
Singlet fission for solar energy conversion  
A theoretical insight  

David Casanova 
 

Quantum Days in Bilbao 
July 16, 2014 



Si 

radiation sea level 

c-Si cell 

Harvesting Solar Energy 
• Solar energy 1h = 1 year human consumption 
• We use ~ 0.07% Earth radiation 
•  ~0.1% world’s energy demand   



radiation sea level 

c-Si cell 

up conversion 
Si 

Harvesting Solar Energy 
• Solar energy 1h = 1 year human consumption 
• We use ~ 0.07% Earth radiation 
•  ~0.1% world’s energy demand   

Up conversion 
  lanthanides ion pairs 



radiation sea level 

c-Si cell Si 2!Si 

Up conversion 
  lanthanides ion pairs 

Harvesting Solar Energy 

Down conversion 
 

•  Quantum cutting 
rare earth glasses 
 

•  Multi Exciton Generation 
    inorganic semiconductors 
 

•  Singlet Fission 
organic materials 

• Solar energy 1h = 1 year human consumption 
• We use ~ 0.07% Earth radiation 
•  ~0.1% world’s energy demand   

up conversion 

down conversion 



Singlet Fission: definition 
S0 + S1 T1 + T1 

S0 

S1 

T1 

En
er

gy
 

e- 

h+ 



Singlet Fission: definition 
S0 + S1 T1 + T1 

e- 

S0 

S1 

T1 

En
er

gy
 

e- 

e- 

h+ h+ 



Singlet Fission: definition 
S0 + S1 T1 + T1 

e- 

S0 

S1 

T1 

En
er

gy
 

e- 

e- 

h+ h+ 

Properties •  organic compounds 
•  bimolecular process 
•  spin allowed 
•  very fast ! ps 



Singlet Fission: definition 

Requirements 

S0 + S1 T1 + T1 

e- 

S0 

S1 

T1 

En
er

gy
 

e- 

e- 

h+ h+ 

Properties 

•  E(S1) " 2E(T1) 
•  E(T2) > 2E(T1) 
•  proper coupling 

•  organic compounds 
•  bimolecular process 
•  spin allowed 
•  very fast ! ps 



Singlet Fission: definition 

Requirements 

S0 + S1 T1 + T1 

e- 

S0 

S1 

T1 

En
er

gy
 

e- 

e- 

h+ h+ 

Properties •  organic compounds 
•  bimolecular process 
•  spin allowed 
•  very fast ! ps 

•  E(S1) " 2E(T1) 
•  E(T2) > 2E(T1) 
•  proper coupling 

•  triplet generation > 100% 
•  delayed fluorescence 
•  magnetic field effects 

Detecting SF 



1965  photophysics of anthracene crystals 
1968  low fluorescence in tetracene crystals 
1980  carotenoids 
1989  conjugated polymer 
2004  proposed for photovoltaic applications 
2006  theoretical guidelines 
 ! 
 !  new SF materials & development 
 ! 

2013   SF in solar cells 

Singlet Fission: chronology 
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more materials 



Purpose: theory of SF 

•  States involved in SF 
•  Relative energies 
•  Mechanisms 
•  Rates of SF 
•  Key factors for SF 
•  Development of computational tools 
•  Propose/design new SF materials 
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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the text.

FULL PAPERWWW.C-CHEM.ORG

Journal of Computational Chemistry 2013, 34, 720–730 721



RAS-SF algorithms 
Restricted Active Space Spin-Flip Casanova, Head-Gordon PCCP 10  2009 324 

Casanova, JCP 137 2012 84105; JCC 34 2013 720 

method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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each iteration, and will ultimately determine the efficacy of the

designed algorithm and its computer implementation. There-

fore, the central part of the RASCI algorithm corresponds to

the computation of the terms that contribute to the response

of the amplitude vectors, that is, left-hand side of eq. (3). Here,

the chosen computer implementation follows an integral-

driven approach.[38] In this kind of algorithm, the computation

of hL|H|Ri is done by identifying the pairs of configurations |Ri
and |Li that produce nonzero coupling coefficients ALR

lm and

BLRlmkq for each possible (l|m) and (lm|kq) terms in eq. (4),

respectively.

