysis of the leading amplitudes, Ca
i , in this expansion facilitates the interpretation of

excited states in terms of hole and particle orbital transitions. For example, a CIS/6-31G*
calculation of ethylene shows that the lowest excited state can be described as a π → π∗

transition (the weight of the respective Ψa
i ∼ 0.94) [256].

Unfortunately, analyses based on expansion amplitudes, face challenges in terms of interpre-
tative power. While the CIS energy and excited-state properties are constant under unitary
transformations of orbitals within occupied or virtual spaces, the wave function amplitudes
prove to be sensitive to orbital choices, giving rise to a basis-set dependence. As in the
example of ethylene, when the basis is extended to 6-31+G*, several Rydberg orbitals appear
below the π∗ valence MO and the CIS wave function of the lowest excited triplet state has
two comparable amplitudes involving both Rydberg and valence orbitals.

Since the wave function amplitudes are not observables. A more robust analysis can be
achieved by considering experimental observables such as the transition density (ρ(x⃗e, x⃗p))
among an initial and a �nal state,

ρ(x⃗e, x⃗h) =
∑

pq

γFI
pq ϕp(x⃗e)ϕq(x⃗h), (2.168)

where x⃗e and x⃗h denote the electron (particle) and hole coordinates, γFI
pq is a one-particle

transition density matrix (1PTDM) de�ned as

γFI
pq = ⟨ΨF |ψ̂p

†
ψ̂q|ΨI⟩ (2.169)

where I labels initial state and F the �nal one, σ as before, is the spin index. Here ψ̂†
pσ

and ψ̂qσ are creation and annihilation operators corresponding to the ϕp and ϕq molecular
orbitals, respectively. The transition density is related to observable properties because
it de�nes the probability of transition. In the case of the 1PTDM, this is a rectangular
non-Hermitian matrix whose most compact representation can be achieved (in analogy
to the diagonalization process to obtain the NOs from the 1PDM), through singular value
decomposition (SVD) [257] by

γ = VΣUT, (2.170)

where Σ is the diagonal matrix of singular values, λq . V and U contain the hole (ψh
K(x⃗))

and particle (electron, ψe
K(x⃗)) natural transition orbitals (NTOs), according to

ψh
K(x⃗) =

∑

q

UqKϕq(x⃗) (2.171)

and

ψe
K(x⃗) =

∑

q

VqKϕq(x⃗). (2.172)

NTOs o�er a means to describe electronic excitations in terms of molecular orbitals for
any type of wave function [258]. Each pair is characterized by a hole in the occupied
space associated with a corresponding single particle in the virtual space. Through this
transformation, the transition density (Eq. 2.168) is reduced to
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ρ(x⃗e, x⃗h) =
∑

K

λKψ
e
K(x⃗e)ψ

h
K(x⃗h), (2.173)

the set {λq} can be interpreted as the weights of the respective NTO pair when divided by
the square of the Frobenius norm (Ω) of γ de�ned as

Ω = ||γ|| =
∑

pq

γ2pq =
∑

K

λ2K , (2.174)

In fact, for a given excitation, the number of NTOs with signi�cant weights reveals its
inherent collectivity, representing the quantity of excitations characterizing a particular
excited state. Among other indices, participation ratios (PRNTO), have been introduced to
account for this collectivity [256],

PRNTO =
(
∑

K λ2K)2∑
K λ4K

=
Ω2

∑
K λ4K

. (2.175)

For a transition involving a CIS �nal state with exactly one con�guration, PRNTO = 1
(pure excitations). If the CIS �nal state is described by two con�gurations, PRNTO = 2,
and so on. While pure excitations are characterized by PRNTO ≈ 1, transitions of mixed
character will display values greater than unity. In Chapter 7, NTOs will serve as analytical
tools used to identify the leading electronic transitions involved in cases where spin-orbit
coupling (SOC) is enhanced or suppressed in selected diradical systems.

2.7.5 Coulson’s electron correlation hole

The correlation in the movement of electrons means that the presence of one electron will
impact the likelihood of �nding another electron nearby. In this sense, the mere existence
of an electron results in a decrease in the probability of locating another electron in its
vicinity. In other words, an electron creates an area of reduced probability in its surroundings,
often referred to as a “hole”. This phenomenon is attributed to the Pauli principle and the
fact that electrons are charged particles, giving rise to repulsive Coulombic and exchange
interactions [259, 260, 40, 17]. A way to describe this is through the use of the pair density,
which considers the simultaneous distribution of the electrons. For an N -electron system,
described by the wave function Ψ(x⃗1, x⃗2, . . . , x⃗N ) the pair density is

ρ2(x⃗1, x⃗2) = N(N − 1)

∫
d x⃗3 . . . d x⃗N |Ψ(x⃗1, x⃗2, . . . , x⃗N )|2, (2.176)

where factor N(N − 1) corresponds to the McWeeny’s normalization [261], accounting for
the number of electron pairs in the system. The pair density retrieves information about the
probability of �nding electron 1 at the position and spin x⃗1 and electron 2 at the position
and spin x⃗2 when the positions of the remaining N − 2 electrons are averaged over the
whole space. For Hamiltonians that contain at most two body interactions, the pair density
determines all the relevant physical properties of the system. The number of variables (six
spatial and two spin variables) in the pair density makes its analysis a complicated task. In
order to use the pair density to de�ne electron-pair distribution functions, we consider two
electrons placed at r⃗1 and r⃗2. The interaction between them can be analyzed (conveniently)
in terms of the center of coordinates and the distance between the two electrons, respectively
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R⃗ =
1

2
(r⃗1 + r⃗2) (2.177)

and

s⃗ = r⃗2 − r⃗1, (2.178)

R⃗ and s⃗ are typically referred as extracule and intracule coordinates, respectively. With these
variables, the dimensionality of the pair density can be reduced through space integration
in the form

E(ρ2, R⃗) =

∫
dr⃗1dr⃗2ρ2(r⃗1, r⃗2)δ(R⃗− ((r⃗1 + r⃗2)/2)) (2.179)

and

I(ρ2, s⃗) =

∫
dr⃗1dr⃗2ρ2(r⃗1, r⃗2)δ(⃗s− (r⃗2 − r⃗1)), (2.180)

where δ is the Dirac delta function. Integration of the form 2.179 de�nes the so-called
extracule probability density (EDP), while the integration of the form 2.180 de�nes the
intracule probability density (IPD). Since EPD is a function of R⃗, its evaluation provides
information about the location of electron pairs. Particularly E(R⃗)|R=0 is the so-called
interelectronic counterbalance density, and has been proposed as an indicator of NDC [262].

Further integration of I(ρ2, s⃗) over the solid angle dΩu = sin θudθudϕu (with u being s⃗ ),
de�nes what is called the isotropic radial intracule,

I(ρ2, s) = s2
∫
dΩuI(ρ2, s⃗). (2.181)

This is a reduced form of the pair density that only depends on the interelectronic distance, s
and corresponds to the probability distribution of interelectronic distances between the two
electrons. As will be noted in the following, electron-pair distributions are useful tools for
the description of electronic structure and electron correlation. In analogy to the electron
correlation energy, Coulson de�ned the correlated pair density as the di�erence between
the exact and the HF pair densities [263],

∆ρc2(x⃗1, x⃗2) = ρ2(x⃗1, x⃗2)− ρHF
2 (x⃗1, x⃗2) (2.182)

The intracule of the correlated pair is known as the Coulson’s Coulomb hole [264, 265, 259]

hc(s) = I(∆ρc2, s) = I(ρ2, s)− I(ρHF
2 , s) (2.183)

For a given basis set, the di�erence of the FCI intracule and the HF one pictures the lack of
correlation in the HF approach and, since HF includes exchange interactions, this correlation
hole is known as the Coulomb hole. Due to normalization, the integration of the Coulomb
hole is zero (

∫∞

0 ds hc(s) = 0). This property illustrates the usefulness of Coulomb holes as
tools for analysis, since it implies that there is a �xed amount of electrons that are shifted
from short- to long-range. Coulomb holes, in essence, o�er a visual representation of the
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probability density di�erence. This distinction serves as an indicator of the impact on the
pair density resulting from the transition from the mean-�eld HF approximation, which
underestimates electronic repulsion, to a correlated framework. Thus, as depicted in Fig. ,
qualitative comparisons among di�erent methods can be stated in terms of Coulomb holes,
providing valuable insights into the complexities of the electronic distribution obtained
from a given approach.

Figure 2.2: (a) Ilustrative comparison of CASSCF and FCI Coulomb holes computed for the H2 at
equilibrium distance (0.77 Å), the lack of dynamic correlation in the CASSCF wave function produces
a qualitative change in the shape of the hole with respect to the FCI solution. (b) Same comparison
computed at large separation (3.85 Å), in this case both solutions retrieve the same hole. Calculations
performed with the cc-pVDZ basis set.

In chapter 6 of this thesis, we compute the intracules and corresponding Coulomb holes, in
order to analyse and establish the e�ect of an e�ective potential to the electronic distribution
of systems of interest.

As seen so far, the characterization of correlation energy present in a given state can be
explored from di�erent perspectives. While Coulomb holes serve as powerful tools for qual-
itative elucidation [266], the intricacies involved in their computation might present some
di�culties in their determination or use (i.e., the need for pair densities in the computation
of intracules).
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CHAPTER 3
Objectives

This thesis represents an extension of previous works [267, 22, 23, 24], proposing novel
methods for the simultaneous treatment of nondynamic and dynamic correlation within a
uni�ed approach that incorporates di�erent methodologies. Furthermore, the scope of this
thesis includes an expanded application of a recent methodology for computing SOCs [268].

The primary motivation for this research is to develop cost-e�ective electronic structure
methods for the accurate and e�cient computational study of ground and excited states.
On one hand, our aim is to develop mingled WFT+DFT methods capable of e�ectively
accounting for dynamic and nondynamic correlation while avoiding the double counting of
electron correlations. On the other hand, guided by the performance achieved in previous
approaches [26, 27, 28], we focus on implementing and developing a method based on the
inclusion of dynamic correlation through an e�ective potential that directly links electron
correlation to the wave function.

Concerning mingled WFT+DFT methods, we are expanding upon a previous idea based
on the range separation of the Coulomb operator to merge WFT with DFT, referred to
as WFT-srDFT. While this method has been designed to e�ectively account for dynamic
correlation at short-range interelectronic distances using a range separation parameter,
alternative formulations intended to introduce spin polarization e�ects have been largely
overlooked. Therefore, our �rst goal is to identify the problems and limitations of WFT-
srDFT in introducing these e�ects and to emphasize their importance in providing a balanced
description between closed and open-shell con�gurations. To achieve this, we introduce
di�erent strategies based on the spin polarization of the electron density used in density
functionals, and the re-de�nition of short-range exchange. And we aim to validate them by
assessing their performance in the study of model open-shell systems.

Secondly, considering the advancements inWFT-srDFT,we introduce an alternativeWFT+DFT
formulation that involves partitioning the natural orbital (NO) space. Large and small natural
orbital occupation numbers (NOONs) are linked with WFT and DFT, respectively, with
RASCI chosen as the WFT approach. In this context, our objective is to design, implement,
and test various partitions of the NO space, while ensuring a suitable choice of the correlation
functional.

Concerning the use of an e�ective potential for treating the dynamic correlation, our �rst
goal is to reproduce the previous idea initially stated by Roos [24]. This approach requires
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the evaluation of modi�ed Gaussian damped electron repulsion integrals. We then intent to
establish a theoretical relationship between the parameters within the e�ective potential
and the e�ects it induces. Additionally, we aim to articulate prior knowledge concerning
its potential impacts on energy and electronic structure. Our next goal will be to devise
a parameterization scheme that yields optimal parameters, ensuring computed energies
reach FCI quality. We extend Roos’ work by introducing a further separation of the e�ective
potential to discriminate in between inter- and intra-atomic electron pair contributions.
Hence, an additional objective is to discern the signi�cance and repercussions of this separa-
tion, achieved through additional parametrization e�orts that provide a spectrum of optimal
parameters for ensuring accurate results of FCI quality.

Additionally, the signi�cance of SOC in various photophysical and photochemical processes,
along with the performance achieved in describing open-shell systems, has motivated the
implementation of novel and e�cient approaches based on the spin-orbit mean �eld (SOMF)
approximation. Our �rst goal in this regard is to expand the application of this strategy
to the study of SOC in open-shell systems displaying di- or polyradical character. To this
end, calculations were performed within non-relativistic wave functions obtained with the
RASCI method [268]. We pursuit to unravel the origin of SOCs in complex scenarios within
the help of additional analysis tools, such as the natural transition orbitals from the spinless
transition density matrix.

In summary, this thesis addresses these questions by developing, implementing, testing, and
applying methods to di�erent atomic and molecular systems where the proper treatment of
static and dynamic correlation becomes crucial. The objectives include:

• Extend the understanding and identify the e�ects of including spin polarization e�ects
into WFT+DFT methods based on the range-separation of the Coulomb operator.
And identify problems and limitations, emphasizing their signi�cance in achieving a
balanced description of closed and open-shell states.

• Develop, implement, and test an alternative WFT+DFT formulation that involves
partitioning the NO space, through association of large and small NOONs with WFT
and DFT, respectively.

• Develop and implement a method based on the use of an e�ective potential capable
of treating dynamic electron correlation. Establish a theoretical relationship between
e�ective potential parameters and their e�ects on energy and electronic structure.

• Testing the new methodologies on model systems to identify possible improvements,
parametrization schemes and potential challenges.

• Expand the application of the SOMF approximation to study the origin of SOCs in
open-shell systems with di- or polyradical character.
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CHAPTER 4
Short-range DFT energy correction

to multicon�gurational

wavefunctions for open-shell

systems

4.1 Abstract

Electronic structure methods emerging from the combination of multicon�gurational wave
functions and density functional theory (DFT) aim to take advantage of the strengths of the
two nearly antagonistic theories. One of the common strategies employed to merge wave
function theory (WFT) with DFT relies on the range-separation of the Coulomb operator, in
which DFT functionals take care of the short-distance part, while long-range inter-electronic
interactions are evaluated by the chosen wave function method (WFT-srDFT). In this work,
we uncover the limitations of WFT-srDFT in the characterization of open-shell systems. We
show that spin polarization e�ects have a major impact on the (short-range) DFT exchange
energy and are of vital importance in order to provide a balanced description between
closed and open-shell con�gurations. We introduce di�erent strategies to account for spin
polarization in the short-range based on the de�nition of a spin polarized electron density
and with the use of short-range exact exchange. We test the performance of these approaches
in the dissociation of hydrogen molecule, the calculation of energy gaps in spin-triplet atoms
and molecular diradicals, and in the characterization of low-lying states of the gallium dimer.
Our results indicate that the use of short-range DFT correlation in combination with a
(full-range) multicon�gurational wave function might be an excellent approach for the study
of open-shell molecules, and largely improves the performance of WFT and WFT-srDFT.

4.2 Introduction

Molecular systems with open-shell structures, i.e., featuring unpaired electrons, are of major
relevance in chemistry as they present unique electronic [269, 270] and magnetic properties
[271], and play a major role as intermediates in chemical reactions as transition states
or reaction intermediates [272, 273]. Many transition metal compounds exhibit partially

59



4. Short-range DFT energy correction to multiconfigurational wavefunctions

for open-shell systems

�lled electronic levels which allows them to form paramagnetic compounds with many
di�erent applications such as in quantum computation and high-density data storage [274].
Unpaired electrons are also of major interest in organic chemistry, e.g., diradicals (two
unpaired electrons [275]) and polyradicals (multiple unpaired electrons), as they are strongly
related to chemical stability and trigger a rich diverse reactivity [276]. Lately, there have
been a renewed interest for the design of organic diradical and polyradicals because of the
many potential applications of these compounds in various �elds [277] such as molecular
electronics [278, 279] and optoelectronics [280], nonlinear optics [269], magnetism [281],
singlet �ssion [282, 283, 284] and the activation of molecular hydrogen [285, 286].

The electronic structure of open-shell systems is rather complicated compared to the close-
shell form of many stable molecules, and pose an arduous challenge for quantum chemistry
methods. Diradicals and polyradicals hold degenerated or near-degenerated orbitals at the
occupied-virtual interphase of the orbital space, resulting in small energy gaps between
several electronic states with di�erent spin multiplicities. As a consequence, the electronic
structure of these systems is of multicon�gurational nature and cannot be described by
standard single-reference methods. Single determinant wave functions like the mean-�eld
HF model are unable to characterize low-spin states of open-shell systems. Moreover, single-
reference methods emerging from HF, e.g., Møller–Plessed (MP) perturbation theory or
truncated CI and CC expansions, cannot recover, in general, strong electron correlation
e�ects between unpaired electrons. The multicon�gurational nature of diradicals and
polyradicals can be described byWFT approaches built from two or more Slater determinants
(multireference methods [287, 58]), like in the MCSCF family, with the CASSCF method
[58, 288, 289] probably being its most ubiquitous example. These methodologies are very
convenient for acquiring static correlation, but dynamic correlation converges very slowly
with respect to the number of con�gurations. MCSCF solutions can be re�ned by including
missing dynamic electron correlation contributions throughCI schemes, like inMRCI [55, 56],
or via multi-reference perturbation theory [290, 291, 59], like in CASPT2 [59, 292, 149, 150].
But the application of these methods is in many cases limited by the severe computational
demands, preventing their use in medium to large molecules.

DFT [9, 293], and in particular its most popular KS formulation [9], presents an advantageous
scaling of the computational requirements with respect to correlated WFTs and in many
cases the accuracy of DFT-based results is comparable to high hierarchy WFT methods. For
these reasons, KS-DFT has become the method of choice for large and complex molecular
systems. In practice, DFT approximations are known for their ability to account for dynamic
correlations, but show strong limitations to deal with degeneracies at the Fermi level linked
to strong (non-dynamic) correlation [160], which are essential to characterize open-shell
systems. The di�erent properties of the two seemingly orthogonal theories have motivated
many researchers to explore the possibilities of WFT-DFT mingled methodologies [294].

One of the possible strategies for including DFT correlation e�ects into electronic wave
functions from WFT is based on the range separation of the Coulomb electron-electron
interaction operator into short and long inter-electron distance contributions [200]. The
use of range-separation to combine DFT with MCSCF relies on the fact that dynamic
correlation e�ects can be related to instantaneous electron correlations at short inter-
electronic distances, which are expected to be well described by DFT energy functionals,
while the long-range part is better evaluated by WFT. This methodology, often referred as
WFT-srDFT, has been developed and applied rather successfully in numerous occasions
[295, 296, 208, 297, 298, 78, 173, 76, 79, 203, 267, 299, 300, 301, 302, 303, 153].
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In the present study, we explore in great detail the performance of WFT-srDFT in the
computation of relative energies in open-shell systems. Identifying the general problems
and limitations of this approach enable us to propose several alternative formulations within
the WFT-srDFT frame and study their validity in several paradigmatic atomic and molecular
systems with strong diradical character. To that aim, here we use a RASCI wave function
[304, 125, 126, 151] at the long range combined with short-range exchange and correlation
functionals.

This Chapter is organized as follows. Section 4.3.1 discuses the theoretical foundations of
WFT-srDFT, presents a state average approximation for the calculation of several eigenstates,
exposes some of the problems and their physical origin of WFT-srDFT for open-shell systems
using H2 as a toy model, and introduces potential alternatives to overcome these limitations
based on polarization of the spin density and the re-de�nition of short-range exchange.
Section 4.4 describes the technical details of the performed calculations. Then, we present
and discuss the results obtained with WFT and the various WFT-srDFT schemes in the
study of H2 dissociation, energy gaps in atoms, small diradicals, benzyne isomers and
trimethylenemethane molecule, and the low-lying states in the gallium dimer. Finally, in
section 4.6 we state the main conclusions of the chapter.

4.3 Theory

4.3.1 Range separation in WFT-srDFT

An elegant strategy to combine multicon�gurational wave functions with DFT is to employ
range separation. This strategy is based on the splitting of the Coulomb electron-electron
interaction (r−1

12 ) into a short-range and a long-range part following the general scheme
introduced by Savin [192]. The partition of the electron-electron repulsion is made in the
coordinate space, commonly by the use of the error function and the introduction of a range
parameter µ that controls the extent of the separation:

1

r12
=

erfc(µr12)

r12
+

erf(µr12)

r12
, (4.1)

where the short- and long-range contributions are described respectively by the �rst and
second terms of the RHS of Eq. (4.1). Such decomposition leads to energy functionals which
involve a µ-dependent many-body wave function Ψµ, with an electron-electron interaction
that is softer than r−1

12 for small r12.

The non-relativistic electronic Hamiltonian for a molecular system can be written as:

Ĥ = T̂ + V̂ne + V̂ sr,µ
ee + V̂ lr,µ

ee , (4.2)

in which T̂ , V̂ne correspond to the operators of kinetic energy and nuclei-electron attraction.
The corresponding parts of the electron-electron repulsion interaction V̂ee = V̂ sr,µ

ee + V̂ lr,µ
ee

(superindex µ explicitly indicates the dependence on the µ-parameter) are determined by
the range separation parameter. By taking into account the e�ect of the rest of electrons,
the long-range part of this last operator is given by:

V̂ lr,µ
ee =

∑

i<j

erf(µrij)

rij
, (4.3)

where rij = |ri − rj |. This operator is applied to a multicon�gurational wave function,
while the short-range interaction is treated by DFT. In the µ→ 0 limit, the model converges
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to the Kohn-Sham scheme, whereas for µ→∞ the model recovers the WFT method with
the full 1/rij interaction. Within this approach, the general expression for the energy is
given by

EWFT-srDFT = min
Ψµ
⟨Ψµ|T̂ + V̂ne + V̂ lr,µ

ee |Ψµ⟩

+Esr,µ
H [ρ] + Esr,µ

x [ρ] + Esr,µ
c [ρ],

(4.4)

where ρ ≡ ρ[Ψµ], and Esr,µ
H [ρ], Esr,µ

x [ρ] and Esr,µ
c [ρ] are the short-range Hartree, exchange,

and correlation energy functionals, respectively.

In practice, application of Eq. (4.4) requires explicit expressions for the short-range energy
functional contributions. The short-range Hartree energy can be written in terms of the
one-particle density matrix (Dpq) and the short-range part of the two-electron interaction
integral (gsr,µpqrs) as:

Esr,µ
H [ρ] =

1

2

∑

pq,rs

Dpqg
sr,µ
pqrsDrs =

1

2

∑

pq

Dpqj
sr,µ
pq (4.5)

ρ(r) =
∑

pq

Dpqϕ
∗
p(r)ϕq(r), (4.6)

gsr,µpqrs =

∫
dr1dr2ϕ

∗
p(r1)ϕq(r1)

1− erf(µr12)

r12
ϕ∗r(r2)ϕs(r2). (4.7)

The exchange and correlation functionals can be built as short-range versions of local spin-
density (LSDA) or gradient generalized (GGA) approximations. For the correlation part, we
use the short-range Vosko-Wilk-Nusair (srVWN) [305], the Perdew-Wang (srPW92) [306]
and the Perdew-Burke-Ernzerhof (srPBE) [300, 80]. For the exchange term we consider
the short-range Slater-Dirac (srLSDA) [307] and the PBE exchange (srPBE) [300, 80] to be
respectively combined with the short-range LSDA and GGA correlation functionals.

4.3.2 State average approximation

One important feature of the WFT-srDFT scheme is that the expression for the WFT-srDFT
energy is state speci�c, the terms Esr,µ

H [ρ] and Esr,µ
xc [ρ] are non-linear in the one-electron

density matrix. Thus the diagonalization of the Hamiltonian matrix is not allowed in the
presence of several eigenstates. To avoid such non-linearity one can express electronic state
densities in terms of a reference density matrix (Dref ) [308], from which the exchange-
correlation potential is evaluated. The expression for the Hartree and exchange-correlation
terms in Eq. (4.4) (after an expansion around Dref ), using matrix notation can be approxi-
mated as [267]:

Esr,µ
Hxc ≈ Esr,µ

xc [Dref ]− 1

2
Tr[jsr,refDref ]

−Tr[vsr,ref
xc Dref ] + Tr[(jsr,ref + vsr,ref

xc )D]
(4.8)

where, jsr,ref is the matrix form of the Hartree potential and v
sr,ref
xc is the exchange-

correlation potential matrix, both obtained from the reference density. The density matrix
in Eq. (4.8) can be de�ned as the average density over N electronic states.

Dref =
1

N

N∑

i=1

D(i). (4.9)
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Taking into account this average density [Eq. (4.9)], we can express an e�ective Hamiltonian
[Eq. (4.10)] from which the WFT-srDFT wave functions and energies are de�ned as their
eigenstates and eigenvalues [Eq. (4.11)].

Ĥµ,e� ≡ T̂ + V̂ne + V̂ lr,µ
ee + V̂ sr,µ,ref

ee (4.10)

Ĥµ,e� |Ψµ⟩ = Eµ,e� |Ψµ⟩ (4.11)

Application of Eq. (4.8) has to be done with caution since the use of a state-averaged 1-PDM
a�ects the variationality of the computed wave functions. It is also worth noting that the
use of a reference density implies that a fraction of the short-range DFT contribution is
constant and equal for all states (same reference density). This fraction corresponds to the
last three terms in Eq. (4.12). The �nal expression for the WFT-srDFT energy reads as

EWFT-srDFT = Eµ,e� + Esr,µ
xc [Dref ]

−1

2
Tr[jsr,refDref ]− Tr[vsr,ref

xc Dref ].
(4.12)

4.3.3 From paired to unpaired electrons

In order to test the validity of WFT-srDFT in the characterization of open-shell systems, we
explore its performance in the description of the H2 molecule potential energy surface. The
ground state energy pro�le along a single bond dissociation, such in the H2 stretching, can
be used as a toy model of the conversion of a closed-shell structure (at the equilibrium bond
distance) to an open-shell singlet with two unpaired electrons, i.e., diradical (at dissociation),
through an intermediate diradical character region. This simple system has been repeatedly
employed to test electronic structure methods. Near the equilibrium, monocon�gurational
approaches like Hartree-Fock and Kohn-Sham provide a good description of the ground
state electronic structure [309], with two electrons in the σ-bonding orbital, but fail at long
interatomic distances. As the molecule is stretched, the σ and σ∗ orbitals become closer
in energy and the ground state wave function, with partial electron occupancy of both σ
and σ∗, is no longer well described by a single Slater determinant [309]. The correct wave
function at the dissociation limit takes the form given by Heitler-London [310], in which
one electron lie in each of the two hydrogen atoms.

Figure 4.1 shows the H2 energy pro�le computed with full CI (FCI) and the 6-31G basis
compared to RAS-SF and RAS-srLDA, both using the ROHF σ1σ∗1 high-spin triplet as the
reference con�guration and with the two electrons and two orbitals forming the RAS2 space.
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Figure 4.1: Ground state dissociation energy curves of H2 computed at the FCI, RAS-SF and RAS-
srLDA levels with the 6-31G basis set.

In this case, the H2 ground state potential energy dissociation pro�le computed at the RAS-SF
level is in very good agreement with the FCI solution. The largest di�erence is obtained
at the energy minimum, with the RAS-SF wave function lying 0.8 mHartrees above the
FCI energy. This energy di�erence can be attributed to the lack of dynamic correlation in
RAS-SF. Hence, one would expect RAS-srDFT to improve the RAS-SF pro�le by slightly
lowering the ground state energy in the equilibrium region. Indeed, the range-separated
RAS-srLDA (µ = 0.4 a.u.) energy at the bonding distance is lower than RAS-SF (and FCI),
but the overall shape of the PES has deteriorated considerably. The relative energy between
closed- and open-shell forms, i.e., binding energy, is largely overestimated by RAS-srLDA.
Nearly equal results are obtained with other short-range functionals and reference states
(See resulting PES from Figure 4.3), suggesting that RAS-srDFT as presented above might
not be adequate for the study of open-shell systems, in particular for the relative energies
of closed- and open-shell electronic structures, e.g., di�erent regions of molecular PESs or
electronic states with di�erent electronic nature.

In order to understand the origin of the large energy di�erence between the PES minimum
and the dissociation limit in RAS-srDFT we compute the RAS-srLDA energy pro�le of
the MS = 0 and MS = ±1 triplets (Figure 4.2a) and their exchange and correlation
contributions (Figure 4.2b).
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Figure 4.2: RAS-srLDA dissociation energy curves of H2 for the ground state singlet (S0) and the
T1 withMS = 0 andMS = ±1 triplet microstates (a) and the sr-DFT exchange and correlation
contributions (b) computed with the 6-31G basis set.

Importantly, RAS-srLDA does not preserve the degeneracy between triplet components,
i.e.,MS = 0 and high/low-spin (MS = ±1) microstates (Figure 4.2a). TheMS = 0 triplet
is higher in energy than the degenerated MS = ±1 components, and converges to the
ground state singlet energy at long interatomic separation. Moreover, we notice that the
dissociation limit for the MS = ±1 would result in a much improved comparison with
FCI pro�le and binding energy. On the other hand, representation of the exchange and
correlation srDFT energies shows that the magnitude of the exhange component is much
larger than the short-range correlation energy contribution (Figure 4.2b), which is rather
constant for the triplet state while it becomes more negative for the S0 at short distances.
The exchange energy exhibits a stronger dependence on interatomic separation, especially
for the singlet state. Besides, the correlation energy ofMS = 0 andMS = ±1 triplets is
rather close to each other, whereas the di�erence between exchange energy is much larger
(in the order of 0.1 Hartree) and dominates the gap between the triplet components in Figure
4.2a.

Therefore, we deduce that the accurate description of the H2 dissociation with RAS-srDFT,
and the balanced characterization of closed and open-shell systems in general, might need
to include short-range spin polarization e�ects, which have an important impact on the ex-
change energy. To that aim, in the following we consider di�erent strategies directly related
with spin polarization of the electron density, like in the conventional density functionals
employed in (singlet determinant) unrestricted Kohn-Sham (UKS), and by exploring the use
of exact exchange.

4.3.4 Spin polarized short-range DFT

Within the KS-DFT scheme, energy functionals incorporate spin polarization e�ects related
with the presence of electron unpaired densities by breaking the spatial symmetry between
spin-up (α) and spin-down (β), that is, unrestricted DFT (UDFT), through the spin polariza-
tion parameter (ζ) de�ned as (ρα−ρβ)/ρ at each point in space. On the other hand, electron
densities forMS = 0 (nα = nβ) states derived from multicon�gurational wave functions,
exhibit the same spatial distribution of α and β electrons (ζ = 0). Hence, spin polarization
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e�ects do not emerge in WFT-srDFT. To include them, we employ the correlation functional
scheme introduced by Pérez-Jiménez and collaborators [311], and based on the de�nition of
two new densities:

ρ> =
∑

i,ni≥1

(ni − 1)|ϕi|2 (4.13)

ρ< = ρ− ρ>, (4.14)

where ϕi is the ith natural orbital with electron occupancy ni. Then, the short-range
exchange and correlation functionals are de�ned asEsr,µ

x [ρ] ≡ Esr,µ
x [ρ>, ρ<] andE

sr,µ
c [ρ] ≡

Esr,µ
c [ρ>, ρ<], with:

ζ =
ρ>(r)− ρ<(r)

ρ(r)
. (4.15)

We therefore label this methodology as WFT-sr-pDFT (or simply sr-pDFT). It is important to
notice that we employ both ρ> and ρ< densities in the correlation and exchange functionals.
Also, the state average scheme in Eqs. (4.8)-(4.12) should not be used with the de�nition
of the ρ< and ρ> densities, since now the reference density (Dref ) and the density of each
state D might be rather di�erent. Therefore, the spin polarization approach should be used
in state-speci�c calculations.

4.3.5 Exact short-range exchange

In addition, here we propose two new approximations of Esr,µ
x [ρ] based on the exact form

of the (short-range) exchange interaction. First, we consider the Hartree-Fock exchange
functional (srEXX or sr-EXX):

EsrEXX,µ
x [ρ] = −1

2

∑

pq,rs

Dpqg
sr,µ
psqrDrs (4.16)

Of course, Eq. (4.16) can be generalized to the case of short-range hybrid functionals in
which EsrEXX,µ

x is mixed with srDFT exchange:

Esr,µ
x [ρ] = aEsrEXX,µ

x [ρ] + (1− a)EsrDFT,µ
x [ρ], (4.17)

where a is the mixing parameter.

Alternatively, we approximate the short-range exchange to the di�erence between the
expectation value of the V̂ sr,µ

ee and the short-range Hartree energy:

EsrWFT,µ
x [ρ] ≈ min

Ψµ
⟨Ψµ|V̂ sr,µ

ee |Ψµ⟩ − Esr,µ
H [ρ], (4.18)

which we name srWFT exchange. Inserting Eq. (4.18) in the WFT-srDFT energy [Eq. (4.4)]
results in:

EWFT-srDFTc = min
Ψµ
⟨Ψµ|T̂ + V̂ne + V̂ee|Ψµ⟩+ Esr,µ

c [ρ], (4.19)

Since Eq. (4.19) does not contain short-range DFT exchange, we name it WFT-srDFTc, where
the c stands for correlation. This approach assumes that EsrWFT,µ

x [ρ], concretely the �rst
term on the RHS of Eq. (4.18), does not include short-range correlation. We might predict it
to be a reasonable approximation for multicon�gurational wave functions with a limited
number of con�gurations, e.g., CASSCF with a small active space or small RAS2 in RASCI,
while increasingly large number of correlated orbitals and electrons might induce double
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counting of electron correlation. Such situation becomes evident for FCI wave functions,
although the WFT term still depends on the µ parameter through the wave function.

We further approximate Eq. (4.19) by using the WFT density to evaluate the short-range DFT
correlation energy for each state, that is, by avoiding the self-consistent iteration procedure
required in WFT-srDFTc. We de�ne this "one-shot" energy correction as WFT-srDFTc0:

EWFT-srDFTc0
i = EWFT

i + Esr,µ
c [ρi]. (4.20)

Such approximation can be justi�ed by the fact that, although (srDFT) electron correlation
can have a sensible impact on electronic energies, in general, the converged WFT-srDFTc
densities are expected to mildly deviate from the WFT ones. Other similar simpli�cations
and approximations have been described in the literature, such as in the use of the HF density
as input for the evaluation of DFT exchange-correlation energy [312], or in the one-shot GW
approximation (or G0W0) employed in the framework of Green’s function-based methods
[140, 313]. Importantly, the state speci�c one-shot DFT correlation energy in WFT-srDFTc0
does not increase the cost of WFT. Moreover, the state average approximation (section 4.3.2)
is no longer needed in the computation of excitation energies.

4.4 Computational Details

In this Chapter we use the RASCI within the hole and particle approximation wave function
[304] in combination with short-range DFT functionals. Speci�c details of the reference
con�guration, RAS2 orbital space and excitation operators employed are explicitly indicated
in each example. In all cases, RAS1 (RAS3) orbital set contain all fully occupied (virtual)
orbitals below (above) the RAS2 space. Unless indicated, in all the examples of the present
study we have used the short-range Slater-Dirac (srLSDA) [307] functional for the exchange
term and the short-range version of the Vosko-Wilk-Nusair functional (srVWN) [314] for
the correlation part. Previous calculations have shown weak dependence with the short-
range functional [267]. As pointed previously by Gori-Giorgi [76], if the range-separation
parameter (µ) is not too large, few determinants describe Ψµ quite accurately. Previous
studies have suggested the optimal value for the µ-parameter to be within the 0.4 ≤ µ ≤ 0.5
a.u. range [202, 315, 267]. Therefore, here we systematically use µ = 0.4 a.u. All calculations
presented in section 4.5 were obtained with a development version of the Q-Chem package
[316].

4.5 Numerical results

In the following we present several examples of the performance of the introduced methods
in comparison to highly accurate calculations and experimental measurements. First of
all, we explore the capabilities of the WFT-srDFT methods in the single bond breaking of
the H2 molecule and energy gaps in triplet atoms (C, O, Si, and S), in triatomic diradicals
(CH2, NH2

+, SiH2 and PH2
+, in benzyne isomers, and in trimethylenemethane. Finally,

we apply the new methods to the calculation of low-lying electronic states of Ga2 dimer.
Complementary information for H2 (number of unpaired electrons) and triatomic diradicals
(additional adiabatic ST gaps ) can be found in Appendix A.
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4.5.1 Hydrogen dissociation

First, we revisit the H2 PES, Figure 4.3 presents calculations exploring the dependence
with the speci�c form of the short-range DFT functional and di�erent values of the range
separation parameter (µ). As observed, di�erent forms of the exchange-correlation sr-
density functional (sr-DFT) give similar energy pro�les within an increase in the energy at
dissociation range and a decrease at bonding range. When �xing the exchange-correlation
and changing µ further changes illustrate the e�ect of going from the WFT dominant
solution (µ→∞) to the DFT dominant solution (µ→ 0), changes in the PES mainly occur
at dissociation range. These are general features displayed by the RAS-srDFT approach.

Figure 4.3: RAS-sr-DFT dissociation energy curves of H2 for the ground state singlet (S0) computed
with di�erent short-range DFT functionals (upper left plot), with RAS-sr-LDA and di�erent values for
the range separation parameter µ (upper right plot). And computed with di�erent srDFT functional
and di�erent high-spin triplet reference con�gurations (ROHF and ROKS) (lower central plot).
The Slater exchange functional has been employed for the ROKS reference, while the correlation
functional corresponds to the full range counterpart to the one used in the srDFTc calculation, i.e.,
VWN or PW92. All calculations have been done with the 6-31G basis set.

Calculations with the newly introduced short-range functionals sr-pLDA, sr-EXX, sr-LDAc
and sr-LDAc0 are shown in Figure 4.4. The spin polarization approximation is able to stabilize
the S0 (and theMS = 0 triplet) energy for large interatomic separations, which actually
converges to the sr-LDAMS = ±1 triplet energy (Figure 4.4, right plot). As a result, the
computed binding energy notably reduces with respect to sr-LDA. But it does not produce
the right energy pro�le at intermediate distances, with an unphysical energy maximum at
∼ 2.5 Å. Replacing the short-range Slater exchange by the short-range part of the Hartree-
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Fock exchange does not improve the sr-LDA result, with an even larger overestimation
of the binding energy. On the other hand, the shape of the short-range correlation only
(sr-LDAc) approach is considerably improved with respect to the other srDFT schemes,
with a PES rather parallel to FCI. Ground state H2 energy along the molecular dissociation
obtained with the one-shot sr-LDAc (sr-LDAc0) are almost exactly equal to sr-LDAc, and
are not represented in Figure 4.4 for the sake of clarity.

Figure 4.4: Ground state dissociation energy curves (in kcal/mol) of H2 with respect to the dissocia-
tion limit computed at the FCI, RAS-SF, RAS-srLDA (sr-LDA), RAS-srLDA with with spin polarized
densities (sr-pLDA), with short-range HF exchange (sr-EXX), and with short-range correlation (sr-
LDAc) levels (left plot). And RAS-sr-pLDA dissociation energy curves of H2 for the ground state
singlet (S0) and the T1 withMS = ±1 triplet microstates (right plot). Calculations done with the
6-31G basis set.

4.5.2 Triplet state atoms: C, O, Si and S

Next, we explore the performance of RAS-srDFT methods in the computation of triplet-
singlet energy gaps in carbon, oxygen, silicon and sulfur atoms. All four atoms hold a triply
degenerated spin-triplet ground state (3P ) and a �ve-fold �rst excited singlet (1D). For a
balanced description of the 3P and 1D multiplets, we employ di�erent excitation schemes.
For carbon and silicon we use a SF operator with a high-spin quintet reference and an IP
operator with a high-spin quartet anion con�guration. For oxygen and sulfur we combine
an IP operator with the dianion singlet con�guration and an AE operator with the high-spin
quartet cation reference determinant. The RAS2 space is built with four electrons in four
orbitals (ns2np2) for carbon (n = 2) and silicon (n = 3) atoms, and with six electrons in
four orbitals (ns2np4) for oxygen (n = 2) and sulfur (n = 3). Tables 4.1 and 4.2 show the
energy gaps computed for theMS = 0 (∆E0) andMS = ±1 (∆E1).

The di�erent versions of the pure RASCI method (no short-range DFT) preserve spatial and
spin orientation degeneracies, that is, the 3P state energy is invariant with respect toML

andMS (nine degenerated microstates), and the 1D state is degenerated for −2 ≤ML ≤ 2
(�ve degenerated singlets). As a result, the computed triplet-singlet gaps are invariant
with respect to the triplet state projection, i.e. ∆E0 = ∆E1 in Tables 4.1 and 4.2. On the
other hand, RAS-srDFT methods are invariant with respect to spatial projections (ML), but
produce di�erent energies forMS = 0 andMS = ±1 triplets (∆E0 ̸= ∆E1), as shown in
Figure 4.2a for the H2 molecule.
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The four studied atoms are purely open-shell systems, and RASCI with the proper reference
con�guration, excitation operator (RAS-SF, RAS-IP and RAS-AE) and orbital space combina-
tion is expected to quantitatively describe the relative energies between the low-lying states
(3P and 1D). Hence, ideally, we would like RAS-srDFT to maintain the same accuracy in the
computation of triplet-singlet energies, or improve it if possible. RASCI results with small
RAS2 spaces are in good agreement with experimental gaps, and present small variations
between the di�erent considered reference con�gurations and excitation operators.

The RAS-srLDA approach produces too small energy di�erences between the MS = 0
triplet and 1D, with triplet and singlet states nearly degenerated. The results improve
considerably for the MS = ±1 triplets, with rather accurate gaps for carbon (RAS-SF)
and silicon, but still far from the RASCI accuracy for oxygen and sulfur. The polarized
version of sr-LDA in general improves the results for theMS = 0 case, but the gaps are
still too small, especially for oxygen and sulfur. The results with sr-EXX tend to largely
over stabilize the spin-singlet 1D state with respect to 3P , with too small (or even negative)
triplet-singlet gaps. On the other hand, the short-range correlation approach (RAS-srLDAc)
produces rather accurate gaps, very close to RASCI values, and with slightly improved
energies for theMS = ±1 triplets. In general, polarized density RAS-srLDAc calculations
yield triplet-singlet gaps similar to those obtained without polarizing the electron density,
or slightly closer to experiment in some cases.

From these results and the H2 dissociation pro�les, we might conclude that the straight use
of RAS-srDFT andWFT-srDFTmethodologies in general might not be a reliable approach for
the study of open-shell systems. Amongst the di�erent alternatives considered to overcome
such limitation, the combination of multicon�gurational wave function (RASCI) exhange
with short-range DFT correlation (WFT-srDFTc and WFT-srDFTc0) yields good relative
energies between low-lying states, while the use short-range Hartree-Fock exchange fails to
quantify singlet-triplet gaps and the relative energy between open-shell and closed-shell
con�gurations. On the other hand, despite that the polarized density approach de�ned in Eqs.
(4.13)-(4.15) yields good energy gaps, it prevents the use of the state average approximation,
that is, state speci�c calculations are mandatory. Hence, it might be a good alternative
when convergence to di�erent individual electronic states can be easily achieved, much like
∆SCF and ∆KS strategies employed in the calculation of singlet-triplet gaps or ionization
potentials [15, 317], but it might pose serious di�culties in the computation of transition
energies to several excited states. Therefore, in the following sections we focus our attention
on the performance of WFT-srDFTc in comparison to pristine WFT and to WFT-srDFT, that
is, short-range DFT exchange and correlation.
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Table 4.1: Energy gaps (in eV) between the ground state triplet (3P ) and the lowest singlet state (1D)
in carbon and silicon atoms, computed with RAS-SF (high-spin quintet as the reference con�guration)
and RAS-IP (high-spin quartet anion as the reference con�guration) with the pristine wave function
(RASCI) and di�erent implementations of RAS-srDFT and the cc-pVTZ basis set. ∆E0 and ∆E1

values correspond to energy gaps with respect to theMS = 0 andMS = ±1 3P triplet, respectively.
Experimental gaps indicated in parenthesis.

∆E0 ∆E1 ∆E0 ∆E1

method SFa IPb SF IP SF IP SF IP
Carbon (exp. 1.26) Silicon (exp. 0.75)

RASCI 1.50 1.49 1.50 1.49 0.98 0.97 0.98 0.97
sr-LDA 0.08 0.08 1.27 -1.75 0.18 0.18 0.81 0.81
sr-pLDA 1.23 1.05 1.11 0.90 0.55 0.16 0.38 0.00
sr-EXX 0.09 0.10 -0.38 -0.37 0.20 0.21 -0.43 -0.42
sr-LDAc 1.55 1.51 1.18 1.14 1.01 0.99 0.90 0.88
sr-LDAc0 1.56 1.34 1.28 1.13 1.01 0.99 0.88 0.86
sr-pLDAc 1.30 1.36 1.46 1.37 0.54 0.91 1.16 0.92
aSF label stands for RAS-SF method. bIP label stands for RAS-IP method.

