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Abstract

Electromobility promises to have a strong impact
in several aspects of our life: introducing new
means of transport concepts, proposing new busi-
ness models and allowing to create new vehicle
configurations impossible with traditional combus-
tion engines. Regarding the latter, this paper
presents a novel torque distribution strategy for a
4 in-wheel electric vehicle which aims to reduce the
total longitudinal slip. The control strategy is de-
signed off-line supported by a simulator and tested
both in simulation (with a different model from the
used for designing) as well as on a real sized pro-
totype. The results show that the total longitudinal
slip is successfully reduced after applying the con-
trol strategy and additionally, the radius described
by the vehicle while cornering is slightly closer to
the theoretical Ackerman radius.

KeyWords: Torque Distribution, Torque Vec-
toring, In-wheel electric motors.

1 Introduction

The important energy implications of hybrid and
electric vehicles have been extensively discussed
[7, 1], and they are considered key points regarding
several environmental problems’ solution. The in-
terest in the development of these vehicles is grow-
ing and that, together with the greater demand,
encourages the industry to produce new kinds of
hybrid and Electric Vehicles (EVs) in mass. How-
ever, the EVs convenience is not limited to the en-
ergetic aspects. The own nature of electric motors
presents several advantages over internal combus-
tion engines [9], such as:

• Faster torque response.

• Measurable output torque through motor
current.

• In-wheel configuration.

• Regenerative breaking.

• Less consumption.

• New control possibilities.

These advantages motivate the existence of re-
search trends for developing traction control meth-
ods. In that sense, the concept of electronic differ-
ential was proposed in [9, 19], and more recently,
its use for enhancing the vehicle behavior and the
safety under certain circumstances (Torque Vec-
toring (TV) control) is being studied [4] .

Several approaches have been used to face this
problem [8, 17, 3, 6]. De novellis et al. in [13, 5]
classify them in four groups, depending on the
used strategy:

• Minimization of the overall input motor
power.

• Minimization of the standard deviation of
longitudinal tire slip with respect to the av-
erage slip of the four wheels.

• Minimization of the total longitudinal slip
power loss.

• Minimization of the average combined tire
force coefficient.

They also use a car simulator to compare con-
trollers with different criteria. Despite not having
a widely accepted approach, they conclude that
the total longitudinal slip power loss option car-
ries several advantages compared with the others.
In that sense, this paper adopts an analogous total
longitudinal slip reduction criteria.

The main contribution of this work consists of an
adaptive torque allocation strategy designed off-
line which reduces the total longitudinal slip. The
control strategy design makes use of a vehicle dy-
namic model tuned with a real prototype named
FOX [12], and subsequently it is tested over the
real vehicle and a more accurate and validated
model [12, 18].

The present paper is organized as follows. The
real vehicle is described in Section 2. The dynamic
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Figura 1: Fox vehicle.

model is exposed in Section 3. The controller de-
sign methodology is presented in Section 4. Sec-
tion 5 describes the tests whose results are shown
and discussed afterwards in Section 6. Finally,
Section 7 includes some conclusions and future re-
search threads.

2 Vehicle Description

The FOX vehicle is based on the chassis of the
Silver Car S2 racing car. It was slightly modified
for the best fitting of the new elements and for
adding a second seat. The bodywork is the same
as the original S2 car. Figure 1 shows the vehicle
completely mounted. The main components of the
vehicle are:

Motors

The car is powered by four brushless hub motors, 7
kW power each, driven by commercial converters.
The characterization of the motors, provided by
the manufacturer, is shown in Fig. 2.

Batteries

The power source is composed by six packs of four
cells of LiFeMnPO4 batteries. Their main specifi-
cations are shown in table 1 (data supplied by the
manufacturer). These batteries are controlled by a
commercial Battery Management and Monitoring
Systems (BMS).

Sensors

Several sensors of different types have been in-
stalled in the car, with two aims: set the param-
eters of the model and, in the end of the mod-
elling process, compare the results with the real
case, and validate the model, and measure some
parameters to obtain the state of the vehicle and
the signals set by the driver, so the controller ac-
tuates consequently.
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Figura 2: In-wheel motor characterization.

• Inertial Measure Unit (IMU): this device
measures the linear and angular accelerations
in the three axis, as well as the magnetic
field. It also include a Global Positioning Sys-
tem (GPS), that will add an external position
measurement. The IMU installed in the vehi-
cle is the model 3DM-GX3-35, from the man-
ufacturer Microstrain.

• Accelerator: 0 to 5 volts signal, proportional
to the pedal position.