hLjĤjRi ¼
X

lm

ALR
lmðljmÞ þ

X

lmkq

BLRlmkqðlmjkqÞ (4)

The structure of the implemented computational code for

such an algorithm rely on the arrangement of configurations

in the amplitude vector. As proposed by Knowles and

Handy[40] for the FCI and CASSCF wavefunctions, any configu-

ration |Ri can be expressed in terms of a and b occupation

strings |RaRbi. Either string corresponds to an ordered product

of creation operators acting on a reference configuration |refi,
which would coincide to the vacuum if there are no electrons

left out of the whole active space (RAS1þRAS2þRAS3). Consid-

ering the restrictions in RAS1, RAS2, and RAS3, any |Rri take

the general form:

jRri ¼
Yn0P

a2RAS3
â†a

 !
Ynrþn0H%n0P

s2RAS2
â†s

 !
YO%n0H

i2RAS1
â†i

 !

jrefi; (5)

where the number of creation operators in RAS1 and RAS3 is

limited by n
0

H & nH and n
0

P & nP, respectively.

The RASCI(h,p) model is obtained by imposing the (nH þ nP)

& 1 restriction in RAS1 and RAS3. In this case, all possible

strings in eq. (5) can be classified in three classes as Rr,c, where

c-index differentiates between active (c ¼ 0), hole (c ¼ 1), and

particle (c ¼ %1) strings [eqs. (6–8)].

jRr;0i ¼
Ynr

s2RAS2
â†s

 !
YO

i2RAS1
â†i

 !

jrefi (6)

jRr;1i ¼
Ynrþ1

s2RAS2
â†s

 !
YO%1

i2RAS1
â†i

 !
jrefi (7)

jRr;%1i ¼ â†a
Ynr%1

s2RAS2
â†s

 !
YO

i2RAS1
â†i

 !
jrefi (8)

Any active, hole, or particle r-string is univocally described by

a substring R̃r,c corresponding to the RAS2 subspace, and with

and extra orbital index for the hole (i [ RAS1) and particle (a [
RAS3) cases [eqs. (9–11)]. The R̃r,c RAS2 strings can be repre-

sented by a binary word fR̃r,c of length m with nr þ c 10s, that

is, occupied spin orbitals, and m % (nr þ c) 00s, that is,

unoccupied spin orbitals. The list of all R̃r,c strings with nr þ c
electrons in m orbitals will be denoted by Lm

nrþc.

Rr;0 ! ~Rr;0; m; nr
! "

(9)

Rr;1 ! ~Rr;1; i 2 RAS1;m; nr þ 1
! "

(10)

Rr;%1 ! ~Rr;%1; a 2 RAS3; m; nr % 1
! "

(11)

The final RASCI(h,p) wavefunction is built out of a and b string

combinations that preserve the (nH þ nP) & 1 restriction.

Hence, it can be decomposed in three types of contributions:

(i) active configurations, that is, all determinants with neither

holes in RAS1 nor electrons in RAS3 and nelec electrons in

RAS2; (ii) hole configurations, that is, all determinants with one

hole in RAS1 and nelec þ 1 electrons in RAS2; and (iii) particle

configurations, that is, all determinants with one electron in

RAS3 and nelec % 1 electrons in RAS2. This approach severely

cuts down the amount of two-electron integrals implicit in eq.

(3) and the size of the CI amplitude vectors. The properties

and advantages of this truncation have been recently explored

in detail[34,44] and will not be further discussed here.

To perform the Hamiltonian-amplitude contractions in eq.

(3) efficiently, it is important to establish an automatic proce-

dure to identify the location of a given configuration in the

RASCI(h,p) amplitude vector. The addressing of the a and b
strings is performed by accommodating the definition of the

Z-matrix introduced by Knowles and Handy[40] to all possible

number of electrons in the two RAS2 spin subspaces, that is,

nr þ c in eqs. (12) and (13).