Table 4.2: Energy gaps (in eV) between the ground state triplet (3P ) and the lowest singlet state (1D)
in oxygen and sulfur atoms, computed with RAS-IP (singlet dianion as the reference con�guration)
and RAS-AE (high-spin quartet cation as the reference con�guration) with the pristine wave function
(RASCI) and di�erent implementations of RAS-srDFT and the cc-pVTZ basis set. ∆E0 and ∆E1

values correspond to energy gaps with respect to theMS = 0 andMS = ±1 3P triplet, respectively.
Experimental gaps indicated in parenthesis.

∆E0 ∆E1 ∆E0 ∆E1

method IPa AEb IP AE IP AE IP AE
Oxygen (exp. 1.97) IPa AEb IPa AEb

RASCI 2.05 2.16 2.05 2.16 1.29 1.34 1.29 1.34
sr-LDA 0.04 0.03 1.44 1.50 0.13 0.12 0.85 0.86
sr-pLDA 1.18 1.64 0.91 1.44 0.64 0.82 0.39 0.57
sr-EXX -0.19 -0.21 -0.30 -0.31 0.12 0.12 -0.20 -0.20
sr-LDAc 2.06 2.19 2.00 2.16 1.30 1.36 0.99 1.07
sr-LDAc0 2.07 2.20 1.73 1.84 1.30 1.36 1.11 1.16
sr-pLDAc 1.99 1.98 1.78 1.97 0.99 1.24 1.26 1.23

aIP label stands for RAS-IP method. bEA label stands for RAS-EA method.

4.5.3 Triatomic diradicals: CH2, NH2
+, SiH2 and PH2

+

Methylene (CH2), nitrenium cation (NH2
+), silylene (SiH2) and the dihydridophosphorus(1+)

cation (PH2
+) are four isovalent molecules classi�ed by Salem [275] as heterosymmetric

diradicals. For such species, the valence orbitals ϕ1 and ϕ2 are derived from a p-orbital and
a s1−xpx hybridized orbital of the heavy atom. The low-lying electronic states of these four
triatomic diradicals are obtained as the di�erent distribution of two valence electrons in the
two orbitals to form a triplet state (3B1) and three singlets: two closed-shell states with 1A1

symmetry and the open-shell 1B1 state. The gap between the valence orbitals gradually
changes in the series, giving as a consequence various degrees of diradical character. The
ground state of CH2 and NH2

+ is the triplet X̃3B1 state, with the three excited singlets
energetically ordered (from lower to higher energy) as: ã1A1, b̃1B1 and c̃1A1. The latter
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formally being a double excitation from the ã1A1 state. On the other hand, SiH2 and PH2
+

molecules have a closed-shell singlet ground state (X̃1A1) followed by the open-shell singlet
Ã1B1, the triplet ã3B1 and the singlet B̃1A1 as their lowest excited states.

Table 4.3: Adiabatic energy gaps (in eV) with respect to the X̃3B1 (Ms = 1) ground state for
CH2 and NH2

+ molecules computed with RAS(n,m)-SF and RAS(n,m)-SF-srLDAc, where n andm
indicate the number of electrons and orbitals in the RAS2 space, respectively.

method ã1A1 b̃1B1 c̃1A1

CH2

RAS(2,2)-SF 0.595 1.656 3.257
RAS(6,6)-SF 0.648 1.661 3.246
RAS(2,2)-srLDAc 0.344 1.359 3.012
RAS(6,6)-srLDAc 0.371 1.365 2.989
RAS(6,6)-srLDAc0 0.365 1.418 3.050
FCIa 0.483 1.542 2.674
Expt.b 0.390 1.425
Expt. −∆ ZPEc 0.407 1.430

NH2
+

RAS(2,2)-SF 1.424 1.992 3.957
RAS(6,6)-SF 1.543 2.114 3.912
RAS(2,2)-srLDAc 1.349 1.865 3.880
RAS(6,6)-srLDAc 1.463 2.005 3.834
RAS(6,6)-srLDAc0 1.182 1.777 3.610
CASSCF SOCIa 1.281 1.935 3.380
Expt.d 1.306
Expt. −∆ ZPEe 1.286

a TZ2P basis from Ref. [318]. b From Ref. [230]. c ZPE changes at the CISD level from Ref. [319]. d

From Ref. [320]. e ZPE changes at the CISD level from Ref. [321].

Computed adiabatic energy di�erences between the three singlets and the triplet state
are shown in Table 1 (CH2 and NH2

+) and Table 4.4 (SiH2 and PH2
+). The performance

of srDFTc with a RASCI multicon�gurational wave functions obtained by an spin-�ip (α-
to-β) excitation operator acting on the ROHF high-spin triplet reference con�guration is
evaluated for two di�erent RAS2 spaces: (i) two electrons in the two frontier orbitals, and
(ii) six electrons in six orbitals, and compared to the pure wave function (RAS-SF) method.
Molecular geometries for each state were taken from previous computational works, with
CH2 structures optimized at the FCI/TZ2P level [322], and NH2

+, SiH2 and PH2
+ equilibrium

geometries obtained with CISD/TZ2P(f,d) [321, 323, 324]. All RAS-SF and RAS-SF-srDFTc
calculations have been done with the cc-pVTZ basis set.

Pristine WFT excitation energies at the RAS-SF level are systematically higher than exper-
imental values available and reference energies, i.e., FCI and CASSCF SOCI for CH2 and
NH2

+, respectively. The RAS-SF errors for the ã1A1 and b̃1B1 states are within the 0.2-0.3
eV range, and considerably large for the transition to c̃1A1 (> 0.5 eV). Short-range DFT
correlation reduces the adiabatic excitation energies to the three singlets by a few tenths
of an eV, which results in energy gaps closer to the reference values, that is, with absolute
errors of the order of 0.1-0.3 eV for all cases. In general, for these molecules there is only
a mild dependence of adiabatic energies with the size of the RAS2 correlated space for
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both WFT and WFT-srDFTc calculations. The srDFTc0 energies are quite close to the ones
obtained self-consistently with srDFTc. It is worth noting that, in several cases one-shot
computed gaps are even closer to the reference values that the ones obtained iteratively.

Table 4.4: Adiabatic ST gaps (in eV) with respect to the X̃1A1 ground state for SiH2 and PH2
+

molecules computed with RAS(n,m)-SF and RAS(n,m)-SF-srLDAc, where n and m indicate the
number of electrons and orbitals in the RAS2 space, respectively.

method ã3B1 Ã1B1 B̃1A1

SiH2

RAS(2,2)-SF 0.748 2.089 3.940
RAS(6,6)-SF 0.696 1.786 3.513
RAS(2,2)-srLDAc 1.593 2.174 4.075
RAS(6,6)-srLDAc 1.210 1.878 3.662
RAS(6,6)-srLDAc0 0.929 1.919 3.699
CASSCF SOCIa 0.871 1.992 3.486
Expt. 0.91b 1.928c

Expt. −∆ ZPEd 0.90 1.92

PH2
+

RAS(2,2)-SF 0.616 2.121 4.287
RAS(6,6)-SF 0.531 1.778 3.837
RAS(2,2)-srLDAc 1.038 2.185 4.415
RAS(6,6)-srLDAc 0.978 1.871 3.980
RAS(6,6)-srLDAc0 0.817 1.904 4.007
CASSCF SOCIa 0.760 2.009 3.686
Expt.e 0.75 1.92
Expt. −∆ ZPEf 0.76 1.94

a TZ2P basis from Ref. [318]. b From Ref. [325]. c From Ref. [326]. d ZPE changes at the CISD level
from Ref. [323]. e From Ref. [327]. f ZPE changes at the CISD level from Ref. [324].

RAS-SF calculations for the SiH2 and PH2
+ diradicals tend to over stabilize the triplet ã3B1

state with respect to the three singlet states, like in the CH2 and NH2
+ molecules. Hence,

computed adiabatic energy di�erences between the ground state singlet (X̃1A1) and the
ã3B1 state are lower than experimental and reference values. On the other hand, energy
gaps to the two lowest excited singlets are in better agreement. It is worth noticing that in
some cases the energies obtained with the smallest fully correlated space (two electrons in
two orbitals) are more accurate than with the larger electron orbital space (six electrons in
six orbitals), which might result from error compensation. The use of srDFTc in combination
with the RAS-SF wave function increases the computed gap to the lowest triplet, since
short-range correlation is stronger in the singlet ground state. The adiabatic energies of
the Ã1B1 and B̃1A1 states also increase with respect to the wave function values, but to a
lesser degree. Once again, one-shot short-range correlation energies are, in general, slightly
improved with respect to RAS-srDFTc results.

Finally, it is worth noting that RAS-SF with short-range DFT exchange and correlation yields
to large errors in the computation of adiabatic energies in all cases (CH2, NH2

+, SiH2 and
PH2

+), with a systematic large over stabilization of the spin-singlet states with respect to
the triplet (See Figure 4.5).
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Figure 4.5: Relative error in triatomic diradical series. Errors correspond to the ST gaps with respect
to the Expt. −∆ ZPE value reported from references as indicated in previous tables.

4.5.4 Benzyne isomers

The abstraction of two hydrogen atoms from benzene gives rise to prototypical aromatic
diradical systems called didehydrobenzenes or benzynes (C6H4). Benzynes feature two
unpaired electrons and exhibit a diradical character strength that increases with the distance
between the carbons formally hosting the two unpaired electrons (ortho <meta < para). This
is illustrated in Figure 4.6 where FOD and Head-Gordon indexes characterize the e�ective
unparied electrons for for each case.

All three benzyne isomers present a singlet diradical ground state with an energy gap to the
lowest triplet excited state, 3B2 in o- andm-benzyne, and 3B1u in p-benzyne, that decreases
from ortho tometa to para forms, that is, inversely proportional to the ground state diradical
character [328]. The strong diradical character of benzynes, especially p-benzyne, leads to
orbital instabilities in mean-�eld approximations, e.g., (restricted) HF. As a consequence, the
description of the electronic structure of benzynes requires the use of strongly correlated
methods [318].

Here, we compute the adiabatic singlet-triplet energy gaps for the three benzyne isomers
employing the RAS-SF method with and without short-range DFT correlation, de�ning a
RAS2 space containing six electrons in the six frontier π-orbitals, and the cc-pVDZ basis
(Table 4.5). In this case, we also explore the dependence of the computed singlet-triplet
energies with the reference orbitals. To that aim, we consider the lowest triplet state obtained
with the ROHF and ROKS (Slater exchange and PW92 correlation) schemes as the reference
con�guration. Equilibrium structures were optimized by Orms and co-workers at the SF-
TDDFT (ground state singlet) and KS (lowest excited triplet) levels of theory, with the use of
the B5050LYP functional and the cc-pVTZ basis set [255].

First of all, we notice that the RAS-SF wave function ansatz respects the energy degeneracy
between the three components of the triplet state, resulting in identical ∆E0 and ∆E1

computed energies for both HF and KS reference con�gurations. On the other hand, the
invariance of the (non-relativistic) electronic Hamiltonian with respect to the spin axis
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Figure 4.6: Accurate singlet-triplet energy gaps computed for benzyne isomers (in eV). Distribution
of the unpaired electrons in the real space is correctly described by the fractional occupation density
FOD.

orientation is not preserved by calculations including short-range DFT energy contributions,
as becomes evident by the di�erent values obtained regarding the employed triplet compo-
nent. The magnitude of DFT correlation is larger for theMS = 0 triplet than in αα and ββ
components, as shown in the H2 dissociation (Figure 4.2b). Spin polarization e�ects are not
taken into consideration in the correlation energy functional of the triplet microstate with
the same number of spin-up and spin-down electrons, resulting in |Esr,µ

c [ρ0]| > |Esr,µ
c [ρ±1]|.

Singlet-triplet energies obtained with ROHF and ROKS triplet orbitals do not present large
di�erences, especially in the RAS-SF and RAS-SF-srLDAc approaches (< 0.1 eV). In general,
computed gaps are larger with the use of KS orbitals in o- andm-benzyne, while they are
slightly lower in p-benzyne. In any case, these results indicate a weak dependence of the
relative energies with the use of HF or KS reference con�gurations. RAS-SF results are in
quite good agreement with the experimental values, with a systematic underestimation
of the energy gaps, that is, in this case the spin-�ip approach tends to over stabilize the
triplet state with respect to the ground state singlet. RAS-SF with srDFT exchange and
correlation results in much to large singlet-triplet energies, in particular when theMS = ±1
triplet is employed. These results con�rm that WFT-srDFT is not able to provide a balanced
description between the open-shell triplet and the singlet diradicaloid. The use of the
MS = 0 triplet improves the results, but its performance is still far from the WFT (RAS-SF)
results. Combining long- and short-range WFT exchange with srDFTc increases the WFT
(RAS-SF) adiabatic energy di�erences, as the (negative) short-range correlation energy is
larger for the singlet state. The use of the high-spin triplet seems to be a better choice for
the computation of singlet-triplet gaps in these diradicals, since it includes spin polarization
e�ects in the triplet state energy, although the computed gaps for p-benzyne at the employed
level of are closer to the experimental value when we take theMS = 0 energy. In general,
energies obtained for the three molecules with the srDFTc0 approach are very close to the
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srDFTc counterparts.

Table 4.5: Singlet-triplet adiabatic energies (in eV) of benzyne isomers computed with RAS-SF,
RAS-srDFT and RAS-srDFTc with two di�erent RAS2 spaces, and with the ROHF (HF superindex
in parenthesis) and ROKS (KS superindex in parenthesis) triplet reference con�gurations. Spin
projection of the triplet state indicated with a subindex 0 (MS = 0) or 1 (MS = ±1).

method ∆E(HF)
0 ∆E(KS)

0 ∆E(HF)
1 ∆E(KS)

1

o-benzyne
RAS(6,6)-SF 1.28 1.33 1.28 1.33
RAS(6,6)-srLDA 2.30 2.30 4.14 4.08
RAS(6,6)-srLDAc 1.42 1.48 1.77 1.82
RAS(6,6)-srLDAc0 1.42 1.48 1.67 1.71
Expt.a 1.63
Expt. −∆ ZPEb 1.66

m-benzyne
RAS(6,6)-SF 0.52 0.60 0.52 0.60
RAS(6,6)-srLDA 1.51 1.58 3.14 3.09
RAS(6,6)-srLDAc 0.60 0.68 0.95 1.02
RAS(6,6)-srLDAc0 0.61 0.68 0.85 0.91
Expt.a 0.91
Expt. −∆ ZPEb 0.87

p-benzyne
RAS(6,6)-SF 0.12 0.10 0.12 0.10
RAS(6,6)-srLDA 0.49 0.39 1.96 1.87
RAS(6,6)-srLDAc 0.12 0.11 0.43 0.43
RAS(6,6)-srLDAc0 0.12 0.11 0.33 0.32
Expt.a 0.17
Expt. −∆ ZPEb 0.14

aFrom Ref. [329]. bZPE computed at the SF-TDDFT/6-311G(d) level from Ref. [318].

4.5.5 Trimethylenemethane diradical

The trimethylenemethane (TMM) molecule is a fully conjugated non-kekulé diradical, that
is, with all possible Kekulé structures containing at least two atoms that are not π-bonded
[330]. In the ground state, TMM exhibits a D3h �at structure with two electrons in the two
degenerated e′′ frontier π-orbitals (Figure 4.7). The electronic ground state corresponds to
the spin-triplet con�guration with single electron occupancy of the two e′′ orbitals (ϕ1 and
ϕ2 in Eqs. (4.21)-(4.26)), i.e., the 3A′

2 state, in agreement with the Hund’s rule and high level
calculations [331, 332, 333, 334, 335, 336, 337, 318, 338].
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Figure 4.7: The π-system of TMM at the �at D3h symmetry of the 3A′

2 ground state geometry
computed at the ROHF/cc-pVTZ level.

The lowest lying electronic excited states at the 3A1 PES minimum correspond to the
symmetric spatial representation components of the direct product between the irreducible
representation of the frontier orbitals (E′′ ⊗ E′′), thus, they must be combined with anti-
symmetric spin functions, i.e., the 1E′ and 1A′

1 spin-singlet states. The doubly degenerated
1E′ state contains a closed-shell [Eq. (4.24)] and an open-shell [Eq. (4.25)] singlet, while the
1A′

1 is a closed-shell-like state mainly obtained as the in-phase combination of the doubly
occupancy of the two e′′ orbitals [Eq. (4.26)]. The two-fold 3E′ state, obtained as a single
electron promotion from the occupied a′′2 orbital to the e′′ orbital space, is the energetically
lowest state beyond the four states generated by two electrons in the e′′ orbital space.

Ψ0(
3A′

2) =
1

2
(ϕ1ϕ2 − ϕ2ϕ1) · (αβ + βα), (4.21)

Ψ1(
3A′

2) =
1√
2
(ϕ1ϕ2 − ϕ2ϕ1) · (αα), (4.22)

Ψ−1(
3A′

2) =
1√
2
(ϕ1ϕ2 − ϕ2ϕ1) · (ββ), (4.23)

ΨCS(E
′′) =

1

2
[(ϕ1)

2 − (ϕ2)
2] · (αβ − βα), (4.24)

ΨOS(E
′′) =

1

2
(ϕ1ϕ2 + ϕ2ϕ1) · (αβ − βα), (4.25)

Ψ(1A′
1) =

1

2
[(ϕ1)

2 + (ϕ2)
2] · (αβ − βα). (4.26)

As for benzynes, the FOD representation enables us to characterize the unpaired electrons in
TMM (see Fig. 4.8). As expected, the closed-shell 1E′′ state displays zero e�ectively unpaired
electrons (Nu = 0), and consequently, the FOD vanishes. For the remaining states, the FOD
is non-vanishing and appears to be mostly localized over the C-C bonds of the molecule.
Table 4.6 shows the computed vertical excitation energies from the 3A′

2 ground state of
TMM in comparison with the previous results at the EOM-SF-CCSD. level [332] For this set
of calculations we employ the reported ground state equilibrium geometry optimized at the
SF-TDDFT/6-31G(d) level [318].
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Figure 4.8: Low lying states of TMM biradical and respective FODs and e�ectively unpaired electrons
accounted by the Head-Gordon’s Nu index.

Table 4.6: Vertical excitation energies (in eV) to the low-lying excited states with respect to the
ground 3A′

2 state of TMM computed at the RAS-SF and RAS-SF-srLDAc (RAS-srLDAc) with the
cc-pVTZ basis set. The (n,m) values indicate the number of electrons (n) and orbitals (m) in the
RAS2 space.

method 1E′ 1A′
1

3E′

RAS(4,4)-SF 1.13 5.09 4.61
RAS(4,4)-srLDAc 0.99 5.18 4.60
RAS(4,4)-srLDAc0 1.00 5.22 4.62
RAS(8,6)-srLDAc 0.94 4.44 4.72
RAS(8,7)-srLDAc 0.94 4.38 4.72
RAS(8,8)-srLDAc 0.93 4.29 4.73
RAS(8,9)-srLDAc 0.92 4.23 4.74
RAS(8,9)-srLDAc0 0.94 4.27 4.74
EOM-SF-CCSDa 1.17 3.88 4.61

aFrom Ref. [332].

RAS-SF and RAS-SF-srLDAc calculations have been done using the ROHF lowest high-spin
triplet [Eq. (4.22)] as the reference con�guration, with di�erent RAS2 spaces and the cc-
pVTZ basis set. RAS-SF with four electrons in the four frontier π-orbitals in Figure 4.7
produce excitation energies to the E′ singlet and triplet states in very good agreement with
the EOM-SF-CCSD reference values. On the other hand, transition energy to 1A′

1 is largely
overestimated (by 1.2 eV). Excitation energies with short-range correlation and the same
(4,4) RAS2 space are very close to the wave function results, with slightly underestimated
transition to 1E′ and too high energy for 1A′

1. Hence, we might infer that the short-range
DFT correlation approach preserves the wave function accuracy, but srDFTc is not able
to recover the missing di�erential electron correlation in the 3A′

2 → 1A′
1 transition. This

correlation is progressively included as we increase the size of the fully correlated space
(RAS2). Whereas the transition energy to 1E′ and 3E′ merely change from the (4,4) to the
(8,9) RAS2 spaces, the vertical energy to 1A′

1 progressively diminishes by expanding RAS2,
with an excitation energy 0.35 eV higher than the EOM-SF-CCSD value in the largest space.
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It is also worth noting that the non-iterative RAS-SF-srLDAc0 energies are very close to the
self-consistent (RAS-SF-srLDAc) values, as shown for the (4,4) and (8,9) RAS2 spaces.

Overall, these results indicate that, although the srDFTc correction to the RASCI energies
might be a good approach for the study of open-shell systems, in some cases it may not be
able to capture the delicate correlation balance between di�erent electronic states, such as
in the accurate quanti�cation of the excitation energy to the 1A′

1 state in TMM.

4.5.6 Gallium dimer

The cohesive energy of metals in group 13 of the periodic table progressively decreases
with the atomic number: Al (3.39 eV), Ga (2.81 eV), In (2.52 eV) and Th (1.88 eV). In general,
this trend correlates well with their melting point, except for gallium, which exhibits a
much lower temperature: Al (934 K), Ga (303 K), In (430 K) and Th (304 K). Such distinctive
properties of gallium have been rationalized by the structure of the solid α-Ga phase, which
is composed of interacting Ga2 units, and through the study of small gallium clusters
[339, 340, 341, 342, 343, 344, 345, 346, 347, 348, 349].

Experimental and theoretical investigations agree with the spin-triplet nature of the Ga2
ground state (3Πu) in the gas phase [339, 344, 348], with a binding energy experimentally
measured around 1.1 eV. Moreover, whereas Ga2 molecule spontaneously reacts with H2,
atomic gallium requires photo activation in order to interact with dihydrogen to form GaH2

[350, 351, 352, 353]. This di�erence in reactivity has been attributed to the wide range of
accessible excited states in the dimer [345]. Electronic structure calculations have identi�ed
3Σ−

g as the �rst excited state being nearly degenerated to 3Πu, while singlet excited states,
i.e., 1Σ+

g ,
1Πu and 1∆g , have been predicted to lie within a few tenths of an eV above the

ground state minimum [343, 345, 347].

Computational characterization of the near-degeneracies between low-lying states of Ga2
requires the use of methodologies able to account for electron correlations, and represents
a challenging test for WFT-srDFT approaches. Here we apply the use of short-range DFT
correlation to the computation of ground and excited states of gallium dimer and we compare
our results with experimental measurements [339, 344] and previous theoretical calculations
[343, 347, 346, 348]. Ground state dissociation energy (De) and adiabatic excitation energies
to the singlet and triplet electronic states of Ga2 have been computed using the optimized
geometries reported by Himmel and collaborators [345], with bonding distances of 2.763
Å, 2.510 Å, 3.093 Å, 2.781 Å and 2.587 Å respectively for 3Πu, 3Σ−

g ,
1Σ+

g ,
1Πu and 1∆g

states. In all cases we use the 3Σ−
g ROHF determinant as the reference con�guration for

RAS-SF and RAS-SF-srDFTc calculations with a RAS2 space de�ned by four electrons in
four orbitals (σ+u , πu, and σ

+
g in Figure 4.9). Previous calculations have suggested that triple

ζ basis sets might be too small to describe correlation e�ects in the gallium dimer and that
the accurate prediction of dissociation energy might require the use of quadruple ζ quality
basis sets [348, 354]. Thus, to account for basis set dependence e�ects, we have computed
De and adiabatic energies with cc-pVXZ (X = D, T and Q) basis.
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Figure 4.9: ROHF/cc-pVDZ (3Σ−

g ) frontier molecular orbitals de�ning the RAS2 space employed in
RAS-SF and RAS-SF-srDFTc calculations of Ga2.

Dissociation energy of Ga2 in gas phase has been experimentally determined to be 1.15± 0.05
eV [342]. Comparison of this value to computational results need to take into account ZPVE
and relativistic corrections. The former has been theoretically evaluated in the order of 0.01
eV [355], while multicon�gurational calculations predict spin-orbit coupling to contribute
with 0.10 eV toDe [356]. Hence, the corrected experimental value ofDe directly comparable
with non-relativistic calculations can be taken as 1.26 eV.

RAS-SF with a relatively small fully correlated space (four electrons in four orbitals) is
unable to �nely recover di�erential correlation e�ects between the ground state energy
minimum and the dissociation limit, and underestimatesDe by nearly 0.5 eV (Table 4.7). On
the other hand, adding short-range DFT correlation in RAS-SF-srDFTc notably increases the
computed relative stability of the minimum, with errors below 0.1 eV with respect to the
corrected experimental value. It is worth mentioning that the present results do not show a
large di�erences between binding energies computed with the cc-pVTZ and cc-pVQZ basis.
Hence, we must conclude that basis sets of triple ζ quality appear to be able to accurately
predict the strength of Ga2 binding, at least within the RAS-SF-srDFTc approach.

Computed adiabatic energies for the low-lying states of Ga2 are shown in Table 4.7. The
triplet-triplet separation energy obtained with RAS-SF and RAS-SF-srDFTc are in good
agreement with high-level CCSD(T)/QZVP results [348], specially for RAS-SF-srDFTc with
the cc-pVQZ basis. The presence of srDFTc has a much stronger impact on the adiabatic
energy of the three excited singlets. Short-range DFT correlation systematically reduces the
energy gap to the three excited singlets by 30-40 kJ/mol with respect to RAS-SF energies
(and for 1Πu and 1∆g with CASSCF/SVP), which could be related to the lack of dynamic
correlations in the wave function methods playing a major role in the stabilization of spin
singlet states.
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Table 4.7: Binding energiesDe for the Ga2 3Πu ground state (in eV) and adiabatic excitation energies
(in kJ/mol) computed with RAS-SF and RAS-SF-srDFTc (srDFTc in short) for the low-lying excited
states with respect to the ground state.

method basis De
3Σ−

g
1Σ+

g
1Πu

1∆g

RAS-SF cc-pVDZ 0.784 0.9 59.2 54.7 69.2
RAS-SF cc-pVTZ 0.781 1.4 54.1 48.6 62.0
RAS-SF cc-pVQZ 0.789 1.0 52.8 47.2 59.8
srDFTc cc-pVDZ 1.174 2.3 26.3 19.0 32.4
srDFTc cc-pVTZ 1.181 3.6 20.9 14.4 29.8
srDFTc cc-pVQZ 1.194 4.4 14.7 10.0 28.8
CASSCFa SVP 7.1 19.0 46.3 56.4
CCSD(T)b QZVP 5.0
Exp.c 1.15
Exp. corr.d 1.26

aFrom Ref. [345]. bFrom Ref. [348]. cFrom Ref. [342]. dExperimental value corrected with ZPVE
(0.01 eV) from Ref. [355] and relativistic e�ects (0.10 eV) from Ref. [356].

Finally, we represent the energy pro�les for the two triplets and three singlet states of Ga2
computed at the RAS-SF-srDFTc/6-31G(d) level. The RAS-SF-srDFTc potential energy curves
notably resemble previous CCSD(T) results [346], with minimum energy values near the
interatomic distances reported by Kohn [345]. The 3Σ−

g state is the most stable one at short
bond distances (< 2.5 Å) and with 1∆g they are the two low-lying states with the shortest
interatomic separation at the energy minimum (∼2.4 Å). On the other hand, the equilibrium
distance is sensibly larger in the 3Πu state (around 2.6 Å) and even larger for the other two
excited singlets (1Σ+

g and 1Πu).

Figure 4.10: Dissociation energy curves (in Hartrees) of the ground and low-lying states of the Ga2
computed at the RAS-SF-srDFTc/6-31G(d) level. Energies are given with respect to the dissociation
limit.

81



4. Short-range DFT energy correction to multiconfigurational wavefunctions

for open-shell systems

4.6 Conclusions

In this Chapter we have explored the suitability of WFT-srDFT to characterize electronic
states of atomic and molecular systems with strong open-shell character. Our results have
revealed the limitations of WFT-srDFT to provide a balanced description between closed
and open-shell con�gurations. Detailed analysis of a two-electron system, i.e., the H2

dissociation, has helped to identify the inability of short-range DFT to incorporate spin
polarization e�ects in open-shell systems as described by spin complete wave functions.
Moreover, these issues, emerging from the mingle of WFT and DFT through the range-
separation of the Coulomb operator, are especially important in the (short-range) DFT
exchange energy functional. These observations have motivated us to develop di�erent
variants of the WFT-srDFT scheme based on strategies to include spin polarization e�ects
into the DFT part (sr-pDFT), as already employed in other WFT-DFT hybrid methodologies,
and to modify the short-range exchange contribution. For the latter, we have consider two
options: (i) short-range HF exchange (sr-EXX), and (ii) exact exchange as described by the
multicon�gurational wave function (WFT-srDFTc).

The performance of these di�erent WFT-srDFT �avors has been tested in the dissociation
of the H2 molecule, the evaluation of energy gaps in triplet atoms and organic diradical
molecules, and to the characterization of the low-lying electronic states of the gallium dimer.
The spin polarization scheme shows notable improvements with respect to WFT-srDFT, but
this is in essence a state speci�c method that should not be combined with the state average
approach, which complicates its use in the computation of excited states. The replacement of
the short-range (pure) DFT exchange for HF exchange does not improve the results, which
actually becomemuch worst. Hence sr-EXX or the use of short-range hybrid exchange seems
to be a path not worth pursuing. Finally, the re-integration of the short-range exchange into
the wave function part (WFT-srDFTc) notably and systematically improves the WFT-srDFT
and pristine WFT results. Comparison of the self-consistent inclusion of short-range DFT
correlation to its one-shot approximation shows only small numeric di�erences, and in
some cases the non-iterative approach even improves the computed values, since it does
not require the use of the state average approximation in the simultaneous computation of
multiple roots of the electronic Hamiltonian.

In spite of the encouraging results of WFT-srDFTc (and WFT-srDFTc0) obtained in the
present study, it is necessary to further evaluate their accuracy in the computation of ground
and excited state relative energies in a wider range of molecular systems.
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CHAPTER 5
Small-occupation density functional

correlation energy correction to

wave function approximations

5.1 Abstract

In this work, we introduce a novel hybrid approach, termed WFT-soDFT, designed to seam-
lessly incorporate DFT correlation into wave function ansatzes. This is achieved through a
partitioning of the orbital space, distinguishing between large and small natural occupation
numbers (NOONs) associated with wave function theory (WFT) and DFT correlation, respec-
tively. The method uses a novel criterion for partitioning the orbital space and mapping the
electron density in natural orbitals with small occupation with the correlation energy of fast
electrons within the homogeneous electron gas. Central to our approach is the introduction
of a separation parameter ν , the choice of the WFT approach, and the correlation functional.
Here, we combine the RASCI wave function with hole and particle truncation with a local
density correlation functional to only account for small-occupation correlation energy. We
investigate the performance of the method in the study of small but challenging chemical
systems, for which WFT-soDFT demonstrates notable improvements over pristine wave
function calculations. These �ndings collectively highlight the potential of the WFT-soDFT
approach as a computationally a�ordable strategy to improve the accuracy ofWFT electronic
structure calculations.

5.2 Introduction

Molecular electronic structure descriptions traditionally rely on the non-relativistic frame-
work and the Born-Oppenheimer approximation, simplifying the treatment of nuclei and
electrons to solving the electronic time-independent Schrödinger equation. Although the
full con�guration interaction (FCI) o�ers an exact solution (in a given one-electron basis),
its computational demands limit its applicability to small systems [5, 6, 7]. These limitations
have spurred the development of approximate quantum chemistry methods, with a focus on
reducing the dimensionality of the problem in two main directions: (i) employing �nite basis
sets for the description of single electrons, which already implies a level of approximation
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with respect to the exact solution [357], and (ii) addressing electron-electron interactions,
also known as the electron correlation problem [15]. Amongst the latter, Hartree-Fock (HF)
theory provides a qualitative solution for electronic ground states [358], capturing a large
portion of the total electronic energy in closed-shell molecules. Post-HF methods build on
this foundation, employing perturbation theory (e.g., MP2), con�guration interaction (CI),
or coupled cluster (CC) methods (as in CCSD[67] or CCSD(T)[37]). However, HF theory
struggles in strongly correlated systems, necessitating multicon�gurational approaches
like the complete active space self-consistent �eld (CASSCF)[58] or its perturbative variant
(CASPT2),[59] which are computationally intensive and thus restricted to smaller molecules.
On the other hand, density functional theory (DFT), in particular in the Kohn-Sham scheme
[359], o�ers an e�cient alternative by bypassing the need for many-body wave functions.
However, the lack of an exact universal energy functional limits the accuracy of DFT ap-
proximations [68], especially in cases of degeneracies or near-degeneracies.

Given the distinct capabilities of wave function theory (WFT) and DFT in capturing static
and dynamic correlations respectively, there’s been interest in combining these approaches
[73]. Common mingled WFT-DFT models [360] rely on range-separation of the Coulomb
operator [77, 315], on the multicon�guration pair-density functional theory (MC-PDFT)
[183, 187], or the multicon�guration density coherence functional theory (MC-DCFT) [361],
showing promise in various chemical scenarios. Alternatively, it has been shown that the
eigenstates of the density matrix, i.e., natural orbitals (NOs), and their occupation numbers
(NOONs) can be used to characterize correlation e�ects [222]. Analysis of NOONs has
inspired novel strategies for active space selection [362, 155, 363, 364], and the distribution
of NOONs has been used to characterize strongly correlated systems [223] and as a metric to
quantify the open-shell character of electronic wave functions [365, 241, 366, 367]. Results
from condensed matter physics, where strongly correlated electrons are usually described
with model Hamiltonians [21], and the homogeneous electron gas (HEG), where the NOs are
plane waves [222], show that large NOONs describe molecule-speci�c e�ects, while those
orbitals with small occupations and large momentum can be related to short-range e�ects.
These properties were exploited by Savin, who designed a strategy to mix WFT and DFT by
splitting the orbital space between those NOs with NOONs larger than a given threshold
(evaluated with WFT), and those with small NOONs (used to quantify electron correlation
with DFT) [22, 22, 23, 172, 368]. But, since those initial works, no further investigations have
been carried out in this direction. In the present work, we reformulate the correction of
multicon�gurational wave functions with DFT correlation through orbital space separation.
We aim to establish a general formalism to accommodate for suitable WFT models and DFT
functionals based on the splitting of the orbital space, termed WFT with small-occupation
DFT (WFT-soDFT), and evaluate its performance, addressing its advantages and limitations
in characterizing chemical systems.

This chapter is organized as follows. First, we introduce and describe the theoretical frame-
work for the mingling of WFT with DFT (section 5.3), we motivate the partition of the orbital
space as a justi�ed strategy and we discuss several aspects of the methodology (section 5.4).
Section 5.5 describes the work�ow of the WFT-soDFT method, and the employed computa-
tional details and nomenclature. Section 5.6 addresses the performance of the computation
of the He and Be atomic series, the single bond breaking in H2 and C2H4, and multiple
bond dissociation in N2 dissociation. The main �ndings of the work are summarized in the
conclusions section.
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5.3 General framework to merge WFT with DFT

In WFT, the exact (non-relativistic) ground state energy for an electronic molecular system
can be obtained variationally as:

E0 ≡ E0[Ψ0] = min
Ψ

{
⟨Ψ|T̂ + V̂ne + V̂ee|Ψ⟩

}
, (5.1)

where Ψ0 is the exact ground state wave function, T̂ is the kinetic energy operator, V̂ne
and V̂ee the operators respectively accounting for nuclei-electron and electron-electron
interactions, and the minimization runs over all possible antisymmetric wave functions, i.e.,
the entire Hilbert space. In practice, the minimization in Eq. 5.1 is conducted within a �nite
Hilbert subspace (S) de�ned by the electron correlation approximation and the chosen basis
set,

EWFA
0 = min

Ψ̃∈S

{〈
Ψ̃
∣∣∣T̂ + V̂ne + V̂ee

∣∣∣Ψ̃
〉}
. (5.2)

The fairness of the wave function approximation (WFA) is given by the di�erence between
the exact and approximate energies. In particular, for mean-�eld wave functions, i.e., Hartree-
Fock (HF), the di�erence with respect to the exact energy is called electron correlation energy.
More concretely, for wave functions capturing the main electronic con�gurations, e.g., HF
(only one) or CASSCF [58] with small or moderate active spaces, the energy error of the
approximate wave function is labelled as dynamic correlation energy [43, 46].

Alternatively, the Hohenberg-Kohn theorem [8] allows to express the ground state energy
as a function of the electron density,

E0[ρ] = F0[ρ] +

∫
v(r)ρ(r)dr, (5.3)

where v(r) is the external potential, v(r) = ⟨Ψ|V̂ne|Ψ⟩, and F0[ρ] is the universal Levy-Lieb
(LL) density functional [194, 369],

F0[ρ] = min
Ψ→ρ

{
⟨Ψ|T̂ + V̂ee|Ψ⟩

}
, (5.4)

with the minimization performed over all wave functions with density ρ. Then, the exact
ground state energy can be obtained by minimizing the energy functional in Eq. 5.3,

E0 ≡ E0[ρ0] = min
ρ

{
F0[ρ] +

∫
v(r)ρ(r)dr

}
, (5.5)

where ρ0 is the exact ground state density, ρ0 ≡ ρ[Ψ0]. If the LL functional is obtained only
considering a restricted wave function space, Ψ̃ ∈ S, and assuming that the restricted space
S contains at least one wave function Ψ̃ able to generate ρ,

F̃0[ρ] = min
Ψ̃→ρ

{〈
Ψ̃
∣∣∣T̂ + V̂ee

∣∣∣Ψ̃
〉}
, (5.6)

then, it is possible to de�ne a correlation energy functional,Ec[ρ], accounting for the missing
energy to the exact ground state,

Ec[ρ] = E0[ρ]− Ẽ0[ρ] = F0[ρ]− F̃0[ρ]. (5.7)

Hence, the exact ground state energy can be formally obtained by computing the approximate
and correlation functionals at ρ0. In practice, though, one does not have access to ρ0.
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Therefore, we approximate the exact energy by evaluating each term at the approximate
density, that is, the optimal density within the restricted space, ρ̃0 ≡ ρ[Ψ̃0]:

E0 ≈ Ẽ0[ρ̃0] + Ec[ρ̃0]. (5.8)

Eq. 5.8 can be used to de�ne new methods mixing approximate wave functions with DFT by
assigning the calculation of the approximate ground state energy to WFA (Eq. 5.2):

E0 ≃ EWFA
0 + Ec[ρ̃0]. (5.9)

In general, for a good enough trial wave function Ψ̃0, one should expect that the errors de-
rived from the explicit form ofEc[ρ] to be larger than those derived by the use of approximate
densities, thus justifying the use of Eq. 5.8.

We must stress that this strategy relies on the proper separation of the WFT and DFT terms
in order to compute complementary contributions to the electronic energy while avoiding
double counting of correlation e�ects. In the present work, we explore the use of the orbital
space as to split the total electronic energy in WFT and DFT contributions.

5.4 Orbital separation based on electron occupation

Eq. 5.9 provides a general framework for the mixing of WFT and DFT. However, it is
nowhere close to being a working equation. Reliable choices for explicit forms of the two
contributions in the LHS of Eq. 5.9, i.e., approaching to the exact energy (E0), should consider
the properties and limitations of the available WFAs and DFAs. Hence, we envision the
use WFA to account for strong (non dynamic) correlation e�ects (di�cult to recover with
energy density functionals) [159, 370], leaving dynamic correlation to DFA, for which WFAs
typically show slow convergence.

The direct additive combination of WFA energy with the correlation energy from DFT,
although tempting, it has been shown to be inappropriate, since the DFT correlation con-
tribution might include correlation e�ects already present in the wave function part, and
vice-versa (double counting of electron correlations) [371]. Therefore, it is necessary to
employ schemes for the proper separation of the two contributions. To that aim, we rely on
the momentum distribution (n(k)) of the homogeneous electron gas (HEG), with a general
pro�le shown in Figure 5.1, corresponding to a distribution of the electron occupation
expressed in terms of the NOs of the system (plane waves). The probability of �nding an
electron with k < kF is close to one up until the electron momentum approaches the Fermi
wavevector (kF ), where it exhibits a small decay with a pro�le depending on the electron
density [372], as characterized by the Wigner-Seitz radius (rs). The electron density of the
HEG presents a discontinuity at kF . For the case of interacting electrons, the momentum
distribution n+ ≡ n(k → k+F , rs) ̸= 0 (+ superscript indicates right-handed limit), whereas
n(k) rapidly decays as k →∞.
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Figure 5.1: Representation of the momentum distribution for the HEG. Two points are highlighted,
the �rst at the Fermi wavevector (kF ) with its associated probability limit approaching from k >
kF (n+(rs) = n(k+F , rs)) and the second with a momentum kC > kF and probability nC that
corresponds to the point from which the dynamic correlation can be accounted by the DF.

It has been argued that the dynamic correlation in the HEG can be associated with the
high kinetic energy electrons, that is, to those NOs with small occupancies [222]. This idea
suggests a NO-based criterion to split between non-dynamic and dynamic correlations,
which can be respectively addressed by WFA and DFA. Savin connected such behavior
of the HEG to the study of atomic and molecular systems by suggesting to compute the
contribution to the electron energy of NOs with high NOONs with a WFA able to recover the
system-speci�c electron correlation e�ects and evaluate the (dynamic) correlation energy of
NOs with small NOONs with DFT correlation energy functionals [22, 22, 23]. Accordingly,
it is possible to de�ne a WFT-DFT composite approach, that we call small-occupation DFT

corrected WFT (WFT-soDFT), by applying the occupation-based orbital splitting to Eq. 5.9,

EWFT-soDFT = EWFA,ν
0 + Eso,ν

c [ρ], (5.10)

EWFA,ν
0 = min

Ψν
⟨Ψν |T̂ + V̂ne + V̂ee|Ψν⟩, (5.11)

where ν is the (positive-de�nite) NOON separation parameter, i.e., the molecular counterpart
of nC for the HEG in Fig. 5.1,Ψν is the wave function obtained by the chosen WFA, but only
considering NOs with NOONs > ν. Superindex ν explicitly indicates the dependence of the
wave function and the correlation functional on the ν-parameter. Three main issues need to
be considered in the use of Eq. 5.10: (i) the choice of the occupation-separation parameter
ν; (ii) the design of correlation energy functionals (only) corresponding to NOs with low
NOONs; and (iii) the accurate description of the NOONs distribution of the system. These
three key aspects of WFT-soDFT will be discussed in the following subsections.

5.4.1 Occupation separation parameter

The choice of the occupation threshold ν splitting the orbital space in WFT-soDFT is
controlled by the ν-parameter. It is important to notice that Eq. 5.10 represents a correction
to the WFA. In the limit of ν → 0 the method converges to the WFT, while the ν →∞ limit
provides the total DFT electron correlation energy.
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In the original formulation [22, 23], the choice of ν was related to the idea of the existence of
a universal threshold value νc, which in practice can be used to de�ne the system-dependent
ν as:

ν = max
ni

{ni ≤ νc}. (5.12)

Numerical analysis on neutral systems recommended the use of νc ≈ 0.01 a.u. [23]. Such
approach, although simple, only considers the NOON occupation of a single NO, and
completely disregards the rest of small-occupation NOs. To overcome these potential
limitations, we introduce a new de�nition of ν by considering the entire tail of small NOONs.
For that, we de�ne ν through Eq. 5.13,

∫ ∞

kc

n(k, rs)dk =
1

N

ni≤νc∑

i

ni (5.13)

where ∫ ∞

0
n(k, rs)dk

3 = 1, (5.14)

k is in units of kF , {ni} are the NOONs obtained from the diagonalization of the one-particle
density matrix (1-PDM), and N is the total number of electrons. Compared to Eq. 5.12, we
envision Eq. 5.13 to be more robust to the speci�cities of the discrete distribution of NOONs
as obtained with WFAs, e.g., NOONs degeneracies around νc, and that it might represent a
more balanced manner to include soDFT correlation energy. Then, ν can be obtained either
as ν = n(kc, rs) (de�ning the νc threshold and computing kc with Eq. 5.13), or alternatively
as ν = νc (de�ning kc and computing νc from Eq. 5.13) [373].