• Brake pedal sensor: potentiometer. Nominal
resistance: 10 kω. Accuracy: 0.034%.

• Steering Wheel angle sensor.

Tabla 1: Specifications of the batteries.

Nominal Voltage 12.8V (4x3.2 V)
Nominal Capacity 100 Ah

Operation Voltage Range 11.2 to 14.4V
Weight 12.9 kg

Dimension 270x140x241 mm
Max Charging Current 3C
Max Discharge Current 3C (cont.) / 10C (pul.)

Cycle Life >2000
Operating Temperature 20 to 65 oC
Self Discharge Rate <3% monthly
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Figura 3: Coordinate Systems

3 Modeling

The control strategy detailed in Section 4 uses a
simplified vehicle dynamic model that is presented
in this Section.

Model architecture

The model consists of four wheels and one vehi-
cle body rigidly connected where only the front
wheels can be steered. As mentioned before, the
torque requested by the driver can be applied over
the four wheels and its distribution can change dy-
namically.

Different coordinates systems are considered (Fig-
ure 3): an inertial coordinate system defined as a
fixed system, the center of gravity coordinate sys-
tem with its origin in the center of gravity of the
vehicle and finally, one coordinate system for each
wheel.

Vehicle kinematics

The kinematic equations referred to the Center of
Gravity (CoG) and the fixed coordinate system
are formulated as follows [11].

−→v COGCOG
=

[

vCOG cos(β)
vCOG sin(β)

]

(1)

−→v COGFIX
=

[

vCOG cos(β + ψ)
vCOG sin(β + ψ)

]

(2)

−→a COGFIX
= vCOG(β̇ + ψ̇)

[

− sin(β + ψ)
cos(β + ψ)

]

+

+ v̇COG

[

cos(β + ψ)
sin(β + ψ)

]

(3)

−→a COGCOG
= vCOG(β̇ + ψ̇)

[

− sin β
cos β

]

+

+ v̇COG

[

cos β
sin β

]

(4)

Where vCOG is the vehicle speed, β is the side
slip angle (the angle between −→v COG and −→x COG),
and ψ is the yaw angle (Figure 4).
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Figura 4: Velocities
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Tire kinematics

Wheel velocities are calculated following Equa-
tions 5-8 for small values of β.

−→v WFLCOG
=

[

vCOG cosβ − ψ̇AF

vCOG sinβ + ψ̇a

]

(5)

−→v WFRCOG
=

[

vCOG cosβ + ψ̇BF

vCOG sinβ + ψ̇a

]

(6)

−→v WRLCOG
=

[

vCOG cosβ − ψ̇AR

vCOG sinβ + ψ̇b

]

(7)

−→v WFLCOG
=

[

vCOG cosβ + ψ̇BR

vCOG sinβ + ψ̇b

]

(8)

Where AF, AR, BF, BR a and b correspond to the
car dimensions as illustrated in Figure 3.

Figure 4 shows all the velocities described in this
section as well as the side slip angles (α’s) that
are calculated using each wheel velocity vector [16,
p. 316] as Figure 5 and Equation 12 show.

αFL = δWFL
− arctan

vCOG sinβ + ψ̇a

vCOG cosβ − ψ̇AF

(9)

αFR = δWFR
− arctan

vCOG sinβ + ψ̇a

vCOG cosβ + ψ̇BF

(10)

αRL = − arctan
vCOG sinβ − ψ̇b

vCOG cosβ − ψ̇AR

(11)

αRR = − arctan
vCOG sinβ − ψ̇b

vCOG cosβ + ψ̇BR

(12)

Actas de las XXXVI Jornadas de Automática, 2 - 4 de septiembre de 2015. Bilbao 
ISBN 978-84-15914-12-9  © 2015 Comité Español de Automática de la IFAC (CEA-IFAC) 519



ω

TReRi

FWReRi

re ReRi

ReRi

Figura 6: Tire dynamic balance

Wheel slip calculation

This work adopts Buckhardt formulation (Equa-
tions 13-14) to calculate the Longitudinal Slip
(LS) and the Side Slip (SS) value [11, 16].

LS =

{

ωr cosα−vW
vW

if ωr cosα ≤ vW
ωr cosα−vW

ωr cosα if ωr cosα ≥ vW
(13)

SS =

{

ωr sinα
vW

if ωr cosα ≤ vW
tanα if ωr cosα ≥ vW

(14)

where ω is the angular velocity of the wheel and r
is its radius.