Zðk; sÞ ¼
Xm%k

t¼m%sþ1

t
nr þ c% k

# $
% t % 1

nr þ c% k % 1

# $% &
;

ðm% nr % cþ k ' s ' k; k < nr þ cÞ; (12)

Zðnr þ c; sÞ ¼ s% nr % c; ðm ' s ' nr þ cÞ: (13)

In the above equations, k refers to an electron, s and t are RAS2

orbitals, andm is the total number of RAS2 orbitals. The address of

each kind of RAS2 r-strings is obtained by inserting the addressing

matrix with the corresponding nr and c values in eq. (14).

Addð~Rr;cÞ ¼ 1þ
Xnrþc

k¼1

Zðk; sðkÞÞ (14)

The RASCI(h,p) addresses of the allowed R̃r,0R̃r0 ,c pairs for all

possible c and r = r0 values, can be obtained as:

Addð~RcÞ ¼ Addð~Rr;cÞ þ ðAddð~Rr0;0Þ % 1Þ m
nr þ c

# $
(15)

In eq. (15), if c ¼ 0, then only one of the two possibilities for

{r, r0} is necessary, while for c ¼ 1 or %1, both cases, corre-

sponding to a hole (particle) in the a-space (r ¼ a) and

b-space (r ¼ b), are possible. The final address for any deter-

minant belonging to one of the three types of configurations

following the amplitude vector scheme of Figure 1 is obtained

by introducing an extra orbital index to indicate either the

orbital with a hole in RAS1 or a particle in RAS3,

AddðR0Þ ¼ Addð~R0Þ; (16)
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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each iteration, and will ultimately determine the efficacy of the

designed algorithm and its computer implementation. There-

fore, the central part of the RASCI algorithm corresponds to

the computation of the terms that contribute to the response

of the amplitude vectors, that is, left-hand side of eq. (3). Here,

the chosen computer implementation follows an integral-

driven approach.[38] In this kind of algorithm, the computation

of hL|H|Ri is done by identifying the pairs of configurations |Ri
and |Li that produce nonzero coupling coefficients ALR

lm and

BLRlmkq for each possible (l|m) and (lm|kq) terms in eq. (4),

respectively.

hLjĤjRi ¼
X

lm

ALR
lmðljmÞ þ

X

lmkq

BLRlmkqðlmjkqÞ (4)

The structure of the implemented computational code for

such an algorithm rely on the arrangement of configurations

in the amplitude vector. As proposed by Knowles and

Handy[40] for the FCI and CASSCF wavefunctions, any configu-

ration |Ri can be expressed in terms of a and b occupation

strings |RaRbi. Either string corresponds to an ordered product

of creation operators acting on a reference configuration |refi,
which would coincide to the vacuum if there are no electrons

left out of the whole active space (RAS1þRAS2þRAS3). Consid-

ering the restrictions in RAS1, RAS2, and RAS3, any |Rri take

the general form:

jRri ¼
Yn0P

a2RAS3
â†a

 !
Ynrþn0H%n0P

s2RAS2
â†s

 !
YO%n0H

i2RAS1
â†i

 !

jrefi; (5)

where the number of creation operators in RAS1 and RAS3 is

limited by n
0

H & nH and n
0

P & nP, respectively.

The RASCI(h,p) model is obtained by imposing the (nH þ nP)

& 1 restriction in RAS1 and RAS3. In this case, all possible

strings in eq. (5) can be classified in three classes as Rr,c, where

c-index differentiates between active (c ¼ 0), hole (c ¼ 1), and

particle (c ¼ %1) strings [eqs. (6–8)].

jRr;0i ¼
Ynr

s2RAS2
â†s

 !
YO

i2RAS1
â†i

 !

jrefi (6)

jRr;1i ¼
Ynrþ1

s2RAS2
â†s

 !
YO%1

i2RAS1
â†i

 !
jrefi (7)

jRr;%1i ¼ â†a
Ynr%1

s2RAS2
â†s

 !
YO

i2RAS1
â†i

 !
jrefi (8)

Any active, hole, or particle r-string is univocally described by

a substring R̃r,c corresponding to the RAS2 subspace, and with

and extra orbital index for the hole (i [ RAS1) and particle (a [
RAS3) cases [eqs. (9–11)]. The R̃r,c RAS2 strings can be repre-

sented by a binary word fR̃r,c of length m with nr þ c 10s, that

is, occupied spin orbitals, and m % (nr þ c) 00s, that is,

unoccupied spin orbitals. The list of all R̃r,c strings with nr þ c
electrons in m orbitals will be denoted by Lm

nrþc.