The use of Eq. 5.13 requires to have an explicit expression for n(k, rs) distribution within
the kc ≤ k ≤ ∞ range. Gori-Giorgi and Ziesche[374] have shown that n(k, rs) for k > kF
can be approximated as

n(k > kF , rs) ≈ n+(rs)
n(k →∞, rs)

n(k →∞, rs)|k=kF

(5.15)

where n+(rs) = n(k+F , rs) (Figure 5.1). The momentum distributions at the k →∞ limit is
known to decay proportionally to k−8 [375, 376],

n(k →∞, rs) =
8(α0rs)

2g0(rs)

9πk8
+O( 1

k10
), (5.16)

where α0 is the Bohr radius and g0(rs) is the value of the pair-distribution function at
zero-interelectronic distance, which can be parametrized as[377]

g0(rs) =
1−Brs + Cr2s +Dr3s + Er4s

2
e−drs , (5.17)

with parameters d = 0.7524, B = 0.7317 − d, C = 0.08193, D = −0.01277, and E =
0.001859. At this point, only a suitable expression for n+(rs) remains to be de�ned. Here,
we will consider the form proposed by Savin [22],

n+(rs) =
rs

rs + 8.45
, (5.18)

and the one given by Gori-Giorgi and Ziesche [374],

n+(rs) =
q1rs

1 + q2r
1/2
s + q3r

7/4
s

, (5.19)
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where q1 = 0.088519 (from RPA), q2 = 0.45, and q3 = 0.022786335.

It is worth noticing that the orbital separation strategy discussed here might not preserve
additive separability. Evaluation of size consistency errors in the WFT-soDFT scheme can
be found in the Supporting Information.

5.4.2 Small-occupation correlation energy functionals

The challenging aspect in the design of small-occupation correlation energy functionals
(Eso,ν

c [ρ]) is related with the need to exclude the contribution of NOs with large NOONs
from the DFT correlation. To that end, Savin proposed a ν-dependent correlation functional
that within the local density approximation (LDA) takes the form

Eso,ν
c [ρ] =

∫
ρϵc(ρ)φ(ρ, ν)dr. (5.20)

The function φ(ρ, ν) introducing the dependence on ν was adjusted to the analytical form

φ(ρ, ν) ≈
(

ν

n+(rs)

)γ

(5.21)

for ν < n+(rs), where the γ value was �tted to 0.329 by using the momentum distribution
from Pajanne and Arponen [378] and coupled-cluster calculations from Freeman [379]. For
ν > n+(rs), φ(ρ, ν) can be �xed to 1 by imposing ϵc(ρ)φ(ρ, ν) ≤ ϵc(ρ), ∀r . Hence, for
large ν Eq. 5.20 recovers the full DFT correlation, whereas for ν → 0 and the DFT correlation
energy vanishes.

5.4.3 Sampling the orbital occupation space

The WFT-soDFT strategy relies on having access to an accurate pro�le of the NOONs of the
system. Therefore, the WFA should be able to produce a distribution close to the exact one,
in particular in the small-occupation region, which is the one eventually dictating the soDFT
correlation energy through the ν-parameter. Hence, the use of compact multicon�gurational
approaches (featuring a very small set of con�gurations) to generate NOs and their NOONs,
although they could provide a good approximation of ρ, they might be insu�cient for the
accurate assessment of Eso,ν

c [ρ]. Similarly, small basis sets might not provide the �exibility
necessary to characterize n(k > kF , rs). On the other hand, employing highly correlated
wave function approaches, e.g., CASSCF with a large active space, would inevitably increase
the computational demands of the method and defeat the purpose of the WFT-soDFT
strategy. Therefore, in principle, an ideal ansatz should present two important features: (i) a
small number of con�gurations capable to recover the system-dependent features (strong
correlations), and (ii) a limited set of additional terms able to describe the distribution of
small-occupation NOONs.

Here we propose the restricted active space CI (RASCI)[6] method within the one hole and
one particle approximation as implemented in the Q-Chem package [380, 115].

Recalling that, the single reference RASCI family of methods emerges from splitting the
orbital space of a reference con�guration (ϕ0) into three di�erent subspaces: RAS1, RAS2 and
RAS3, with RAS1 (RAS3) orbitals being doubly occupied (virtual) in ϕ0. In order to achieve
the two indicated requirements of WFAs for the generation of the NOON distribution, we
consider RASCI wave functions with a small RAS2 space (to capture strong correlations) and
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the truncation of the excitation operator to R̂ = r̂0 + r̂h + r̂p, that is, the hole and particle

approach (RASCI(h, p)), as schematically shown in Figure 2.1.

To exemplify how the chosen ansatz is able to evaluate the NOONs distribution, we compute
the ground state NOs and NOONs for the all-trans octatetraene (C8H10) with di�erent
truncations of R̂. In this case, pristine RASCI wave functions (with no soDFT contribution)
were obtained by applying a quadruple spin-�ip operator to the high-spin (S = 4) ROHF
reference. The RAS2 space was de�ned by the 8 electrons in the 8 singly-occupied π-orbitals
in the ROHF reference, with RAS1 and RAS3 including all doubly occupied and doubly
unoccupied orbitals, respectively. The molecular geometry was optimized at the MP2/6-
311(2+,2+)G(d,p) computational level [125]. Similar qualitative results were obtained for
other molecules (see Appendix B).

Figure 5.2a shows the pro�les of the low-occupation tail of ground state NOONs computed
with R̂ = r̂0 (RASCI(0)), R̂ = r̂0 + r̂h (RASCI(h)), R̂ = r̂0 + r̂p (RASCI(p)), and R̂ =
r̂0 + r̂h + r̂p (RASCI(h, p)). The RASCI(0) truncation, i.e., CASCI, is unable to populate the
orbital space beyond RAS2. It produces a set of NOs (with the dimension of RAS3) with
vanishing NOONs. Hence, this approach, like CASSCF with small and moderate active
spaces, cannot be used as a WFA in WFT-soDFT. Including hole excitations does not provide
any change in the small-occupation region. This is expected, since RASCI(h) only allows
orbital mixing between RAS1 and RAS2 spaces, and can only generate fractional NOONs
in the large-occupation region and the strongly correlated space (RAS2). On the other
hand, allowing excitations into the (much larger) RAS3 space, RASCI(p), produces a �nite
distribution of NOs with small NOONs. Therefore, we conclude that the presence of particle
terms is mandatory. In this example, allowing both type of excitations does not involve any
appreciable change in the description of n+(k > kF , rs) with respect to RASCI(p), but the
simultaneous presence of both type of excitation allows the mixing of the entire orbital
space (RAS1+RAS2+RAS3). Moreover, the computational cost associated to hole excitations
is, in general, considerably smaller than that related to particle con�gurations. In other
words, the size of RAS3 (proportional to the number of basis set functions) is much larger
than RAS1 (proportional to the system size). Therefore, RASCI(h, p) will be the WFA used
along the rest of the study.

The importance of particle excitations in the sampling of n+(k > kF , rs) is directly
related with the basis set employed, as it de�nes the size and properties of the RAS3 space.
Figure 5.2b shows the small-occupation pro�les for the ground state of octatetraene obtained
with RASCI(h, p) and with the cc-pVXZ (X = D, T, and Q) series of basis. Increasing the
size of the basis set modi�es the pro�le of the NOON distribution, with an overall electron
occupation of the NOs with the smallest occupations (integration of the NOONs of NOs
beyond RAS2 space) increasing with the dimension of the basis set: 8.3× 10−3 (cc-pVDZ),
9.8×10−3 (cc-pVTZ), and 11.1×10−3 (cc-pVQZ) electrons. Therefore, as desired, increasing
the size of the basis set will trigger a larger soDFT correlation correction energy into WFA.
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Figure 5.2: Ground state NOONs at the tail of the NO space of octatetraene computed with: (a) the
cc-pVQZ basis and di�erent truncations of R̂, and (b) RASCI(h, p)/cc-pVXZ with X = D, T and Q.

5.5 Methods

5.5.1 Computational Work�ow

The general procedure for the computation of the WFT-soDFT energy can be schematically
described as follows:

1. Initial WFA calculation to obtain NO and NOON pairs (Eq. 5.2).

2. Select occupation-separation parameter ν (Eq. 5.12 or Eq. 5.13).

3. Compute soDFT correlation energy: Eso,ν
c [ρ] (Eq. 5.20).

4. Compute the ν-dependent WFA energy: EWFA,ν
0 = minΨν ⟨Ψν |Ĥ|Ψν⟩ (Eq. 5.11).

5. Obtain the total energy by adding both contributions (Eq. 5.10).

Note that the soDFT correlation energy (step 3) is computed employing the electron density
obtained from the initial WFA calculation (step 1). This is justi�ed by the fact that, in
general, the initial WFA is designed to provide good NO and NOON pairs, i.e., with an
electron density expected to mildly deviate from the exact one (assumption in Eq. 5.8). The
ν-dependent WFA energy (step 4) is computed with the chosen WFA, but disregarding the
NOs with NOONs smaller than the ν-parameter.
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5.5.2 Computational details and nomenclature

All WFT calculations have been done with the RASCI(h, p) methodology with the RAS2
space speci�cally selected for each case and with RAS1 (RAS3) including all orbitals doubly
occupied (unoccupied) in the reference con�guration (not included in RAS2). The nature of
the excitation operator R̂ in RASCI(h, p) [125, 126]: excitation energy (EE), spin-�ip (SF),
ionization potential (IP) or electron attachment (EA), is speci�ed in each example (see section
5.6). Computation ofΨν in step 4 was obtained by removing those NOs with NOONs smaller
than ν. Unless indicated, the dimension of RAS2 used to obtain EWFA,ν was the same than
the one employed in the initial WFA calculation. In practice, the computation of the DFT
correlation energy has to rely on an approximation, i.e. density function approximation
(DFA). Here we employ the Vosko, Wilk, and Nusair (VWN) LDA correlation functional [305].
Possible extensions to other LDA or generalized gradient approximation (GGA) correlation
functionals, or the use of �ctitious spin density to mimic the e�ects of unpaired electrons
(as in spin-density functionals) have not been explored in the present work. The introduced
methodology, with RASCI(h, p) as the WFA and soVWN as the small-occupation correlation
energy functional, will be labelled as RAS-soVWN. When necessary, the S or G labels
will be used to explicitly indicate the Savin’s (RAS-soVWN(S), Eq.5.18) or Gori-Giorgi’s
(RAS-soVWN(G), Eq.5.19) form of n+(rs), respectively. In order to evaluate the impact of
the (potential) double counting of correlation e�ects, for some of the systems studied in
section 5.6 we explore the total electronic energy obtained by the simple addition of the
soDFT correlation energy to the pristine WFA energy (Eq. 5.2), that is, skipping step 4 in the
computational work�ow. These calculations can be found in the Supporting Information.
Unless indicated, the selection of the occupation-separation parameter ν has been done by
taking into account all small-occupation NOONs (Eq. 5.13) by setting a threshold to the
integral on the LHS of Eq. 5.13 (equivalent to �xing kc). Results obtained with the use of a
single NOON instead (Eq. 5.12) are shown in the Supporting Information. The computation
of EWFA,ν

0 (Eq. 5.11) is performed at the RASCI level in the NO basis with the same RAS1 and
RAS2 dimensions set for the initial RASCI calculation of NOs and their NOONs. In order to
ensure that strong correlations are dealt by WFT, the minimum orbital dimension included
in the WFA contribution, i.e., the number of NOs, is never smaller than RAS1+RAS2 space
(even if the ν-threshold has not been reached). Analysis of the dependence of the soDFT
energy with respect to parameter ν can be found in the Supporting Information.

Con�guration interaction using a perturbative selection done iteratively (CIPSI) calculations
have been performed with the Quantum package by setting a maximum of two million of
determinants entering in the internal space, and PT2 energy threshold below 10−6 a.u. [113].
All other electronic structure calculations have been carried out with the Q-Chem package
[381]. The WFT-soDFT approach has been implemented in combination with RASCI wave
functions in a development version of Q-Chem.
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5.6 Results and Discussion

5.6.1 Helium and beryllium atomic series

The He and Be isoelectronic series, consisting of atoms and ions with the same electron
count but varying nuclear charges (Z), play a pivotal role in evaluating electronic structure
methods and have been widely used to calibrate dynamic and nondynamic correlation e�ects
[49, 47]. As Z increases, dimensional arguments suggest that the radius of the electron cloud
decreases as Z−1, the electron kinetic energy increases as Z2, the electron-nuclear potential
energy is proportional to −Z2 and the electron-electron potential energy (the Hartree
part) is linear with Z [382]. Therefore, the one-body part of the Hamiltonian dominates
over the electron-electron interaction, and the correlation energy should be amenable to a
perturbative treatment.

In the He series, the ground state remains energetically isolated up to large Z , suggesting
that dynamic correlation e�ects are far more important than the nondynamic correlations
(somehow related to degeneracies). Perturbation theory indicates that correlation energy
converges to a constant value at theZ →∞ limit. In this case, LDA overestimates correlation
energies that increase with Z , yielding 3.0 eV for He and 5.5 eV for Ne8+ [23], while the
anticipated values should remain around 1 eV for the entire series [383, 23]. Electron density
increases with Z , as a consequence, for larger values of Z , LDA samples the correlation
energy of very dense (rs → 0) electron gases, where the continuous energy level spacing and
long-ranged Coulomb interaction trigger a ln rs divergence of the energy density [384]. On
the other hand, in the (neutral) Be atom the 2s and 2p orbitals are nearly degenerate (quite
small HOMO-LUMO gap). As Z increases with the number of electrons �xed to 4, the orbital
gap increases but the relative gap (the gap divided by the average energy of the orbitals)
actually decreases (type B of nondynamic correlation) [244]. For Z → ∞, Ec diverges
linearly. This feature is not reproduced by standard correlation density functionals, e.g.,
ELDA

c ∼ lnZ [385]. In the exact perturbative treatment, the energy gap diminishes swiftly,
with the spacing of energy levels in the denominator playing a pivotal role in determining
the correlation energy.

In order to check the performance of our RAS-soDFT approach, we compute the electronic
energies for these two atomic series. Figure 5.3 shows the errors of RASCI(h, p) and RAS-
soVWN with respect to FCI energies [386]. All calculations have been done with a RAS2
space including 5 orbitals and all electrons (2 in the He series and 4 in the Be series), and
the cc-pVQZ basis set.
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Figure 5.3: RASCI(h, p) and RAS-soVWN (labelled as soVWN with ν = 0.001) energy errors (in
eV) with respect to FCI values computed with the cc-pVQZ basis set for the He (a) and Be (b) atomic
series. S andG in parenthesis indicate the two considered expressions for n+(rs), Eqs. 5.18 and 5.19,
respectively.

Despite their simplicity as two- and four-electron systems, both series present signi�cant
challenges for RASCI(h, p). Even with the inclusion of �ve orbitals in RAS2 (1s, 2s, and 2p or-
bitals), the discrepancies relative to FCI are substantial, on the order of 0.5 eV (approximately
0.2 eV for He) along the He series (see Figure 5.3a) and even larger (0.6–0.9 eV) in the Be series
(see Figure 5.3b). RAS-soVWN consistently and signi�cantly mitigates these discrepancies.
Remarkably, within the two-electron series, with the exception of the He atom, the electron
density predominantly resides within the �rst �ve NOs, resulting in almost negligible soDFT
correlation energies (a vanishing tail of small occupation NOONs as shown in Figure 3). As
a consequence, the enhancement in the correlation energies is directly linked to EWFA,ν

0 ,
which re�ects the utilization of NOs in the variational optimization of the ground state wave
function. This pattern holds true except for the He atom, where a substantial contribution
from DFT correlation correction is observed. This contribution becomes more pronounced
when employing the n+(rs) function proposed by Gori (Eq. 5.19). The scenario is quite
distinct in the Be series (Figure 4), where there is little to no enhancement observed in
EWFA,ν
0 compared to RASCI (Figure 6). However, a substantial correction arises from soDFT

correlation in the atomic energies, with notably signi�cant e�ects for Z ≥ 5.
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5.6.2 H2 dissociation

A bond breaking/formation process can be described as a continuous closed- to open-shell
transition. The σ-bond dissociation in H2 is the simplest and most paradigmatic example
of such transition. As the molecule is stretched, the gap between the σ and σ∗ orbitals,
HOMO and LUMO, decreases, facilitating the electron population of the σ∗ orbital. As a
consequence, the singlet ground state wave function is no longer well described with a single
con�guration [387, 388]. Hence, a method able to describe the H2 PES in a balance manner,
should treat dynamic correlation between the two electrons (important at equilibrium) and
nondynamic correlation (crucial at long distances).

Here, we assess the performance of our soDFT correction on RAS-SF/cc-pVDZ energies
computed for the H2 dissociation process. We utilize the ROHF triplet as the reference
con�guration and a RAS2 space with 2 electrons in 2 orbitals. The pristine wave function
solution yields a smooth energy pro�le, converging to the exact (FCI) solution at large
inter-atomic separations, albeit with a slight overestimation of the electronic energy at
equilibrium (see Figure 5.4a). Therefore, our aim is to have the soDFT approach recover
the missing correlation energy at short distances while approaching zero at large distances.
Indeed, the NOONs at equilibrium display a tail of small occupancies, contributing to a
soDFT energy that leads to a lower overall RAS-soVWN energy (closer to the FCI solution).
Conversely, as the bond distance increases, the spectral resolution of the density matrix
evolves towards two singly occupied NOs (with no small occupation tail), i.e., Eso,ν

c → 0
(see Figures 5.4b and 5.4c). Therefore, overall RAS-soVWN improves the RAS-SF results by
incorporating electron correlation e�ects at short distances. We note that at very short inter-
atomic separation (< 0.7 Å) the soDFT correlation ill-behaves (not shown in Figure 5.4c).
Complete pro�les for the sum of NOONs and Eso,ν

c can be found in Appendix B (Figure 7).

Figure 5.4: (a) Total electronic energy pro�les (in a.u.), (b) sum of small NOONs, and (c) RAS-soVWN
(soVWN in short) energy (in a.u.) along the H2 dissociation.

The improvement in the calculated relative energy between the closed and open electronic
structures becomes evident with the computed dissociation energy, as shown in Table 5.1. At
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the equilibrium distance, the absence of dynamic correlation in RAS-SF leads to a signi�cant
underestimation of the binding energy compared to FCI, notably corrected by RAS-soVWN.
It is noteworthy that, in this case, the wave function energy contribution to RAS-soVWN
(EWFA,ν

0 ) yields nearly identical values to those obtained with RAS-SF, indicating that the
soVWN term (Eso,ν

c ) primarily drives the increase in the computed dissociation energies.
In this example, the most favorable outcome is achieved with a threshold of ν = 0.01 and
employing Eq. 5.19 for the distribution of the NOONs of the HEG. Larger values, i.e., ν = 0.1,
tend to overestimate the correlation energy from NOs with low occupation, while ν ≤ 0.001
for RAS-soVWN(S) and smaller for RAS-soVWN(G) lead to vanishing Eso,ν

c .

Table 5.1: Dissociation energies (in mHartrees) for H2 within the cc-pVDZ basis set. These results
illustrate three di�erent partitions of the NO space de�ned through the values for the threshold.
EWFA,ν
0 wave function contribution de�ned in Eq. 5.11.

method ν-threshold
0.1 0.01 0.001

soVWN(S) 177.3 156.6 148.6
soVWN(G) 192.7 162.2 162.2

EWFA,ν
0 145.9 148.5 148.5

RAS-SF 141.3
FCI 163.9
Exp.a 164.5

aExperimental value taken from Ref .[4].

5.6.3 Ethylene torsion

Double bond torsion in ethylene represents the simplest molecular model of a single π-
bond breaking. At equilibrium geometry, the two carbon pz orbitals, perpendicular to the
molecular plane, form the bonding π and anti-bonding π∗ orbitals. Departure from the
planar (D2h) structure through the torsion between the two methylene moieties diminishes
the overlap and the interaction between the two p orbitals that become orthogonal at 90◦

of torsion (zero overlap). At the perpendicular disposition the two frontier orbitals are
degenerated and the system exhibits a perfect diradical character. As pointed out in prior
works, the accurate description of the torsional potential claims for a balanced treatment of
electron correlation e�ects [389, 390, 391, 392, 393, 394, 395, 396].

Single reference methods struggle to describe the electronic structure for large dihedral
angles. At 90◦ torsion, the wave function should include the (π)2 and (π∗)2 con�gurations
treated on an equal footing. But the (π∗)2 con�guration is completely neglected by the
restricted Hartree-Fock (RHF) model. As a result, RHF produces a potential curve with an
unphysical cusp and a large overestimation of the barrier height (101.5 kcal/mol) compared
with the ∼65 kcal/mol estimated from experimental data [397] or by multicon�gurational
correlation methods [398] (Table 5.2). This failure of the mean-�eld solution is carried over
to post-HF wave functions such as MP2, CISD or CCSD, or even in (restricted) Kohn-Sham
approximations to DFT [391]. Energy pro�les are notably improved by spin-polarized
(unrestricted) schemes, multireference wave functions, e.g., CASSCF [396], or by the use of
SF methods in combination with a high-spin (triplet) reference con�guration [394].

In this study, we conduct calculations along the twist mode of ethylene while keeping all
other degrees of freedom frozen at the ground state (singlet) geometry, which was optimized
at the CCSD(T)/cc-pVDZ level [399]. RASCI calculations were performed using a SF operator
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acting on the ROHF triplet state, employing a RAS2 space with 8 electrons distributed over 7
orbitals, and utilizing the cc-pVDZ basis set. The potential energy curves along the torsional
coordinate are presented in Figure 11. The RAS-SF wave function yields a smooth energy
pro�le, demonstrating good agreement with prior studies [391, 397, 396]. Notably, the
energy gap between the planar and orthogonal conformations (54.5 kcal/mol) avoids the
substantial overestimation observed in (restricted) HF and B3LYP calculations. However, it
does exhibit a slight underestimation of the torsion barrier by approximately 10 kcal/mol
when compared to values obtained with highly correlated methods (VOO-CCD and MRCI)
[391, 398]. This underestimation is considerably ameliorated by the soDFT correlation,
which introduces di�erential correlation at the planar structure compared to the barrier
maximum (twisted geometry). This improvement appears to be robust with respect to the
chosen ν-threshold, particularly in the range of 10−3 to 10−4 (values below 10−4 result in
negligible soDFT correction). This suggests a counterbalancing e�ect between the WFA and
soDFT contributions.

Table 5.2: Energy barrier (in kcal/mol) computed for the molecular torsion of ethylene. RAS-soVWN
(indicated as soVWN), with values in parenthesis corresponding to the employed sum of occupations
threshold.

method barrier
RAS-SF 54.5
soVWN (0.01) 62.24
soVWN (0.001) 66.71
soVWN (0.0001) 67.23
RHF 109.0
B3LYP 95.3a

CASSCF 57.1
VOO-CCD 67.3b

MRDCI 62.7b

aValue reported in Computational Chemistry Comparison and Benchmark Data Base Release 22,
May 2022 (https://cccbdb.nist.gov) with the 6-31G(d) basis set. bFrom Ref. [391] with the DZP basis

set.

5.6.4 Multiple bond breaking: N2 dissociation

The dissociation of N2 involves a multi-step bond-breaking process, transitioning from the
ground state electronic con�guration at the minimum (σ2gπ

4
uπ

0
gσ

0
u) to the dissociation limit,

ultimately yielding two spin-quartet fragments. The accurate description of the correlation
energy in this diatomic system has been revisited several times, in many cases for the
purpose of evaluating the performance of correlated quantum chemical methods [400, 401].
Several challenges arise in the theoretical depiction of N2 dissociation, contingent on the
chosen method. These include inconsistencies in the CI expansion [402], accounting for
valence-core electron correlations [403], or the e�ect of basis functions with high angular
momenta (e.g., g, h, and i functions) [404].

In the subsequent discussion, we delve into the characteristics of the potential energy surface
(PES) concerning N2 dissociation. This exploration is conducted with the RASCI(h, p) and
RAS-soDFT computational approaches, employing a RHF singlet reference and incorporating
six electrons and six frontier orbitals (σ, π, σ∗, π∗) as the RAS2 space, in conjunction with
the cc-pVDZ basis set. The computed total electronic energy pro�les for the stretching
of N2 are depicted in Figure 5.5a. While the RASCI pro�le exhibits smooth behavior, the
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lack of e�ective dynamic correlation leads to signi�cantly higher energies compared to
the more correlated CIPSI solution. Analysis of the WFA contribution (EWFA,ν

0 ) reveals
that the utilization of NOs imparts only a marginal e�ect around the bond equilibrium
distance, thereby adding correlation energy relative to RASCI. In contrast, the DFT-corrected
RAS-soVWN energies, obtained with a ν-threshold value of 0.001, are energetically lower
(by approximately 50 mHartrees), that is, closer to the CIPSI curve, but the energy pro�le
presents several (many) discontinuous steps. This issue emerges solely from the soDFT
contribution (Figure 5.5b, red line), while the EWFA,ν

0 has a smooth pro�le. Analysis of the
small electron occupation entering to soDFT (Figure 5.5b, black line) indicates that the
sudden changes inEso,ν

c are linked to the discontinuous distribution of NOs. Concretely, the
steps in the RAS-soVWN energy curve occur at interatomic distances in which the number
of NOs included in the soDFT part changes (an addition of one NO when bond distance
increases). This change implies a discontinuous “jump” in the ν-value employed for the
evaluation of Eso,ν

c (eq 5.21). Fixing the number of NOs included in soDFT to a constant
value (instead of the parameter ν) represents a partial solution to this artifact (Figure 21).
These results highlight an important drawback of the method in the characterization of
PESs, additional pro�les computed with larger basis sets can be consulted in Appendix B
(Fig. 22).

Dissociation energies (as listed in Table 5.3) are computed by taking the di�erence between
twice the energy of a nitrogen atom (with 3 electrons distributed across 3 orbitals within
the RAS2 space) and the energy of N2 at its equilibrium bond distance. As observed in the
cases of H2 dissociation and ethylene torsion, RASCI notably underestimates the binding
energy of N2 in comparison to highly accurate methods and experimental data [4]. The
use of ground state energies computed with NOs having NOONs above the ν-threshold
already leads to improved results, yielding dissociation energies similar to those obtained
from CASSCF. Furthermore, the inclusion of soDFT correlation signi�cantly enhances the
computed binding energy, bringing it closer to values obtained from MRCI and experimental
measurements, particularly for ν-thresholds in the range of 0.001 to 0.0001. It is worth noting
that larger ν-values tend to overestimate the energy di�erence between N2 at equilibrium
and twice the atomic energy.

Table 5.3: N2 dissociation energies (in kcal/mol) computed with CASSCF, RASCI, EWFA,ν
0 , RAS-

soVWN (soVWN in short) with the cc-pVDZ, and compared to reference results from the literature.

method ν-threshold
0.1 0.01 0.001 0.0001

EWFA,ν
0 193.3 193.3 197.7 202.6
soVWN(S) 250.6 250.6 230.0 202.6
soVWN(G) 276.2 282.6 243.6 202.6
RASCI 185.4
CASSCFa 196.6
NEVPT2b 201.2
CIPSI 201.4
MRCIc 222.1
Exp.d 225.1

aActive space with 6 electrons in 6 orbitals and the cc-pVDZ basis. bFrom Ref. [152, 168, 153]. cFrom
Ref. [400] with the [5s 4p 3d 2f lg] ANO basis set. dFrom Ref. [4].
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(a)

Figure 5.5: (a) Absolute energy pro�les along the N2 dissociation computed at the RASCI (dashed
black), RAS-soVWN (ν = 0.001, solid red), EWFA,ν

0 contribution (solid blue), and CIPSI (solid black)
computed with the cc-pVDZ basis set. (b) Sum of NOONs below the threshold ν = 0.001 (black) and
Eso,ν

c (red) along the N2 dissociation.

5.7 Conclusions

In this work have introduced a novel WFT-DFT hybrid approach designed to incorporate
DFT correlation into wave function ansatzes by partitioning the orbital space into large and
small NOONs, respectively assigned to WFT and DFT correlation. The new method (WFT-
soDFT) is based on previous ideas from Savin, but it incorporates di�erent criteria for the
splitting of the orbital space and the characterization of the small occupation tail of the HEG
distribution. Concretely, we have considered the use of the RASCI wave function approach
within the hole and particle truncation, which provide a simple and rather e�cient strategy
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to sample the space of small occupation NOs necessary to construct the small-occupation
correlation energy functional. Besides the selection of the WFA and correlation functional,
the method relies on a separation parameter ν.

The preliminary results here discussed seem to indicate that low ν-values (between 10−3 −
10−4) can provide reasonable correlation energies for the correction of multicon�guration
wave functions of the ground state of medium size molecules. But systematic benchmarking
is still necessary to better understand the dependence and universality of the occupation-
separation parameter. Moreover, the comparison of WFT-soDFT with other WFT-DFT
hybrid models, e.g., WFT-srDFT or MC-PDFT, and with multicon�gurational perturbation
theory remains to be explored.

These e�orts are expected to be carried out in future studies. Since the method requires a
good description of the small occupation region of the electron density, it is prone to be used
with large basis sets. The results obtained by RAS-soVWN in the computation of atomic
energies along the He and Be series, the dissociation of single (H2) and multiple (N2) bonds,
and the torsion of ethylene improve those obtained by the pristine wave function (RASCI).

In some cases, the use of NOs in the WFA already represents an important re�nement of the
initial wave function, while correlation correction might be important in some situations,
e.g., as seen at equilibrium geometries, and insigni�cant in others, like for the He series with
Z > 2. The discrete distribution of NOONs obtained with �nite basis sets might trigger
discontinuities in potential energy surfaces, as seen in the calculation of N2 dissociation.
Despite that this unphysical e�ect can be partially avoided by �xing the number of NOs in
soDFT, it represents an important limitation of the method for the characterization of large
domains of PESs.
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CHAPTER 6
Introducing dynamical correlation

into CASSCF wave functions

through an e�ective potential

6.1 Abstract

In this chapter, we explore an alternative method for treating dynamic electron correlation
by using an e�ective correlation potential (Ve�) to compensate for the dynamic correlation
missing in a CASSCF calculation (CASSCF+Ve�). The e�ective potential is dependent on
the electronic separation and is represented as a Gaussian-damped Coulomb interaction.
Through the examination of small atomic and diatomic systems, we illustrate the limitations
and strengths of this approach. Additionally, based on energy and Coulomb hole analyses for
small representative systems, we introduce a variation of the method that involves separating
the inter- and intra-atomic contributions to the e�ective potential. We then explore the
impact of di�erent parameters in each contribution. Accurate results suggest that using
CASSCF with e�ective potentials can be a suitable alternative for treating static and dynamic
correlation. Improvements in CASSCF energies can be achieved through a judicious selection
of parameters in the e�ective potential. However, several observations are noteworthy.
Firstly, qualitative analysis of the Coulomb holes reveals the e�ects of the e�ective potential
on the electronic distribution. For instance, when the e�ective potential is repulsive, atomic
correlation energies (in general) are worse, but the shape of the respective Coulomb holes can
be improved. Secondly, when applied to the dissociation of H2, CASSCF+Ve� Coulomb holes
show only minor di�erences from canonical CASSCF, a behavior attributed to signi�cant
contributions from core electrons. Thirdly, extension to other diatomics (N2, NO+, O2, and
NH) investigated with di�erent parametrization schemes for the e�ective potential reveals
the distinct e�ects of the inter- and intra-atomic components of Ve�.

6.2 Introduction

Among the plethora of methods available in the �eld of electronic structure theory, the so-
called “correlation factor methods” [25] operate on the premise that short-range correlation,
mostly dynamic, cannot be accounted for in a CI expansion (other than FCI), but is addressed
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analytically by introducing inter-electronic variables. In fact, the inclusion of a 2-particle
potential that directly links the electron correlation into the wave function can lead to
solutions of extraordinary accuracy [26, 27, 28, 29], as shown in the calculation of the helium
atom by Pekeris [30], the hydrogen molecule by Wolniewicz and Kolos [31] and in explicitly
correlated R12 and F12 theories [405, 406, 407]. Early in the literature, two of the most
promising correlation factormethodswere (1) themethod of Boys andHandy and (2)methods
based on the correlation hole [25]. The method of Boys and Handy [408, 409, 410, 411] is
based on the use of a correlated wave function of the form

Ψ = CΨ0, (6.1)

where Ψ0 is an approximate, reference wave function (for example, a single Slater determi-
nant), and the factor C is a symmetric function containing the electronic variables,

C =
∏

i>j

F (r⃗i, r⃗j). (6.2)

The most basic form of a correlation function involves a dependency solely on the interelec-
tronic distance (F = F (|⃗ri − r⃗j |)). However, it is frequently advantageous to incorporate
the dependence on position vectors r⃗1 and r⃗2. In such cases, the extracule and intracule
variables, respectively R⃗ = 1

2(r⃗1 + r⃗2) and s⃗ = r⃗2 − r⃗1, are commonly employed. Un-
fortunately, a correlated wave function in the form of Equation (6.1) leads to a variational
energy expression that becomes notably intricate. Realizing this di�culty, Boys and Handy
[409, 411] considered a variational procedure based on the selection of an inverse correlation
factor (C−1), which vanishes only when ĤΨ = ĤCΨ0 = ECΨ0, i.e., when the antsatz
6.1 retrieves the exact wave function and energy. When performing this selection, the
added correlation energy can be regarded as the expectation value of a (non-Hermitian)
"trans-correlated" Hamiltonian [411] of the form

⟨Ψ| Ĥ |Ψ⟩ = ⟨Ψ0|C−1ĤC |Ψ0⟩ . (6.3)

Selecting appropriate functional forms for F (r⃗i, r⃗j) poses a signi�cant challenge in these
methods. A precise choice ofF can lead to highly accurate energy estimates, as demonstrated
in early studies on representative systems like the Ne atom and the LiH molecule [408, 410].
The complexity involved in �nding a suitable form for F under a clear ansatz, leads to
further simpli�cations devoted to approximately account for the dynamical correlation
e�ects. Considering this, in 1987, Roos and co-workers proposed an alternative based on
the use of an e�ective potential (Ve�) added to the Hamiltonian [24], the original idea of the
authors was to incorporate dynamic correlation into CASSCF calculations. The resulting
simpli�ed potential is necessarily empirical, since its parameters are not determined in an
ab-initio fashion. However, the idea of the method is attractive, since the wave function
can be relaxed in the presence of the potential, incorporating dynamical correlation e�ects
within a relatively low computational cost. In the present study, we refer to this approach
as CASSCF+Ve� and extend the exploration of its performance in describing small atomic
and diatomic systems, identifying their general advantages and limitations. Furthermore,
we devise and propose a splitting of Ve� into inter- and intra-atomic parts. To that end,
we follow Roos and use a CASSCF wave function combined with various proposals for
the e�ective potential. The exploration of CASSCF+Ve� performance is achieved through
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di�erent parametrization schemes designed to identify the relevance and e�ects of the Ve�
constitutive parameters. This chapter is organized as follows: in Sec. 6.3, we introduce
further background and theoretical foundation of methods based on the correlation hole,
we present Roos’ e�ective potential approximation and expose some of drawbacks and
strenghts of the method. Section 6.4 is devoted to show the computational work�ow used for
CASSCF+Ve� calculations, and indicate computational details considered in our calculations.
Numerical results are addressed in Sec. 6.5, among them, numerical examples ofmodel atomic
systems (Sec. 6.5.1) and H2 dissociation (Sec. 6.5.2) are used to illustrate the performance of
the method, and to justify the development of the proposed Ve� splitting described in Sec.
6.6. This proposal is applied to compute potential energy curves (PECs) for other diatomics
(sections 6.6.1.1, and 6.6.1.2), where we conduct di�erent parametrization schemes designed
to explore the e�ect of inter- and intra-atomic terms. Finally, in Sec. 6.7 the main conclusions
of the present work are stated.

6.3 Methods Based on the Correlation Hole

When considering a ground state wave function of the form 6.1, we wish to know how the
reference pair density, ρ2(r⃗1, r⃗2), is modi�ed by the presence of the correlation factor C . A
simple approximation to the correlation function F (r⃗i, r⃗j), considered by Colle and Salvetti
[412] is

F (r⃗i, r⃗j) = 1− ϕ(r⃗i, r⃗j), (6.4)

where ϕ(r⃗i, r⃗j) is essentially a short-range function, introducing the electron-electron cusp,

and can be expressed in terms of the extracule and intracule vectors R⃗ and s⃗ (as de�ned in
Section 2.7.5). In deriving ρ2 from the square of the wave function 6.1, by integrating over
(N − 2) electronic variables, the form of the general (o�-diagonal) elements of ρ2 reduces to
a simple form that depends on the reference 2-RDM

ρ2(r⃗1, r⃗2; r⃗
′
1, r⃗

′
2) = ρ02(r⃗1, r⃗2; r⃗

′
1, r⃗

′
2)
[
1− ϕ(r⃗1, r⃗2)− ϕ(r⃗′1, r⃗′2) + ϕ(r⃗1, r⃗2)ϕ(r⃗

′
1, r⃗

′
2)
]
.

(6.5)

The main challenge problem is the selection of the functional form of ϕ able to describe the
variation in size and shape of the correlation hole over the electron distribution without
violating the requirements for N -representability [413]. Namely:

(I) ρ1(r⃗1, r⃗
′
1) can be written as the integral of ρ2(r⃗1, r⃗2; r⃗

′
1, r⃗2) over r⃗2 times 1/(N − 1),

i.e. (N − 1)ρ(r⃗1, r⃗
′
1) =

∫
dr⃗2 ρ2(r⃗1, r⃗2; r⃗

′
1, r⃗2)

(II) as pair correlations do not modify the functional form of ρ01(r⃗1; r⃗
′
1) computed from the

reference wave function (Ψ0), then we may impose that ρ1(r⃗1; r⃗
′
1) = ρ01(r⃗1; r⃗

′
1).

With these two requirements the following condition is established:

∫
dr⃗2 ρ

0
2(r⃗1, r⃗2; r⃗

′
1, r⃗2)

[
ϕ(r⃗1, r⃗2)ϕ(r⃗

′
1, r⃗2)− ϕ(r⃗1, r⃗2)− ϕ(r⃗′1, r⃗2)

]
= 0. (6.6)

By means of this, the total energy can be expressed as the reference energy plus a correlation
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contribution as

E = E0 +
1

2

∫
dr⃗ dr⃗2ρ

0
2(r⃗1, r⃗2)

[
ϕ2(r⃗1, r⃗2)− 2ϕ(r⃗1, r⃗2)

]

s
(6.7)

which is equivalent to replacing the operator 1/s by a screened interaction given as

g′(r⃗1, r⃗2) =

[
1− 2ϕ(r⃗1, r⃗2) + ϕ2(r⃗1, r⃗2)

]

s
. (6.8)

The calculation of correlation energies becomes feasible by a proper form of the function ϕ
that must satisfy Eq. 6.6. The form used by Cole and Salvetti is:

ϕ(r⃗i, r⃗j) = [Φ(R)(1 +
s

2a0
)] exp

(
−β2s2

)
, (6.9)

where a0 is the Bohr radius, R = |R⃗|, s = |⃗s| , and β is a numerical parameter. Within
this de�nition, the function ϕ(r⃗i, r⃗j) ful�ls all the conditions of the cusp for r⃗i → r⃗j ,
as demonstrated by Bingel [414]. Note that ϕ(r⃗1, r⃗2) has e�ects on the 2-RDM (Eq. 6.5)
modifying the intracule probability (see Eq. 2.180) and the corresponding correlation hole.
The function Φ(R) allows the form of the correlation hole to depend on the mean position
of the two particles, and must satisfy the basic cusp condition [196].

The region in space in which ϕ(r⃗i, r⃗j) is appreciably di�erent from zero depends on the
value of β, this parameter determining the size of the correlation hole. The volume of this
region is

V = 4π

∫ ∞

0
ds exp

(
−β2s2

)
=
π3/2

β3
(6.10)

A reasonable value for β can be taken by assuming that this volume is proportional to the
volume of exclusion in Wigner’s formula for the free electron gas [415],

π3/2

β3
=
k

ρ
; β =

π1/2ρ1/3

k1/3
, (6.11)

where k indicates the average number of electrons in V and ρ is the electron density. For a
free-electron gas, the parameter β depends only on the electron density, ρ. If we assume
that it does so generally, then a dimensional argument suggests β(ρ) = qρ1/3 (being q a
dimensionless constant).

The relation between Φ(R⃗) and β was approximated by Colle and Salvetti as

Φ ∼
√
πβ

1 +
√
πβ

(6.12)

As β varies from 0 to ∞, Φ ranges from 0 to 1. In fact, the ρ dependence in β(ρ) is a
signi�cant drawback, introducing computational complexities for practical uses of the
correlation function ϕ (Eq. 6.9). However, the general validity of this approach has been
con�rmed in early studies [412, 25] through application to the free-electron gas model,
where it is emphasized that such a function provides a good representation of the spherically
averaged correlation hole.
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6.3.1 The Roos CASSCF E�ective Potential Method

Following correlation factor methods, Roos noted that by using the ansatz from Boys (Eq. 6.1),
the time independent Schrödinger equation can be written in the form

(Ĥ + C−1[Ĥ, C])Ψ0 = EΨ0, (6.13)

from which the second term in the left hand side can be taken as an e�ective potential,

Veff = C−1[Ĥ, C]. (6.14)

This observation introduces de idea of treating DC e�ects by modi�ying the Coulomb
repulsion term in the Hamiltonian, provided that Ψ0 is a MCSCF wave function capable of
a qualitatively correct description of NDC. As noted before, the main problem here is to
give an appropriate expression for this potential, which translates into a proper form for
the correlation factor F from Eq. 6.4. In fact the idea of Roos can be considered as a further
simpli�cation of the formulation of Cole and Salvetti. By using the Colle and Salvetti’s
function ϕ (Eq. 6.9, which is written in terms of function Φ(R⃗)) into Eq. 6.4 and using
the corresponding form of C (Eq. 6.2), the e�ective potential becomes too complicated for
practical uses. However, as argued by Roos, the function Φ(R⃗) is assumed to depend only
weakly on R⃗, then for small inter-electronic distances the leading term of the e�ective
potential can be written in a simple form

Veff = −µ
∑

i<j

e−νr2ij

rij
. (6.15)

A justi�cation for this simpli�cation lies in the fact that the energy of the approximate
wave function Ψ0 (a CASSCF wave function) already contains a signi�cant portion of NDC.
Therefore, only a small fraction needs to be added as a correction through the interelectronic
dependence of the e�ective potential. The total energy becomes

E = ⟨Ψ0|Ĥ − µ
∑

i<j

e−νr2ij

rij
|Ψ0⟩ . (6.16)

The energy correction introduced by the e�ective potential can be considered as the ex-
pectation value of a Coulomb operator damped by a Gaussian term. The parameters µ and
ν resemble the multiplicative factor and the parameter β from the more elaborate form
given in Eq. 6.9. In Roos’ formulation, these parameters were chosen to inherit a similar
interpretation as that given by Cole and Salvetti, representing the depth (µ) and the radius
(ν−2) of the Coulomb hole generated by Veff . The most appealing virtue of this selection
is that the e�ective potential allows the approximate wave function to relax under the
in�uence of the (simpli�ed) correlation term.

In practice, the implementation of the e�ective potential involves the computation of cor-
responding electronic repulsion integrals (ERIs). In Sec. 6.6, we show the form of the
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fundamental ERI, and provide a brief description about it. The general solution for the re-
quired ERIs in the CASSCF+Ve� method has been derived and can be consulted in Appendix
C.

6.3.2 Drawbacks and Strengths of the Method

The major problem with Roos’ proposal is the selection of the parameters. Since formally
they must depend on the local density ρ(r⃗), the simplicity of the potential is not retained
anymore. Alternatively, Roos proposed a parametrization based on the use of the average
electron density,

ρ =

∫
ρ2(r)dr∫
ρ(r)dr

, (6.17)

based on the correlation energy results of a series of f [24]. Fitting the results to the empirical
values reported by Clementi [416, 417], Roos established a linear relation between µ and ν
as

µ = µ0 + pν, (6.18)

where µ0 and p are used to establish the functional dependence of µ and ν on the average
electron density assumed as

µ = x1ρ
x2 , (6.19)

ν = (x3 +∆x4)ρ
x5 , (6.20)

where x1− x5 are constant numbers determined through a minimization of the least square
errors of Eq. 6.18. The parameter ∆ appearing in Eq. 6.20 is introduced to account for the
amount of correlation already introduced into the CASSCF wave function. In principle, the
radius of the Coulomb hole should go to zero when Ψ0 approaches the exact wave function.
The determination of ∆ involves an implicit calculation and integration of the two-body
density matrix (ρ2).

Thus, themain drawbacks of Roos’ proposal can be summarized in: the laborious parametriza-
tion scheme, the fact that the secondary parameters, µ0 and p, vary for each electronic state
of an atom or ion, and the additional cost involved in the integration of ρ2. The parameters’
dependence on the average electron density introduces additional di�culties.

However, the e�ective potential energy correction is relatively simple and does not re-
quire large amounts of computational resources. Despite its publication in 1987 (thirty-six
years ago), this proposal has not received much attention from the theoretical chemistry
community. Nonetheless, three key points are worth highlighting:

• (1) It was demonstrated that the e�ective potential can be added to the Hamiltonian
to retrieve the exact enegy (theoretically). Together with a parametrization based
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on experimental correlation energies, and the use of a large enough basis set, the
potential retrieves highly accurate energies from approximate wave functions for
atoms.

• (2) There is no clear hint of how to construct the proposed potential. However,
it can be seen as an approximation to the expectation value of a (non-Hermitian)
’trans-correlated’ Hamiltonian [411, 25]. The electron-electron interaction is given
by (1− µ exp

{
−νr212

}
)/r12, where r12 is the interelectronic distance, ν and µ being

adjustable parameters with the implicit dependence on the average density and 2-RDM.

• (3) Based on dimensional analysis and through parametrizations, a relationship be-
tween µ and ν could be established.

In fact, Roos did not provide an exhaustive study of the behavior of electron correlation in
the presence of the e�ective potential for systems beyond �rst-row atoms. Additionally,
alternatives for the parametrization scheme or the dependency of parameters on quantities
other than the average electron density were not provided. Computational power available
at his time was a signi�cant limitation; however, nowadays, accurate electronic structure
calculations can be more easily performed, especially for small- and medium-sized systems.

6.4 Methods

6.4.1 Computational Work�ow

As previously mentioned, the use of the e�ective potential (Eq. 6.15) and evaluation of the
total energy (Eq. 6.16), involves evaluation of the attenuated Gaussian damped ERIs. In this
work, we use an in-house code designed to perform this task. The evaluation algorithm, is
not based on schemes using recurrence relations [104] or numerical integration quadrature
[418]. Instead, it is based solely in the direct computation of each ERI provided the general
form in Appendix C. The common bottleneck here is the solution of the Boys function
(Fn(x)) involved in the ERI evaluation,

Fn(x) =

∫ 1

0
dt t2n exp

(
−xt2

)
. (6.21)

Since there is no analytical solution to solve this function (except for very speci�c cases)
[102, 103], our algorithm numerically evaluates it through the use of an e�cient open-source
library (libboys) based on the use of precalculated values and a recursive formula up to six
orders [419].

Once ERIs have been obtained, CASSCF+Ve� energy calculation can be done in a simple way
by a suitable modi�cation of the electronic Hamiltonian. A practical and general procedure
for this can be schematically described as follows:

1. Initial HF calculation to obtain reference state for CASSCF calculation and mean-�eld
ERIs.

2. Separate calculation of modi�ed-ERIs within the same basis set.

3. Compute the total ERIs as the sum of the original ERIs plus Gaussian damped ERIs
(multiplied by the corresponding µ parameter).
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4. Perform the CASSCF calculation with the total ERIs.

5. Obtain the total energy by standard CASSCF minimization procedures.

The current implementation of this scheme consists in a python package that combines
the in-house integral solver with PySCF code [420]. As such, it enables �exible calculations
within an easy-to-manage interface.

6.4.2 Computational Details

Throughout this work we employ di�erent parametrization schemes to explore and elucidate
the relevance and e�ects of the di�erent parameters of the potential. It is worthwile to
highlight that µ parameters in Ve� are those who will de�ne a repulsive (positive sign)
or attractive (negative sign) potential. As will be indicated in subsequent subsections, we
will opt for the exploration of both types of potential. Otherwise speci�ed, all calculations
reported in this work were performed within the Dunning’s correlation-consistent cc-pVDZ
basis set [421].

Also, we make use of di�erent analysis tools to elucidate di�erent properties of the systems
under study, such as, Coulomb holes, delocalization indices (here indicating the number of
electrons that are shared or exchanged between two atoms) [422, 423], atomic volumes and
correlation indices [252]. The purpose of their use is to identify the possible e�ects of Ve�
over pristine CASSCF results, to establish which of the parameters in Ve� can be related to a
given e�ect, and to identify the behavior of DC and NDC along diatomic PECs.

Coulomb holes were computed under Coulson’s de�nition [263, 264, 265, 259]. The density
matrices and the intracule probability distributions have been obtained with the in-house
DMN[424] and RHO2_OPS codes [425], respectively, the latter using the algorithm of
Cioslowski and Liu [426]. For ground state dimers, delocalization indices and atomic vol-
umes were computed from Quantum Theory of Atoms in Molecules (QTAIM) [427, 428]
calculations implemented in AIMAll software [429] starting from molecular wave function
data computed with Gaussian 16 [430].

In this work, we explore the capabilities and performance of the CASSCF+Ve� method in
computing the correlation energies of �rst-row atoms in their ground state (B, C, N, O, F,
Ne), and in the calculation of the PECs of H2, N2, and NO+ singlet ground state, and triplet
ground state O2, NH molecules.

6.5 Numerical Results

6.5.1 Performance in atomic systems

When applied to atomic systems, Roos and co-workers demonstrated that the e�ective poten-
tial strategy can improve the dynamical correlation energy, showing that some relationship
between µ and ν parameters could be established, so that the number of parameters could be
e�ectively reduced. Additionally, Roos’ results showed that, within a proper parametrization,
highly accurate correlation energies can be achieved. However, they gave no clear hint
about how to obtain the correct parametrization.

Here, with the aim to show the performance of the potential over a more extended set of
values for the parameters in the e�ective potential, we extend Roos’ study on atoms. Similar
to Roos’ study, full-valence CASSCF+Ve� calculations were carried by varying ν-values in
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Figure 6.1: Atomic total energies (in a.u.) computed within the CASSCF+Ve� represented as contour
plots resulting from variations of µ and ν parameters, FCI and pristine CASSCF energies are indicated
in green dashed lines in each plot. The CASSCF energy lies in a vertical line at µ = 0.

the range from 0.01 to 2.00 in steps of 0.01, and µ-values in the range from -0.200 to 0.200 in
steps of 0.001 (giving a total of 80 000 individual calculations per atom). The total energies
computed in this way (restricted to µ-values ∈ [−0.10, 0.10]), are depicted as contour plots
in Figure 6.1, where dashed lines are used to indicate the (µ, ν) pairs retrieving FCI (lower
values) and CASSCF (higher values) results.

Similar plots for the corresponding total and correlation energies of ions can be consulted
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in the Appendix C. Computed total energies exhibit a consistent trend across all atomic
systems. Signi�cant energy variations occur at �xed ν values, while changes in ν when
keeping µ constant show minimal variation, indicating the relative independence of these
two parameters. The behavior at µ→ 0 seems to be in agreement with the linear relation
between the parameters considered by Roos (Eq. 6.18). The correlation energies computed
as E − EHF follow a similar trend (see Appendix C, Fig.25).

Our �ndings suggest that FCI/cc-pVDZ energies can be achieved by the CASSCF+Ve�.
This level of accuracy can be obtained at small µ values, in the range of −0.02 to 0.02,
but energies tend to be substantially overestimated (or underestimated) quickly at larger
negative (positive) values of this parameter. This trend also holds in the case of ions (see
Appendix C, Figs. 27, 28 and 29). The results highlight the possibility of computing highly
accurate energies for atoms by carefully selecting the parameters in the e�ective potential.
To achieve this, we use a linear relation of the form ν = aµ + µ0 and performed a data
�tting from those combinations of (µ, ν) yielding correlation energies within approximately
1 kcal/mol above the FCI result at most. ν values and corresponding correlation energies
computed in this way (taking at lowest value of µ = −0.006) can be consulted in Table 6.1.

Table 6.1: Full valence CASSCF, FCI, and CASSCF+Ve� (µ = −0.006) correlation energies for �rst
row atoms and ions (in a.u.). Calculations performed with the cc-pVDZ basis set. Corresponding ν
values computed from the data �tting (r2 > 0.99).

Correlation Energy
Atom CASSCF FCI CASSCF+Ve� ν

B(2P) -0.0338 -0.0640 -0.0632 0.2623
C(3P) -0.0187 -0.0795 -0.0786 0.1241
N(4S) 0.0000 -0.0917 -0.0909 0.1632
O(3P) 0.0000 -0.1242 -0.1233 0.2567
F(2P) 0.0000 -0.1577 -0.1572 0.4157
Ne(1S) 0.0000 -0.1921 -0.1886 0.6848
C+(2P) -0.0415 -0.0726 -0.0708 0.9502
N+(3P) -0.0220 -0.0833 -0.0811 0.4540
O+(4S) 0.0000 -0.0911 -0.0891 0.4853
F+(3P) 0.0000 -0.1203 -0.1176 0.6803
Ne+(2P) 0.0000 -0.1507 -0.1479 0.9678
C−(4S) 0.0000 -0.0867 -0.0861 0.0340
O−(2P) 0.0000 -0.1573 -0.1560 0.1731
F−(1S) 0.0000 -0.1948 -0.1934 0.3131

To show the performance of this parametrization, computed correlation energies within
CASSCF+Ve� and their comparison with FCI and pristine CASSCF are compared in Table 6.1.
As shown, calculations with the parametrized e�ective potential follow a close agreement
with FCI. In a similar fashion, the corresponding energies using parametrized potentials
for cations and anions, were used to calculate the ionization potentials (IPs) and electron
a�nities (EAs) reported in Table 6.2. While computed IPs are close to experimental values,
obtained EAs are close to the FCI value but largely deviate from the experimental value in
all cases, feature that can be attributed to the quality and size of the basis set. These overall
results demonstrate the capability of the method to deliver accurate results from an optimal
parametrization.
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While obtained energies can be tuned through the e�ective potential to deliver an accurate
result, it can be argued that during the variational procedure, the addition of the e�ective
potential may a�ect the electronic distribution of the system. In general it can be expected
that, as the strength of the potential (measured by the magnitude of µ) becomes signi�cant,
larger e�ects on the electronic distribution may arise. In order to estimate these e�ects,
Coulomb holes for C, F− and Ne atomic singlet states (1S) were computed from both, the
CASSCF and CASSCF+Ve� wave functions. In these calculations, positive-µ (repulsive) and
negative-µ (attractive) e�ective potentials were considered, and ν values from previous
parametrization were used.

Table 6.2: Atomic ground state ionization potentials and electron a�nities in eV.

Atom Method IP EA
C CASSCF 10.1763 -0.6093

CAS+Ve� 11.0097 0.1143
FCI 10.9851 0.0955
Exp. 11.25 1.12

N CASSCF 13.3661 -3.3399
CAS+Ve� 14.2288 -2.6504

FCI 14.1927 -2.5472
Exp. 14.54a

O CASSCF 11.9528 -1.8849
CAS+Ve� 12.8819 -0.9823

FCI 12.8550 -0.9850
Exp. 13.61a 1.4611c

F CASSCF 15.6964 -0.1600
CAS+Ve� 16.7758 0.8354

FCI 16.7127 0.8505
Exp. 17.42 a 3.45 b

Ne CASSCF 19.7688
CAS+Ve� 20.8766

FCI 20.8962
Exp. 21.56 a

a From Ref. [431] b From Ref. [432] c From Ref. [433].

Coulomb holes for atomic singlets (Ne and F– ) are depicted in Figure 6.2. A comparison of
these results reveals that the sign of the e�ective potential directly in�uences the Coulomb
holes. Here, it is worth noting that these Coulomb holes do not originate from the exact
wave function (CΨ0) but rather belong to the corresponding Ψ0 optimized in the presence
of Ve�. In this sense, Coulomb holes account for the overall e�ect of Ve� on the electronic
distribution, which is linked to the corresponding change in energy.

An attractive (µ < 0) e�ective potential e�ectively reduces the total energy, as anticipated
with the inclusion of dynamic correlation. However, in this scenario, the average distance
between electron pairs is reduced, contrary to the expected e�ect of electron correlation
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inclusion. Therefore, while the energy improves, the wave function deteriorates. Conversely,
a repulsive e�ective potential (Coulomb hole in dashed lines) exhibits an improved behavior,
consistent with FCI or the pristine CASSCF. With this choice, energies for atoms are clearly
worsened, but Coulomb holes are improved, especially at short interelectronic distances.
Additional results for the C atom can be found in the Appendix C.

Figure 6.2: Coulomb holes computed for singlet atomic systems at FCI/cc-pVDZ (continuous black
line), CASSCF (dashed black line), and CASSCF+Ve� with di�erent µ (corresponding ν taken from
parametrization with FCI).

6.5.2 Describing H2 dissociation

In extending the application of CASSCF+Ve� to diatomics, we start with the exploration of
method’s performance in the description of the H2 PEC. As exposed in previous chapters (see
Sec. 4.3.3 and Sec.5.6.2), this is a system for which the ground state experiences continuous
changes along the H-H stretching; dynamic and static correlations play a signi�cant role at
di�erent regions of the PEC. For instance, at equilibrium, the ground state corresponds to a
closed-shell singlet, and dynamic correlation governs over static part. As the separation of
the atoms increases, the ground state experiences the conversion to an open-shell singlet
with two e�ectively unpaired electrons.

Near equilibrium, a single Slater determinant is able to give a good description of the singlet
state. In consequence, approaches such as HF or KS-DFT provide a su�ciently accurate
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description of the system. As the molecule is stretched, the σ and σ∗ frontier orbitals become
nearly degenerated and partially occupied. The wave function is no longer well described by
a single Slater determinant, and nondynamic correlation becomes dominant at dissociation.

The correct description of PECs involves a balanced treatment of DC and NDC contributions.
In the case of H2, DC must increase at bonding region and decrease progresively as the H-H
distance is increased. In Figure 6.3, we depict the H2 PEC computed with di�erent levels
of theory. It is particularly satisfactory the result obtained within the CASSCF+Ve�, which
is in good agreement with FCI dissociation energy, representing an improvement over the
CASSCF(2,2) solution.

Figure 6.3: H2 PEC comparison of di�erent methods. This CASSCF+Ve� accurate result was obtained
within the combination of parameters: µ = −0.02 and ν = 0.50, obtained by computing dissociation
energies with di�erent (µ, ν) combinations, and selecting those closest to the FCI result.

The computed CASSCF+Ve� PEC in Fig. 6.3 is an illustrative result chosen from a set
of calculations performed by taking in consideration combinations of (µ, ν) parameters,
such that µ assumes values in the range [−0.20, 0.20] in steps of 0.001, and exponential ν
parameter is chosen among these values: 0.05, 0.10, 0.50, 1.00, 1.50, 2.00, all the points in
the PEC were computed using the same (µ, ν) combination. In all cases, it is observed that
independently of ν, values near µ = 0.020 value yield the lowest error in the dissociation
energies with respect to FCI/cc-pVDZ (see Table 6.3).

A comparison of CASSCF+Ve� Coulomb holes computed with a repulsive and attractive Ve�
(µ = ±0.020, ν = 0.50) is depicted in Fig. 6.4. When we apply the Roos’ e�ective potential
method to H2 at equilibrium geometry, the Coulomb holes do not deteriorate as in the case
of atoms. In this case neither, the change of sign in µ nor variations of ν seem to have a
large e�ect on the Coulomb hole with respect to CASSCF (related results can be consulted
in Appendix C, Fig. 34). The latter due to the lack of core electrons in H2. Consequently, it
serves as a scenario where the dynamic correlation introduced by the e�ective potential
originates solely from inter-atomic electron pairs. Therefore, we can expect the observed
changes in Coulomb holes of atoms to be similar to those we will observe for the inner
electrons of diatomics.. Additional results obtained with di�erent (µ, ν) combinations exhibit
a similar behavior, as detailed in Table 6.3. The corresponding Potential Energy Curves
(PECs) are depicted in Figure 6.5, where we compare cases in which the (µ, ν) parameters in
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the e�ective potential yield accurate energies close to the FCI level. Notice also that µ for a
potential of electron pairs between atoms (µ = 0.2) take very di�erent value than we had
found for inner electrons (µ = −0.006, see Table 6.1).

Table 6.3: Most accurate CASSCF+Ve� (µ = −0.02) dissociation energies and percentage of error
with respect to FCI/cc-pVDZ dissociation energy for H2 system.

ν Ediss (eV) % Error
0.05 4.316 -0.656
0.10 4.280 -1.383
0.50 4.179 -3.718
1.00 4.130 -4.830
1.50 4.109 -5.330
2.00 4.096 -5.616

CASSCF(2,2) 4.051 -6.664
FCI 4.340

Figure 6.4: H2 Coulomb holes at equilibrium geometry, computed within CASSCF(2,2), FCI and
CASSCF(2,2)+Ve� with the cc-pVDZ basis set. The values for the parameters in the e�ective potential
are depicted in the �gure.

Furthermore, the results from Table 6.3 suggest that as ν decreases (from 2.00 to 0.05), the
dissociation energies exhibit improvement compared to the CASSCF result.

The attenuation of Ve� is modulated by ν; the larger this parameter, the more rapidly the
potential approaches zero with interelectronic separation rij . Thus, a large ν value allows
for a less extensive e�ect of the potential over space, causing the CASSCF+Ve� energy to
decay faster towards the CASSCF result as the ν value grows. On the other hand, a more
extended insertion of dynamic correlation over space is achieved with smaller ν values,
improving the energies over more points in the PEC.

However, as illustrated in Figure 6.5 (a), in the intermediate region (between 2.00 and 3.00 Å),
the PEC is signi�cantly in�uenced by the action of the e�ective potential (ν = 0.10). This
in�uence causes the energy to lie lower than the FCI solution, and this e�ect intensi�es as ν
decreases. Therefore, in contrast to atomic systems showing a light dependence on ν, we
can anticipate that for processes involving the separation of electron pairs, this parameter
must have a more pronounced e�ect on the energy. The latter suggests that inner electron
pairs and inter atomic pairs should be treated di�erently within this approach.
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Figure 6.5: (a) Most accurate H2 PECs estimated from parametrization based on the dissociation
energies. E�ect of di�erent ν values. (b) Corresponding Coulomb holes at equilibrium geometry
(rH−H = 0.8 Å). In all cases, µ = −0.02 and the cc-pVDZ basis set were used.

6.6 Splitting the Roos’ E�ective Potential

From �ndings exposed previously, it is noted that, for atomic systems, the primary contribu-
tion to Ve� is intra-atomic, while for H2, it is exclusively inter-atomic. These observations
have motivated the decision to split the e�ective potential into these two contributions, as
indicated in Eq. 6.22 (see below). In the subsequent sections, we direct our e�orts towards
describing the PECs for diatomic molecules containing atoms heavier than hydrogen. Specif-
ically, we choose to model the dissociation of representative diatomic molecules, including
the isoelectronic singlet ground state N2 and NO+, as well as the triplet ground state O2 and
NH diatomics.

Since for chemical analysis and photophysics we are concerned about relative energies, not
absolute energies, it is more important to describe correctly the inter-atomic interactions
than the intra-atomic ones for energy analysis; while for the properties it is important not
to deteriorate the quality of the CASSCF wave function and improve it, whenever possible.
With the aim to split the dynamic correlation into these two terms, and to obtain balanced
results we propose to split Roos’ potential into

V̂eff = µintra
∑

i<j

e−νr2ij

rij
+ µinter

∑

p<q

e−ν′r2pq

rpq
= V̂ i

eff + V̂ o
eff , (6.22)

where i and o refer to the intrapair electrons and interpair electrons, respectively. The
�rst term represents an overall e�ect on the intra-atomic contributions weighted by the
parameters (µintra, ν) and de�ned in such a way that includes mostly pairs of core electrons.
The second term belongs to the inter-atomic contributions, weighted by the corresponding
pair parameters (µinter, ν ′). This term includes the rest of pairs of electrons not accounted for
in the intra-atomic part. The expectation value of this e�ective potential (Eq. 6.22) will apply
using the same wave function with both µintra and µinter. In practice, since electrons are
indistinguishable, the application of the e�ective potential discriminates the respective inter-
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and intra-pairs, identi�ed by the corresponding two-electron Gaussian damped integrals,
arising from

〈
ϕAϕB

∣∣∣∣∣∣

exp
(
−νr2ij

)

rij

∣∣∣∣∣∣
ϕCϕD

〉
. (6.23)

Atomic orbitals, ϕA, ϕB , ϕC and ϕD are contracted Gaussian functions centered on nuclear
centers, associated to A⃗, B⃗, C⃗ and D⃗ vectors, respectively. In particular the fundamental
ERI of this type corresponds to the case in which the atomic orbitals are of zero angular
momentum, in this case the integral reduces to

〈
ss

∣∣∣∣∣∣

exp
(
−νr2ij

)

rij

∣∣∣∣∣∣
ss

〉
=

(
2π5/2

(νγP + νγQ + γPγQ)(γP + γQ)1/2

)

× exp

(
− γPγQνPQ

2

νγP + νγQ + γPγQ

)
· F0

(
PQ

2
γ2Pγ

2
Q

(νγP + νγQ + γPγQ)(γP + γQ)

)
,

(6.24)

where Fn(X) is the so-called Boys function (de�ned for the general case in Appendix C), PQ
is the distance between the reduced centers, P⃗ and Q⃗, written in terms of the exponential
coe�cients associated to each contracted function, respectively, αA, αB , αC , αD as

P⃗ =
αAA⃗+ αBB⃗

γP
,

Q⃗ =
αCC⃗ + αDD⃗

γQ
,

(6.25)

and γP = αA + αB , γQ = αC + αD . The splitting of the e�ective potential showed in
Eq. 6.22, is based on the selection of those ERIs from primitives sharing the same center
(A = B = C = D), this conforms the intra-atomic term, while the rest contains those
contributions with at least one primitive on a di�erent center, giving the inter-atomic term.
For diatomic molecules, this is equivalent to the two following conditions:

〈
ϕAϕB

∣∣∣∣∣∣

exp
(
−νr2ij

)

rij

∣∣∣∣∣∣
ϕCϕD

〉

intra

= 0, unless A = B = C = D (6.26)

〈
ϕAϕB

∣∣∣∣∣∣

exp
(
−ν ′r2ij

)

rij

∣∣∣∣∣∣
ϕCϕD

〉

inter

= 0, if A = B = C = D (6.27)

For larger molecules, three atom terms and higher would be neglected. Notice that, compared
to Roos’ original potential, Eq. 6.22 sensibly reduces the number of additional two-electon
integrals needed when restricting the calculation to one or the other component.
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6.6.1 Studies in diatomics beyond H2

To optimize CASSCF+Ve� results, we explore two parametrization schemes designed to
approach accurate energies with optimal µintra, µinter, and ν parameters in Ve�. The �rst
parametrization scheme (referred to as PS1) involves the calculation and comparison of
dissociation energies with respect to reference FCI values [2]. Similar to the selection of accu-
rate PECs described before for H2, in this case, we consider optimal (µinter, ν) and (µintra, ν)
pairs, those providing De values with percent errors ≤10% relative to FCI dissociation
energies. To achieve this, we compute the CASSCF+Ve�/cc-pVDZ total energies computed
at large atomic separations (20 Å) and compute the corresponding dissociation energies by
subtracting the energy at CASSCF equilibrium geometries. To establish an acceptable range
of parameter values, we vary µintra and µinter in the range of [−0.03, 0.03], with steps of
0.001. The ν-exponential parameter is held �xed for both intra- and inter-contributions.

PS1 allow us to obtain optimal parameters such that CASSCF+Ve� energies become of FCI
quality, however this might not be su�cient for a good quality PEC. Therefore, motivated by
pursuing for complete PECs of FCI quality, we explore the second parametrization scheme
(referred to as PS2), based on the elucidation of optimal parameters for each point in the
PEC with respect to FCI/cc-pVDZ energies computed within the perturbatively selected
con�guration interaction scheme (CIPSI) implemented in the Quantum Package [113]. For
each point in the PECs, CASSCF+Ve� energies are computed using the same range of µinter
values as in PS1, and the energy is compared with the corresponding FCI value. Here we
consider optimal (µinter, µintra, ν, ν ′) values, those giving CASSCF+Ve� energies≤ 2 kcal/mol
with respect to CIPSI energies. PS2 is designed to identify the evolution of the optimal
parameters and their e�ect to the oveall PECs.

As observed in preliminary calculations for atomic and H2 systems, each point in the PEC can
be associated with multiple optimal parameters. This characteristic makes PS2 an exhaustive
task, given the numerous parameters to be considered in each calculation. However, in
an initial phase aimed at exploring the potential outcomes of varying the intra-term, we
conduct PS2 by �xing µinter and restricting ν = ν ′. The resulting optimal parameters indicate
that variations in µintra primarily shift the total energy and do not play an essential role in
describing dissociation. This result aligns with our previous observations in atomic and
H2 systems. Therefore, we decided to maintain the intra-atomic contribution (weighted by
µintra) as a �xed and small parameter. Consequently, the results from PS2 consist of sets of
optimal µinter (ν �xed) values for each point in the PECs.

6.6.1.1 Results from PS1

The isoelectronic diatomic molecules, N2 and NO+, have the same electronic con�guration
at the minima (σ2gπ

4
uπ

∗0
g σ

∗0
u ) and both dissociate similarly into two atoms with spin quartets

and 7 electrons on each atom. Particularly, the dissociation energy (De) of N2 has often
been used as a reference test of the capabilities of quantum chemical methods. This is
because an accurate computation of De, comparable to the experimental value requires a
very sophisticated treatment of the correlation problem. Some approaches can achieve a
good agreement derived from cancellations of errors as well as from basis set superposition
errors, as pointed out in previous studies [400, 402, 403]. However, De agreement with the
experiment to within 1 kcal/mol is not even feasible within conventional multireference
CI wave functions and large basis sets. Accurate estimations often requires accounting for
core-valence correlation e�ects and including basis functions of angular momentum up to
h. This problem is also present in more elaborate MRCI wave functions and extended ANO
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basis sets with high angular momentum functions [400].

Motivated by these challenges, we explore our CASSCF+Ve� strategy for the calculation of
corresponding PEC for N2 andNO+ singlet ground state. In Table 6.4 themost accurate results
obtained from parametrizations based on the dissociation energy are depicted (respective
PEC can be consulted in Appendix C, Figures 35 and 36). Optimum µ values lie in the
range of -0.001 to 0.015, giving notable improvements in computedDe’s as illustrated by the
reduction of percent errors from ∼12% (in the pristine CASSCF result) to ∼0.275% (with the
optimum parameters), selected PEC displaying the lowest errors computed with ν = 0.5.
In fact, it is observed that the best CASSCF+Ve� outperforms NEVPT2 suggesting that the
current approach might be more e�ective at introducing dynamic correlation than PT2-based
approaches. Interestingly, for cases where the CASSCF+Ve� dissociation energy gives lowest
percent errors, the magnitude of the multiplicative µintra parameters tend to be larger than
µinter .

While for H2 the changes induced by the e�ective potential to the Coulomb hole appear to be
negligible (the Veff contribution is inter atomic), in N2 and NO+ the e�ective potential has
an impact on the Coulomb holes similar to that observed for atoms (where the contribution
is intra-atomic, recall Fig. 6.2). Coulomb holes computed at equilibrium geometries are
displayed in Figure 6.6. While CISD delivers a qualitative correct hole at short-range, CASSCF
delivers a wrong description characterized by the positive values of the hole. Electronic
distribution can be adjusted with the use of a positive intra-atomic. In cases were CASSCF
exhibits erratic behavior at large inter electronic distances, the e�ective potential is incapable
of correcting this. These �ndings indicate that the combination of parameters in the e�ective
potential, involving a negative (small) inter-atomic term with a larger positive intra-atomic
term enhances the accuracy of CASSCF energies. This combination delivers accurate De

values while maintaining qualitatively correct electronic distributions. The intra-atomic
contribution signi�cantly in�uences the electronic distribution, specially at short-range,
while the inter-atomic contribution plays a comparatively minor role in it.

Table 6.4: E�ective potential parameters giving the lowest percentage of error in the computed
dissociation energy with respect to FCI.

N2 NO+

ν µintra µinter %Errora ν µintra µinter %Errora

0.5 0.001 -0.003 2.044 0.5 0.001 0.001 0.549
0.001 -0.002 -2.372 0.001 0.002 -3.815
-0.001 -0.003 2.044 0.001 0.003 -7.960
-0.001 -0.002 -2.372 -0.001 0.003 -8.157

0.1 0.001 -0.002 4.985 -0.001 -0.002 0.133
0.001 -0.001 -3.149 -0.001 0.002 -4.339
-0.001 -0.002 4.985 0.1 0.001 0.001 -2.761
-0.001 -0.001 -3.149 -0.001 0.001 -3.940

CASSCF(6,6) -10.468 CASSCF(6,6) -9.544
NEVPT2 -8.532 NEVPT2 -5.621

a Complementary data can be consulted in the Appendix C.
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Figure 6.6: Computed Coulomb holes for (a) N2 and (b) NO+ diatomics at equilibrium bond lengths.

When extending the study to triplet ground state diatomics (O2 and NH), di�erences with
respect to singlet state molecules arise. In this case, accurate dissociation energies are
obtained for cases where the magnitude of µintra is lower than µinter . This also, indicates
that the inter-atomic contribution has a larger in�uence on the shape of PEC. Only in few
cases the intra-atomic contribution is positive. These di�erences can be attributed to the
nature of the ground state, since valence electrons in the triplet state experience a lesser
degree of repulsion from each other, a larger energy correction can be put into the inter-
atomic term. Due to electron separation, this term makes a negligible contribution to the
energy at dissociation. However, near equilibrium, it must contribute signi�cantly to the
correction of De. In fact, as previously mentioned, the intra-atomic term only adds a shift
to the total energy and has a smaller e�ect on the dissociation energy (corresponding PEC
for these cases can be consulted in Figure 37 and 38, Appendix C).

Figure 6.7: Ill-behaved PES (ν = 1.0, 1.5, 2.0) for triplet ground state O2, results computed with
larger ν values show considerable distortions to the PES. Percentage of errors with respect to
experimental dissociation values follows the same color code as that indicated by labels in the plot.

We must emphasize, the main problem with this parametrization scheme, is that only the
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energies at dissociation and equilibrium are considered to select the optimal parameters.
The use of constant µintra and µinter parameters along the entire PEC does not ensure that
the resulting curve will behave correctly, hence PS1 can lead to artifacts in the PECs (see
Figure 6.7, Appendix C). In this regard, point-by-point parametrization is more desirable. In
the next section, results from the optimal �ttings to FCI results along the PEC are discussed
for all diatomics considered in this work.

Table 6.5: E�ective potential parameters giving the lowest percentage of error in the computed
dissociation energy with respect to FCI.

O2 NH
ν µintra µinter %Errora ν µintra µinter %Errora

0.5 -0.015 0.001 -0.151 0.5 0.001 -0.020 -0.640
-0.015 -0.001 -0.151 0.001 -0.019 -2.576
0.001 -0.003 -0.707 -0.001 -0.020 -0.640
-0.001 -0.003 -0.707 -0.001 -0.019 -2.576

0.1 0.014 0.001 -1.461 0.1 0.001 -0.011 2.311
0.015 0.001 1.050 0.001 -0.010 -1.421
0.014 -0.001 -1.457 -0.001 -0.011 2.311
0.015 -0.001 1.054 -0.001 -0.010 -1.421

CASSCF(6,8) -25.720 CASSCF(4,4) -32.552
NEVPT2 -3.140 NEVPT2 -20.223

a Complementary data can be consulted in the Appendix C.

6.6.1.2 Results from PS2

When applying PS2 to the dissociation of H2, we observe that optimal µinter values (those
for which the absolute error is (ECASSCF+Ve� −EFCI) ≤ 2.00 kcal/mol), when plotted against
inter-atomic separations, form a distinctive pattern with a speci�c shape (depicted in Fig. 6.8).
This result allows us to identify a convenient selection of optimal µinter values by �tting the
pattern to a function µinter(rAB) that rapidly converges to a constant value as rAB →∞
and becomes �nite for rAB → 0. Among the various possible functions satis�ying these
requirements, the use of an error function is the most simple. This particular choice is
notably suitable for H2, as evidenced by the coe�cient of determination (R2 > 0.99, refer
to Table 6.6) obtained when �tting the data to the function of the form:

µinter(rAB) = a(erf(b rAB)− 1) rAB ∈ [0,∞) (6.28)

where a and b are �tting parameters and rAB is the inter-atomic distance. In the following,
data �tting to function in Eq.6.28 will be referred as erf-�tting.
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Figure 6.8: (left) Obtained H2 PEC estimated from PS2 (computed with ν = 0.50), the CASSCF+Ve�
total energy is in perfect agreement with FCI/cc-pVTZ energy. (right) Corresponding optimum
µinter values changing along the separation of H atoms, i.e. those for which CASSCF+Ve� energies
are lower or equal to 2 kcal/mol.

Figure 6.9: Optimum µinter values for O2 along the PEC (computed with �xed µintra = 0.001
value). Results computed with ν values: (a) 0.10, (b) 0.50, (c) 1.00, and (d) 1.50. A comparison of these
�gures reveals hints about the sensitivity of µinter values to ν parameter.

Figure 6.8 suggests a possible strategy to establish µinter values for other diatomics through
erf-�tting. This idea is explored for the rest of diatomics, in such cases, the quality of
erf-�tting changes due to deviations from the H2 pattern-like results. µinter patterns dis-
play di�erent shapes depending on the molecule, as illustrated in Figs. 6.9 and 6.10. Our
exploration suggests that µinter patterns are sensitive to the choice of ν, becoming largely
distorted as ν increases. This e�ect is specially enhanced at intermediate regions of the PEC.
An illustrative example of this is depicted in Figure 6.9 for the O2 molecule.

For heteroatomic dimers, larger pattern distortions appear compared to homoatomic dimers
(as seen in the cases of N2, NO+, and NH in Figure 6.10). The erf-�tting features poorly
(R2 < 0.7) when applied to pristine µinter patterns. This di�culty is associated with these
pattern changes. On the other hand, erf-�tting is appropriate for µinter points at both short
and large interatomic distances, but it encounters challenges in accurately approximating
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deviations at intermediary points in PECs.

Figure 6.10: Illustration of µinter values which give CASSCF+Ve�/cc-pVDZ energies≤ 2.00 kcal/mol
with respect to FCI, along the PEC of N2 (red), NO

+ (black) and NH (green). Results obtained with
�xed µintra = 0.001 value, and ν values: (a) 0.10, (b) 0.50. Note the pattern distortion increasing
with the ν in comparing (a) with (b) cases, also note an enhanced e�ect present in heteroatomic
dimers.

Achieving a correct �tting in such cases might necessitate di�erent functions for each
molecular system, a feature that is undesirable. Instead of persistently searching for the
exact function, and guided by the results obtained in PS1, we opt to perform a reduced
�tting approach. This involves eliminating values in intermediary regions of the PEC where
distortion is signi�cant and assuming that patterns approximately resemble the H2 pattern.
Ignoring intermediary PEC data ensures erf-�ttings using Eq. 6.28 with R2 > 0.9. With
most of the data removed in the regions of 0.9-2.0 Å, this choice is a kind of extended version
of PS1 adopted merely to explore the possibility of use erf-�tting strategy and study the role
of µinter.

Tables 6.6 and 6.7 collect the numerical results obtained from such �ttings. Despite data
reduction, PECs obtained with �tted functions, show improved accuracy in the dissociation
energies with respect to CASSCF. Particularly for H2 PEC closely resembles the FCI result
with percentage of errors of ∼ 0.07− 0.08%. PEC for the rest of diatomics behave softly
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along dissociation, showing good qualitative agreement with the FCI results (for cases giving
the most accurate De, see Figure 6.11). As the values of µintra were selected to be positive,
most of the PEC exhibit a shift to higher energies in comparison with prisitine CASSCF
PECs (blue curves in Fig. 6.11).

Figure 6.11: PECs delivering the most accurateDe for (a) N2 (µintra = 0.01), (b) NO+ (µintra = 0.01),
(c) NH (µintra = 0.00) and (d) O2 (µintra = 0.01), computed with the erf-�tting strategy (blue
continuous lines) a and b values used for the calculations can be consulted in Tables 6.6 and 6.7. The
CASSCF/cc-pVTZ (black solid line), NEVPT2/cc-pVTZ correction (black solid line with dots), and
CIPSI-FCI/cc-pVTZ (black dashed line) results are included for comparison.

In comparing the dissociation energies of diatomics, a signi�cant improvement is achieved
with the lowest error results. Generally, CASSCF+Ve� outperforms CASSCF, and the lowest
error values are lower than the errors delivered by NEVPT2. When comparing CASSCF
solutions with NEVPT2, the improvements are more signi�cant for singlet state molecules.
For instance, NEVPT2 corrections reduce the CASSCF percent error from -10.46% to -8.53%
for N2 (a reduction of 1.93%) and from -9.54% to -7.94% (a reduction of 1.60%) for NO+ (see
Table 6.6). However, this reduction is not as e�cient for triplet state molecules, being 12.33%
for NH and 22.58% for O2 (see Table 6.7), with the latter showing larger corrections delivered
by NEVPT2. Under the reduced �tting scheme, CASSCF+Ve� can correct CASSCF results,
with the best corrections reducing the error by 9.64%, 6.23%, 25.19%, and 15.76% for the
entire set of N2, NO+, NH, and O2, respectively.
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Table 6.6: Singlet state diatomics, resulting dissociation energies (in eV) and percentage of errors
with respect to FCI from calculations with µinter �tted to the function a(erf(brAB − 1)).

Molecule µintra ν a b R2 De(eV) % Error
H2 0.1 0.0610 0.6493 0.9953 4.4980 0.1454

0.1 0.0600 0.6093 0.9929 4.4980 0.1454
0.5 0.1217 0.6115 0.9941 4.4950 0.0787
0.5 0.1218 0.6095 0.9939 4.4950 0.0787

CASSCF 4.05020 -9.7845
FCI 4.4915

N2 0.000 0.1 0.0834 1.9469 0.9649 8.7090 -8.6876
0.001 0.1 0.1328 2.3728 0.9900 8.6889 -8.8987
0.010 0.1 0.1352 2.3796 0.9848 10.2660 7.6377
0.000 0.5 0.0776 1.5614 0.9906 9.0443 -5.1726
0.001 0.5 0.1123 1.9267 0.9469 8.7278 -8.4907
0.010 0.5 0.1246 1.9709 0.9164 9.4592 -0.8217

CASSCF 8.5392 -10.4679
NEVPT2 8.7238 -8.5324

FCI 9.5376

NO+ 0.000 0.1 0.0788 2.169 0.9709 9.5860 -9.0538
0.001 0.1 0.08987 2.267 0.9544 9.6532 -8.4163
0.010 0.1 0.2842 3.0964 0.9668 10.8598 3.0312
0.000 0.5 0.1376 2.2844 0.9255 9.5588 -9.3119
0.001 0.5 0.1454 2.3203 0.9241 9.5947 -8.9713
0.010 0.5 0.1194 2.1375 0.9671 10.1907 -3.3168

CASSCF 9.5344 -9.5441
NEVPT2 9.7034 -7.9404

FCI 10.5403

In comparison with PS1, CASSCF+Ve� dissociation energies worsen, but the errors remain
lower than NEVPT2 results in most cases. While this can be considered a drawback in PS2
within the reduced �tting scheme, recalling previous results, it has been observed that in
some cases, PS1 leads to distorted PECs, an undesirable feature that can be potentially �xed
in full PS2. The use of an error function delivering µinter in the intermediary approach (PS2
with reduced data �tting) has shown to be an alternative, providing smooth PECs (see Fig.
6.11) and reducing the CASSCF dissociation energy error. While distortions were expected
at intermediary regions in the PECs due to data reduction, no such apparent behavior was
observed.
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Table 6.7: Triplet state diatomics, resulting dissociation energies (in eV) and percentage of errors
with respect to FCI from calculations with µinter �tted to the function a(erf(brAB − 1)).

Molecule µintra ν a b R2 De(eV) % Error
O2 0.000 0.1 0.1043 1.9469 0.9649 3.7418 -24.2494

0.001 0.1 0.1052 1.9627 0.9678 3.7631 -23.8198
0.010 0.1 0.1011 2.0515 0.985 4.4474 -9.9653
0.000 0.5 0.1041 1.6801 0.9901 3.8425 -22.2112
0.001 0.5 0.1063 1.6968 0.9905 3.8425 -22.2112
0.010 0.5 0.1188 1.8396 0.9968 4.0387 -18.2394

CASSCF 3.6692 -25.7203
NEVPT2 4.7846 -3.1400

FCI 4.9397

NH 0.000 0.1 0.0301 0.9542 0.9849 3.1192 -18.4244
0.001 0.1 0.0294 0.9735 0.9834 3.1051 -18.7945
0.010 0.1 0.0217 1.1404 0.9680 3.1040 -18.8229
0.000 0.5 0.0343 0.4959 0.9762 3.5424 -7.3584
0.001 0.5 0.0334 0.4811 0.9775 3.5644 14.8330
0.010 0.5 0.0410 0.9410 0.9536 3.1154 -18.5241

CASSCF 2.5790 -32.5521
NEVPT2 3.0505 -20.2234

FCI 3.8237

In summary, PS2 strategy allow us to unveil optimum µinter values that can be �tted to
an error function, suggesting a possible rAB dependence for µinter. While this approach
demonstrates success for H2, its applicability diminishes in heteroatomic dimers, presenting
challenges in achieving accurate �ttings. The sensitivity of µinter patterns to the choice of
ν, particularly in intermediate regions of the Potential Energy Curve (PEC), contributes
to these challenges, therefore, in aggrement with our previous observations from results
computed within the Roos’ scheme, small ν values are also desirable when splitting Ve�
into inter- and intra-atomic contributions. In general, obtained dissociation energies are
worsened than those achieved in PS1, but the use of di�erent values for µinter potentially
improves the shape of PECs. Tables 6.6 and 6.7 summarizes the numerical outcomes of these
�ttings, providing a comprehensive overview of the enhanced accuracy achieved through
this approach.

6.6.1.3 Analysis of selected systems in terms of correlation indices

Building on insights derived from the behavior of µinter and its potential dependence with
interatomic separation, rAB , this subsection conducts a comprehensive analysis of elec-
tron correlation along diatomic PECs. Motivated by complexities revealed in the previous
parametrization strategies, our exploration focuses on NDC and DC, quanti�ed by correla-
tion indices IND and ID respectively. The objective here is to identify a viable approach to
incorporate these indices into Ve�, potentially facilitating the determination of µintra and
µinter. Recently, ID and IND have been proposed for the characterization of dynamic and
nondynamic correlation, respectively [252]. These average quantities are computed from
the natural orbital occupations as

125



6. Introducing dynamical correlation into CASSCF wave functions through an

effective potential

ID =
1

2N

∑

i,σ

[νσi (1− νσi )]1/2 −
1

N

∑

i,σ

νσi (1− νσi ) (6.29)

IND =
1

N

∑

i,σ

νσi (1− νσi ), (6.30)

where N stands for the number of electrons with spin σ, and νσi natural orbital occupation.
For each point along the entire PEC, the natural orbital occupation numbers from the
CASSCF solution were computed and used to calculate ID and IND , corresponding pro�les
are depicted in Fig. 6.12.

The behavior of IND can be described as follows, for rAB → 0, IND → 0 and progressively
increases up to a constant value at dissociation. This behavior is similar to that observer for
µinter patterns along H2 dissociation. While IND behaves similarly for all diatomics under
study, ID shows a di�erent behavior depending on the spin state of the molecule. For singlet
state molecules (N2 and NO+), ID is larger than zero when rAB → 0 and increases up to a
maximum near bonding regions in the PES (∼1.0-2.0 Å, where µintra pattern distortions are
present), and eventually decays to zero at dissociation, see Fig. 6.12 (a) and (b). In triplet state
diatomics (O2 and NH), ID behaves similarly at short and bond regions and then acquires a
constant value at dissociation, see Fig. 6.12 (c) and (d). Interestingly, the rise of ID at bond
and dissociation regions in PECs coincides for the cases where the optimum µinter patterns
show larger distortions as previously exposed.