Rr;0 ! ~Rr;0; m; nr
! "

(9)

Rr;1 ! ~Rr;1; i 2 RAS1;m; nr þ 1
! "

(10)

Rr;%1 ! ~Rr;%1; a 2 RAS3; m; nr % 1
! "

(11)

The final RASCI(h,p) wavefunction is built out of a and b string

combinations that preserve the (nH þ nP) & 1 restriction.

Hence, it can be decomposed in three types of contributions:

(i) active configurations, that is, all determinants with neither

holes in RAS1 nor electrons in RAS3 and nelec electrons in

RAS2; (ii) hole configurations, that is, all determinants with one

hole in RAS1 and nelec þ 1 electrons in RAS2; and (iii) particle

configurations, that is, all determinants with one electron in

RAS3 and nelec % 1 electrons in RAS2. This approach severely

cuts down the amount of two-electron integrals implicit in eq.

(3) and the size of the CI amplitude vectors. The properties

and advantages of this truncation have been recently explored

in detail[34,44] and will not be further discussed here.

To perform the Hamiltonian-amplitude contractions in eq.

(3) efficiently, it is important to establish an automatic proce-

dure to identify the location of a given configuration in the

RASCI(h,p) amplitude vector. The addressing of the a and b
strings is performed by accommodating the definition of the

Z-matrix introduced by Knowles and Handy[40] to all possible

number of electrons in the two RAS2 spin subspaces, that is,

nr þ c in eqs. (12) and (13).

Zðk; sÞ ¼
Xm%k

t¼m%sþ1

t
nr þ c% k

# $
% t % 1

nr þ c% k % 1

# $% &
;

ðm% nr % cþ k ' s ' k; k < nr þ cÞ; (12)

Zðnr þ c; sÞ ¼ s% nr % c; ðm ' s ' nr þ cÞ: (13)

In the above equations, k refers to an electron, s and t are RAS2

orbitals, andm is the total number of RAS2 orbitals. The address of

each kind of RAS2 r-strings is obtained by inserting the addressing

matrix with the corresponding nr and c values in eq. (14).

Addð~Rr;cÞ ¼ 1þ
Xnrþc

k¼1

Zðk; sðkÞÞ (14)

The RASCI(h,p) addresses of the allowed R̃r,0R̃r0 ,c pairs for all

possible c and r = r0 values, can be obtained as:

Addð~RcÞ ¼ Addð~Rr;cÞ þ ðAddð~Rr0;0Þ % 1Þ m
nr þ c

# $
(15)

In eq. (15), if c ¼ 0, then only one of the two possibilities for

{r, r0} is necessary, while for c ¼ 1 or %1, both cases, corre-

sponding to a hole (particle) in the a-space (r ¼ a) and

b-space (r ¼ b), are possible. The final address for any deter-

minant belonging to one of the three types of configurations

following the amplitude vector scheme of Figure 1 is obtained

by introducing an extra orbital index to indicate either the

orbital with a hole in RAS1 or a particle in RAS3,

AddðR0Þ ¼ Addð~R0Þ; (16)
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unoccupied spin orbitals. The list of all R̃r,c strings with nr þ c
electrons in m orbitals will be denoted by Lm
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Rr;1 ! ~Rr;1; i 2 RAS1;m; nr þ 1
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The final RASCI(h,p) wavefunction is built out of a and b string

combinations that preserve the (nH þ nP) & 1 restriction.

Hence, it can be decomposed in three types of contributions:

(i) active configurations, that is, all determinants with neither

holes in RAS1 nor electrons in RAS3 and nelec electrons in

RAS2; (ii) hole configurations, that is, all determinants with one

hole in RAS1 and nelec þ 1 electrons in RAS2; and (iii) particle

configurations, that is, all determinants with one electron in

RAS3 and nelec % 1 electrons in RAS2. This approach severely

cuts down the amount of two-electron integrals implicit in eq.