These observations have led us to propose the use of correlation indices as scaling factors in
the components of the e�ective potential. Since they exhibit a behavior quite similar to the
patterns of µinter previously presented. However, we lack evidence that attests to a direct
relationship between these patterns and the correlation indices. On the other hand, the
use of such indices could be desirable, as the dependence on rAB would be decoded into a
dependence on natural orbitals (νi). Therefore, we propose to explore a data �tting strategy
involving the use of IND and ID to approximate the multiplying (µ) factors of the e�ective
potential.

The previous study on atoms highlighted the sensitivity of the CASSCF+Ve� energy to
small changes in µ, leading to deviations from accurate FCI results. Additionally, it was
asserted that the intra-atomic term in Ve� adequately characterizes atomic systems, as they
lack inter-atomic contributions. Consequently, it is anticipated that intra-atomic terms
in diatomics should remain reasonably constant throughout dissociation. Therefore we
propose the following form of the e�ective potential depending on correlation indices

Ve� = Y IND

∑

i<j

e−νr2ij

rij
+XID

∑

p<q

e−ν′r2pq

rpq
, (6.31)

where X is a constant parametrized to ensure that the magnitude XID becomes of the
same order as the previously determined µInter values yielding energies close to FCI (as
determined in PS2). And Y is a constant, parametrized to ensure that the Y IND product
becomes of the order (10−3 in most cases) of the previously explored µ value for atoms
giving correlation energies of FCI quality. Therefore, we relate the term containing XID
to the inter-atomic contribution, an the term containing Y IND to the intra-atomic one.
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Dissociation energies computed under this �tting scheme, and their respective errors with
respect to FCI, for di�erent selection of the parameters can be consulted in Table 6.8.

Figure 6.12: Correlation indexes ID and IND computed at CASSCF/cc-pVDZ level, for the four
diatomics (a) N2, (b) NO

+, (c) NH, and (d) O2 along the dissociation coordinate.

While systematic improvements in dissociation energies are not readily apparent, consistent
patterns emerge across both the current and previous erf-�tting schemes. Singlet state
molecules exhibit the lowest percentage errors, showcasing the e�cacy of the optimized
potential in introducing dynamic correlation and enabling dissociation energy calculations
close to FCI results. Notably, for N2 and NO+, the percentage errors are as small as 1.90% and
1.15%, respectively. However, despite these successes, dissociation energies are frequently
overestimated, resulting in positive percentage errors, especially evident for triplet state
molecules, with NH showing the largest errors. The improvements in CASSCF energies for
triplet state molecules are limited, leading to the highest percent errors.

A crucial insight is that µinter exhibits molecule-dependent and, more importantly, r12-
dependent behavior. Although the elimination of r12 dependency through the use of ID
has been achieved, the absence of a universal Y value capable of providing accurate results
suggests that molecule-dependency is not fully captured in the current approach.

In comparing with NEVPT2 calculations, as before, it is seen that optimum results yield
dissociation energies whose values lie in between the CASSCF and NEVPT2 result. Com-
parisons of corresponding total energy PECs are depicted in Figure 6.13 (red curves). For
singlet state molecules, obtained PEC display a soft behavior along the dissociation, while
for triplets, this is not completely achieved, since PECs can be altered at intermeriary regions
in a similar fashion as previouly shown in PS1 (see Fig. 6.13 (d)). The latter e�ect could
suggest a disproportion in the correlation treatment caused by the non-zero ID values at
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long-range separations. Alternatively, this could indicate that the inter-term should decay
faster, a condition achieved with larger ν. In fact, results for ν = 0.5 generally appear quite
satisfactory, as depicted in Table 6.8 (except for NH).

Figure 6.13: PECs delivering the most accurate De for (a) N2, (b) NO
+, (c) NH and (d) O2, computed

with correlation indices �tting (red continuous line). Optimum �tting X , Y values used for the
calculation can be consulted in Table 6.8. The CASSCF/cc-pVTZ (black solid line), NEVPT2/cc-pVTZ
correction (black solid line with dots), and CIPSI-FCI/cc-pVTZ (black dashed line) results are included
for comparison.

The exploration presented here serves merely to identify a possible route to encode informa-
tion from correlation indices into Ve�. The work presented here represents an initial step in
such a direction. While not reaching the proximity of FCI results (as in some of the previous
schemes), the form of the e�ective potential proposed here appears to yield su�ciently
improved results with respect to CASSCF energies. While the e�ective potential based
on correlation indices is always feasible, it does not always yield good results. However,
when applied to singlet state molecules, the results appear to be more favorable compared
to triplet state molecules. Additionally, we note that the di�erence in atomic volume (not
shown here) may be a matter of relevance, as in the case of NH, additional calculations
related with QTAIM quantities provide some support to this observation (See Appendix C).
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Table 6.8: Resulting dissociation energies and percentage of errors with respect to FCI from calcula-
tions optimizing µinter = −0.1ID and using di�erent choices for µintra = Y IND .

Molecule Y ν De(eV) % Error
N2 0.00 0.1 12.8021 34.2282

-0.001 0.1 12.6231 32.3509
-0.01 0.1 11.0125 15.4636
0.01 0.1 14.5867 52.9387
0.00 0.5 10.6301 11.4551
-0.001 0.5 10.4190 9.2411
-0.01 0.5 9.3561 -1.9030

CASSCF 8.5392 -10.4679
NEVPT2 8.7238 -8.5324

FCI 9.5376

NO+ -0.001 0.5 11.7129 11.1243
-0.01 0.5 10.4191 -1.1499

CASSCF 9.5344 -9.5441
NEVPT2 9.7034 -7.9404

FCI 10.5403

O2 -0.001 0.1 5.6246 13.8655
-0.01 0.1 4.6844 -5.1672
-0.001 0.5 4.6428 -6.0100
-0.01 0.5 3.9995 -19.0327

CASSCF 3.6692 -25.7203
NEVPT2 4.7846 -3.1400

FCI 4.9397

NH -0.001 0.1 2.7375 -28.4088
-0.01 0.1 2.0128 -47.3598
-0.001 0.5 2.6447 -30.8354
-0.01 0.5 2.1641 -43.4031

CASSCF 2.5790 -32.5521
NEVPT2 3.0505 -20.2234

FCI 3.8237

6.7 Conclusions

In this work, we revisit the use of an e�ective potential accounting for the missing dynamic
electron correlation from a CASSCF wave function. Preliminary results on the calculation
of correlation energies for small atomic systems manifest the potentially high accuracy
achieved within this method. Provided a proper parametrization, correlation energies of FCI
quality can be determined. Nevertheless, the inherent arbitrariness in the parametrization
process poses a challenge in extending the method’s applicability. Indeed, establishing a
robust and practical parametrization scheme for this type of e�ective potential appears to
be a signi�cant challenge.

Nevertheless, we have identi�ed the consequences of the e�ective potential on both the
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energy and the electronic distribution of the system. In atoms, a negative (attractive) potential
leads to a substantial reduction in the total energy, however, this results in discrepancies
in the electronic distribution, as depicted by the corresponding Coulomb holes. Within a
positive (repulsive) potential, the e�ect is the opposite, leading to increments in the energy
with improvements in the electronic distribution at short-range.

For the case of H2, the parametrization of the e�ective potential shows that, irrespective of
the ν value, µinter values near 0.020 consistently yielded the lowest errors in dissociation
energies compared to FCI/cc-pVDZ reference values. The e�ective potential reduces the
percent error in the CASSCF dissociation energy from ∼ 6% to ∼ 0.6%. While PECs (and
energies) can be improved by a suitable selection of the parameters (µinter, ν), Coulomb holes
are poorly a�ected regardless of the sign of µinter, suggesting that the e�ective potential has
a negligible e�ect on the Coulomb hole.

Motivated by these results and by the goal to achieve accurate description of PECs of diatomic
molecules with atoms heavier than H, we propose to separate the e�ective potential into
inter- and intra-atomic terms. Our numerical data obtained by parametrization schemes
based on dissociation energies (PS1) or by adjustment of the total energy point-by-point in
the PEC (PS2), these allow us to remark the following e�ects, trough our exploration of the
results delivered by di�erent selection of parameters: we identify the intra-atomic term as
responsible of large e�ects on the electronic distribution at short-range (mostly observed in
atomic systems), characterized by the qualitative behavior of the corresponding CASSCF+Ve�
Coulomb holes. Our experience shows that, in order to get a balanced improvement of
CASSCF energy and Coulomb hole, the intra-atomic terms must be positive and lie in values
of the order of 0.01 (as much). For diatomics, the intra-atomic contribution merely shifts the
energy pro�le, but its presence in the e�ective potential is needed to correct the Coulomb
hole shape. Regarding the inter-atomic term (not present in atoms), its relevance impacts
more on dissociation energies and the shape of the PECs.

Two additional strategies to �t data obtained from PS2 were taken into account. The �rst
involves a relation of the magnitude of the inter-atomic contribution to the atomic separation
rAB through the function µinter = a(erfc(brAB) − 1). In this regard, PS2 data �tting is
challenging for intermediate rAB values, so we consider only points at short and large
inter-atomic distances.

The second �tting strategy was made in terms of average correlation indexes ID and IND,
associated with each point in PECs. This selection was an attempt to transfer the rAB

dependency to ID and IND. However, corresponding results do not show systematic
improvements that can be generalized to establish an analytic form for the µinter parameter,
but they allow us to identify further perspectives for the development of the CASSCF+Ve�
approach. In fact, it seems that the �tted parameters (X and Y) are not universal, i.e., they
are molecule-dependent. We need a more exhaustive analysis with variants of ID and IND
that are not size-intensive. Otherwise, investigate how the parameters depend on features
of the molecule (e.g., atomic volumes, atomic numbers, etc.).

Regardind ν exponential parameter, in atoms, optimal values can be related to µ by a simple
linear relation, while for diatomics, ν has e�ects on both, the total energy and electronic
distribution that are mainly manifested in µinter . From results obtained in PS2, it is observed
a large variation of optimal µinter values as ν grows. Values in the range ν = 0.10 to 0.50 seem
to give satisfactory results in general, while larger values must be avoided since potentially
deliver too much correlation energy into calculations.
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These �ndings provide valuable insights into the parametrization of the e�ective potential
and its impact on atomic and diatomic systems, o�ering a basis for further research and re-
�nement of this approach. Further advances pursuing for a re�nement in the parametrization
scheme, elucitdation of a suitable form of the e�ective potential, and a desirable extention
to larger systems, are in current development in our laboratory.
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CHAPTER 7
Spin-Orbit Couplings of Open-Shell

systems with Restricted Active

Space Con�guration Interaction

7.1 Abstract

In this Chapter we perform electronic structure calculations to unravel the origin of SOCs
in open-shell molecules. For that, we select systems displaying di or polyradical character,
e.g., trimethylene, analyze the changes in the magnitude of SOC constants along molecular
distortions of ethylene, and in the presence of intermolecular interactions between open and
closed-shell moieties in the O2 –C2H4 system. Calculations were performed by using non-
relativistic wave functions obtained with the RASCI method, in conjunction with a recent
implementation of the calculation of SOC based on the spin-orbit mean �eld approximation.
Our results demonstrate the suitability of RASCI in the calculation of SOCs of open-shell
systems, while providing a deep understanding of the relationship between couplings and
the nature of the electronic states. Moreover, we introduce a new de�nition of the SOC
constant for the study of molecular aggregates.

7.2 Introduction

The non-relativistic picture assumes that Coulomb interactions between charged particles
are instantaneous. Consequently, the interaction between electronic states of di�erent spin
is neglected [434]. The mixing of spin-pure states can be achieved by introducing relativistic
e�ects such as spin-orbit and spin-spin interactions. Concretely, electronic SOC arises from
the interaction between the angular momentum of the electron with the intrinsic magnetic
moment associated with its spin. The presence of e�cient SOC can have a crucial impact on
the fate of chemical and photophysical reactions, enabling for non-radiative, e.g., intersystem
crossing (ISC) [435], and radiative, e.g., phosphorescence [436], processes to take place, or
tuning the pro�le of X-ray absorption spectra [437]. Although SOC is specially intense in
the presence of heavy elements, it has also been shown to play a decisive role in shaping
the properties of molecules with light elements [438, 439, 435].
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The e�ect of SOC can be also present and important in open-shell systems. For instance, SOC
is fundamentally relevant in reactions involving diradical formation, as in the reaction of
molecular oxygen with unsaturated hydrocarbons [440, 441, 442, 443, 444, 445, 446, 447, 448,
449], sensitization processes involving singlet oxygen [439], reaction pathways involving
transition metals [450], and thermal generation of triplet states from dioxetanes [451].
Similarly, accounting for SOC might be crucial in order to obtain high-accuracy chemical
bond dissociation energies, since SOC tends to a�ect the most the energy of the open-shell
products [452].

From a theoretical point of view, the early work of Salem and Rowland [275] tried to ratio-
nalize the main aspects controlling the magnitude of singlet-triplet SOC in diradicals. From
their analysis, the authors identi�ed three general features controlling SOC in diradicals: (i)
orientation of the two singly occupied atomic orbitals. Concretely, strong SOC requires the
orbital axes to be orthogonal to each other and to the axis around which orbital angular
momentum is being created. (ii) SOC is proportional to the degree of ionic character of the
singlet state. If the singlet is purely covalent, with one electron on each atomic orbital, the
triplet-singlet SOC vanishes. (iii) SOC decreases sharply as the distance between radical
centers increases. However, too close fragments can imply a poorer orbital orthogonality
with a suppression of SOC. In general, a favorable overlap is needed to maximize SOC.

The principal objective of this Chapter is to evaluate and rationalize SOC open-shell systems.
We aim to establish a relationship between SOCs and the electronic structure details of
the interacting states, and the structural dependency of the computed couplings. To this
end, we employ non-relativistic wave functions described by the RASCI method [380, 115],
together with a recent implementation that allows the computation of SOC by means of
the Breit-Pauli Hamiltonian [34, 453]. The method makes use of the spin-orbit mean �eld
approximation and the spinless transition density matrix [268].

The content of this Chapter is organized as follows. First, we review the theoretical aspects
of new implementations devoted to SOCs calculations within RASCI. Then, we provide
the essential computational details of the study, and discuss the obtained results in the
application of our methodology in several molecular systems. Finally the conclusions
section summarizes the main �ndings of this work.

7.3 Theory

7.3.1 The Breit-Pauli Hamiltonian

Relativistic e�ects derived from the spin-orbit interaction can be evaluated with non-
relativistic ansätze through perturbation theory. For that, it is standard practice to employ
the spin-orbit Breit-Pauli (BP) [34, 453] Hamiltonian, valid for weak SOCs and expressed as:

HBP
SO =

1

2c3



∑

i

hSO(i) · s(i) +
∑

i ̸=j

hSOO(i, j) · (s(i) + 2s(j))


, (7.1)
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where c is the speed of light, s(i) is the spin of electron i, and hSO(i) and hSOO(i, j) are
one- and two-electron operators de�ned as:

hSO(i) =
∑

I

ZI

r3iI
(riI × pi), (7.2)

hSOO(i, j) = − 1

r3ij
(rij × pi), (7.3)

with ZI denoting the bare nuclear charge of nucleus I , pi represents the momentum of
electron i, riI the relative coordinates of electron i and nucleus I , and rij that between
electrons i and j. The matrix element of the BP operator between two Slater determinants
di�ering by the occupation of one spin orbital (ϕa ↔ ϕb) is given by:

HBP
ab = ⟨ϕa|hSO(1)|ϕb⟩+

1

2

∑

k

nk( ⟨ϕaϕk|hSOO(1, 2)|ϕbϕk⟩

− ⟨ϕaϕk|hSOO(1, 2)|ϕkϕb⟩ − ⟨ϕkϕa|hSOO(1, 2)|ϕbϕk⟩),
(7.4)

wherenk denotes the occupation of the orbital k. It is worth noting that, from an independent-
particle model point of view, eq 7.4 de�nes a Fock-type operator for a single determinant
approximation, i.e., it describes the mean spin-orbit interaction of an electron in a �eld
generated by all the electrons in {ϕk} with nk = 1. Eq 7.4 has inspired a spin-orbit mean-
�eld (SOMF) approximation [454] for the two-electron part of the BP Hamiltonian (eq 7.3).
In second-quantization form, it can be written as:

HSOMF =
∑

pq

[
Ipq +

∑

rs

ρrs(Jprqs − Jprsq − Jrpqs)
]
a†paq

=
∑

pq

[
h1eSOpq + h2eSOMF

pq

]
a†paq

(7.5)

where h1eSOpq and h2eSOMF
pq are the spin-orbit one and two-electron mean-�eld matrices,

ρrs is a density matrix, and Ipq and Jprqs respectively are one- and two-electron spin-orbit
integrals,

Ipq = ⟨ϕp(1)|hSO(1) · s(1)|ϕq(1)⟩ (7.6)

Jpqrs = ⟨ϕp(1)ϕq(2)|hSOO(1, 2) · (s(1) + 2s(2))|ϕr(1)ϕs(2)⟩ (7.7)

Application of the Wigner-Eckart theorem allows to express eq 7.5 as the contraction of
the spinless transition matrix (u in eq 7.8) with one- and two-electron mean-�eld terms
scaled by Clebsch-Gordan coe�cients, as described by Pokhilko et. al. in the frame of
equation-of-motion coupled cluster (EOM-CC) [455, 456],

upq =
1√
2
(γpq − γp̄q̄)/⟨S′M ; 10|SM⟩ (7.8)

γpq = ⟨ISM |a†paq|I ′S′M ′⟩ (7.9)

where γpq is a matrix element of the transition density between states I and I ′ respectively
with spins S and S′ and spin projectionsM andM ′, and overbar indices in γp̄q̄ indicate
spin-β orbitals. The ⟨S′M ; 10|SM⟩ factor in eq 7.8 is Clebsch-Gordan coe�cient.
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While SOCs of multiple components depend on the orientation in space, the spin-orbit
coupling constant (SOCC) is rotationally invariant. A great advantage of the described
algorithm is the possibility to compute the entire SOC matrix for all spin projections of the
two electronic states, which are necessary to calculate the SOCC, from the calculation of a
single pair of microstates [457, 458]. In molecules, the SOCC is obtained by taking the sum
over all spin projections as follows:

|SOCC|2 =
∑

M,M ′

∣∣ 〈SM
∣∣HSO

∣∣S′M ′
〉∣∣2 (7.10)

7.4 Computational details

Electronic states have been computed with the RASCI approach including up to hole and
particle excitations (unless indicated). SOC calculations were performed considering the rec-
ommendations from a previous work [268], as the role of the basis set dependence, balanced
active spaces (unbalanced spaces deteriorates the SOC results), and density symmetrization
(which does not have a large impact on the couplings). It is important to notice that the
hole and particle truncation of the excitation operator is, in general, unable to recover
most of the (dynamic) electron correlation [115]. Whereas the lack of e�ective dynamic
correlation can be notably detrimental for the accuracy of the computed relative energies,
it is expected to have a lesser impact on SOCs [268]. Dynamic correlation can be related
to the sum of small contributions from excited con�gurations, which can notably a�ect
electronic energies, while having a lesser impact on the electronic structure composition.
Hence, couplings, which depend on the nature of electronic states, are expected to be less
e�ected than electronic state energies. On the other hand, strong or static correlations
involve large mixing of di�erent con�gurations, which might notably tune SOCs.

In order to provide a deeper picture of the mechanism of the SOC interaction, we perform
the calculation of natural transition orbitals (NTOs) of the spinless transition density matrix
(eq 7.8) and their participation ratios as prescribed by Krylov [256]. Here is important to
mention that, we follow Q-Chem’s standard molecular orientation, which is di�erent from
that of Mulliken, thus symmetry labels for states can be di�erent from those placed in
literature. In cases of interest, we compute the Yamaguchi [239] (NY ) and Head-Gordon
[240] (NU ) indexes (Eqs. 2.163 and 2.164). Spatial localization of unpaired electrons has been
characterize by the representation of the FOD [115]. All calculations in this Chapter have
been carried out with a development version of the Q-Chem package [381].

7.5 Results and discussion

In this section we compute spin-orbit interactions in the trimethylene molecule to investigate
the capabilities of our methodology applied to biradicals; we explore di�erent molecular
distortions of the ethylene molecule to analyze how the interconversion between closed- to
open-shell structure a�ects the computed couplings; and we consider the ethylene-oxygen
dimer to understand how intermolecular interactions tune SOCs.
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7.5.1 Trimethylene biradical

The trimethylene molecule (TM) is a paramount example of an organic biradical, which
has been largely explored both experimentally and computationally [459, 460, 461, 462, 463,
464, 465, 466]. Experimentally, it has been observed that TM can be driven towards an
heterogeneous reaction (isomerization) to give propylene, or by stereoisomerization it can
form cyclopropane. Common reactions of TM result in a mixture of these products [459],
with a propylene/cyclopropane ratio that can be controlled by the electronic nature of the
precursor[460]. This behavior motivated to study the di�erences in chemical reactivity with
the spin multiplicity (singlet or triplet) of the biradical and its precursors [467, 461, 463], and
the interconversion between the triplet and singlet manifolds through ISC [462]. Furlani
and King [464] calculated SOCs at the MCSCF level in the vicinity of the singlet-triplet
intersection, whereas Carlacci and co-workers [468] used the same ab initio procedure to
examine the molecular geometry dependence of SOCs. Motivated by these studies, here
we test RAS-SF wave functions to evaluate singlet-triplet SOCs for di�erent structural
conformers of the TM biradical. Molecular structural parameters (bond lengths and angles)
have been taken from the work of Doubleday and co-workers [462]. Studied molecular
geometries correspond to the torsion of edge CH2 groups de�ned by the two HCCC dihedral
angles α and β as the counterclockwise rotations from the CCC reference plane (Figure 7.1).
Accordingly, structural conformers will be labeled as (α, β). Structures (0, 0) and (90, 90)
belong to the C2v symmetry point group, with 3B1 and 1A1 being the lowest triplet and
singlet states, respectively. The (0, 90) conformer present a Cs symmetry, with lowest lying
3A′′ and 1A′′ states, and those structures with α = β ̸= 0◦, 90◦ belong to the C2 symmetry.

The relative torsion of the CH2 side groups modi�es the orientation of the carbon 2p orbitals
and has a large impact on the biradical character of the system. Simultaneously, torsion
induced changes in the frontier molecular orbitals tune the nature of the lowest singlet and
triplet states, causing sizeable variations on the computed SOCs (Table 7.1). In the following,
we explore singlet-triplet RAS-SF SOCs for the di�erent TM conformers, the dependence of
the computed couplings with the basis set, the size of the fully correlated space (RAS2), and
the truncation level of the (spin-�ip) excitation operator. In all calculations, we employ the
lowest energy restricted Hartree-Fock triplet determinant as the reference con�guration
(Ψ0 in eq 2.59).

SOCC virtually vanishes at the (0, 0) con�guration, which has been related to the weak
overlap between the frontier orbitals, i.e., those de�ning the two unpaired electrons, in
agreement with Furlani and King results [464]. Molecular torsions inducing larger orbital
overlaps tend to result in larger couplings. The strongest SOCC is obtained for the (90, 90)
structure, for which the overlap between the singly occupied 2p orbitals is much e�cient.
At the (0, 90) conformer, the relative orbital orientation is ideal, but SOC vanishes due
to the poor ionic character of the singlet wave function. In general, the magnitude of
SOCCs correlates to the biradical nature of the singlet state as quanti�ed byNU , with larger
couplings associated to weaker diradical character, that is, smaller NU values. These results
can be related to the rationalization done by Furlani and King in terms of the ionic character
of the singlet state, since ionic con�gurations imply the pairing of electrons.
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Figure 7.1: Representation of three investigated structural con�gurations of the TM biradical: (0,0)
and (90,90) with C2v symmetry, and the Cs structure (0, 90).

Table 7.1: RAS-SF SOCCs (in cm−1) computed with (6e, 5o) RAS2 space and the cc-pVXZ (X = D,
T, and Q) basis set family. Values for the Head-Gordon NU index for the singlet state and vertical
singlet-triplet gap (∆EST = ES − ET in meV) computed at the RAS-SF/cc-pVQZ level.

SOCC

(α, β) cc-pVDZ cc-pVTZ cc-pVQZ NU ∆EST

(0, 0) 0.007 0.005 0.005 1.88 37
(0, 90) 0.056 0.058 0.058 2.01 80
(35, 35) 0.356 0.371 0.375 1.54 -12
(145, 35) 0.439 0.493 0.515 1.74 45
(150, 60) 0.802 0.877 0.906 1.60 22
(45, 60) 1.242 1.315 1.340 1.30 -105
(35, 90) 1.276 1.367 1.400 1.39 -49
(90, 90) 3.244 3.456 3.536 1.01 -291

The magnitude of SOCCs can be further analyzed by the representation of the natural
transition orbital (NTO) pairs of the spinless triplet transition density matrix (u in eq 7.8). In
Figure 7.2, we show the two leading spinless NTO pairs, i.e., those with the largest weights
(ω), related to the singlet-triplet SOC for conformers (0, 90) and (90, 90). The transition in
the (0,90) con�guration is built from two degenerated contributions that correspond to the
spin-�ip excitation within the same p-like orbital, mostly localized on one of the edge carbon
atoms. These terms do not involve change in orbital character needed for sizeable couplings
(El-Sayed’s rule [469]), which explains the nearly zero SOCC. On the other hand, the two
main hole/electron terms for the (90, 90) case imply a change in orbital angular momentum,
resulting in non-vanishing spin-orbit interactions, almost two orders of magnitude larger
than in (0, 90). RAS-SF SOCCs show a basis set dependence along the cc-pVXZ (X = D, T, Q)
family (Table 7.1), with couplings increasing with the size of the basis set (except for the (0,
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0) conformer) and variations from cc-pVQZ values in general no larger than 10% and 5% for
cc-pVDZ and cc-pVTZ, respectively.

Figure 7.2: Dominant NTO pairs (isovalues of 0.05) of the spinless transition matrix of TM involved
in the singlet-triplet SOC at (0, 90) and (90, 90) torsion angle con�gurations. The respective singular
values ω1 and ω2 are depicted below each pair.

Next, to investigate the role of hole and particle contributions to the spin-orbit interactions,
we use a RAS2 space with two electrons in two orbitals (2e, 2o) and the 3-21G basis set
combined with di�erent truncations of the excitation operator: only within RAS2 (0), with
holes (h), with particles (p), and with hole and particle excitations (h, p). RAS-SF values are
shown in Table 7.2 compared with SOCCs computed at the CASSCF level with the same
active space and basis set [462, 464]. The results in Table 7.2 show that RAS-SF SOCCs
systematically increase with the presence of hole and/or particle con�gurations. Concretely,
hole con�gurations have a notably larger impact on the coupling constants, since relativistic
e�ects are stronger in inner orbitals (closer to the nuclei than those conforming the RAS2
and RAS3 spaces). Qualitatively, RAS-SF couplings are in good agreement with CASSCF
values reported by Furlani [464]. In particular, there is a good quantitative agreement with
RAS-SF calculations including particle contributions (R̂ = r̂0 + r̂p), which can be related to
the frozen core approximation used in the CASSCF calculations (see Ref. [464] for details).

Table 7.2: Singlet-triplet SOCC (in cm−1) computed for di�erent TM conformers with CASSCF and
RAS-SF with di�erent truncation of the excitation operator. All values obtained with an active space
(RAS2) with 2 electrons in 2 orbitals and with the 3-21G basis set.

(α, β) CASSCFa RAS-SF(0) RAS-SF(h) RAS-SF(p) RAS-SF(h,p)
(0, 0) 0.004 0.002 0.001 0.003 0.003
(0, 90) 0.023 0.000 0.049 0.020 0.068
(35, 35) 0.211 0.182 0.263 0.203 0.288
(145, 35) 0.177 0.166 0.225 0.193 0.253
(150, 60) 0.390 0.317 0.461 0.389 0.534
(45, 60) 0.690 0.547 0.827 0.673 0.959
(35, 90) 0.691 0.536 0.810 0.669 0.947
(90, 90) 1.760 1.334 2.020 1.747 2.439
aFrom Ref. [464].

As noted in a previous work [268], calculated SOCs can be rather sensitive to the treatment
of static electron correlation. In order to explore the impact of the active space on the
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singlet-triplet SOCC magnitude, we perform RAS-SF calculations with the cc-pVQZ basis
set and with di�erent RAS2 spaces: (2e, 2o), (4e, 3o), and (6e, 5o). In general, RAS-SF SOCCs
increase with the size of the active space (Table 7.3), which can be related to both the
inclusion of deeper orbitals and with the mixing of a larger variety of orbital contributions.
Similar increments with the size of the correlated space are also obtained with other basis
sets (Table 29).

Table 7.3: Singlet-triplet SOCC (in cm−1) computed for di�erent TM conformers at the RAS-SF/cc-
pVQZ level with three di�erent RAS2 spaces.

(α, β) (2e, 2o) (4e, 3o) (6e, 5o)
(0, 0) 0.002 0.008 0.005
(0, 90) 0.074 0.069 0.058
(35, 35) 0.304 0.331 0.375
(145, 35) 0.398 0.419 0.515
(150, 60) 0.724 0.765 0.906
(45, 60) 1.130 1.201 1.341
(35, 90) 1.166 1.234 1.401
(90, 90) 2.982 3.055 3.536

Table 7.4: Systematic comparison of SOCCs (in cm−1), e�ect of the RAS2 active space indicated in
parenthesis computed with the 6-31G basis set.

(α, β) (2e,2o) (4e,3o) (6e,5o)
(0,0) 0.0028 0.0097 0.0070
(90,0) 0.0733 0.0662 0.0557
(90,90) 2.6817 2.7177 3.0927
(150,60) 0.6029 0.6335 0.7300
(145,35) 0.3000 0.3165 0.3784
(35,90) 1.0396 1.0869 1.2053
(45,60) 1.0427 1.0909 1.1965
(35,35) 0.3025 0.3222 0.3562

Overall, these results demonstrate the good performance of our methodology, quantify the
importance of hole and particle contributions, and the dependence on the RAS2 space and
basis set. Moreover, our analysis unveils the relationship between computed couplings
and biradical nature of the singlet state, which is complementary to the rationalization by
Furland and King based on the ionic character.

7.5.2 Single bond dissociation: ethylene twist

Bond dissociation processes can be seen as the continuous transition from a closed-shell
con�guration to an open-shell electronic structure. This is the case of the stretching of a
single (or multiple) bond or the torsion of a double (or multiple) bond. In the following,
we explore the molecular twist of ethylene, representing the simplest model for π-bond
dissociation. Molecular torsion from the planar (0◦ twist) ground state structure destroys the
π-bonding interaction between the two sp2 carbons, resulting in a single-electron occupation
of two non-bonding degenerated orbitals at 90◦ twist (perfect diradical). The ethylene torsion
model has been discussed in detail in numerous studies, highlighting the importance of
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a balanced treatment of electron correlation [389, 390, 470, 471, 472] and its impact on
the qualitative and quantitative estimation of singlet-triplet SOCs [275, 473, 399]. Here, in
addition to test the performance of our methodology to the computation of SOCs along
the twist mode of ethylene, we aim to establish connections between diradical character
and the SOC strength. To this end, we employ singlet state geometries optimized at the
CCSD(T)/cc-pVDZ level [399]. We perform RAS-SF calculations with the ROHF triplet state
as the reference con�guration, a RAS2 space containing 8 electrons in 7 orbitals (Figure 7.3),
and the cc-pVTZ basis set.

  

1 b
2u

3 a
g

1 b
1g

1 b
1u

1 b
2g

3 b
3u

4 a
g

Figure 7.3: Triplet state orbital diagram corresponding to the RAS2 space (8e, 7o) of planar ethylene
computed at the ROHF/cc-pVTZ level.

The twist distortion mode of C2H4 breaks the D2h molecular point group symmetry of the
ground state (planar, θ = 0◦) to D2 (0 < θ < 90◦) and D2d (θ = 90◦). The symmetry loss
induced by the molecular twist distortion promotes a non-zero spin-orbit interaction of
the ground state (S0) with the lowest triplet (T1). Finite SOC requires certain symmetry
conditions, that is, the product of irreducible representations (Γ) of the two states (S0 and T1)
and the SO Hamiltonian has to belong to the totally symmetric representation of the point
group of the molecule. Since HSO holds the symmetry of the molecular Hamiltonian and
the triplet spin wave functions behave like the real rotations of the group, {Rk} (k = x, y, z),
the direct product of the irreducible representations of the singlet and triplet spatial wave
functions must contain (at least) one of the Γ(Rk). The two lowest electronic states at the
D2h geometry correspond to 1Ag and 3B1u, while rotations belong to Bng (n = 1, 2, 3)
representations. Hence, at θ = 0◦ SOC is symmetry forbidden. Similarly, at θ = 90◦ the
symmetry of real rotations belong to E and A2 representations, and SOC between 1B1/

3A2

states vanishes. On the other hand, for twistedD2 structures the triplet spin wave functions
hold Bn (n = 1, 2, 3) symmetries and the two states, 1A and 3B1, can couple through HSO .
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Accordingly, the RAS-SF singlet-triplet SOCC pro�le along the molecular twist presents
values within the 0 ≤ SOCC ≤ 2.5 cm−1 range, with exactly zero couplings at θ = 0◦ and
90◦ (Figure 7.4), which is an indication of the balanced treatment of electron correlation
[399]. The total (mean-�eld) SOCC reaches a maximum of ∼ 2.5 cm−1 at 50◦ < θ < 60◦.
The one-electron contribution follows a similar pattern, but with larger values, as the 2-
electron component acts as a partial quencher of the 1-electron part. Detailed analysis of the
relative importance of one and two-electron contributions to SOCs can be found elsewhere
[457, 458].

To rationalize this behavior, we turn our attention to the electronic structure properties
of S0 and T1. Regardless of the molecular torsion, the triplet state mainly corresponds to
the singly occupancy of the two frontier orbitals (π and π∗ at θ = 0◦), while the nature
of the lowest singlet changes along the distortion. In general, the S0 wave function can
be approximated as the linear combination of two con�gurations, respectively featuring
doubly occupancy of HOMO and LUMO,

Ψ(T1) ∼ ψH,L (7.11)

Ψ(S0) ∼ cH2ψH2 + cL2ψL2 (7.12)

where H2 (L2) subindex indicates the two-electron occupation of the HOMO (LUMO). It is
worth noticing that the two contributions in Ψ(S0) present coe�cients with opposite signs
(cH2cL2 < 0). From eqs 7.11 and 7.12, and considering only the 1-electron part of HSO , the
singlet-triplet SOC can be written as the spin-orbit interaction between HOMO (ϕH ) and
LUMO (ϕL) weighted by the expansion coe�cients:

⟨Ψ(S0)|HSO|Ψ(T1)⟩ ∼ (cH2 + cL2)⟨ϕH |HSO|ϕ̄L⟩ (7.13)

where the over-bar indicates β spin-orbital. At small torsion angles the S0 wave function is
dominated by the closed-shell con�guration ψH2 (|cH2 | > |cL2 |), as indicated by the large
and rather constant cH2 +cL2 value in Figure 7.4 (cH2 > 0). Therefore, SOC at nearly planar
structures linearly depends on the magnitude of the orbital interaction (eq 7.13), which
increases with the orbital torque. The enhancement of the orbital SOC with θ is con�rmed
by the trend in the 1-electron couplings computed at the CIS level (cH2 = 1, cL2 = 0).
On the other hand, for θ > 40◦ the weight of the doubly excited con�guration becomes
important and increases rapidly with θ. As a result, the sum over the two coe�cients in eq
7.13 decreases since cH2cL2 < 0, and becomes zero at θ = 90◦. The increase of |cL2 | can be
related with a larger diradical character, as the sum of coe�cients nicely correlates with the
number of unpaired electrons quanti�ed by the Head-Gordon index (see IC and IU pro�les
in Figure 7.4). Therefore, the singlet-triplet SOCC along the molecular twist of ethylene
can be rationalized as the interplay between two factors, that is, the spin-orbit interaction
between the frontier orbitals (promoting SOC) and the diradical character of the singlet
(diminishing SOC), both increasing with θ.
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Figure 7.4: Singlet-triplet total and 1-electron RAS-SF/cc-pVTZ (black) and 1-electron CIS/STO-3G
(blue) SOCCs, and IC = cH + cL and IU = (2 − NU )/2 indices (red) along the twist modes of
ethylene. NU correspond to the Head-Gordon index for the singlet state.

7.5.3 Double bond dissociation: ethylene stretch

Stretching of the C––C bond in ethylene involves the transition from a closed-shell structure
(at the ground state equilibrium) to a tetraradical system formed by two triplet carbenes
(at the dissociation limit) [474]. Spin-orbit interactions at large CH2···CH2 separations
should be directly linked to the SOCs in the CH2 fragment, while changes in the computed
couplings upon association emerge from electronic interactions eventually resulting in the
formation of σ and π bonds. Here, we investigate how electronic interactions inducing
electron pairing (bond formation) between open-shell fragments, i.e., CH2, impact interstate
SOCs. Calculations along the C2H4 dissociation were done for two relative orientations
of the CH2 fragments: planar (D2h, θ = 0◦) and twisted (D2, θ = 50◦), with �xed CH2

geometries to the ones employed in the previous section (di�erent for θ = 0◦ and θ = 50◦).
Electronic states and SOCs were obtained at the RAS-SF/cc-pVQZ level using the high-spin
ROHF quintet state as the reference con�guration with a (4e, 4o) RAS2 space formed by
the singly occupied orbitals (σ, π, π∗, and σ∗) in ϕ0, that is, 3a1g3b

1
3u1b

1
2g1b

1
1u for the planar

structure and 3a13b132b
1
22b

1
1 for the twisted arrangement. This selection aims to generate a

balanced description of the dissociation of the two bonds. RAS-SF calculations of the CH2

unit have been done with the same basis set, a (2e, 2o) RAS2 space, and employing the ROHF
triplet state as the reference con�guration.

The CH2 biradical holds a triplet ground state (3B2) with a close-lying excited singlet (1A1)
computed at 0.63 (0.70) eV for the CH2 fragment geometry from ethylene optimized at the
0◦ (50◦) twist con�guration, and with a rather large triplet-singlet SOCC of 11.15 cm−1

(11.02 cm−1). Eigenstates of the (non-relativistic) Hamiltonian for two non-interacting CH2

moieties, i.e., at large distances, are obtained as the spin-coupling of monomeric states.
Hence, the three degenerated lowest states of CH2···CH2 at dissociation correspond to
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|T ⟩ ⊗ |T ⟩ =
∣∣1,3,5TT

〉
, which can be written as (MS = 0 states):

∣∣1TT
〉

=
1√
3
{|T+T−⟩+ |T−T+⟩ − |T0T0⟩} (7.14)

∣∣3TT
〉

=
1√
2
{|T+T−⟩ − |T−T+⟩} (7.15)

∣∣5TT
〉

=
1√
6
{|T+T−⟩+ |T−T+⟩+ 2 |T0T0⟩} (7.16)

where fragment triplet state (T ) subindices +, −, and 0 stand for the (local)MS microstate
(1, −1, and 0),

∣∣1TT
〉
= 1Ag (1A),

∣∣3TT
〉
= 3B1u (3B1), and

∣∣5TT
〉
= 5Ag (5A) for the

D2h (D2) symmetry. Above the TT manifold lie two triplets obtained as the spin coupling
of local triplet and singlet states that correspond to {3B2g , 3B3u} and {3B2, 3B3} for theD2h

and D2 symmetries, respectively.

Figure 7.5 tracks the evolution of these �ve states along the C=C stretching mode (higher
energy excited states can be found in Appendix D). As the two CH2 fragments approach
each other, electronic interaction breaks the degeneracy between TT states, with the spin-
singlet being the lowest state and converging to the ethylene closed-shell minimum at short
distances. The triplet state also has a bonding pro�le, but presents a smaller binding energy,
whereas the quintet is a dissociative state. The two triplet ST states remain degenerate
and constant for CC distances larger than 3.5 Å. At shorter distances the two triplets are
destabilized, with B2g (B3) lying at lower energies.

Figure 7.5: Dissociation curves for ethylene at 0◦ (a) and 50◦ (b) twist con�gurations computed at
the RAS-SF/cc-pVQZ level. The graphs show the �ve lowest energy states selected for analysis.

Computed values of the Yamaguchi (NY ) and Head-Gordon (NU ) indexes for the ground
singlet state allow to identify and classify three regions along the dissociation curves (Figure
7.6). At short CC distance (< 2.5 Å) indexes display values lower than 2.0, suggesting
a dominant closed-shell character. At larger intermediate distances NY and NU rapidly
increase, with values within the 2.0 – 3.0 range, indicating the diradical nature of the singlet
ground state. Finally, towards dissociation the unpaired electron indices go from 3.0 to 4.0
(tetraradical region), corresponding to the 1TT state, i.e., two CH2 triplet fragments coupled
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as an overall singlet. This classi�cation is applicable to both analyzed symmetries. It is
worth noticing that the energy curves of the excited triplet states 3B2g (3B3) and 3B3u (3B2)
cross with that of the quintet state at the intermediate region (region D), with the lowest
singlet state holding a diradical character.

Figure 7.6: Yamaguchi (NY ) and Head-Gordon (NU ) indexes for lowest singlet state along the
dissociation of ethylene. The three discussed regions are indicated as CS (closed-shell), D (diradical),
T (tetraradical).

In arrangements of non-interacting equivalent fragments, e.g., spatially isolated molecules,
Frenkel excitons (linear combinations of local states) are degenerated to the states of in-
dividual fragments, but SOCs between pairs of degenerated states might not be invariant.
Concretely, SOCCs (as de�ned in eq 7.10) between local states might be di�erent than those
between symmetry adapted eigenstates of the entire system Hamiltonian. To account for
this additional degeneracy, it is convenient to de�ne a SOCC considering not only the set of
spin projections within each electronic con�guration, but also the entire list of electronic
states within the same manifold,

SOCC2 =
1

NINJ

∑

I∈ΩI

∑

J∈ΩJ

∑

MS ,M
′

S

| ⟨IMS |HSO
∣∣JM ′

S

〉
|2 (7.17)

where I (J ) runs over electronic states within the ΩI (ΩJ ) space with NI (NJ ) dimension,
andMS andM ′

S indicate the di�erent spin projections. The normalization factor 1/NINJ is
chosen for convenience in order to enforce that SOCC of multiple non-interacting fragments
is independent of the number of moieties. As the molecular units approach to each other,
electronic interaction switches on, perturbing the nature of states and their properties, such
as SOCCs in eq 7.17. Hence, the new SOCC de�nition directly informs about the overall
change in spin-orbit interactions upon electronic coupling between fragments.

We apply eq 7.17 to the association of two methylene diradicals, up to the double bond
formation (ethylene). In this case I and J run over TT and TS state manifolds, respectively.
That is, ΩI = {1TT , 3TT , 5TT} (NI = 3) and ΩJ = {3ST ± 3TS} (NJ = 2). SOCs for
two methylene moieties in�nitely separated obviously correspond to those interactions
between local (CH2) states. Therefore, the SOCC between TT and ST manifolds converge
to the T/S (3B2/

1A1) SOCC value computed for CH2 (Figure 7.7a).
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Figure 7.7: (a) SOCC pro�les (in cm−1, eq 7.17) between TT and ST manifolds of ethylene at 0◦

(black solid line) and 50◦ (red solid line) twist con�gurations along the C=C dissociation (RAS-SF/cc-
pVQZ). Dashed horitzontal lines indicate the 3B2/

1A1 coupling in the CH2 fragment. (b) Squared
amplitudes of the main con�gurations for the 3B2g state along the stretching coordinate.

Approaching the two methylenes from dissociation (tetraradical region) to intermediate
CC distances (diradicaloid region), there is a mild decrease of the computed SOCC. But as
the ground state singlet weakens its open-shell character due to the consecutive formation
of the σ and π bonds (distances smaller than 2.5 Å) the SOCC rapidly drops. The overall
inter-manifold SOCC reaches a minimum at 1.6 – 2.0 Å distance and raises again for shorter
separations. This behavior is general for all symmetry allowed SOCCs calculated between
each pair of states from the two manifolds (Figures 7.8 and 7.9).

Figure 7.8: Plot of SOCCs values for ethylene at 0◦ twist con�guration along the C=C stretching
from equilibrium distance (RAS-SF/cc-pVQZ).
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Figure 7.9: SOCC pro�les for ethylene at 0◦ twist con�guration along the C=C stretching from
equilibrium distance (RAS-SF/cc-pVQZ).