(3) and the size of the CI amplitude vectors. The properties

and advantages of this truncation have been recently explored

in detail[34,44] and will not be further discussed here.

To perform the Hamiltonian-amplitude contractions in eq.

(3) efficiently, it is important to establish an automatic proce-

dure to identify the location of a given configuration in the

RASCI(h,p) amplitude vector. The addressing of the a and b
strings is performed by accommodating the definition of the

Z-matrix introduced by Knowles and Handy[40] to all possible

number of electrons in the two RAS2 spin subspaces, that is,

nr þ c in eqs. (12) and (13).

Zðk; sÞ ¼
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t
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# $
% t % 1

nr þ c% k % 1
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;

ðm% nr % cþ k ' s ' k; k < nr þ cÞ; (12)

Zðnr þ c; sÞ ¼ s% nr % c; ðm ' s ' nr þ cÞ: (13)

In the above equations, k refers to an electron, s and t are RAS2

orbitals, andm is the total number of RAS2 orbitals. The address of

each kind of RAS2 r-strings is obtained by inserting the addressing

matrix with the corresponding nr and c values in eq. (14).

Addð~Rr;cÞ ¼ 1þ
Xnrþc

k¼1

Zðk; sðkÞÞ (14)

The RASCI(h,p) addresses of the allowed R̃r,0R̃r0 ,c pairs for all

possible c and r = r0 values, can be obtained as:

Addð~RcÞ ¼ Addð~Rr;cÞ þ ðAddð~Rr0;0Þ % 1Þ m
nr þ c

# $
(15)

In eq. (15), if c ¼ 0, then only one of the two possibilities for

{r, r0} is necessary, while for c ¼ 1 or %1, both cases, corre-

sponding to a hole (particle) in the a-space (r ¼ a) and

b-space (r ¼ b), are possible. The final address for any deter-

minant belonging to one of the three types of configurations

following the amplitude vector scheme of Figure 1 is obtained

by introducing an extra orbital index to indicate either the

orbital with a hole in RAS1 or a particle in RAS3,

AddðR0Þ ¼ Addð~R0Þ; (16)
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Algorithm 

active 

hole 

part 

configuration 

method.[34] Some of the virtues of RAS-SF-CI, for example,

balanced description of ground and excited states, spin com-

pleteness, flexibility of the wavefunction, capacity to deal with

variable number of strongly correlated electrons, are designed

to fix some of the deficiencies of the SF approaches within the

CC and CI formalisms. In the RAS-SF-CI introductory paper,[34]

the authors also discuss the advantages of the hole and parti-

cle (h,p) expansion of the wavefunction. The recent results

obtained by this relatively severe truncation are very encour-

aging and delineate a possible route to the study of strongly

correlated electrons with low to moderate computational

costs. Even though the single reference RASCI methodology

has been explored within the SF scheme, there is actually no

limitation for considering other nonconserving electron possi-

bilities. Thus, in general, it can accommodate not only changes

in the number of a versus b electrons, but also of the total

molecular charge, like in the ionized/electron attached equa-

tion-of-motion (EOM) models.[35–37] All these methods can be

considered as being part of the RAS-XX-CI family.

This work focuses on the development of an efficient algo-

rithm for the implementation of the different variants of the

RAS-XX-CI methodology within the (h,p) truncation of the wave-

function, that is, RAS-EE-CI (excitation energies), RAS-nEA-CI

(electron attached), RAS-nIP-CI (ionization potential), and

RAS-nSF-CI (SF), where n explicitly indicates the flexibility of the

model in all XX cases. The new algorithm is based on an inte-

gral-driven approach scheme,[38] but it also mixes ideas from

configuration-driven approaches[32,39–41] in the computation of

the contractions between the one and two-electron Hamilto-

nians, and the hole and particle amplitudes. The algorithm is

general with respect to the reference configuration and the

excitation operator. The present implementations allows for the

calculation of RASCI states with an even number of electrons.