In order to provide a qualitative rationalization for this behavior, we analyze the changes in
the nature of electronic states with the inter-fragment distance. For the sake of simplicity,
we focus on one of the ST states for the case of co-planar fragments, that is, the 3B2g , which
contributes to the total SOCC through spin-orbit interactions with the 1Ag and 5Ag states.
Changes in the wave function character of 3B1u display an analogous and similar behaviour
and are not showed here. At large separations, the 3B2g state is obtained as a nearly even
contribution of two con�gurations: σ2π1σ∗1 and σ1π∗1σ∗2 (Figure 7.7b), which can couple
to the lowest quintet state (σ1π1π∗1σ∗1) through σ/π∗ and σ∗/π spin-orbit interactions,
respectively.
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Figure 7.10: Two dominant NTO pairs of the spinless transition matrix (isovalue of 0.05) between
1Ag/

3B2g (a) and 3B1u/
3B3u (b) states of planar ethylene computed for di�erent CC distances at

the RAS-SF/cc-pVQZ level. The two largest singular values are indicated as ω1 and ω2, respectively.

As the two units become closer to each other, the σ2π1σ∗1 (σ1π∗1σ∗2) character of 3B2g

increases (decreases). Simultaneously, there is an increase of the weight of the σ1π2π∗1,
coinciding with the decay of the total SOCC and the suppression of the 5Ag/

3B2g SOCC
(Figure 7.8). The role of this con�guration in the 3B2g wave function decays again for C · · ·C
distances shorter than 1.6 Å, concomitant with the SOCC raise. The change in character is
also manifested in the main terms contributing to the interstate couplings as expressed by
the spinless transition density matrix NTOs. For instance, whereas the σ/π∗ coupling is the
major contribution at shorter distances, the π/σ∗ dominates at larger C · · ·C separations
(Figure 7.10). Similar behavior is observed for the spinless transition density matrix NTOs
obtained for the case with 50◦ torsion (Figure 7.11). Therefore, it becomes evident that the
changes in the electronic structure character of states (related to σ and π-bond formation)
have a large impact on interstate SOCs and the total SOCC between the two manifolds (TT
and ST ). Concretely, the mixing of the σ1π2π∗1 con�guration into the triplet state wave
function has a quenching e�ect on the computed SOCC.

The inherent collectivity of the transitions can be stated by the participation ratios (PRNTOs)
(singular values and PRNTOs of the leading NTO pairs are displayed in Table 7.5). Pure
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excitations acquire values close to 1, whereas transitions of mixed character display larger
values [256]. At the beginning of the CS region (∼1.6 Å of separation) PRNTOS have large
values close to 2, and decrease to values closer to 1 in going from CS to D regions. At
larger C=C distances (T region) the participation ratios increase progressively, showing
that excitations at dissociation are of mixed-character (PRNTO values larger than 2). This
general behavior is observed in each of the components of the total SOCC.
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Figure 7.11: First dominant NTO pairs of the spinless transition matrix of ethylene (RAS-SF/cc-
pVQZ) transitions at di�erent stretch distances (isovalues of 0.05). The two largest singular values
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Table 7.5: Singular values for the leading NTO pairs and participation ratios of the natural transition
orbitals (PRNTOs) for the 0◦ and 50◦ twist con�guration along dissociation, the equilibrium C=C
distance for the planar (50◦ twist) geometry is 1.3516 (1.4794) Å. Here C=C (Å) regards to the stretch
distance from equilibrium.

0◦ planar 50◦ twist
C=C (Å) ω1 ω2 PRNTOs ω1 ω2 PRNTOs

coupling: 1Ag/
3B2g coupling: 1A/3B3

0.3 0.6762 0.6560 2.0362 0.7649 0.4862 1.7298
0.5 0.7683 0.4855 1.7520 0.7000 0.5018 1.8816
1.1 0.7038 0.2232 1.3887 0.6547 0.2149 1.4203
3.9 0.3956 0.3871 2.3057 0.3942 0.3863 2.3280

coupling: 5Ag/
3B2g coupling: 5A/3B3

0.3 1.0782 0.6619 1.7201 1.1343 0.5529 1.5133
0.5 1.0479 0.6830 1.8598 1.0103 0.7290 2.0033
1.1 1.1302 0.4824 1.5947 1.1121 0.5094 1.6828
3.9 0.8820 0.8736 2.2986 0.8795 0.8716 2.3207

coupling: 3B1u/
3B3u coupling: 3B2/

3B1

0.3 0.7251 0.5808 2.2122 0.9463 0.2305 1.1256
0.5 0.8046 0.4790 1.7693 0.7904 0.5306 1.8149
1.1 0.8552 0.3041 1.4813 0.8486 0.3136 1.5290
3.9 0.6807 0.6746 2.3066 0.6787 0.6731 2.3288

7.5.4 SOC in the ethylene-O2 system

Molecular oxygen exhibits a spin-triplet ground state (X3Σ−
g ), which makes it an e�cient

quencher of open-shell species [475, 476]. On the other hand, spin conservation in the
reaction of O2 with closed-shell molecules implies a triplet transition state.

Amongst organic compounds, ole�ns are particularly inclined to interact with oxygen, since
carbon-carbon double bonds o�er a speci�c point of attack. The reaction of molecular
oxygen with the simplest ole�n, i.e., ethylene, yields to either formaldehyde or to ethylene
oxide (through the formation of a dioxetane-type addition complex) [477, 478]. The com-
plexity of the oxidation reaction of ethylene is manifested by the large variety of products
formed in slow combustion processes [479, 480, 481, 482]. Most of the studies take into
consideration the more reactive singlet oxygen (a1∆g) [483] or C2H4

+ instead,[484] whereas
the involvement of ISC has been rarely considered. SOC-mediated ISC between the ground
state triplet and the excited singlet state in the isolated O2 molecule is symmetry forbidden,
but it can be activated by the interaction to other molecular species [485]. Perturbation of
the oxygen cylindrical symmetry by molecular interactions modify the orbital properties
and symmetry, promoting non-zero spin-orbit interactions with a magnitude depending on
the geometry of the molecule-O2 system [486].

Our purpose here is to explore possible mechanisms in which C2H4 · · ·O2 interactions
promote ISC through SOC.More generally, we aim to bring new results for the understanding
of the ethylene oxidation reaction and shed light on the properties of the ole�n-O2 linkage.
To this end, we explore a variety of possible geometrical arrangements for the C2H4 · · ·O2

system (Figure 7.12). Molecular geometries of C2H4 andO2moieties in all studied dimers have
been �xed to those optimized at the CCSD(T) level with the cc-pVDZ and 6-311+G(3df,2p)
basis, respectively [399, 487]. Intermolecular distance in all dimers has been �xed at 2.0
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Å, as indicated in Figure 7.12. SOCs have been computed at the RAS-SF level with the
ROHF triplet con�guration as the reference, (4e, 3o) in the RAS2 space, corresponding to the
orbitals resulting from the interaction of the ethylene’s HOMO and the two singly occupied
π-orbitals in O2, and the cc-pVQZ Dunning’s basis set.

The ground state of all ethylene-oxygen model dimers present a triplet spin-multiplicity,
with the two unpaired electrons mostly localized on O2 (Figure 7.12). It is worth noticing that
the eclipsed conformer also exhibits unpaired electrons on the ethylene unit. In most of the
dimers, the computed triplet-singlet (TS) energy di�erences deviate considerablywith respect
to the gap obtained for the isolated O2 molecule (1.262 eV), specially in those arrangements
promoting the interaction between the π-orbitals of the two moieties (Table 7.6). The TS
gap becomes considerably smaller in the slip-stacked and in-plane-1 arrangements, and
specially for the eclipsed disposition. On the other hand, intermolecular interactions are
much weaker in the inline and in-plane-2 forms, with energy gaps about 0.2 and 0.4 eV
smaller than in molecular oxygen, respectively. The crossed conformer, with orthogonal
π-systems, exhibits a TS gap very close to that in the O2 molecule.

Most of the dimers show very strong singlet-triplet spin-orbit interactions, with SOCCs
ranging from 76 to 103 cm−1 in all arrangements except those with C2v symmetry (eclipsed
and crossed), with vanishing couplings between the lowest triplet and singlet states. These
results can be related to the SOC patterns observed in the interaction of O2 with other
molecular species [486].
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Figure 7.12: Ethylene-oxygen dimer structures with the representation of the FOD of the ground
state triplet (blue isosurface).
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Table 7.6: SOCC (in cm−1) and vertical energy gaps (in eV) between the lowest triplet and singlet
states of the ethylene-oxygen dimer structures in Figure 7.12 computed at the RAS-SF/cc-pVQZ level.

dimer SOCC TS gap
eclipsed 0.000 0.111
crossed 0.000 1.127
slip-stacked 99.301 0.167
T-shape-1 96.604 0.671
T-shape-2 88.293 0.593
L-shape 97.294 0.630
inline 97.086 0.830
in-plane-1 103.246 0.258
in-plane-2 76.316 1.079

Next, we explore the dependence of SOCCs upon symmetry loss along the relative coplanar
torsion of the two molecules connecting the eclipsed and crossed structures in Figure 7.12.
Therefore, we take CCOO torsion angles within the 0◦ ≤ θ ≤ 90◦ range, with θ = 0◦ and
90◦ indicating parallel (eclipsed) and orthogonal (crossed) alignment between the C––C
and O––O bonds, respectively. Whereas 0◦ and 90◦ conformers belong to the C2v point
group symmetry, intermediate angles reduce the symmetry of the system to C2. Hence,
for the sake of clarity, we employ orbital and state C2-symmetry labels in all structures.
Electronic states and couplings are obtained at the same level of computation as above, with
the lowest 3B ROHF state as the reference con�guration.

At the crossed conformation, the two π-systems are orthogonal to each other, with fragment
π-orbital interactions symmetry forbidden. As a consequence, the lowest state of the dimer
(X3B) can be described as the product of the two local electronic ground states: O2 (triplet)
and C2H4 (singlet), corresponding to the 9a27b110a1 con�guration. About 1.1 eV above
X3B, lie two nearly degenerated singlet states respectively with A and B symmetries
(Figure 7.13a). wave function analysis of these two states allow us to unequivocally identify
them to the twofold excited singlet state of molecular oxygen (a1∆g). Therefore, we label
them as 1A(∆) and 1B(∆) states, respectively. Finally, at higher energies, there is a singlet
and triplet A-symmetric pair of excited states, mainly obtained as the electronic excitation
from the ethylene’s HOMO-like orbital (9a in the dimer) to one of the ground state SOMOs
(7b of the dimer). In other words, these are C2H4 → O2 charge transfer (CT) states, and will
be labelled as 1,3A(CT).
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Figure 7.13: (a) Energy pro�les (in eV) of low-lying states, and (b) SOCC (in cm−1) between X3B
and the two lowest A-symmetry singlets, 1A(∆) and 1A(CT) states, along the coplanar torsion
between eclipsed and crossed conformers computed at the RASCI/cc-pVQZ level of theory. Energies
are given with respect to the ground state triplet at the crossed structure.

Reducing the torsion angle from the orthogonal disposition allows the π − π orbital interac-
tions (and orbital mixing) between the two fragments. As a consequence, there is a mild
destabilization of the low-lying states localized on the O2 moiety (0.4 − 0.5 eV between
crossed and eclipsed geometries). The energy pro�les of 1A(∆) and 1B(∆) are nearly
parallel to X3B, resulting in almost constant TS gaps. On the other hand, torsion-induced
orbital overlap largely stabilizes CT states, which cross with 1A(∆) and 1B(∆) pro�les at
∼ 55◦ and become nearly degenerate with the 3B state close to the eclipsed conformation.
In fact, the intersection between the two states with the same symmetry, 1A(∆) and 1A(CT),
along our torsion model should be more properly identi�ed as an avoided crossing, involving
a very strong character mixing at the region with small energy gaps.

The 3B/1B couplings in the studied C2-pathway are symmetry forbidden, hence, we focus
our analysis on the couplings betweenX3B and the two lowestA-symmetry excited singlets.
Computed SOCs are greatly e�ected by state character mixing along the molecular torsion
(Figure 7.13b). At the crossed structure the SOCC of the lowest triplet with 1A(∆) vanishes,
in accordance with the zero spin-orbit interaction between X3Σ−

g and a1∆g in the isolated
O2 [486]. On the other hand, the magnitude of the SOCC with 1A(CT) is rather large, 28.6
cm−1. Decreasing the intermolecular torsion angle from the orthogonal disposition induces
a fast increase of the 1A(∆) SOCC, with a maximum value of 52 cm−1 at 55◦, concomitant
with the deep decrease of the 1A(CT) coupling and the avoided crossing between the
two A-symmetry singlets. The fast increase in SOCC can be related with the important
1A(∆)/1A(CT) character mixing, which is maximum at the avoiding crossing (Figure 7.14).
For smaller torsion angles, both couplings decay up to values lower than 10 cm−1 at the
eclipsed form.
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Figure 7.14: Dominant NTO pairs (isovalues of 0.05) of the spinless transition matrix betweenX3B
and the two lowest A-symmetry singlets for the C2H4 · · ·O2 system with a 55◦ torsion angle. The
participation ratios (PR) and the two largest singular values (ω1 and ω2) for the NTO pairs are also
indicated.

Finally, we investigate the changes in SOCC upon increasing the intermolecular distance
between C2H4 and O2 fragments. For that, we consider two di�erent regimes, that is, small
(15◦) and large (75◦) torsion angles. For each torsion, we evaluate the SOCC between the
ground state triplet and the lowest 1A state for distances between 2 and 3 Å (Figure 7.15).
For the larger torsion, separation of the two moieties systematically reduces the energy
of the lowest triplet and singlet (1A(∆)) states (Figure 7.15a). Simultaneously, the SOCC
decays rather fast as the interaction between the two molecules decrease, recovering the
triplet-singlet zero-coupling limit of O2 at large distances (Figure 7.15b). At 15◦ of torsion,
the lowest singlet is of CT character (1A(CT)). As a consequence, separation of the two
molecules induces a moderate increase of its energy, generating a large gap with the triplet
ground state (Figure 7.15c). Along the dissociation, the energy pro�le of 1A(CT) crosses
with 1A(∆) at 2.15 Å and with a higher 1A state at 2.42 Å of separation. This higher
A-symmetry state is mostly localized on the O2 fragment and can be associated to the b1Σ+

g

state of molecular oxygen. Hence, we label it as 1A(Σ). The state mixing around the two
avoided crossings is clearly manifested in the SOCCs pro�les (Figure 7.15d), with very strong
coupling in the crossing with the 1A(Σ) state.
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Figure 7.15: Energy (in eV) and SOCC (in cm−1) pro�les for the lowest lying X3B and 1A states
of the C2H4 · · ·O2 system at 75◦ (a and b) and 15◦ (c and d) torsion angles computed at di�erent
intermolecular separations.

Therefore, we can conclude that the interaction of O2 with ethene can induce strong triplet-
singlet spin-orbit interactions non-existing in the isolated oxygen molecule. The strength of
the computed coupling is controlled by the orbital overlap between the two moieties and, as
a consequence, it is very sensible to the relative disposition of the two molecules. Moreover,
structural conformations close to the eclipsed disposition with short intermolecular distances
facilitate the presence of low-energy CT (singlet) states able to strongly interact with the
ground state triplet via SOC.

7.6 Conclusions

In this Chapter we have shown the capabilities of the RASCI method in conjunction with a
recent implementation for the evaluation of the Breit-Pauli Hamiltonian in the evaluation
of SOCs in open-shell systems. The present results demonstrate the suitability of the
methodology for the computational analysis of challenging cases involving two or more
unpaired electrons, the simultaneous dissociation of multiple bonds, or the interaction
of molecules with ground states of di�erent spin multiplicity. Our results indicate the
importance of including hole and particle contributions in the RASCI wave functions for
the evaluation of SOCs. In particular, hole con�gurations can have a large impact due to
the involvement of inner orbitals. We have also shown how SOCs computed in diradical
species are very sensible to structural parameters controlling the overlap between unpaired
electrons, and the ionic character of the wave functions. Characterization and rationalization
of SOCs in diradicaloid systems can be achieved by the representation of the dominant
NTO pairs of the spinless transition density matrix. We have introduced a generalization
of SOCC for the evaluation of couplings in aggregates of weakly interacting molecules,
which allows to identify how intermolecular interactions tune SOCs with respect to those
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in isolated species. We have computed this SOCC in the association of two methylene
fragments to form ethylene. Moreover, we have been able to relate the obtained results
with the character of the ground state singlet, going from a tetraradical (dissociation) to a
diradical (intermediate distances) up to a closed shell system (at equilibrium), completing the
formation of σ and π bonds. Finally, we have explored the role of intermolecular interactions
in the triplet-singlet SOCs for the C2H4 · · ·O2 dimer. Interaction between the π frontier
orbitals of the two species results in large couplings, which are zero between the lowest
singlet and triplet states of the isolated oxygen molecule. Moreover, for some arrangements
with short intermolecular distances, e.g., eclipsed disposition, the sizeable π-orbital overlap
triggers the presence of C2H4 → O2 CT states able to induce strong SOCs.
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CHAPTER 8
General Conclusions

This thesis introduces new proposals in the realm of Quantum Chemistry computational
methodologies, speci�cally focusing on the combination between WFT and DFT approaches,
and on the use of an e�ective potential for treating the dynamic correlation missed in a
CASSCF calculation. Through a comprehensive exploration of four distinct research studies,
we have gained valuable insights into the capabilities and limitations of hybrid approaches.
In fact, complete active space approaches have shown to be a WFT workhorse for method
development. Due to their simplicity, they can be used for the construction of balanced
mingled methods.

First, we investigated the potential of WFT-short-range DFT (srDFT) for characterizing
electronic states in atomic and molecular systems with strong open-shell character. Our
�ndings revealed the challenges of achieving a balanced description between closed and
open-shell con�gurations within the WFT-srDFT framework. By recurring to alternative
approaches that combine di�erently the exchange and correlation energy contributions,
and by including and testing the incorporation of spin polarization e�ects into the DFT
component, we identi�ed that the combination of full WFT exchange energy with DFT
correlation (WFT-srDFTc) as the best strategy in terms of accuracy. Our preliminary results
demonstrated the promise of this and other modi�cations, but further evaluations are
essential for a broader range of molecular systems.

We have introduced a novel hybrid approach, WFT-soDFT, which integrates DFT correlation
into wave function ansatzes by partitioning the natural orbital space based on NOONs. To
this end, we employed the RASCI wave function approach with hole and particle truncation
of the excitation operator for sampling the NO space. The method introduces a separation
parameter ν, those NOs with occupations larger than ν are used to compute the WFT energy
contributions, and the rest (small) occupations are used to estimate the DFT contribution
through a density functional. Preliminary results suggest that low ν-values (10−3 − 10−4)
can yield reasonable correlation energies for correcting wave functions of the ground state
in medium-sized molecules. However, systematic benchmarking is needed to understand
the parameter’s dependence and universality. Future e�orts will involve comparing WFT-
soDFT with other hybrid models and multicon�gurational perturbation theory. This method,
requires a good description of the small occupation region, is suitable for use with large basis
sets. RAS-soVWN results in atomic energies, bond dissociation, and torsion of ethylene show
improvements over the pristine wave function (RASCI). However, the discrete distribution
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of NOONs obtained with �nite basis sets may introduce discontinuities in potential energy
surfaces, particularly evident in N2 dissociation, posing a limitation for characterizing large
domains of potential energy surfaces.

Alternatively, we have explored the application of an e�ective potential to account for
missing dynamic electron correlation in CASSCF wave functions. While the method showed
potential for high accuracy in calculating correlation energies for small atomic systems,
the challenge lies in establishing a robust and practical parametrization scheme for this
potential. The impact of the e�ective potential on both the energy and electronic distribution
of the system was identi�ed, revealing discrepancies in the electronic distribution at short-
range for negative potentials and improvements with positive potentials. In general, a
suitable parametrization signi�cantly reduces the errors in the CASSCF dissociation energy.
Our �ndings underscore the signi�cant impact of the e�ective potential on the system’s
energy and identi�es the advantages of splitting the approach into intra- and inter-atomic
contributions. In the case of H2, parametrization results demonstrate that speci�c values of
µinter consistently yield the lowest errors in dissociation energies, particularly when the
intra-pair term is positive and maintained at values around 0.01. The splitting of the e�ective
potential into inter- and intr-apair terms further elucidates their distinct e�ects on electronic
distribution, with the intrapair term in�uencing short-range behavior. Furthermore, our
�ndings suggest that utilizing a range of ν = 0.1 to 0.50 would be optimal, with larger values
potentially introducing excessive correlation energy.

These insights into the parametrization of the e�ective potential o�er a foundation for future
research and re�nement, shedding light on its impact on both atomic and diatomic systems.
While challenges persist, the ongoing developments in our laboratory aim to advance and
improve this approach. This work contributes to the broader understanding of dynamic
electron correlation treatment methods and provides valuable considerations for further
exploration and enhancement.

Finally, the e�cacy of the RASCI method, coupled with a recent implementation of the
Breit-Pauli Hamiltonian, was demonstrated for calculating SOCs in open-shell systems.
The methodology proved e�ective in handling challenging scenarios involving multiple
unpaired electrons, simultaneous dissociation of multiple bonds, and interactions between
molecules with di�erent spin multiplicities. The characterization and rationalization of SOCs
in diradicaloid systems were achieved through the representation of dominant NTO pairs in
the spinless transition density matrix. The introduction of a generalized SOCC facilitated
the evaluation of couplings in weakly interacting molecular aggregates, exempli�ed by the
association of two methylene fragments to form ethylene. This approach provided insights
into the transformation of the ground state singlet from a tetraradical during dissociation to
a diradical at intermediate distances and eventually to a closed-shell system at equilibrium,
marking the completion of σ and π bonds. The investigation also delved into the role of
intermolecular interactions in triplet-singlet SOCs for the C2H4 · · ·O2 dimer. The interaction
between π frontier orbitals of the two species resulted in substantial couplings, particularly
in arrangements with short intermolecular distances, such as the eclipsed arrangement,
where signi�cant π-orbital overlap induced C2H4 → O2 charge-transfer states capable of
inducing strong SOCs.
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We can conclude this thesis by recognizing that the introduced hybrid quantum chemistry
methods remain a promising avenue for future research, but it is also evident that there
are a considerable number of related issues to overcome. The identi�ed issues encompass a
spectrum of concerns, ranging from methodological intricacies to practical implementation
challenges. For future perspectives intending to continue within this line of research, it
is imperative for researchers and practitioners alike to delve deeper into these challenges,
aiming to re�ne the hybrid methods to ensure their robustness and applicability.
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Appendix A

Additional information for H2

Figure 1: Number of unpaired electrons for the H2 ground state along the molecular dissociation
computed at the FCI, RAS-SF, RAS-srLDA (sr-LDA), RAS-srLDA with with spin polarized densities
(sr-pLDA), with short-range HF exchange (sr-EXX), and with short-range correlation (sr-LDAc) levels
and the 6-31G basis set.
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Additional information for triatomic diradicals

Table 1: Adiabatic energy gaps (in eV) with respect to the X̃3B1 (Ms = 1) ground state for CH2

and NH2
+ molecules computed with RAS(n,m)-SF-srLDA, where n andm indicate the number of

electrons and orbitals in the RAS2 space, respectively.

method ã1A1 b̃1B1 c̃1A1

CH2

RAS(2,2)-srLDA -2.333 -1.057 -1.013
RAS(6,6)-srLDA -2.367 -1.068 -0.879
FCIa 0.483 1.542 2.674
Expt.b 0.390 1.425
Expt. −∆ ZPEc 0.407 1.430

NH2
+

RAS(2,2)-srLDA -1.952 -0.904 -0.861
RAS(6,6)-srLDA -2.171 -1.101 -1.071
CASSCF SOCIa 1.281 1.935 3.380
Expt.d 1.306
Expt. −∆ ZPEe 1.286

a TZ2P basis from Ref. [318]. b From Ref. [230]. c ZPE changes at the CISD level from Ref. [319]. d

From Ref. [320]. e ZPE changes at the CISD level from Ref. [321].

Table 2: Adiabatic ST gaps (in eV) with respect to the X̃1A1 ground state for SiH2 and PH2
+ molecules

computed with RAS(n,m)-SF-srLDA, where n andm indicate the number of electrons and orbitals
in the RAS2 space, respectively.

method ã3B1 Ã1B1 B̃1A1

SiH2

RAS(2,2)-srLDA 2.940 2.175 3.162
RAS(6,6)-srLDA 2.879 2.111 3.094
CASSCF SOCIa 0.871 1.992 3.486
Expt. 0.91b 1.928c

Expt. −∆ ZPEd 0.90 1.92
PH2

+

RAS(2,2)-srLDA 3.218 2.256 3.124
RAS(6,6)-srLDA 3.069 2.181 3.077
CASSCF SOCIa 0.760 2.009 3.686
Expt.e 0.75 1.92
Expt. −∆ ZPEf 0.76 1.94

a TZ2P basis from Ref. [318]. b From Ref. [325]. c From Ref. [326]. d ZPE changes at the CISD level
from Ref. [323]. e From Ref. [327]. f ZPE changes at the CISD level from Ref. [324].
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Additional information for polyene systems

We use the linear n-polyenes (C2nH2n+1, n = 2 − 4), to show the changes in NOON
distribution a�ected by system size and level of theory. From considerations previously
mentioned, in order to perform a correct orbital splitting and to incorporate DFT correlation,
the distribution of occupations should behave similar to the momentum distribution for the
HEG. Additionally, since the splitting of the NO space occurs at RAS3, it is fundamental that
this subspace must be occupied (on the contrary, no DFT energy contribution is possible).
Here we illustrate such characteristics through the use of CASCI and RASCI methodologies.
To compute electronic wave functions through n spin-�ip excitations from the ROHF single
reference with 2n + 1 spin multiplicity, i.e. single alpha-occupation for the 2n frontier
pi-orbitals (RAS-nSF) the RAS2 space for each case is naturally de�ned as 2n electrons
in the 2n pi-orbitals. Geometries have been optimized for the singlet ground state at the
MP2/6-311(2+,2+)G(d,p) computational level.[125]

  

C4H6 C6H8

C8H10

Figure 2: Illustrative NOONs computed at the RASCI(h,p)/cc-pVQZ level for C2nH2n+1 linear
polyenes (n = 2-4).
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Table 3: Sum of NO occupations for the ground singlet state (11A−

g ) in each RAS subspace for linear
n-polyenes (C2nH2n+1).

basis RAS1 RAS2 RAS3
2-polyene

cc-pVDZ 25.9960 4.0002 0.0039
cc-pVTZ 26.0000 3.9970 0.0030
cc-pVQZ 26.0000 3.9965 0.0035

3-polyene
cc-pVDZ 37.9930 6.0006 0.0064
cc-pVTZ 38.0000 5.9936 0.0064
cc-pVQZ 38.0000 5.9927 0.0073

4-polyene
cc-pVDZ 49.9953 7.9963 0.0083
cc-pVTZ 50.0000 7.9902 0.0098
cc-pVQZ 50.0000 7.9889 0.0111

Table 4: Sum of NO occupations for the ground singlet state (11A−

g ) in each RAS subspace for
linear n-polyenes (C2nH2n+1). Sums for the RASCI(p) and the RASCI(h,p) are the same, as for
the RASCI(h) and CASCI calculations. Particle contributions are determinant for the presence of
fractional occupancies at RAS3 space.

n RAS1 RAS2 RAS3
CASCI

2 26.0000 4.0000 0.0000
3 38.0000 6.0000 0.0000
4 50.0000 8.0000 0.0000

RASCI(h)
2 26.0000 4.0000 0.0000
3 38.0000 6.0000 0.0000
4 50.0000 8.0000 0.0000

RASCI(p)
2 26.0000 3.9965 0.0035
3 38.0000 5.9927 0.0073
4 50.0000 7.9889 0.0111

As the dimensions of the system increase, the NOONs pro�le of the singlet ground state as-
sumes a likeness to the momentum distribution from HEG (see Fig.2). However, occupations
at the overall distribution of occupations is sensible to the size of the basis set (See. Tables
3). While the smallest cc-pVDZ basis introduces some unbalanced distribution among the
three orbital spaces, the use of larger basis sets seems to overcome this de�ciency. In all
cases, in going from the cc-pVTZ to the cc-pVQZ, occupations at RAS3 increase. Indeed,
the introduction of particle contributions into the RASCI wave function is the driving force
behind the emergence of non-zero occupancies in RAS3. This phenomenon is evident in
Table 4. Notably, both RASCI(h) and CASCI methods fail to allocate any occupation to NO
beyond the boundaries of RAS1 and RAS2.
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Numerical results for atomic series

Complementary data for Atomic series
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B3+

F7+ Ne8+

1.98549

0.00832

2.06e-03

2.06e-03

2.06e-03

1.99997

0.00002

1.82e-06

1.82e-06

1.82e-06

1.99995

0.00003

6.25e-06

6.25e-06

6.25e-06

1.99995

0.00003

7.15e-06

7.15e-06

7.15e-06

1.99995

0.00002

7.13e-06

7.13e-06

7.13e-06

1.99996

0.00002

6.43e-06

6.43e-06

6.43e-06

1.99997

0.00001

5.28e-06

5.28e-06

5.28e-06

1.99997

0.00001

4.47e-06

4.47e-06

4.47e-06

1.99998

0.00001

3.84e-06

3.84e-06

3.84e-06

1)

2)

3)

4)

5)

1)

2)

3)

4)

5)

Figure 3: RASCI(h,p)/cc-pVDZ natural orbital occupation numbers (NOONs) representation for
the isoelectronic He-series. Each horizontal line represents a natural orbital from the active space
(RAS2(2e, 5o)), the numerical value of the respective NOON is placed above. Reported calculations
where performed within this selection of the active space.

  

Li‒ Be B+

N3+ O4+ F5+

C2+

Ne6+

1.99999

1.69376

0.09917

0.09917

0.09917

1.99998

1.80338

0.06429

0.06429

0.06429

1.99997

1.83215

0.05558

0.05558

0.05558

1.99997

1.84619

0.05121

0.05121

0.05121

1.99997

1.85572

0.04809

0.04809

0.04809

1.99998

1.86371

0.04543

0.04543

1.99998

1.87043

0.04319

0.04319

0.043190.04543

1.99998

1.87625

0.04125

0.04125

0.04125

1)

2)

3)

4)

5)

1)

2)

3)

4)

5)

Figure 4: Full valence RASCI(h,p)/cc-pVDZ NOONs representation for the isoelectronic Be-series.
Each horizontal line represents a NO from the active space (RAS2(4e, 5o)), the numerical value of the
respective NOON is placed above.

In the following, a small change in notation is used: the labels 1S, 2S (2G). and 3S (3G) are
used to designate, respectively, the use of a single NOON and cutting the NO space as in
the original proposal by Savin; by using a single NOON and taking the sum of the rest of
smaller occupations into the DFA with Savins’s form of n+(rs) (or Gori-Giorgi), or by using
the sum of occupations criteria as described in the main text (again with the respective form
of n+, S or G).
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Performance of di�erent variants of the method

Exact correlation energies (in mhartrees) computed according to the de�nition of Wigner
and Löwdin[415, 36] for the He- and Be-series and the respective percentage of errors
obtained with the di�erent versions of the method (and using the soVWN(S) functional
form) are depicted in Table 5.

Table 5: aThe ‘exact’ values of the correlation energies (EExact
c ) were taken from Reference [3], and

correspond to the di�erence between corrected experimental values and Hartree-Fock energies. A
RAS2(2e, 5o) and RAS2(4e,5o) active spaces were used for the He- and Be-series respectively. An
occupation threshold of 0.001 was chosen.

He-Series %error (cc-pVTZ)

Atom EExact,a
c RASCI 1S 2S 3S

He -42.0 -30.64 0.42 -11.04 -11.04
Li+ -43.5 -97.12 -48.70 -64.31 -64.31
Be2+ -44.3 -96.55 -46.82 -63.63 -63.63
B3+ -44.7 -94.82 -39.46 -59.46 -48.74
C4+ -45.1 -93.72 -36.64 -58.32 -58.32
N5+ -45.3 -92.92 -34.84 -58.06 -58.06
O6+ -45.5 -92.47 -33.87 -58.71 -58.71
F 7+ -45.6 -92.11 -33.27 -46.99 -46.999
Ne8+ -45.7 -91.80 -32.88 -60.01 -60.01

Be-Series %error (cc-pVTZ)
Atom EExact

c RASCI 1S 2S 3S
Li− -72.7 -70.13 -59.62 -63.57 -63.57
Be -94.3 -60.19 -46.20 -49.65 -49.65
B+ -111.4 -48.86 -3.91 -10.48 -10.48
C2+ -126.4 -43.01 -18.95 -23.18 -23.18
N3+ -140.5 -39.50 -21.43 -25.58 -25.58
O4+ -154.1 -37.24 -20.92 -25.83 -25.83
F 5+ -167.3 -35.23 -20.12 -25.20 -25.20
Ne6+ -180.4 -33.49 -19.38 -24.48 -24.48

In this case the two methods 2S and 3S give the same results. This is because the sum or
occupations has a small value with essentially no di�erences in the two versions.
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Comparison of correlation energies computed for the Be-series.

Figure 5: Correlation energies computed for the Be-Series with: on-top RAS(NOF) and RAS-NOF
schemes. NOONs (νthreshold = 0.001) was chosen in order to get a comparison with the results
reported with νthreshold = 0.01. Computed energies are close to the FCI energy than the previous
case.

Figure 6: Correlation energies computed for the Be-Series within the RAS-NOF scheme νthreshold =
0.01. The use of a large basis set improves the calculation, however a similar overestimation as that
obtained with the cc-pVDZ basis set remains.
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Total energies computed with the cc-pVQZ basis set

Table 6: Total energies (in a.u.) for the He-series computed within di�erent approaches as discussed
in main text (with the soVWN(G) functional and ν = 0.001), the cc-pVQZ basis set was used.

Atom HF RASCI(h,p) CASSCF FCI E > ν soDFT RAS-soDFT
He -2.8615 -2.8864 -2.8974 -2.9024 -2.8931 -0.0140 -2.9072
Li+ -7.2364 -7.2378 -7.2525 -7.2525 -7.2498 0.0000 -7.2498
Be+2 -13.6113 -13.6143 -13.6302 -13.6304 -13.6264 0.0000 -13.6264
B+3 -21.9862 -21.9904 -22.0054 -22.0054 -22.0017 0.0000 -22.0017
C+4 -32.3611 -32.3661 -32.3811 -32.3812 -32.3736 0.0000 -32.3736
N+5 -44.7360 -44.7417 -44.7565 -44.7566 -44.7492 0.0000 -44.7492
O+6 -59.1108 -59.1169 -59.1312 -59.1313 -59.1242 0.0000 -59.1242
F+7 -75.4857 -75.4921 -75.5060 -75.5061 -75.4993 0.0000 -75.4993
Ne+8 -93.8605 -93.8671 -93.8809 -93.8810 -93.8743 0.0000 -93.8743

Table 7: Total energies (in a.u.) for the He-series computed within di�erent approaches as discussed
in main text (with the soVWN(S) functional and ν = 0.001), the cc-pVQZ basis set was used.

Atom HF RASCI(h,p) CASSCF FCI E > ν soDFT RAS-soDFT
He -2.8615 -2.8864 -2.8974 -2.9024 -2.8931 -0.0058 -2.8989
Li+ -7.2364 -7.2378 -7.2525 -7.2525 -7.2498 0.0000 -7.2498
Be+2 -13.6113 -13.6143 -13.6302 -13.6304 -13.6264 0.0000 -13.6264
B+3 -21.9862 -21.9904 -22.0054 -22.0054 -22.0017 0.0000 -22.0017
C+4 -32.3611 -32.3661 -32.3811 -32.3812 -32.3736 0.0000 -32.3736
N+5 -44.7360 -44.7417 -44.7565 -44.7566 -44.7492 0.0000 -44.7492
O+6 -59.1108 -59.1169 -59.1312 -59.1313 -59.1242 0.0000 -59.1242
F+7 -75.4857 -75.4921 -75.5060 -75.5061 -75.4993 0.0000 -75.4993
Ne+8 -93.8605 -93.8671 -93.8809 -93.8810 -93.8743 0.0000 -93.8743

Table 8: Total energies (in a.u.) for the Be-series computed within di�erent approaches as discussed
in main text (with the soVWN(G) functional and ν = 0.001), the cc-pVQZ basis set was used.

Atom HF RASCI(h,p) CASSCF FCI E > ν soDFT RAS-soDFT
Li− -7.4248 -7.4429 -7.4515 -7.47073 -7.4477 -0.0684 -7.5160
Be -14.5730 -14.6084 -14.6168 -14.64012 -14.6130 -0.0647 -14.6776
B+ -24.2375 -24.2960 -24.2962 -24.31998 -24.2957 -0.0378 -24.3335
C+2 -36.4083 -36.4830 -36.4807 -36.50565 -36.4806 -0.0235 -36.5041
N+3 -51.0819 -51.1707 -51.1673 -51.19304 -51.1673 -0.0155 -51.1828
O+4 -68.2569 -68.3589 -68.3550 -68.38053 -68.3550 -0.0165 -68.3715
F+5 -87.9328 -88.0476 -88.0444 -88.0689 -88.0433 0.0000 -88.0433
Ne+6 -110.1092 -110.2366 -110.2320 -110.25768 -110.2320 0.0000 -110.2320

168



H2 bond dissociation

Table 9: Total energies (in a.u.) for the Be-series computed within di�erent approaches as discussed
in main text (with the soVWN(S) functional and ν = 0.001), the cc-pVQZ basis set was used.

Atom HF RASCI(h,p) CASSCF FCI E > ν soDFT RAS-soDFT
Li− -7.4248 -7.4429 -7.4515 -7.4707 -7.4477 -0.0460 -7.4937
Be -14.5730 -14.6084 -14.6168 -14.6401 -14.6130 -0.0441 -14.6571
B+ -24.2375 -24.2960 -24.2962 -24.3200 -24.2957 -0.0261 -24.3218
C+2 -36.4083 -36.4830 -36.4807 -36.5057 -36.4806 -0.0164 -36.4970
N+3 -51.0819 -51.1707 -51.1673 -51.1930 -51.1673 -0.0109 -51.1781
O+4 -68.2569 -68.3589 -68.3550 -68.3805 -68.3550 -0.0117 -68.3666
F+5 -87.9328 -88.0476 -88.0444 -88.0689 -88.0433 0.0000 -88.0433
Ne+6 -110.1092 -110.2366 -110.2320 -110.2577 -110.2320 0.0000 -110.2320

H2 bond dissociation

Complementary data for H2 dissociation

Figure 7: Complete data for (a) sum of small NOONs, and (b) soVWN energy (in a.u.) along the H2

dissociation.
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Basis set dependence

Table 10: Dissociation energies (in mHatree) for H2 computed with di�erent basis sets. Threshold
for the sum of occupations used is 0.001. Experimental value is 164.5 mHartree.[4]

basis RASCI EWFA,ν
0 soVWN(G) FCI

cc-pVDZ 141.3 148.5 162.2 163.9
cc-pVTZ 150.5 159.3 160.2 171.1
cc-pVQZ 150.7 159.8 160.8 172.2

Potential energy surfaces for H2

Potential energy surfaces for hydrogen within the 2S and 2G versions are depicted in Fig. 8.
Results obtained by addition of the soDFT correlation energy to the pristine WFA energy
behave similar to those in the RAS-soDFT scheme, improving the energy at bonding regions
while converging to the WFT solution at long range.

Figure 8: H2 PES comparison among the on− top (a and b) and the NO splitting (c and d) schemes,
threshold values are indicated in the labels.
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Table 11: Corresponding total energies for the H2 PES computed in Figure 8 within the cc-pVDZ
basis set in the on-top approach. The threshold value is indicated inside squared brackets below the
RAS-soVWN functional labels.

Distance RASCI soVWN(S) soVWN(S) soVWN(G) soVWN(G)
(Å) (2e,2o) [0.01] [0.001] [0.01] [0.001]

0.4000 -0.9177 -0.9347 -0.9260 -0.9434 -0.9303
0.5000 -1.0535 -1.0731 -1.0626 -1.0831 -1.0672
0.6000 -1.1135 -1.1359 -1.1232 -1.1476 -1.1283
0.7000 -1.1360 -1.1463 -1.1360 -1.1517 -1.1360
0.7200 -1.1378 -1.1482 -1.1378 -1.1537 -1.1379
0.7400 -1.1390 -1.1495 -1.1390 -1.1550 -1.1390
0.7600 -1.1395 -1.1501 -1.1396 -1.1557 -1.1396
0.7800 -1.1396 -1.1503 -1.1397 -1.1559 -1.1397
0.8000 -1.1393 -1.1500 -1.1393 -1.1556 -1.1393
0.9000 -1.1325 -1.1435 -1.1326 -1.1492 -1.1327
1.0000 -1.1208 -1.1317 -1.1210 -1.1375 -1.1210
1.1000 -1.1069 -1.1176 -1.1071 -1.1233 -1.1073
1.2000 -1.0925 -1.1027 -1.0928 -1.1083 -1.0930
1.3000 -1.0784 -1.0882 -1.0790 -1.0935 -1.0792
1.4000 -1.0654 -1.0746 -1.0661 -1.0796 -1.0664
1.5000 -1.0536 -1.0622 -1.0545 -1.0669 -1.0550
1.6000 -1.0432 -1.0513 -1.0443 -1.0557 -1.0449
1.7000 -1.0343 -1.0418 -1.0418 -1.0459 -1.0459
1.8000 -1.0268 -1.0338 -1.0338 -1.0376 -1.0376
1.9000 -1.0206 -1.0272 -1.0272 -1.0307 -1.0307
2.0000 -1.0156 -1.0217 -1.0217 -1.0251 -1.0251
2.5000 -1.0026 -1.0078 -1.0078 -1.0106 -1.0106
3.0000 -0.9993 -1.0044 -1.0044 -1.0072 -1.0072
3.5000 -0.9985 -1.0036 -1.0036 -1.0064 -1.0064
4.0000 -0.9984 -1.0035 -1.0035 -1.0062 -1.0062
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Table 12: Corresponding total energies for the H2 PES computed in Figure 8 within the cc-pVDZ
basis set in the RAS-soDFT approach. The threshold value is indicated inside squared brackets below
the RAS-soVWN functional labels.

Distance RASCI soVWN(S) soVWN(S) soVWN(G) soVWN(G)
(Å) (2e,2o) [0.01] [0.001] [0.01] [0.001]

0.4000 -0.9177 -0.9498 -0.9296 -0.9498 -0.9338
0.5000 -1.0535 -1.0900 -1.0665 -1.0900 -1.0712
0.6000 -1.1135 -1.1548 -1.1275 -1.1548 -1.1325
0.7000 -1.1360 -1.1562 -1.1433 -1.1562 -1.1433
0.7200 -1.1378 -1.1582 -1.1451 -1.1582 -1.1452
0.7400 -1.1390 -1.1595 -1.1463 -1.1595 -1.1463
0.7600 -1.1395 -1.1603 -1.1468 -1.1603 -1.1469
0.7800 -1.1396 -1.1605 -1.1469 -1.1605 -1.1469
0.8000 -1.1393 -1.1602 -1.1465 -1.1602 -1.1465
0.9000 -1.1325 -1.1537 -1.1393 -1.1537 -1.1394
1.0000 -1.1208 -1.1417 -1.1270 -1.1417 -1.1271
1.1000 -1.1069 -1.1271 -1.1125 -1.1271 -1.1126
1.2000 -1.0925 -1.1117 -1.0974 -1.1117 -1.0976
1.3000 -1.0784 -1.0964 -1.0827 -1.0964 -1.0830
1.4000 -1.0654 -1.0821 -1.0692 -1.0821 -1.0695
1.5000 -1.0536 -1.0690 -1.0570 -1.0690 -1.0575
1.6000 -1.0432 -1.0574 -1.0463 -1.0574 -1.0469
1.7000 -1.0343 -1.0473 -1.0432 -1.0473 -1.0473
1.8000 -1.0268 -1.0387 -1.0349 -1.0387 -1.0387
1.9000 -1.0206 -1.0316 -1.0280 -1.0316 -1.0316
2.0000 -1.0156 -1.0258 -1.0224 -1.0258 -1.0258
2.5000 -1.0026 -1.0109 -1.0081 -1.0109 -1.0109
3.0000 -0.9993 -1.0074 -1.0046 -1.0074 -1.0074
3.5000 -0.9985 -1.0067 -1.0039 -1.0067 -1.0067
4.0000 -0.9984 -1.0065 -1.0037 -1.0065 -1.0065
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Energy dependence on ν parameter

Figure 9: DFT energy dependence on the parameter nu for the H2 ground state at rHH = 0.74 Å
computed with the (a) cc-pVDZ and (b) cc-pVTZ basis sets.

Figure 10: Total energy dependence on the parameter nu for the H2 ground state at rHH = 0.74 Å
computed with the (a) cc-pVDZ and (b) cc-pVTZ basis sets.
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C2H4 molecular torsion

Complementary data for C2H4 torsion

Figure 11: Ethylene potential energy surfaces for the singlet ground state and the lowest lying triplet
state. Left: RAS-soDFT pro�les obtained with the Savin (left) and Gori (right) n+(rs) expressions,
and with di�erent values for the sum of occupations threshold.

Potential energy surfaces for C2H4

In the following tables, data for twisting modes of ethylene is summarized, values correspond
to those for the PES shown above in Figure 11. Threshold values are indicated below method
labels.
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C2H4 molecular torsion

Table 13: PES data for the ethylene singlet state torsion (angle in degrees) corresponding values
from Figure 11.

RAS-soVWN(S) RAS-soVWN(G)

Angle RHF RASCI 0.01 0.001 0.0001 0.01 0.001 0.0001
0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
5 0.6004 0.6965 0.8785 0.6212 0.5585 1.0103 0.6338 0.5334
10 1.4736 1.4495 1.5123 1.1609 1.0793 1.5876 0.8722 0.9726
15 2.9272 2.6983 2.5540 2.0708 2.0080 2.5414 1.3240 1.7633
20 4.9585 4.4365 4.0286 3.5078 3.3509 3.8968 2.1712 2.9493
25 7.5639 6.6579 5.9362 5.3276 5.0640 5.6601 3.4952 4.5118
30 10.7385 9.3436 8.2831 8.8479 7.4987 7.8627 8.8165 6.8524
35 14.4762 12.4812 11.0881 11.5085 11.8411 10.5171 10.8936 11.8411
40 18.7696 16.0454 14.3511 14.6335 15.1732 13.6421 13.4664 15.1167
45 23.6098 19.9987 18.1225 18.2731 18.9822 17.3067 16.6290 18.8880
50 28.9866 24.2972 22.3895 22.3833 23.2178 21.4859 20.3313 23.0861
55 34.8878 28.8717 27.0143 28.1438 27.7108 26.0730 28.1877 27.5477
60 41.2995 33.6471 31.8398 32.7121 32.2916 30.9111 32.5489 32.0971
65 48.2056 38.4852 36.8160 37.3243 36.8850 35.9500 37.0293 36.6591
70 55.5877 43.2040 41.7733 41.7984 41.3842 41.0391 41.4282 41.1270
75 63.4249 47.5464 46.4796 46.0843 45.7078 45.9274 45.7956 45.4568
80 71.6932 51.1546 54.4929 57.6430 57.8124 54.1666 57.5301 57.6242
82 75.1152 52.2966 58.0321 62.0732 62.4372 57.7936 62.0481 62.2866
84 78.5999 53.2191 60.0464 64.2632 64.7527 59.8895 64.3323 64.6586
86 82.1454 53.8968 61.3265 65.5810 66.1583 61.2324 65.7316 66.1207
88 85.7464 54.3172 62.0419 66.2964 66.9553 61.9917 66.4846 66.9490
90 109.0452 54.4605 62.2866 66.5223 67.2251 62.2427 66.7105 67.2376
92 85.7464 54.3172 62.0419 66.2964 66.9553 61.9917 66.4846 66.9490
94 82.1454 53.8968 61.3265 65.5810 66.1583 61.2324 65.7316 66.1207
96 78.5999 53.2191 60.0464 64.2632 64.7527 59.8895 64.3323 64.6586
98 75.1152 52.2966 58.0321 62.0732 62.4372 57.7936 62.0481 62.2866
100 71.6932 51.1546 54.4929 57.6430 57.8124 54.1666 57.5301 57.6242
105 63.4249 47.5464 46.4796 46.0843 45.7078 45.9274 45.7956 45.4568
110 55.5877 43.2040 41.7733 41.7984 41.3842 41.0391 41.4282 41.1270
115 48.2056 38.4852 36.8160 37.3243 36.8850 35.9500 37.0293 36.6591
120 41.2995 33.6471 31.8398 32.7121 32.2916 30.9111 32.5489 32.0971
125 34.8878 28.8717 27.0143 28.1438 27.7108 26.0730 28.1877 27.5477
130 28.9866 24.2972 22.3895 22.3833 23.2178 21.4859 20.3313 23.0861
135 23.6098 19.9987 18.1225 18.2731 18.9822 17.3067 16.6290 18.8880
140 18.7696 16.0454 14.3511 14.6335 15.1732 13.6421 13.4664 15.1167
145 14.4762 12.4812 11.0881 11.5085 11.8411 10.5171 10.8936 11.8411
150 10.7385 9.3436 8.2831 8.8479 7.4987 7.8627 8.8165 6.8524
155 7.5639 6.6579 5.9362 5.3276 5.0640 5.6601 3.4952 4.5118
160 4.9585 4.4365 4.0286 3.5078 3.3509 3.8968 2.1712 2.9493
165 2.9272 2.6983 2.5540 2.0708 2.0080 2.5414 1.3240 1.7633
170 1.4736 1.4495 1.5123 1.1609 1.0793 1.5876 0.8722 0.9726
175 0.6004 0.6965 0.8785 0.6212 0.5585 1.0103 0.6338 0.5334
180 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Table 14: PES data for the ethylene triplet state torsion (angle in degrees) corresponding values
from Figure 11.

RAS-soVWN(S) RAS-soVWN(G)

Angle RHF RASCI 0.01 0.001 0.0001 0.01 0.001 0.0001
0 33.0100 69.6912 76.6754 81.9025 82.4736 76.6754 110.1781 81.5511
5 33.1438 69.9610 77.1711 82.1724 82.6932 77.3029 110.4605 81.7205
10 32.8258 69.5657 76.7256 81.5950 82.1033 76.8009 109.7828 80.9111
15 32.3094 68.9319 76.0039 80.3338 81.1997 75.9914 111.9414 79.7188
20 31.6138 68.0722 75.0438 79.1227 79.9447 74.9121 110.5170 79.9823
25 30.7645 67.0306 73.8830 77.7798 78.5893 73.6069 108.7850 78.3194
30 29.7915 65.8320 72.5777 77.8739 77.1962 72.1573 106.8397 76.6126
35 28.7285 64.5268 71.1784 76.2173 77.2715 70.6074 104.7564 76.6503
40 27.6105 63.1525 69.7539 74.3724 75.7780 69.0449 104.8505 74.9434
45 26.4732 61.7532 68.3546 72.6970 74.3097 67.5388 102.9053 73.2805
50 25.3514 60.3852 67.0431 71.0905 72.8727 66.1395 101.0165 71.6741
55 24.2779 59.0675 65.8697 71.2474 71.4984 64.9284 99.2594 70.1807
60 23.2830 57.8564 64.8719 69.7100 70.2120 63.9432 100.1066 68.8315
65 22.3938 56.7708 64.1126 68.5554 69.0637 63.2467 98.7261 67.6832
70 21.6337 55.8421 63.6106 67.5953 68.0848 62.8764 97.5463 66.7231
75 21.0222 55.1016 63.3910 66.9176 67.3380 62.8388 96.5800 65.9512
80 20.5744 54.5557 61.6779 66.5034 66.9239 61.3516 95.8709 65.3928
82 20.4437 54.3988 61.7218 66.4093 66.8674 61.4834 95.6638 65.2296
84 20.3415 54.2733 61.7908 66.3528 66.8549 61.6340 95.5007 65.1041
86 20.2683 54.1854 61.8473 66.3215 66.8800 61.7532 95.3689 65.0225
88 20.2212 54.1290 61.8787 66.2901 66.9051 61.8285 95.2873 64.9598
90 20.2119 54.1164 64.2381 65.5245 65.9952 65.2735 95.2622 64.9472
92 20.2212 54.1290 61.8787 66.2901 66.9051 61.8285 95.2873 64.9598
94 20.2683 54.1854 61.9289 66.3215 66.8800 61.7532 95.3689 65.0225
96 20.3415 54.2733 61.9289 66.3528 66.8549 61.6340 95.5007 65.1041
98 20.4437 54.3988 61.8975 66.4093 66.8674 61.4834 95.6638 65.2296
100 20.5744 54.5557 61.8662 66.5034 66.9239 61.3516 95.8709 65.3928
105 21.0222 55.1016 63.8616 66.9176 67.3380 62.8388 96.5800 65.9512
110 21.6337 55.8421 64.0122 67.5953 68.0848 62.8764 97.5463 66.7231
115 22.3938 56.7708 64.3825 68.5554 69.0637 63.2467 98.7261 67.6832
120 23.2830 57.8564 65.0162 69.7100 70.2120 63.9432 100.1066 68.8315
125 24.2779 59.0675 65.8822 71.2474 71.4984 64.9284 99.2594 70.1807
130 25.3514 60.3852 66.9615 71.0905 72.8727 66.1395 101.0165 71.6741
135 26.4732 61.7532 68.1789 72.6970 74.3097 67.5388 102.9053 73.2805
140 27.6105 63.1525 69.5092 74.3724 75.7780 69.0449 104.8505 74.9434
145 28.7285 64.5268 70.8835 76.2173 77.2715 70.6074 104.7564 76.6503
150 29.7915 65.8320 72.2640 77.8739 77.1962 72.1573 106.8397 76.6126
155 30.7645 67.0306 73.5629 77.7798 78.5893 73.6069 108.7850 78.3194
160 31.6138 68.0722 74.7426 79.1227 79.9447 74.9121 110.5170 79.9823
165 32.3094 68.9319 75.7467 80.3338 81.1997 75.9914 111.9414 79.7188
170 32.8258 69.5657 76.5248 81.5950 82.1033 76.8009 109.7828 80.9111
175 33.1438 69.9610 77.0519 82.1724 82.6932 77.3029 110.4605 81.7205
180 33.0100 69.6912 76.9640 81.9025 82.4736 76.6754 110.1781 81.5511
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C2H4 molecular torsion

Energy dependence on ν parameter

Figure 12: DFT energy dependence on the parameter nu for the C2H4 ground state (optimized at
the CCSD(T)/cc-pVDZ level) computed with the (a) cc-pVDZ and (b) cc-pVTZ basis sets.

Figure 13: Total energy dependence on the parameter nu for the C2H4 ground state (optimized at
the CCSD(T)/cc-pVDZ level) computed with the (a) cc-pVDZ and (b) cc-pVTZ basis sets.
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Appendix B

N2 triple bond dissociation

RASCI Natural orbital occupations computed for the N2

In order to try to understand the overestimations made by the density functional in the
region of dissociation, corresponding natural orbital occupations are plotted in Figures 15
and 16. From these it is observed that as the number of e�ective unpaired electrons increase,
more natural orbitals acquire occupations that are not negligible and that are close to the
chosen threshold. In the case of RAS(NOF0,2) the situation is not compensated by the sum of
occupations. The problem arise due to the use of a single value for the occupation threshold.
In fact this is the major problem with Savin’s proposal, as the distribution of occupations
from Figures 15 and 16 suggest, NO occupations can change along the PES. Furthermore,
as the HG index shows (see Fig. 14), at dissociation it is expected a total amount of six
unpaired electrons, during the transition, some occupations will achieve a value of 1.0 and
the distribution pro�le will acquire a kind of "step" (see distribution of NO occupations at
2.5 Å of separation in Figure 15). At these long-range atomic separations, NO occupations in
the RAS2 space tend to be close to the unity, and the density functional energy contribution
converges to zero.

Figure 14: Computed values for the e�ective unpaired electrons accounted from the Head-Gordon
"nu" and "nu_nl" indexes along the dissociation of N2.
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N2 triple bond dissociation

  

Natural orbital occupations higher than 1.0E-0.5 for N2 along 
dissociation 

1.7 angs

2.0 angs

2.5 angs

Figure 15: Natural orbital occupations (higher than a 1.0E-05) at di�erent separations.

Potential energy surfaces for N2

In Fig. 17, the potential energy surfaces computed within the 1S, single NOON scheme are
depicted for di�erent values used for the threshold parameter (ν), it is particularly interesting
the e�ect of using a large threshold since results are largely a�ected giving wrong PES, while
the proper NO space splitting seems to alleviate the problem, in bot cases the best choice
resembles in the consideration and use of small NOONs. In Fig. 18, a bigger comparison is
shown involving the rest of schemes.
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Appendix B

  

Natural orbital occupations lower than 0.001 for N2 along 
dissociation 

1.7 angs

2.0 angs

2.5 angs

Figure 16: Natural orbital occupations (lower than a threshold of 0.001) at di�erent separations.
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N2 triple bond dissociation

Figure 17: Absolute energy pro�les along the N2 dissociation computed at the RASCI (dashed black)
and CIPSI (solid black) computed with the cc-pVDZ basis set and their comparison with (a) on-top
DFT calculations and (b) splitting the natural orbital space. In both cases the 1S single NOON based
threshold scheme was used (number in label resembles the occupation threshold used).

Figure 18: General comparison of N2 PES computed with the di�erent schemes presented in this
work and standard RASCI and CIPSI calculations within the cc-pVDZ basis set. TheE> label indicates
such cases where no DFT correlation energy is incorpored into the �nal energy, i.e. these energies
correspond to the WFT energy computed in the space of NOs with large occupations.
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Appendix B

Table 15: Correlation energies (computed with soVWN(S) functional) and Eν values computed
within the cc-pVDZ basis set, di�erent values of the occupation threshold are indicated. All RAS3
data corresponds to the calculation made by cutting the NO space at the end of RAS2 and ussing
all occupations in RAS3. All data is in atomic units, Ec-DFT is the correlation energy delivered by
the density functional and E>ν is the WFT energy computed with natural orbitals with occupation
numbers larger than threshold.
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N2 triple bond dissociation

Table 16: RAS-soVWN(S) total energies and comparison with CASSCF and FCI calculations within
the cc-pVDZ basis set, di�erent values of the occupation threshold are indicated. All RAS3 data
corresponds to the calculation made by cutting the NO space at the end of RAS2 and ussing all
occupations in RAS3. All data is in atomic units, Ec-DFT is the correlation energy delivered by the
density functional and E>ν is the WFT energy computed with natural orbitals with occupation
numbers larger than threshold. Dotted empty values cannot be computed since the threshold values
pushes to cut the RAS2 space.
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Appendix B

Table 17: Correlation energies (computed with soVWN(G) functional) and Eν values computed
within the cc-pVDZ basis set, di�erent values of the occupation threshold are indicated. All RAS3
data corresponds to the calculation made by cutting the NO space at the end of RAS2 and ussing
all occupations in RAS3. All data is in atomic units, Ec-DFT is the correlation energy delivered by
the density functional and E>ν is the WFT energy computed with natural orbitals with occupation
numbers larger than threshold.
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Table 18: RAS-soVWN(G) total energies and comparison with CASSCF and FCI calculations within
the cc-pVDZ basis set, di�erent values of the occupation threshold are indicated. All RAS3 data
corresponds to the calculation made by cutting the NO space at the end of RAS2 and ussing all
occupations in RAS3. All data is in atomic units, Ec-DFT is the correlation energy delivered by the
density functional and E>ν is the WFT energy computed with natural orbitals with occupation
numbers larger than threshold. Dotted empty values cannot be computed since the threshold values
pushes to cut the RAS2 space.
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Appendix B

Table 19: On-Top PES total energy results computedwithin the soVWN(S) and soVWN(G) functionals,
the cc-pVDZ basis set and di�erent threshold values as indicated.

Threshold values
RAS(soVWN(S))

d (Å) 0.1 0.01 0.001 0.0001
0.5 -103.0698 -103.2489 -103.1844 -103.1203
0.7 -107.6681 -107.9017 -107.7960 -107.7192
1.0 -109.0257 -109.2721 -109.1343 -109.0733
1.1 -109.0722 -109.3469 -109.1824 -109.1249
1.2 -109.0601 -109.2243 -109.1721 -109.1060
1.3 -109.0234 -109.2145 -109.1353 -109.0724
1.4 -108.9781 -109.1995 -109.0891 -109.0300
1.5 -108.9324 -109.1851 -109.0435 -108.9806
1.6 -108.8912 -109.1774 -109.0038 -108.9383
1.7 -108.8571 -108.9713 -108.9713 -108.9080
1.8 -108.8311 -108.9452 -108.9452 -108.8789
1.9 -108.8125 -108.9242 -108.9242 -108.8604
2.0 -108.8002 -108.9069 -108.9069 -108.8444
2.5 -108.7813 -108.8556 -108.8556 -108.8277
3.0 -108.7792 -108.8370 -108.8370 -108.8272
3.5 -108.7791 -108.8320 -108.8320 -108.8271
4.0 -108.7793 -108.8315 -108.8315 -108.8273

Threshold values
RAS(soVWN(G))

d (Å) 0.1 0.01 0.001 0.0001
0.5 -103.3274 -103.2347 -103.1425 -103.1025
0.7 -108.0049 -107.8526 -107.7419 -107.7015
1.0 -109.3820 -109.1828 -109.0946 -109.0567
1.1 -109.4697 -109.2317 -109.1485 -109.1015
1.2 -109.2978 -109.2222 -109.1265 -109.0920
1.3 -109.3002 -109.1855 -109.0944 -109.0542
1.4 -109.2987 -109.1388 -109.0533 -109.0059
1.5 -109.2985 -109.0934 -109.0022 -108.9612
1.6 -109.3060 -109.0544 -108.9595 -108.9209
1.7 -109.0225 -109.0225 -108.9308 -108.8876
1.8 -108.9965 -108.9965 -108.9005 -108.8618
1.9 -108.9744 -108.9744 -108.8819 -108.8429
2.0 -108.9549 -108.9549 -108.8642 -108.8295
2.5 -108.8890 -108.8890 -108.8486 -108.8102
3.0 -108.8630 -108.8630 -108.8488 -108.8052
3.5 -108.8557 -108.8557 -108.8487 -108.7956
4.0 -108.8550 -108.8550 -108.8489 -108.7904
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Table 20: Selected RAS-soDFT results PES total energy results computed within the soVWN(S) and
soVWN(G) functionals (the threshold value was set to 0.001 in both cases), the cc-pVTZ basis set
and di�erent threshold values as indicated.

d (Å) CIPSI RASCI CASSCF(6,6) RAS-soVWN(S) RAS-soVWN(G)
0.5 -103.8083 -103.4813 -103.4725 -103.5428 -103.5697
0.7 -108.1109 -107.8040 -107.7960 -107.8623 -107.8881
0.9 -109.2309 -108.9113 -108.8905 -108.9692 -108.9949
1.0 -109.3714 -109.0588 -109.0830 -109.1163 -109.1420
1.1 -109.4004 -109.0964 -109.1194 -109.1552 -109.1816
1.2 -109.3762 -109.0784 -109.1001 -109.1360 -109.1618
1.3 -109.3303 -109.0374 -109.0557 -109.0936 -109.1188
1.4 -109.2790 -108.9922 -109.0030 -109.0459 -109.0700
1.5 -109.2302 -108.9495 -108.9513 -109.0047 -109.0295
1.6 -109.1871 -108.9105 -108.9054 -108.9687 -108.9949
1.7 -109.1508 -108.8772 -108.8679 -108.9355 -108.9617
1.8 -109.1210 -108.8509 -108.8397 -108.9082 -108.9339
1.9 -109.0970 -108.8317 -108.8204 -108.8870 -108.9119
2.0 -109.0779 -108.8185 -108.8084 -108.8741 -108.8990
2.5 -109.0292 -108.7976 -108.7949 -108.8528 -108.8776
3.0 -109.0157 -108.7956 -108.7938 -108.8509 -108.8758
3.5 -109.0121 -108.7956 -108.7946 -108.8332 -108.8501
4.0 -109.0108 -108.7960 -108.7947 -108.8210 -108.8322

Energy dependence on ν parameter

Figure 19: DFT energy dependence on the parameter nu for the N2 ground state at rNN = 1.10 Å
computed with the (a) cc-pVDZ and (b) cc-pVTZ basis sets.
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Figure 20: Total energy dependence on the parameter nu for the N2 ground state at rNN = 1.10 Å
computed with the (a) cc-pVDZ and (b) cc-pVTZ basis sets.

Reducing discontinuities

Figure 21: Absolute energy pro�les along theN2 dissociation computed at the RASCI (dark blue), RAS-
soVWN (yellow), RAS-soVWN (orange) computed with the cc-pVDZ basis set. RAS-soVWN have
been obtained by �xing the number of NOs entering the soVWN correlation to those corresponding
whose sum of occupation numbers is lower than 0.001 at the equilibrium distance.
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Discontinuities at larger basis sets

Figure 22: Sum of occupations lower than 0.001 and corresponding values of the DFT correlation
functional soVWN(G). Results computed with di�erent basis sets.
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Size consistency analysis

Calculations for H2 + nHe systems (n = 1, 2, 3, 4) with H · · ·He distances equal to 100 Å.
RAS-soVWN(G) calculations with RAS2 space with 2 electrons in 2 orbitals, and threshold
= 0.001 for the soDFT correlation. Reference: ROHF triplet.

  

H2 He··· H2 He······He

H2 He······He

He
··
·

H2 He······He

He

··
·

··
·

He

100 Å

(a)

(c) (d)

(b)

Figure 24: The di�erent H2 · · · nHe systems considered in this analysis. He atoms are placed
orthogonally in the x- and y-axes, while H2 bond lies on the z-axis.

Table 21: Energies of the total system, sum of fragment energies and absolute error computed for the
ROHF triplet references, RAS-SF and RAS-soVWN(G) singlet ground state of the H2· · ·He system.

Basis set ROHF RAS-SF soVWN(G)
Energy of total system (a.u.)

cc-pVDZ -3.6222 -4.0005 -4.0162
cc-pVTZ -3.6355 -4.0111 -4.0278
cc-pVQZ -3.6379 -4.0119 -4.0293

Sum of fragment energies (a.u.)
cc-pVDZ -3.6222 -4.0005 -4.0016
cc-pVTZ -3.6355 -4.0111 -4.0120
cc-pVQZ -3.6379 -4.0119 -4.0129

Absolute error (kcal/mol)
cc-pVDZ 0.00 0.00 9.15
cc-pVTZ 0.00 0.00 9.91
cc-pVQZ 0.00 0.00 10.27
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Table 22: Energies of the total system, sum of fragment energies and absolute error computed for the
ROHF triplet references, RAS-SF and RAS-soVWN(G) singlet ground state of the H2· · · 2He system.

Basis set ROHF RAS-SF soVWN(G)
Energy of total system (a.u.)

cc-pVDZ -6.4774 -6.8557 -6.8763
cc-pVTZ -6.4967 -6.8722 -6.8944
cc-pVQZ -6.4994 -6.8734 -6.8964

Sum of fragment energies (a.u.)
cc-pVDZ -6.4774 -6.8556 -6.8568
cc-pVTZ -6.4967 -6.8722 -6.8732
cc-pVQZ -6.4994 -6.8734 -6.8744

Absolute error (kcal/mol)
cc-pVDZ 0.00 0.04 12.25
cc-pVTZ 0.00 0.02 13.30
cc-pVQZ 0.01 0.03 13.77

Table 23: Energies of the total system, sum of fragment energies and absolute error computed for the
ROHF triplet references, RAS-SF and RAS-soVWN(G) singlet ground state of the H2· · · 3He system.

Basis set ROHF RAS-SF soVWN(G)
Energy of total system (a.u.)

cc-pVDZ -9.3326 -9.7109 -9.7358
cc-pVTZ -9.3578 -9.7334 -9.7602
cc-pVQZ -9.3610 -9.7349 -9.7627

Sum of fragment energies (a.u.)
cc-pVDZ -9.3326 -9.7108 -9.7119
cc-pVTZ -9.3578 -9.7334 -9.7343
cc-pVQZ -9.3609 -9.7349 -9.7359

Absolute error (kcal/mol)
cc-pVDZ 0.00 0.04 14.97
cc-pVTZ 0.01 0.02 16.24
cc-pVQZ 0.01 0.03 16.83

Table 24: Energies of the total system, sum of fragment energies and absolute error computed for the
ROHF triplet references, RAS-SF and RAS-soVWN(G) singlet ground state of the H2· · · 4He system.

Basis set ROHF RAS-SF soVWN(G)
Energy of total system (a.u.)

cc-pVDZ -12.1877 -12.5660 -12.5948
cc-pVTZ -12.2190 -12.5945 -12.6255
cc-pVQZ -12.2225 -12.5965 -12.6286

Sum of fragment energies (a.u.)
cc-pVDZ -12.1877 -12.5660 -12.5671
cc-pVTZ -12.2190 -12.5945 -12.5955
cc-pVQZ -12.2225 -12.5964 -12.5974

Absolute error (kcal/mol)
cc-pVDZ 0.00 0.04 17.39
cc-pVTZ 0.01 0.02 18.87
cc-pVQZ 0.01 0.03 19.57
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Solution for Attenuated Electron Repulsion Integrals Damped

by a Gaussian Two-electron Operator

The derivation of the working equations for the two-electron repulsion integrals attenuated
by a Gaussian operator (here referred as gauERIs) is provided. Obtained equations are
suitable for a computational implementation of these integrals in the basis of Gaussian type
orbitals. The following are some of the key points that drive the interest in this type of
integrals during the development of the projects in this thesis.

• Most of the integral evaluation schemes are supported by recurrence relations, which
starting from the fundamental electron repulsion integral (ERI, or a variation of it)
can perform calculations for ERIs with higher angular momentum.[488]

• Among these schemes, the DRKmethod, based on the use of Gaussian quadrature,[418,
489] can not be used for the calculation of the attenuated Gaussian ERIs (gauERIs).
This is due to the mathematical properties of the Rys polynomials and inconsistencies
with the recurrence relations involved in the method. The Gaussian component
introduces a shift in the convergence radius of the working kernel function, thus Rys
polynomials cannot be used for the numerical computation of the gauERIs.

• Nevertheless, methods that use explicitly the complete form of the integrals, through
the evaluation of Boys function are suitable for the calculation of these attenuated
ERIs. From this observation, the derivation provided here conduces directly to the
result shown by Boys.[102, 103] The following corresponds to the generalization of
the result provided by Boys for arbitrary angular momentum basis sets.

• Current implementation of a code able for the calculation of these ERIs is based on
the direct computation of the integrals as presented in this appendix.

Solution for the Gaussian two-electron repulsion integrals in the Boys

picture.

The integrals in which we are interested are of the form:

(
AB
∣∣∣
exp
(
−νr2ij

)

rif

∣∣∣CD
)

(1)

in which ν is an arbitrary parameter (ν ∈ R), while A, B, C and D represent arbitrary
contracted Gaussian type orbitals centered at nucleus A, B, C and D, respectively. The
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operator appearing in equation 1 can be considered as the Coulomb electrostatic potential,
attenuated by a Gaussian factor that acts over electrons i and j. In order to compute this,
we wish to form a class of contracted integrals, �rst, we note that each basis function is
k-fold contracted, thus, each contracted integral can be expressed as a sum of its component
primitive integrals, which in turn are computed individually, i.e.

(
AB
∣∣∣
exp
(
−νr212

)

r12

∣∣∣CD
)
=

ka∑

a=1

kb∑

b=1

kc∑

c=1

kd∑

d=1

dadbdcddNaNbNcNd

[
AB
∣∣∣
exp
(
−νr2ij

)

rij

∣∣∣CD
]

(2)

where da, db, ..., are the contraction coe�cients and Na, Nb, ... are the normalization
coe�cients for the contracted Gaussian functions. The problem arises for the evaluation of
the contracted integral

G ≡
[
AB
∣∣∣
exp
(
−νr2ij

)

rij

∣∣∣CD
]
=

∫∫
χaχb

exp
(
−νr2ij

)

rij
χcχd dVi dVj (3)

where dVi = dxi dyi dzi if the di�erential volume for the i-electron coordinates, and each
χa, ..., are primitive contracted functions of the form:

χa = xlAAi y
mA

Ai znA

Ai exp
(
−αar

2
Ai

)
(4)

Being angular momentum quantum numbers l,m, n in the x, y ,z directions respectively
and primitive exponent αa. Here I will provide a way to solve the integral 3, due to the
coupled nature of the Gaussian operator, the integration involve the use of more expansions
than those appearing for the standard ERIs (

[
AB
∣∣CD

]
). The key step ingredient for the

integration is the treatment of electron-i components as a static variable while electron-j
components are integrated, this is mandatory due to the coupling given by the exponential
factor (−νr2ij). Essentially we can perform the integration by separating the Cartesian
components of G leading to similar equations for each component.

We can write G explicitly as

G =

∫∫
xlAAi y

mA

Ai znA

Ai exp
(
−αar

2
Ai

)
xlBBi y

mB

Bi z
nB

Bi exp
(
−αbr

2
Bi

)

exp
(
−νr2ij

)

rij
xlCCj y

mC

Cj z
nC

Cj exp
(
−αcr

2
Cj

)
xlDDj y

mD

Dj z
nD

Dj exp
(
−αdr

2
Dj

)
dVi dVj

(5)

where ⃗rAi = r⃗i− A⃗ the distance between the ith-electron and the �xed center (nucleus A),
and x⃗Ai = x⃗i − A⃗x are the x-components of ⃗rAi, and so on. The expression 5 is noting
but the Cartesian separation of the angular components of G. First we will treat each of
these terms in a separate way.

194



Solution for Attenuated Electron Repulsion Integrals Damped by a Gaussian Two-electron
Operator

Treatment of the Cartesian angular momentum components

The treatment of the angular components can be done in terms of the reduced centers
de�ned as

P⃗ =
αaA⃗+ αbB⃗

αa + αb

Q⃗ =
αcC⃗ + αdD⃗

αc + αd

(6)

From here on, we will focus, most of the time on one of the Cartesian components involved
in the expression for G (equation 5), since the rest of the components can be treated in a
similar way. Particularly, the product of two given angular components of the form xlAxlB

can be written as:

xlAxlB = (x−Ax)
lA(x−Bx)

lB (7)

where Ax and Bx are the x-cartesian components of the nuclear coordinates A and B. In
terms of the x-components of P⃗ , we have:

xlAxlB =
{
(x− Px) + (Px −Ax)

}lA{(x− Px) + (Px −Bx)
}lB

= (xP + PAx)
lA(xP + PBx)

lB
(8)

where PAx and PBx are the x-components of the vectors P⃗A and P⃗B, and xP is the
x-component of the x⃗P vector. We can expand the product by a binomial expansion and get

xlAxlB =

lA∑

i=0

lB∑

j=0

(
lA
i

)(
lB
j

)
xiPx

j
PPA

lA−i
x PBlB−j

x (9)

From this expression, and noting that for each element k, such that i+ j = k, we can form
products of the type

k = i+ j = 0;

(
lA
0

)(
lB
0

)
PAlA

x PB
lB
x

k = i+ j = 1;

(
lA
0

)(
lB
1

)
PAlA

x PB
lB−1
x

(
lA
1

)(
lB
0

)
PAlA−1

x PBlB
x

...

(10)

we can de�ne the function

Ck(l,m, a, b) =

l∑

i=0

m∑

j=0

(
l

i

)(
m

j

)
al−ibm−j (11)
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which, under the condition i+ j = k, the following expression is true

lA+lB∑

k=0

Ck(lA, lB, a, b) = C0 + C1 + C2 + . . .+ ClA + ClB (12)

This is a way to organize in a condensed function Ck all the products in equation 9. Thus if
and only if the condition i+ j = k is satis�ed, the product of angular components can be
written as

xlAxlB =

lA+lB∑

lP=0

ClP (lA, lB, PAx, PBx)x
lP
P (13)

And analogously for the y- and z-components

ymAymB =

mA+mB∑

mP=0

CmP
(mA,mB, PAy, PBy)x

lP
P (14)

znAznB =

nA+nB∑

nP=0

CnP
(nA, nB, PAz, PBz)x

nP

P (15)

These expressions hold for the i-th components in G, for the j-th components (associated
to Q⃗) the treatment is analogous. We can rewrite 5 as

G =

lA+lB∑

lP=0

mA+mB∑

mP=0

nA+nB∑

nP=0

ClPCmP
CnP

lC+lD∑

lQ=0

mC+mD∑

mQ=0

nC+nD∑

nQ=0

ClQCmQ
CnQ

∫∫
dVi dVjx

lP
P y

mP

P znP

P exp
(
−αar

2
Ai

)
exp
(
−αbr

2
Bi

)


exp
(
−νr2ij

)

rij




x
lQ
Q y

mQ

Q z
nQ

Q exp
(
−αcr

2
Cj

)
exp
(
−αdr

2
Dj

)

(16)

With this treatment we have changed the information from labels i, j to labels P and Q, at
least for the angular part an integration over i-electron coordinates involves an integration
over P-coordinates and an integration over j-electron coordinates involves an integration
over Q-coordinates.

Use of the Gauss product theorem

The inner integrals that appear in equation 16 involve the product of �ve Gaussian functions.
We can apply the Gauss product theorem in order to get new functions that depend on the
centers P⃗ and Q⃗ by considering this, the new expression for G is:
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G = KABKCD

lA+lB∑

lP=0

mA+mB∑

mP=0

nA+nB∑

nP=0

ClPCmP
CnP

lC+lD∑

lQ=0

mC+mD∑

mQ=0

nC+nD∑

nQ=0

ClQCmQ
CnQ

∫∫
dVi dVjx

lP
P y

mP

P znP

P exp
(
−γP r2Pi

)


exp
(
−νr2ij

)

rij


xlQQ y

mQ

Q z
nQ

Q exp
(
−γQr2Qj

)

(17)

where dVi = dxPdyPdzP dVj = dxQdyQdzQ; γP = αa + αb, γQ = αc + αd. And the
two additional new factorsKAB ,KCD de�ned as:

KAB ≡ exp

(−αaαb

γP
∥AB∥2

)

KCD ≡ exp

(−αcαd

γQ
∥CD∥2

) (18)

Solution of the inner integral (GRI ) I: Treatment of the attenuated Coulomb

operator

In the following we will focus on the treatment of the inner integral from equation 17, which
will be referred to as GRI , again it is convenient to expand the rij operator in terms of P⃗

and Q⃗ as:

r⃗ij = r⃗Pi − r⃗Qj + P⃗Q (19)

We need to face with the more challenging r2ij operator, which can be expanded as:

r⃗2ij = r⃗2Pi + r⃗2Qj + P⃗Q
2
+ 2r⃗Pi · P⃗Q− 2r⃗Qj · P⃗Q− 2r⃗Pi · r⃗Qj (20)

By applying the Fourier transform to the Coulomb operator, we can write 1/rij as

1

rij
=

1

2π2

∫
dk⃗

1

k⃗2

exp
(
ik⃗ · r⃗ij

)
(21)

Which in terms of 19, the Coulomb operator can be expressed as:

1

rij
=

1

2π2

∫
dk⃗

1

k⃗2

exp
(
ik⃗ · (r⃗Pi − r⃗Qj + P⃗Q)

)
(22)

By expressing the Coulomb operator in this way and multiplying by exp
(
−νr2ij

)
, we can

express the attenuated operator in the two-electron integrals as

exp
(
−νr2ij

)

rij
=

1

2π2

∫
dk⃗

1

k⃗2

exp
(
−νr2ij

)
exp
(
ik⃗ · r⃗Pi

)
exp
(
−ik⃗ · r⃗Qj

)
exp
(
ik⃗ · P⃗Q

)

(23)
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This expression will be useful for further treatment of the integrals in GRI (equation17),
the Gaussian-attenuated Coulomb operator is then expressed as an integral in K-space that
involves the product of four exponential functions one of them depends exclusively on the
P⃗ and Q⃗ coordinates. The rest of Gaussian functions depend on the electron coordinates i, j.
The kernel of the integral that appears in GRI , involves the product of three exponential
functions, that, using the Fourier transform of the Coulomb operator (equation 23), can be
expanded as:

exp
(
−γP r2Pi

)


exp
(
−νr2ij

)

rij


 exp

(
−γQr2Qj

)
=

1

2π2

∫
dk⃗

1

k⃗2

exp
(
ik⃗ · P⃗Q

)

exp
(
−γP r⃗2Pi + ik⃗ · r⃗Pi − γQr⃗2Qj − ik⃗ · r⃗Qj

)
exp
(
−νr2ij

)
.

(24)

By further substitution of the equation 20, for rij in terms of the P⃗ and Q⃗ centers, we can
re-write the equation 24 as

exp
(
−γP r2Pi

)


exp
(
−νr2ij

)

rij


 exp

(
−γQr2Qj

)
=

1

2π2

∫
dk⃗

1

k⃗2

exp
(
ik⃗ · P⃗Q

)

exp
(
−γP r⃗2Pi + ik⃗ · r⃗Pi − γQr⃗2Qj − ik⃗ · r⃗Qj

)

exp
(
−νr⃗2Pi − νr⃗2Qj − νP⃗Q

2 − 2νr⃗Pi · P⃗Q+ 2νr⃗Qj · P⃗Q+ 2νr⃗Pi · r⃗Qj

)
.

(25)

By multiplying the exponential functions and grouping similar terms we can write:

exp
(
−γP r2Pi

)


exp
(
−νr2ij

)

rij


 exp

(
−γQr2Qj

)
=

1

2π2

∫
dk⃗

1

k⃗2

exp
(
ik⃗ · P⃗Q

)

exp(2νr⃗Pi · r⃗QJ) exp
(
−νP⃗Q

2
)
exp
(
−(γP + ν)r⃗2Pi + ik⃗ · r⃗Pi − 2νr⃗Pi · P⃗Q

)

exp
(
−(γQ + ν)r⃗2Qj + ik⃗ · r⃗Qj − 2νr⃗Qj · P⃗Q

)

(26)

Solution of the inner integral (GRI) II: Solutions for the Cartesian

components.

Within the previous considerations, GRI becomes

GRI =
1

2π2
exp
(
−νP⃗Q

2
)∫

dk⃗
1

k⃗2

∫∫
dVi dVj

xlP ymP znP xlQymQznQ exp
(
ik⃗ · P⃗Q

)
exp(2νr⃗Pi · r⃗Qj)

exp
(
−(γP + ν)r⃗2Pi + ik⃗ · r⃗Pi − 2νr⃗Pi · P⃗Q

)

exp
(
−(γQ + ν)r⃗2Qj + ik⃗ · r⃗Qj − 2νr⃗Qj · P⃗Q

)

(27)
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In fact, the introduction of P⃗ and Q⃗ vectors and further expression of rij in terms of them,

allow us to separate this expression into three Cartesian components (G(x)
RI ,G

(y)
RI ,G

(z)
RI ).

GRI =
1

2π2
exp
(
−νP⃗Q

2
)∫

dk⃗
1

k⃗2

G
(x)
RIG

(y)
RIG

(z)
RI (28)

Where each component Gη
RI (η = x, y, z) have the same form given by (here the x-

component is shown, the rest are analogous)

G
(x)
RI =

∫∫
dxP dxQ x

lP
P x

lQ
Q exp(2νxPxQ)

exp
(
(−γP + ν)x2P

)
+ (ikx − 2νPQx)xP )

exp
(
(−γQ + ν)x2Q

)
+ (−ikx + 2νPQx)xQ)

(29)

These G(x,y,z)
RI integrals can be solved by further separation of the kernels into a xP -

dependent part and another that does not depend on this variable. To this end, �rst we note
that integral 29 can be written as

G
(x)
RI =

∫
dxP x

lP
P exp

(
(−γP + ν)x2P + ikx + 2νPQx

)
xP )

∫
dxQ x

lQ
Q exp

(
(−γQ + ν)x2Q + (−ikx + 2ν(PQx + xP ))xQ

)

= IPxP IQ(xQ;xP )

(30)

where the integration is expressed as the multiplication of two integrals dependent on the
two xP and xQ variables. First Integration over xQ (the xP runs out of the integral) involves
the solution of an integral of the form:

IQ =

∫
dxQx

lQ
Q exp

(
−ax2Q + (b− ic)xQ

)

= exp
(
(b− ic)2/4a

) ∫
dxQx

lQ
Q exp

(
−a(xQ −

b− ic
2a

)2
) (31)

with a ≡ (ν + γQ); b ≡ 2ν(xP + PQx)) ; c ≡ kx. By the change of variable u ≡
xQ − (b− ic)/2a, we have te simpler expression

IQ = exp
(
(b− ic)2/4a

) ∫
du

[
u+

b− ic
2a

]lQ
exp
(
−au2

)
(32)

for which, by expanding the binomial faction (always letting the integration variable with
the simplest expansion exponent) we can write IQ as:
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IQ = exp
(
(b− ic)2/4a

) [lQ]∑

r=0

lQ!

r!(lQ − r)!

[
(b− ic)
(2a)

]lQ−r ∫
duur exp

(
−au2

)
(33)

where r is just the index of the summation. The �nal Gaussian integral in 33 is only non-zero
for even-r values, this condition a�ects the summation index and the whole integral reduces
to

IQ =

√
π

a
exp
(
(b− ic)2/4a

) [lQ/2]∑

r=0

lQ!

(2r)!(lQ − 2r)!

[
(b− ic)
(2a)

]lQ−2r (2r)!

22rr!ar

IQ =

√
π

a
exp

(
(b− ic)2

4a

) [lQ/2]∑

r=0

lQ!

r!(lQ − 2r)!

[
(b− ic)lQ−2r

(2lQ alQ−r)

]
(34)

where one can trivially check that the following relations hold

(b− ic)2 =
[
2ν(xP + PQx)− ikx

]2

(b− ic)2
4a

=
4ν2(xP + PQx)

2 − 4νikx(xP + PQx)− k2x
4(ν + γQ)

with which 34 becomes

IQ =

√
π

a
exp

(
(b− ic)2

4a

) [lQ/2]∑

r=0

lQ!

r!(lQ − 2r)!

[
(2ν(xP + PQx)− ikx)lQ−2r

(2lQ alQ−r)

]
(35)

The multiplicative exponential term can be separated into the xP -dependent term and an
xP -dependent term. We want to make such separation since the next step will consist on
the evaluation of the integral over xP space. By expanding the argument in the exponential
of expression 34:

exp

(
(b− ic)2

4a

)
= exp

(
4ν2x2P + 8ν2PQxxP − 4νikxxP

4(ν + γQ)

)
exp

(
4ν2PQ

2
x − 4νikxPQx − k2x
4(ν + γQ)

)

(36)

The �rst exponential function constitutes the xP -dependent term, while the second is
independent on this variable, and consequently can be taken outside the integral as a
multiplicative factor. Furthermore, integral I contains a binomial term that is convenient
to expand in order to get a separation of xP from PQx. Alternatively, one can avoid such
expansion and continue with the next integration by choosing a suitable variable. However,
this is not a good idea since the �nal expression become too complicated, and not suitable
for computational implementation. The binomial factor in 35
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(2ν(xP + PQx)− ikx)lQ−2r =

lQ−2r∑

s=0

(lQ − 2r)!

s!(lQ − 2r − s)! (−i)k
lQ−2r−s
x (2ν)s(xP + PQx)

s

and by expanding the secondary binomial (xP + PQx)
s one gets

(2ν(xP + PQx)− ikx)lQ−2r =

lQ−2r∑

s=0

s∑

t=0

(lQ − 2r)!(−1)lQ−s

t!(s− t)!(lQ − 2r − s)!

(ikx)
lQ−2r−sk

lQ−2r−s
x (2ν)s(PQx)

s−txtP

(37)

The substitution of expression 37 and 36 into 35 constitutes the integration of 30 over xQ
variable. As a result, G(x)

RI is reduced to an integral over xP multiplied by the corresponding
previous expansions, this integral is of the form

IP =

∫
dxP (xP )

lP+t exp

(−δ
η
x2P +

γQ
η
(ikx − 2νPQx)xP

)
(38)

where δ ≡ νγP + νγQ + γPγQ. In order to express this integral in sums as before, we can
progress following the same strategy as before, by reducing the exponential term to a similar
form as integral 33, the change of variable u = xP − (ib− c)/2a with a ≡ δ

η , b ≡ γQkx/η
and c ≡ (2νγQPQx)/η leads to

IP =

∫
dxP (xP )

lP+t exp
(
−ax2P + (ib− c)xP

)

= exp

(
(ib− c)2

4a

)∫
du

[
u+

(ib− c)
2a

]lP+t

exp
(
−au2

) (39)

By expanding the binomial (using the α index in this case)

[
u+

(ib− c)
2a

]lP+t

=

lP+t∑

α=0

(lP + t)!