Following, I present a brief recompilation of the general

notation that is used throughout this article. Then, I discuss the

general formalism of the RASCI(h,p) methodology and describe

the algorithm used and some important details of its computa-

tional implementation. Finally, I illustrate the possibilities of the

method and its new implementation in three examples.

Notation

This section has been included for the sake of clarity and

contains the details of the chosen notation for the terms and

parameters used in this manuscript.

The spin-orbit notation will be used throughout this work,

with indices i,j,k,… indicating orbitals belonging to RAS1,

s,t,u,… for the RAS2 orbitals, and a,b,c,… for the RAS3 orbitals.

Greek indices l, m, k, … will denote RAS1, RAS2, and RAS3

orbitals. This study assumes that all molecular orbitals are

orthogonal to each other. The total number of active electrons

and orbitals will be indicated by Nelec and M, while O, m, and

V will correspond to the orbitals in each subspace RAS1, RAS2,

and RAS3. The r subindex denote spin and can take the values

a or b. Parameters nH and nP indicate the maximum number of

allowed holes in RAS1 and particles in RAS3. nelec correspond

to the total electrons in RAS2 when the RAS1 orbitals are

doubly occupied and there are no electrons in RAS3 (nelec ¼
Nelec " 2O). The two spin contributions to nelec will be indi-

cated as na and nb (or nr for either case). For the sake of

simplicity, the spin subindex will be omitted (n) if not neces-

sary. A summary of the notation for some of the parameters

associated to each subspace can be found in Table 1.

Chemists’ notation will be used to express the two-electron

integrals between l, m, k, and q spatial orbitals:

ðlmjkqÞ ¼
Z

/%
lðr1Þ/mðr1Þ

1

r12
/%
kðr2Þ/qðr2Þdr1dr2 (1)

Methodology

In the RASCI method, the active orbital space is divided into

three subspaces, that is, RAS1, RAS2, and RAS3. The RASCI

wavefunction is defined through the restrictions on the

number of orbitals and the allowed electrons in each sub-

space. Following these restrictions, the wavefunction can be

constructed by initially taking all determinants with nelec elec-

trons in the m orbitals of RAS2 [a reduced full-CI (FCI)], all O

orbitals in RAS1 being doubly occupied, and all V orbitals in

RAS3 fully virtual. Then, the wavefunction is expanded by add-

ing all those configurations with up to nH holes in RAS1 and

nP electrons in RAS3. In the end, the RASCI electronic wave-

function is built as a linear combination of all possible deter-

minants |Ri [eq. (2)] subjected to the definition of RAS1, RAS2,

and RAS3 spaces.

jRASi ¼
X

R

CRjRi (2)

The set of CR coefficients in eq. (2) defining the RAS state and

its energy E are obtained by diagonalizing the RAS block of

the full Hamiltonian [eq. (3)].

X

R

hLjĤjRiCR ¼ E CL (3)

The typical size of the CI vector requires of an iterative proce-

dure, as the Lanczos[42] or Davidson[43] methods, to solve the

eigenvector equations. The calculation of the updated CI

response resulting from the action of the one and two body

operators on the CI vector is the most demanding step in

Table 1. General notation used in this work.

Subspace No. orbitals

Maximum
number of
electrons

Minimum
number

of electrons Indices

RAS1 O 2O 2O " nH i, j, k, . . .
RAS2 m nelec þ nH nelec " nP s, t, u, . . .
RAS3 V nP 0 a, b, c, . . .
RAS1þ2þ3 M Nelec Nelec

[a]l, m, k, …

[a] Greek letters will be used to indicate orbitals belonging to any sub-
set RAS1, RAS2, or RAS3. They can be also used to only refer to the
RAS1 and RAS3 subspaces. In such case, it will be clearly indicated in
the text.
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SF precursor  1TT Ŝ2 1TT = s(s+1) 1TT



Singlet Fission: electronic states 

1TT  = 

T0T0 T-1T1 T1T-1 

5TT 

Reference 

SF precursor  1TT Ŝ2 1TT = s(s+1) 1TT
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