α!(lP + t− α)!

[
(ib− c)

2a

]lP+t−α

uα

thus

IP = exp

(
(ib− c)2

4a

) lP+t∑

α=0

(lP + t)!

α!(lP + t− α)!

[
(ib− c)

2a

]lP+t−α ∫
duuα exp

(
−au2

)

for which the Gaussian integral is non-zero only for even members (α = 2α), integration
yields

IP = exp

(
(ib− c)2

4a

)√
π

a

[
lP+t

2

]

∑

α=0

(lP + t)!

α!(lP + t− 2α)!

[
(ib− c)lP+t−2α

(2a)lP+t

]
aα
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by switching a b c to the original variables η δ γQ, etc. We obtain the �nal expression

IP =

[
lP+t

2

]

∑

α=0

(lP + t)!

α!(lP + t− 2α)!

√
πη

δ
exp

(
γ2Q(ikx − 2νPQx)

2

4ηδ

)[
ηα(γQ(ikx − 2νPQx))

lP+t−2α

2lP+tδlP+t−α

]

(40)

Substitution of integrals IP and IQ into 30, lead to the complete form of G(x)
RI , expressed as

an expansion over four indexes

G
(x)
RI =

[
lQ
2

]

∑

r=0

lQ−2r∑

s=0

s∑

t=0

[
lP+t

2

]

∑

α=0

lQ! (lP + t)!

r!(s− t)! t! (lP + t− 2α)!α!

(−1)lQ−s (i)lQ−2r−s

(
1

2lQηlQ−r

)
(2ν)s(PQx)

s−tk
lQ−2r−s
x

π√
δ

exp

(
γP + γQ

4δ
(ikx − 2νPQx)

2

)
ηα
[
γQ(ikx − 2νPQx)

]lP+t−2α

2lP+tδlP+t−2α

(41)

Further expansions in GRI and k-space integration

Expression 41 corresponds to the x-component of the overallGRI integral (28), analogous y-
and z- components have a similar structure, each involving a correspondent k-component
dependence that needs to be integrated to obtain the full GRI expression. In the following
we will focus the e�ort to this task, k-components are involved into the binomial term
(ikx − 2νPQx) of Eq.41, by expanding this as

(ikx − 2νPQx)
lP+t−2α =

lP+t−2α∑

β=0

(lP + t− 2α)!

β! (lP + t− 2α− β)! (−1)
lP+t−β(2νPQx)

lp+t−2α−β(ikx)
β

(42)

This expansion makesG(x)
RI more complex, but readable for a computational implementation.

By de�ning ξ ≡ (γP+γQ)/4δ and splitting the exponential term in 41 as exp
(
ξ(ikx − 2νPQx)

2
)
=

exp
(
−ξ(k2x + 4iνPQxkx)

)
exp
(
ξ(4ν2PQ

2
x)
)
. We get

G
(x)
RI =

π√
δ
exp
(
ξ(4ν2PQ

2
x)
)

[
lQ
2

]

∑

r=0

lQ−2r∑

s=0

s∑

t=0

[
lP+t

2

]

∑

α=0

lP+t−2α∑

β=0

lQ! (lP + t)!

r!(s− t)! t!α!β!
−1lP+lQ+t−s−β

(lP + t− 2α− β)! (2ν)
s+lP+t−2α−β

PQ
s+lP−2α−β
x (i)lQ−2r−s+β (kx)

lQ−2r−s+β

(η)α−lQ+r(γQ)
lP+t−2α

2lP+lQ+tδ−P+t−α
exp
(
−ξ(k2x + 4iνPQxkx)

)

(43)
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Here is worth to mention notation conventions, if the l, m, n subscripts are respectively

related to the x-, y-, z-components,G(y)
RI andG

(z)
RI will have a similar form as Eq.43, then they

will possess the respective labels (rl, sl, tl, . . . , rm, sm, tn, . . . , rn, sn, tn), etc (see Eq.46). If

we denote G(x)′

RI , G(x)′

RI , G(x)′

RI as those given by 43 without the common factors, GRI from
equation 28 becomes

GRI =
1

2π2
exp
(
−νP⃗Q

2
) π3

δ3/2
exp
(
ξ(4ν2PQ

2
)
)∫

dk⃗
1

k⃗2

G
(x)′

RI G
(y)′

RI G
(z)′

RI (44)

The �nal expression for GRI involves the integration in k-space, we can split this integral
into its Cartesian terms, each with the same form. To achieve this, be the Cx

RI the kx
independent collection of terms in G(x)

RI given as:

Cx
RI =

[
lQ
2

]

∑

r=0

lQ−2r∑

s=0

s∑

t=0

[
lP+t

2

]

∑

α=0

lP+t−2α∑

β=0

(−1)lP+lQ+t−s−β(i)lQ−2r−s+β(2ν)s+lP+t−2α−β(PQx)
s+lP−2α−β

[
lQ! (lP + t)!

r! (s− t)! t!α!β! (lP + t− 2α− β)!

][
ηα−lQ+r γlP+t−2α

Q

2lP+lQ+tδlP+t−α

]

(45)

then, a relatively simple structure follows,

GRI =
1

2π2
π3

δ3/2
exp
(
(4ν2ξ − ν)P⃗Q

2
)
Cx
RIC

y
RIC

z
RI

∫
dk⃗

k⃗2

exp
(
ik⃗ · P⃗Q

)

exp
(
ξk⃗

2
)
exp
(
ξ4iνP⃗Q · k⃗

)
k
lQ−2rl−sl+βl
x k

mQ−2rm−sm+βm
y k

nQ−2rn−sn+βn
z

(46)

recalling the identity: exp
(
ϵk⃗

2
)
= 2ϵk⃗

2 ∫ 1
0 duu−3 exp

(
−ϵk⃗2

u−2
)
, and substitution into

46 leads to

GRI =
1

π2
ξ
π3

δ3/2
exp
(
(4ν2ξ − ν)P⃗Q

2
)
CRI

∫ 1

0

∫
dk⃗ du

u3
exp
(
i(1− 4νξ)k⃗ · P⃗Q

)
exp
(
−ξk⃗2

/u2
)
kωx k

θ
y k

ϕ
z

(47)

where ω ≡ lQ − 2rl − sl + βl, θ ≡ mQ − 2rm − sm + βm, ϕ ≡ nQ − 2rn − sn + βn
are overall integral numbers computed as collections of indexes found in the sums, and
CRI = Cx

RIC
y
RIC

z
RI . The integral in k-space can be decomposed into components of the

form

Ikx =

∫
dkx exp

(
i(1− 4νξ)kxPQx

)
kωx exp

(
−ξk2x/u2

)
(48)
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The solution of this type of integral is simple and follow a similar reasoning as those from
Eq.31 as

Ikx =

√
π

ξ
exp

(
−u2

[
(1− 4νξ)2PQ

2
x

4ξ

])
u

ω∑

l=0

ω!(−1)liω
i!(ω − 2i)!

[
(1− 4νξ)PQx

]ω−2l

2ω ξω−l
u2(ω−l)

(49)

The rest of the components Iky and Ikz will resemble similar forms with respectivem, n
indexes in the sum and θ, ϕ sum limits. Be Dx

RI the collection of u-independent factors
encountered in Eq.47:

Dx
RI =

√
π

ξ

ω∑

l=0

ω!(−1)liω
i!(ω − 2i)!

[
(1− 4νξ)PQx

]ω−2l

2ω ξω−l
(50)

GroupingDx
RI ,D

y
RI andD

z
RI multiplicative factors into an overallDRI we can �nally write

GRI as:

GRI =
1

π2
ξ
π3

δ3/2
exp
(
(4ν2ξ − ν)P⃗Q

2
)
CRIDRI

∫ 1

0

du

u3
u3 exp

(
−(1− 4νξ)2PQ

2
u2

4ξ

)
u2(ω−l)u2(θ−m)u2(ϕ−n)

(51)

It is particularly convenient to pack the whole set of u-exponents into an overall exponent,
Ω ≡ ω − l + θ −m+ ϕ− n; and write GRI as

GRI =
ξ

π2
π3

δ3/2
exp
(
(4ν2ξ − ν)P⃗Q

2
)
CRIDRI

∫ 1

0
duu2Ω exp

(
−(1− 4νξ)2PQ

2
u2

4ξ

) (52)

The use of Boys function

The exponential factor−(1−4νξ)2/4ξ that appears in the integral of Eq.52 can be written in
terms of γP and γQ, recalling our previous de�nitions; 4ξ = (γP+γQ)/ν(γP+γQ)+γPγQ),
then (1− 4νξ)2/4ξ = (γ2Pγ

2
Q)/((νγP + νγQ + γPγQ)(γP + γQ)) ≡ Ξ. The inner integral

over u is the Boys function de�ned as

FΩ(ΞPQ
2
) =

∫ 1

0
duu2Ω exp

(
u2PQ

2
Ξ
)

(53)

GRI is therefore
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GRI =
ξ

π2
π3

δ3/2
exp
(
(4ν2ξ − ν)P⃗Q

2
)
CRIDRIFΩ(ΞPQ

2
) (54)

the required integrals can be written in terms of the so-called Boys function FΩ [102]. The
evaluation of this function can be made trough numerical integration with high precision
suitable for electronic structure calculations. In out case this function is evaluated after
calculation of ΞPQ

2
, involving the information contained in the basis set (exponents,

coe�cients) and nuclear coordinates at which the primitives are centered. There is a
collection of common factors contained in 54 which are independent of any sum index or
integration variable and constitute an overall multiplicative term for GRI given by

ξ

π2
π3

δ3/2
exp
(
(4ν2ξ − ν)PQ2

)
=

2π5/2

δ(γP + γQ)1/2
exp
(
−νγPγQ

δ
PQ

2
)

(55)

Inserting 55 into GRI gives the solution for the Gaussian two-electron damped integrals.
However further steps are needed in order to derive an overall expression suitable for
computational implementations, this will be shown in the following section.
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Complete form of the gauERIs

The multiplicative terms CRID
′
RI can be arranged as

Cx
RID

′x
RI =

[
lQ
2

]

∑

r=0

lQ−2r∑

s=0

s∑

t=0

[
lP+t

2

]

∑

α=0

lP+t−2α∑

β=0

(−1)lP+lQ+t−s−β(i)lQ−2r−s+β

(2ν)s+lP+t−2α−β(PQx)
s+lP−2α−β

[
lQ! (lP + t)!

r! (s− t)! t!α!β! (lP + t− 2α− β)!

][
ηα−lQ+r γlP+t−2α

Q

2lP+lQ+tδlP+t−α

]

[ω/2]∑

l=0

ω!(−1)liω
i!(ω − 2i)!

[
(1− 4νξ)PQx

]ω−2l

2ω ξω−l

(56)

for ω ≡ lQ − 2r − s+ β and rearranging terms we have

Cx
RID

′x
RI =

[
lQ
2

]

∑

r=0

lQ−2r∑

s=0

s∑

t=0

[
lP+t

2

]

∑

α=0

lP+t−2α∑

β=0

[ω/2]∑

l=0

(2ν)s+lP+t−2α−β(1− 4ν)lQ−2r−s+β

(PQx)
lP+lQ+s−2(α+r+l)ηα−lQ+rγlP+t−2α

Q

[
δlQ+α+β

δlP+t+2r+s+l

][
2β

2lP+s+t+2r+2l

][
1

(γP + γQ)ω−l

]

[
lQ! (lP + t)! (−1)lP+t+l

r! (s− t)! t!α!β! (lP + t− 2α− β)!

][
(lQ − 2r − s+ β)!

l!(lQ − 2r − s+ β − 2l)!

]

(57)

We can group these products with the corresponding Cartesian angular momentum coe�-
cients ClP , ClQ, etc. (Eqs. 11 - 15) which are factors of GRI . The overall product can be
denoted as Cx∗

RID
x∗
RI = (ClPClQ) · (C

x
RID

x
RI), then G acquires the following �nal form

G = KABKCD
2π5/2

δ(γP + γQ)1/2
exp
(
−νγPγQ

δ
PQ

2
)
·

lA+lB∑

lP

lC+lD∑

lQ

Cx∗
RID

x∗
RI

mA+mB∑

mP

mC+mD∑

mQ

Cy∗
RID

y∗
RI

nA+nB∑

nP

nC+nD∑

nQ

Cz∗
RID

z∗
RIFΩ(ΞPQ

2
).

(58)
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Solution for Attenuated Electron Repulsion Integrals Damped by a Gaussian Two-electron
Operator

Fundamental gauERI

The fundamental Gaussian damped electron repulsion integral denoted as ⟨ss|Veff |ss⟩
corresponds to the case in which the GTOs are of zero angular momentum. Recalling
equation 55, the integral reduces to

⟨ss|Veff |ss⟩ =
2π5/2

(νγP + νγQ + γPγQ)(γP + γQ)1/2

· exp
(
− γPγQνPQ

2

νγP + νγQ + γPγQ

)
· F (

PQ
2
γ2Pγ

2
Q

(νγP + νγQ + γPγQ)(γP + γQ)
)

(59)

This is the same expression as that derived by Boys [103] (theorem 8, page 3).
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Additional information for atomic systems

Correlation energies computed for atoms with di�erent µ ν values

Figure 25: B, C and N atoms total (left plots) and correlation (right plots) energies (in a.u.) computed
within the CASSCF+Ve� represented as contour plots resulting from variations of µ and ν parameters,
FCI and pristine CASSCF energies are indicated in green dashed lines in each plot.
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Figure 26: O, F and Ne total (left plots) and correlation (right plots) energies (in a.u.) computed
within the CASSCF+Ve� represented as contour plots resulting from variations of µ and ν parameters,
FCI and pristine CASSCF energies are indicated in green dashed lines in each plot.
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Total CASSCF+Ve� and corresponding correlation energies computed for

cations with di�erent µ ν values

Figure 27: C+, N+, O+ cations CASSCF+Ve� obtained contour plots of total (left plots) and correlation
energies (right plots), from variations of µ and ν parameters, FCI and pristine CASSCF energies are
indicated in green dashed lines in each plot.
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Figure 28: F+, Ne+, cations CASSCF+Ve� obtained contour plots of total (left plots) and correlation
energies (right plots), from variations of µ and ν parameters, FCI and pristine CASSCF energies are
indicated in green dashed lines in each plot.
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Total CASSCF+Ve� and corresponding correlation energies computed for

anions with di�erent µ ν values

Figure 29: Anions CASSCF+Ve� obtained contour plots of total (left plots) and correlation energies
(right plots), from variations of µ and ν parameters, FCI and pristine CASSCF energies are indicated
in green dashed lines in each plot.
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Additional information for atomic systems

Table 25: Optimal parameters for atomic systems computed from a linear �tting from computed
data (variations of µ and ν parameters).

Atom ν µ Ec (a.u.)
B 0.2623 -0.006 -0.0632
C 0.1241 -0.006 -0.0786
N 0.1632 -0.006 -0.0909
O 0.2567 -0.006 -0.1233
F 0.4157 -0.006 -0.1572
Ne 0.6848 -0.006 -0.1886
C+ 0.9502 -0.006 -0.0708
N+ 0.4540 -0.006 -0.0811
O+ 0.4853 -0.006 -0.0891
F+ 0.6803 -0.006 -0.1176
Ne+ 0.9678 -0.006 -0.1479
C- 0.0340 -0.006 -0.0861
O- 0.1731 -0.006 -0.1560
F- 0.3131 -0.006 -0.1934

Coulomb holes for C atom

Figure 30: Coulomb holes for the C atom with �xed ν = 0.01 value and variations of µ (both
positive and negative), computed with the cc-pVDZ basis set.
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Figure 31: Evaluation of the e�ect of a positive e�ective potential. Coulomb holes for the C atom
with �xed ν = 0.09 value and variations of µ, computed with the cc-pVDZ basis set.

Figure 32: Evaluation of the e�ect of a positive e�ective potential. Coulomb holes for the C atom
with �xed µ = 0.02 value and variations of ν.
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Additional information for diatomic systems

CASSCF+Ve� PES and Coulomb holes for H2

Figure 33: H2 PECs computed with di�erent values of µ (positive and negative), small variations
lead to considerable changes in the PES, ν = 0.09. Here the use of µ = +0.03 leads to apparent
distortions at long-range regions in the PEC (dashed blue line).
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Figure 34: (Up) Potential energy surfaces of H2 computed with selected parameters yielding energles
close to FCI/cc-pVDZ. Changes in ν do not lead to large variations of the PES. (Down) Corresponding
Coulomb holes at equilibrium. Small varitions do not deteriorate the Coulomb hole with respect to
CASSCF.

216



Additional information for diatomic systems

Results for Isoelectronic Diatomics: N2 and NO+

The following PES were obtained withihn CASSCF(6,6)+Ve�/cc-pVDZ calculations. The
e�ective potential parameters were optimized to yield the lowest error in the dissociation
energies as indicated in main text.

Figure 35: Best estimates computed for N2 PECs, giving dissociation energies close to experimental
values taken from Ref. [2] (calculations performed with ν = 0.5 �xed value).

Figure 36: Best estimates computed for NO+ PECs, giving dissociation energies close to experimental
values taken from Ref. [2] (calculations performed with ν = 0.5 �xed value).

Results for Triplet State Diatomics: O2 and NH

For the triplet dimers examined in this study: O2 and NH, we conducted CASSCF(4,4)/cc-
pVDZ calculations. Computed energies exhibit less variation in response to changes in
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the ν parameter compared to singlets, resulting in similar potential energy surfaces (PES)
for di�erent ν values. For these systems, the CASSCF errors in dissociation energy, when
compared to experimental values (from Ref. [2]), are approximately 25-28%. However, by
computing dissociation energies within the e�ective potential, this error is substantially
reduced (see Figs.37 and 38). Up to date, Coulomb holes are not available for these systems
(and also for the double OH case).

Best estimates for O2 dissociation.

An active space with 8 electrons in six orbitals was used for this calculation. The following
plot concerns to the best PES obtained within the CASSCF+Ve� method. The dissociation
energy was taken as the zero of energy for each case.

Figure 37: The lowest value considered ν = 0.1 gives the best PES for O2. Percentage of errors with
respect to experimental dissociation values (taken from Ref. [2])follows the same color code as that
indicated by labels in the plot.
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Best estimates for NH dissociation.

Figure 38: Selected PES for NH case, labels show the values of the two µ parameters in the e�ective
potential together with the ν selection. Percentage of errors with respect to experimental dissociation
values (from Ref. [2]) follows the same color code as that indicated by labels in the plot.

Results for Doublet State Diatomics: OH

Additionally, we explore the Potential Energy Curves (PECs)for the doublet OH dissociation,
based on CASSCF(4o,5e) calculations. CASSCF underestimates dissociation energy with
errors of the order of 20.62% as in the previous case. The inclusion of the e�ective potential
signi�cantly reduces this error to orders of -1.04%. In all of our most accurate PECs estimates,
the inter-atomic contribution to the e�ective potential is larger (and negative) compared to
the intra-atomic contribution.
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Figure 39: Selected PES for OH doublet, results computed with ν = 0.1. As in previous examples,
the dissociation errors are depicted withing the same color code as the plot.

Figure 40: Selected PES for OH doublet, results computed with di�erent values of ν exponential
parameter, small changes to the PES are obtained for the di�erent combinations of the multiplicative
µ parameters. As in previous examples, the dissociation errors are depicted withing the same color
code as the plot.

Additional information regarding parametrization strategy 2 (PS2) and data

�tting.

Here, recalling erf-�tting from PS2 results, we compute additional QTAIM data in order to try
to stablish a relation between system’s QTAIM quantities (delocalization index (D(A,B)) and
atomic volumes) and the optimal µinter patterns. For equilibrium geometries, corresponding
a, b and R2 values are depicted as bar plots in Figure 41, where we include obtained These
have been computed in order to elucidate some trend related with erf-�tting parameters
(a, b). Qualitatively, in most cases, b parameter follows a similar tendency as D(A,B), while
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a displays small values that show small variations with respect to changes in both ν and
µintra values. There is a tendency for the b parameter to decrease as µintra increases. This
e�ect is not general but becomes larger when there is a signi�cant di�erence in the volume
of the atoms as in the NH molecule. Corresponding numerical data can be consulted in
Table 26
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Figure 41: Fitted parameters and comparison with a fraction of the atomic volumes (VA/100 and
VB/100) and delocalization index (D(A,B)) computed at equilibrium. Results computed with di�erent
ν values as indicated, µintra = 0.000 (for (a) and (b) cases) and µintra = 0.001 (for (c) and (d) cases).
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Table 26: Full table with optimal �tting values to the function a(erf(bRAB − 1)), R2 value and
their comparison with atomic volumes (VA and VB) and delocalization index DI(A,B) obtained as
indicated in main text.

Molecule µintra ν a b R2 VA/100 VB/100 DI(A,B)

H2 0.1 0.0610 0.6493 0.9953 0.8589 0.8589 1.0000
0.1 0.0610 0.6493 0.9953 0.8589 0.8589 1.0000
0.1 0.0600 0.6093 0.9929 0.8589 0.8589 1.0000
0.5 0.1217 0.6115 0.9941 0.8589 0.8589 1.0000
0.5 0.1217 0.6115 0.9941 0.8589 0.8589 1.0000
0.5 0.1218 0.6095 0.9939 0.8589 0.8589 1.0000

N2 0.000 0.1 0.0834 1.9469 0.9649 1.5933 1.5933 3.0393
0.001 0.1 0.1328 2.3728 0.9900 1.5933 1.5933 3.0393
0.010 0.1 0.1352 2.3796 0.9848 1.5933 1.5933 3.0393
0.000 0.5 0.0776 1.5614 0.9906 1.5933 1.5933 3.0393
0.001 0.5 0.1123 1.9267 0.9469 1.5933 1.5933 3.0393
0.010 0.5 0.1246 1.9709 0.9164 1.5933 1.5933 3.0393

NH 0.000 0.1 0.0301 0.9542 0.9849 2.0498 0.4921 0.9444
0.001 0.1 0.0294 0.9735 0.9834 2.0498 0.4921 0.9444
0.010 0.1 0.0217 1.1404 0.9680 2.0498 0.4921 0.9444
0.000 0.5 0.0343 0.4959 0.9762 2.0498 0.4921 0.9444
0.001 0.5 0.0334 0.4811 0.9775 2.0498 0.4921 0.9444
0.010 0.5 0.0410 0.9410 0.9536 2.0498 0.4921 0.9444

NO+ 0.000 0.1 0.0788 2.169 0.9709 1.1006 1.2801 2.47261
0.001 0.1 0.08987 2.267 0.9544 1.1006 1.2801 2.47261
0.010 0.1 0.2842 3.0964 0.9668 1.1006 1.2801 2.47261
0.000 0.5 0.1376 2.2844 0.9255 1.1006 1.2801 2.47261
0.001 0.5 0.1454 2.3203 0.9241 1.1006 1.2801 2.47261
0.010 0.5 0.1194 2.1375 0.9671 1.1006 1.2801 2.47261

O2 0.000 0.1 0.1043 1.9469 0.9649 1.4056 1.4056 2.26941
0.001 0.1 0.1052 1.9627 0.9678 1.4056 1.4056 2.26941
0.010 0.1 0.1011 2.0515 0.985 1.4056 1.4056 2.26941
0.000 0.5 0.1041 1.6801 0.9901 1.4056 1.4056 2.26941
0.001 0.5 0.1063 1.6968 0.9905 1.4056 1.4056 2.26941
0.010 0.5 0.1188 1.8396 0.9968 1.4056 1.4056 2.26941
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Mean-Field Spin-Orbit Coupling

In the mean-�eld approximation, the two-electron part of the BP Hamiltonian can be written
as:

HSOMF =
∑

pq

[
Ipq +

∑

rs

ρrs(Jprqs − Jprsq − Jrpqs)
]
a†paq

=
∑

pq

[
h1eSOpq + h2eSOMF

pq

]
a†paq

(60)

where h1eSOpq and h2eSOMF
pq are the spin-orbit one and two-electron mean-�eld matrices,

ρrs is a density matrix, and Ipq and Jprqs respectively are one- and two-electron spin-orbit
integrals,

Ipq = ⟨ϕp|hSO(1) · s(1)|ϕq⟩ (61)

Jpqrs = ⟨ϕp(1)ϕq(2)|hSOO(1, 2) · (s(1) + 2s(2))|ϕr(1)ϕs(2)⟩ (62)

By expanding contractions, and integrating over spin variables in equations (61) and (62),
the mean �eld Hamiltonian can be written in terms of the sum of one- and two-electron
components denoted as hSOMF

x , hSOMF
y , hSOMF

z as:[456]

HSOMF =
1

2

∑

pq

[hSOMF
L+,pq a

†
p̄aq + hSOMF

z,pq a†paq

+ hSOMF
z,p̄q̄ a

†
p̄aq̄ + hSOMF

L−,pq̄ a†paq̄],

(63)

where the we assume restricted spin orbitals. The creation and annhilation operators of
α and β spin orbitals are indicated by indices without and with overbars respectively, the
spherical components that appear in equation (63) are de�ned by

hSOMF
L+,pq = hSOMF

x + ihSOMF
y (64)

hSOMF
L−,pq = hSOMF

x − ihSOMF
y (65)

When the following condition is satis�ed,

hSOMF
z,pq a†paq = −hSOMF

z,p̄q̄ a
†
p̄, (66)

the Hamiltonian of equation (63) can be written in terms of triplet excitation operators as:

HSOMF =
1

2

∑

pq

[hSOMF
L+,pq T

1,−1
pq +

√
2hSOMF

z,pq T 1,0
pq − hSOMF

L−,pq̄ T
1,1
pq ], (67)
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where T 1,−1
pq , T 1,0

pq and T 1,1
pq are de�ned as:

T 1,−1
pq = a

†
p̄aq

T 1,−1
pq =

1√
2
(a†paq − a

†
p̄aq̄)

T 1,−1
pq = −a†paq̄

(68)

The condition stated in equation (66) is satis�ed by the one-electron terms in the Hamiltonian,
but this is not always true for the two-electron mean-�eld part. Concretely, equation
(66) is satis�ed only for reference density matrices ρ with equal α and β contributions.
Consequently, only the use of densities from spin-pure states with same number of α and
β electrons is allowed in order to guarantee the symmetry of the operator. Non-physical
contributions to the SOC are introduced with the use of di�erent spin-projected densities
ρpq in equation (60).
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Comparative Results for Trimethylene

The di�erent components of SOC and SOCCs for trimethylene are compiled in Tables 27 and
28, Table 29 contains the SOCCs computed with the 6-31G basis set for the tripletMs = 0,
andMs = 1, labeled respectively as SOC(0) and SOC(1).

Table 27: SOC components and constants (in cm−1) for the di�erent geometries of TM. Calculations
performed with di�erent basis sets and a (6e,5o) RAS2 space.

cc-pVDZ cc-pVTZ cc-pVQZ
Geometry (0,0) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e 0.0256 0.0000 -0.0297 0.0000 -0.0215 0.0000
Real 2e -0.0321 0.0000 0.0350 0.0000 0.0252 0.0000
Imag. 1e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Imag. 2e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Total 0.0065 0.0000 0.0054 0.0000 0.0000 0.0000
Geometry (0,90) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e 0.1152 0.0000 0.1146 0.0000 0.0811 0.0000
Real 2e -0.0591 0.0000 -0.0571 0.0000 -0.0400 0.0000
Imag. 1e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Imag. 2e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Total 0.0794 0.0000 0.0575 0.0000 0.0411 0.0000
Geometry (90,90) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e -5.8375 0.0000 -6.1230 0.0000 -4.3974 0.0000
Real 2e 2.5934 0.0000 2.6670 0.0000 1.8974 0.0000
Imag. 1e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Imag. 2e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Total 3.2441 0.0000 3.4561 0.0000 2.5000 0.0000
Geometry (150,60) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e -0.9211 0.1364 -0.9886 0.1448 -1.1631 0.1492
Real 2e 0.3842 -0.0679 0.4040 -0.0714 0.4970 -0.0729
Imag. 1e 0.0000 0.7436 0.0000 0.8029 0.0000 0.7176
Imag. 2e 0.0000 -0.3276 0.0000 -0.3465 0.0000 -0.2904
Total 0.5369 0.4216 0.5846 0.4623 0.6661 0.4340
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Table 28: Continuation, SOC components and constants (in cm−1) for the di�erent geometries of
TM. Calculations performed with di�erent basis sets and a (6e,5o) RAS2 space

cc-pVDZ cc-pVTZ cc-pVQZ
Geometry (145,35) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e -0.4426 0.4415 -0.4849 0.4912 -0.7210 0.3563
Real 2e 0.1735 -0.1961 0.1863 -0.2140 0.3112 -0.1356
Imag. 1e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Imag. 2e 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Total 0.3805 0.2454 0.4223 0.2773 0.4098 0.2207
Geometry (35,90) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e 1.8280 0.8983 1.9309 0.3554 1.3611 0.3616
Real 2e -0.8023 -0.3900 -0.8311 -0.1756 -0.5716 -0.1771
Imag. 1e 0.0000 0.3415 0.0000 0.9477 0.0000 1.3894
Imag. 2e 0.0000 -0.1708 0.0000 -0.4023 0.0000 -0.5924
Total 1.4505 0.5362 1.5554 0.5743 0.7895 0.8181
Geometry (45,60) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e -2.1300 -0.3122 -2.2238 -0.4592 -0.4638 -0.4637
Real 2e 0.9561 0.1340 0.9796 0.2258 0.1920 0.2259
Imag. 1e 0.0000 -0.4483 0.0000 -0.3244 0.0000 -0.1593
Imag. 2e 0.0000 0.2234 0.0000 0.1358 0.0000 0.6954
Total 1.6601 0.2869 1.7596 0.3001 0.2718 0.9283
Geometry (35,35) SOC(0) SOC(1) SOC(0) SOC(1) SOC(0) SOC(1)
Real 1e -0.6399 -0.1809 -0.6646 -0.1775 -0.1751 0.0000
Real 2e 0.3085 0.0890 0.3168 0.0862 0.0844 0.0000
Imag. 1e 0.0000 0.0000 0.0000 0.0000 0.4740 0.0000
Imag. 2e 0.0000 0.0000 0.0000 0.0000 -0.2245 0.0000
Total 0.4687 0.1299 0.4919 0.0912 0.2654 0.0000

Table 29: Systematic comparison of SOCCs (in cm−1), e�ect of the RAS2 active space indicated in
parenthesis computed with the 6-31G basis set.

(α, β) (2e,2o) (4e,3o) (6e,5o)
(0,0) 0.0028 0.0097 0.0070
(90,0) 0.0733 0.0662 0.0557
(90,90) 2.6817 2.7177 3.0927
(150,60) 0.6029 0.6335 0.7300
(145,35) 0.3000 0.3165 0.3784
(35,90) 1.0396 1.0869 1.2053
(45,60) 1.0427 1.0909 1.1965
(35,35) 0.3025 0.3222 0.3562
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Figure 42: Comparison of results, with cc-pVQZ basis set, among the SOCC, the ST gap and the
SOCrms for TM. The energy scale is shown only for illustrative purposes, SOCCs are in cm−1 while
the values of the vertical S-T gaps are presented as ten times their original value (in eV). Similar
qualitative trends are found by the two approaches.
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Complementary data for the C2H4 model

Natural transition orbitals for the C2H4 torsion model:

  

0º 10º 20º 30º

80º 90º

40º

50º 60º 70º

ω
1

ω
2 PR

0º 0.9233 0.0482 1.112

10º 0.9229 0.0487 1.153

20º 0.9229 0.0489 1.113

30º 0.9178 0.0537 1.124

40º 0.9115 0.0600 1.390

50º 0.8998 0.0720 1.168

60º 0.8774 0.0957 1.225

70º 0.8292 0.1469 1.356

80º 0.7186 0.2627 1.662

90º 0.4927 0.4927 2.022

U

U

V

V

Figure 43: Dominant NTO pairs of the spinless transition matrix of ethylene (ROHF/cc-pVTZ triplet
as reference) in the T1 ← S0 transitions at di�erent torsion angles (isovalues of 0.05). The two
largest singular values (ω1 and ω2) and participation ratios (PR) are presented on the right.

ROHF orbitals from the reference state. Evolution along the dissociation of the C2H4

model. The reduction of the two CH2 separation induces a rearrangement in the order of
the RAS2 reference orbitals as illustrated in Figs. 44 and 45.

  
 3 a

g

1 b
2g

 3 b
1u

1 b
3u

Figure 44: Reference ROHF quintet orbitals (which forms RAS2) for the D2d con�guration, and its
evolution along the C=C stretching.
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a

b
1

b
3

b
2

Figure 45: Reference ROHF quintet orbitals (which forms RAS2) for the D2 con�guration, and its
evolution along the C=C stretching.

Dissociation curves for higher energy states. The dissociation curves for the twelve
lowest energy states at dissociation, for the 0◦ twist-case are depicted in Figure 46, those for
the 50◦ twist-case are depicted in Figure 47. In both �gures, the blue-color curves indicate
the states that are coupled with the three lowest energy states at dissociation. As shown,
the singlet states 1Ag and 1A, remain as the lowest energy state along each respective
dissociation curve, with the gap to the lowest triplet and quintet increasing as the C=C
length is shortened.

Figure 46: Dissociation curves for ethylene at 0◦ twist con�guration computed with cc-pVQZ basis
set. The graph shows the twelve selected states, those with lines in blue (and violet) are the ones
that have non-zero spin orbit coupling with the three lowest lying states at dissociation
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Figure 47: Dissociation curves for ethylene at 50◦ twist con�guration computed with cc-pVQZ
basis set. The graph shows the twelve selected states, those with lines in blue are the ones that have
non-zero spin orbit coupling with the three lowest lying states at dissociation. The only state that
doesn’t couples is the triplet 3A state.
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C2H4 dissociation SOCC pro�les.

The C2H4 dissociation SOCC pro�les computed for the lowest energy states considered
in principal text. The participation of the additional states at 50◦ twist geometry has the
consequence that the SOCCs for the individual couplings acquire lower values than those
obtained in the 0◦ case, i.e. the overall SOCC is distributed in more states.

Figure 48: SOCC pro�les for ethylene at (a) 0◦ and (b, c) 50◦ twist con�gurations along the C=C
separation (RAS-SF/cc-pVQZ). The value of the MF-SOCC for the 3B2/

1A1 coupling from the CH2

fragment is represented by the black-dashed line, the double of this quantity is indicated by the
black-dotted line. Total SOCC is represented by the red curve.

Leading con�gurations for states of interest. In Table 30 we show the leading con�gura-
tions in the RASCI wave function for the states involved in a non-zero SOC at dissociation.
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Table 30: Selected states and dominant electronic con�gurations along dissociation at 0◦ and 50◦

torsion cases.

State Leading Con�guration
0◦ twist

1Ag a2gb
2
1ub

0
2gb

0
3u

3B3u a2gb
1
1ub

1
2gb

0
3u

5Ag a1gb
1
1ub

1
2gb

1
3u

3B2g a2gb
1
1ub

0
2gb

1
3u

3B1u a2gb
0
1ub

1
2gb

1
3u

50◦ twist
1A a2b22b

0
3b

0
1

3B1 a2b12b
1
3b

0
1

5A a1b12b
1
3b

1
1

3B3 a2b12b
0
3b

1
1

3B2 a2b02b
1
3b

1
1

Squared amplitudes for the triplet 3B1u

Figure 49: Plot of squared amplitudes values for ethylene’s 3B3u state along C=C separation (RAS-
SF/cc-pVQZ).
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Natural transition orbitals and participation ratios for C2H4 at 50
◦

  

U

V

1A / 3B
3
 

1.1 Å

ω
1
= 0.700 ω

1
= 0.655

0.5 Å

1A / 3B
2
 

1.1 Å0.5 Å

ω
2
= 0.502 ω

2
= 0.215

ω
1
= 0.347

ω
2
= 0.158

ω
1
= 0.481

ω
2
= 0.155

U

V

5A / 3B
3
 

1.1 Å

ω
1
= 1.010 ω

1
= 1.112

0.5 Å

5A / 3B
2
 

1.1 Å0.5 Å

ω
2
= 0.729 ω

2
= 0.509

ω
1
= 1.014

ω
2
= 0.676

ω
1
= 1.071

ω
2
= 0.589

U

V

3B
1 
/ 3B

3
 

1.1 Å

ω
1
= 0.783 ω

1
= 0.848

0.5 Å

3B
1 
/ 3B

2
 

1.1 Å0.5 Å

ω
2
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2
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1
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2
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2
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U

V

U

V

U
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Figure 50: First dominant NTO pairs of the spinless transition matrix of ethylene (RAS-SF/cc-pVQZ)
transitions at di�erent stretch distances (isovalues of 0.05). The two largest singular values (ω1 and
ω2) between the NTO pairs are presented below each pair.

Regarding the 1Ag/
3B2g and 3B1u/

3B3u couplings, at ∼ 1.85 Å (0.5 angs of stretch), the
change in the character of the excitation is also accompaniedwith the suppression/enhancement
of the SOCC. The PRNTOs at 1.65 Å (1.85 Å) is ∼2 (∼1.7), both the π∗ → σ and σ∗ → π
orbital excitations have an important weight in the transition. As the energy of the σ orbital
is always lower than that for the π (see Figure 44) and the coupling is dominated by the
π∗ → σ transition, the SOCC increases due to the proximity of the σ orbital to nuclei
(indicated indirectly by its lower orbital energy), the one-electron terms in SOC Hamiltonian
are inversely proportional to ∼ ZI

r3i,I
, and thus can be responsible of the SOC enhancement.

At D region the transition is mostly dominated by the single excitation σ∗ → π, that at
dissociation resembles the orbital transition involved in the 3B2/

1A1 coupling for the CH2

fragments.
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Complementary singular values and NTO-participation computed for C2H4 at 50
degrees dissociation.

Table 31: Singular values and participation rations for the leading NTO pairs for the non-analogous
couplings that appear at 50◦ twist con�guration.

C=C (Å) ω1 ω2 PRNTOs
coupling: 1A/3B1

0.3 0.3184 0.1527 1.6078
0.5 0.3469 0.1580 1.8520
1.1 0.4815 0.1556 1.4007
3.9 0.9395 0.3869 2.3283

coupling: 5A/3B1

0.3 1.0510 0.6980 1.4339
0.5 1.0140 0.6763 2.0789
1.1 1.0710 0.5889 1.8772
3.9 0.8791 0.8720 2.3207

coupling: 3B1/
3B3

0.3 0.8223 0.5202 1.7241
0.5 0.7826 0.5588 1.8709
1.1 0.8479 0.3330 1.5622
3.9 0.6782 0.6737 2.3288

Table 32: Singular values and participation rations for the leading NTO pairs couplings with higher
energy states.

0◦ planar 50◦ twist
C=C (Å) ω1 ω2 PRNTOs ω1 ω2 PRNTOs

coupling: 1Ag/2
3B2g coupling: 1A/23B3

0.3 0.7925 0.4858 1.6757 0.8024 0.3921 1.4747
0.5 0.7540 0.4848 1.7354 0.6924 0.4937 1.8464
1.1 0.6958 0.2099 1.3107 0.6489 0.2097 1.3663
3.9 0.3925 0.3872 2.2708 0.3914 0.3865 2.2939

coupling: 5Ag/2
3B2g coupling: 5A/23B3

0.3 1.0040 0.6442 1.7309 1.0626 0.5311 1.5005
0.5 1.0450 0.6627 1.7525 1.0081 0.7152 1.8764
1.1 1.1301 0.4431 1.5355 1.1137 0.4687 1.6128
3.9 0.8752 0.8681 2.2710 0.8730 0.8665 2.2942

coupling: 3B3u/
1B1u coupling: 3B1/

1B2

0.3 1.1508 0.3333 1.1788 1.1051 0.3989 1.2907
0.5 0.8328 0.6771 2.3795 0.8952 0.5608 2.3256
1.1 0.9866 0.3883 1.5139 0.8260 0.2587 1.2485
3.9 0.0060 0.0058 2.2336 0.0060 0.0059 2.2468

SOC in the ethylene-O2 system

In the following data, we use the default Q-Chem symmetry labels. Here, the states 3B,
3A, 1A, 21A and 31A are the corresponding X3B, 3(CT ), 1A(CT ), 1A(∆) and 1A(Σ)
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discussed in the main text.

Table 33: Leading con�gurations and Head Gordon’s Nu values at 5◦ and 55◦ of O2 rotation (2.00
Å of separation), for higher energy states in order of magnitude of the RASCI weight.

1B 7b19a210a1 + 7b19a110a2 2.00 2.00
21B 7b19a110a2 + 7b19a210a1 2.00 2.00

Along the molecular distortion, the lowest-lying states correspond to the di�erent electronic
occupation of the frontier π-orbitals formed as combinations of the C2H4 HOMO (labeled
as 9a) and the two singly occupied MOs (SOMOs) in ground state of O2 (10a and 7b).
Calculations indicate that the 3B state (C2 symmetry) is the lowest energy level for large
torsion angles, with 1A and 3A states at higher energies. This state ordering changes upon
coplanar rotation, with an avoided crossing between the two excited 1A states at ∼ 50◦.
Ordering changes geometric con�gurations and particularly, it’s coupling with 1A states
displays a large SOCC.

Table 34: Vertical excitation energies (in eV), of the lowest energy states for the EtO1 system under
rotation of the O2 fragment (RAS-SF/cc-pVQZ calculations). Only illustrative data was chosen.

angle low-lying states
0◦ 3A2

1A2
3B2 23B2

1B2

0.000 0.111 0.122 0.729 1.251
5◦ 3A 3B 1A 21A 1B

0.000 0.110 0.109 1.197 1.239
25◦ 3B 1A 3A 21A 1B

0.000 0.261 0.196 1.113 1.113
45◦ 3B 1A 3A 1B 21A

0.000 0.810 0.798 1.095 1.121
65◦ 3B 1A 1B 3A 21A

0.000 1.499 1.125 1.481 1.115
85◦ 3B 1A 1B 3A 21A

0.000 1.989 1.172 1.939 1.127
90◦ 3B1

1A2
1B2

3A2 21A2

0.000 1.127 1.173 1.962 2.018

We focus on the description of 3A, 3B, 1A and 21A states, an particularly on the SOC
between 3B with 1A states. These are labeled as their order of apparition at 5◦ of torsion,
respective leading con�gurations to the wave function (based on the RASCI weights) are
illustrated in Table 35. As energy pro�les show, at the beginning of the rotation (5◦ – 15◦),
a 3A state is the lowest energy state, however the situation changes at ∼20◦ degrees, where
the energy of the 3A state is increased while that for the 3B state is decreased becoming
the lowest-energy state.

Along rotation, the 1A state energy closely follows that for the 3A tending to increase with
the rotation angle. Obtained energy pro�les predict a crossing near 55◦ rotation, involving
the 1A and 21A states, at this point there occurs a suppression/enhancement e�ect in the
SOCC for the respective couplings with the 3B state. Due to its larger energy (> 7.6 eV), a
higher energy 31A state is not considered here. According with participation rations, the
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3B transitions acquire a multicon�gurational character that mainly involves the 7b→ 9a
leading orbital transition for the 3B/1A coupling and the 7b→ 10a for the 3B/21A case.

Table 35: Leading con�gurations and Head Gordon’s Nu values at 5◦ and 55◦ of O2 rotation (2.00
Å of separation), for the target states in order of magnitude of the RASCI weight.

State Leading Con�gurations Nu (5◦) Nu (55◦)
3A 7b29a110a1 2.03 2.05
3B 7b19a210a1 2.00 2.00
1A 7b29a110a1 + 7b29a210a0 2.02 2.32
21A 7b09a210a2 + 7b29a010a2 + 7b29a210a0 2.02 1.98
31A 7b29a210a0 + 7b29a010a2 + 7b09a210a2 2.09 1.67

  

X3B/1A(CT) X3B/1A(Σ) X3B/1A(CT) X3B/1A(Σ)

1.687 2.051PRts 1.621 1.849

0.039 0.044ω
1

0.046 0.045

0.021 0.040ω
2

0.025 0.038

15° O
2
 Rotation 75° O

2
 Rotation

U

V

Figure 51: Dominant NTO pairs of the spinless transition matrix of C2H4 · · ·O2 con�guration
involved in the 3B ↔1 A and 3B ↔ 31A transitions near the crossing regions, at 2.4 Å (15◦ rotation)
and 2.1 Å (75◦ rotation) separations of O2 fragment, with isovalues of 0.05. The participation ratios
(PRts) and the two largest singular values (ω1 and ω2) between the NTO pairs are presented below
each case.
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