Vehicle dynamics

The longitudinal/lateral force balance over the
body of the vehicle and the equilibrium of mo-
ments on the tires are needed to calculate the ac-
celerations.

Vehicle body dynamics

The force balance equations which allow to calcu-
late the system accelerations are the next:

v̇COG =
cos β

m

[

∑

FX

]

+
sin β

m

[

∑

FY

]

(15)

β̇ =
cos β

mvCOG

∑

FY −
sin β

mvCOG

∑

FX − ψ̇ (16)

JZ ψ̈ = [FYFL
+ FYFR

] a− [FYRL
+ FYRR

] b+

+ FXFR
BF − FXFL

AF + FXRR
BR − FXRL

AR

(17)

Where:

∑

FX =
∑

(

FWXij
− Frollij

)

− Faerox (18)
∑

FY =
∑

FWYij
− Faeroy (19)

Tire dynamic balance

The forces experienced on each wheel are shown
in Figure 6 and its dynamic balance corresponds
to Equation 20:

IWω̇ = T − reffFW (20)

where IW is the moment of inertia of the wheel,
ω̇ is the tire angular acceleration (rad/s2), T is
the torque applied (Nm), reff is the effective tire
radius (m) and FW is the force transmitted by the
wheel (N).

Forces description

The different forces that act over the vehicle are
gathered in this Section.

Aerodynamic force

The aerodynamic force [16, p. 97,p. 331] is calcu-
lated with Equation 21.

Faero = CaxSfront/2ρav
2
x (21)

where Faero is the aerodynamic resistance (N),
Cax is the aerodynamic resistance coefficient [10],
Sfront is the frontal area (m2), ρa corresponds to
the air density (kg/m3) and vx is the vehicle lon-
gitudinal velocity (m/s).

Friction forces

The friction model used in this work is the one
proposed by Buckhardt in [2][16, P. 319]. It mod-
els the friction force as a static friction and ap-
proximates the tire characteristic through a linear
relation with the vertical load in each wheel. Be-
sides he splits it in two components for each wheel:
one in the direction of vW (FL) and other one per-
pendicular to that (FS).

The longitudinal and lateral friction coefficients
are calculated through two auxiliary parameters
SRes and µRes (Equations 23-22).

µ(SRes) = c1
(

1− e−c2sRes
)

− c3SRes (22)

SRes =
√

LS2 + SS2 (23)

Where coefficients c1, c2 y c3 take different values
according to the road conditions [16, p. 322].

Longitudinal and lateral friction coefficients are
calculated as follows:

µL = µRes
LS

SRes
µS = µRes

SS

SRes
(24)

With that information, the forces produced in the
tires are calculated with Equation 25

√

F 2
WL

+ F 2
WS

≤ µResFZ (25)

Roll resistance

Roll resistance is calculated with Equation 26.

Froll = froll
∑

i={Fr,Re}

∑

j={Le,Ri}

(FZij
) (26)

Where froll is the friction coefficient [15].
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Figura 7: Experimental steering angles relation
obtained from Fox.

Vertical load

Neglecting suspension effects, each vertical force
can be calculated separately with Equations 27,
28, 29 and 30 [11].

FZFL
= m

(

b

a+ b
g−

hCOG

a+ b
aXCh

)

·

·

[

1

2
−

hCOGaYCh

(AF +BF)g

] (27)

FZFR
= m

(

b

a+ b
g−

hCOG

a+ b
aXCh

)

·

·

[

1

2
+

hCOGaYCh

(AF +BF)g

] (28)

FZRR
= m

(

a

a+ b
g+

hCOG

a+ b
aXCh

)

·

·

[

1

2
−

hCOGaYCh

(AR +BR)g

] (29)

FZRL
= m

(

a

a+ b
g+

hCOG

a+ b
aXCh

)

·

·

[

1

2
+

hCOGaYCh

(AR +BR)g

] (30)

Steering geometry

The relation between the steering and the two
wheels steering angles has been obtained exper-
imentally from Fox. Figure 7 shows the resulting
relation.

Validation

After tunning the model parameters, the compar-
ison between the model behavior and the real one
reports an enough grade of similarity to consider
the model suitable for being used in the control
design stage. Figure 8 shows the comparison of
the accelerations registered during a real test and
the ones reported by the simulation using the real
input signals.

time (s)

time (s)
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(m

/s
 )

y

2
a 

(m
/s

 )
x

2

Figura 8: Accelerations comparison between the
real signal measured (gray) and the reported by
the simulation (blue)

4 Torque Distribution

The torque distribution strategy consists of the
next steps. First, a set of simulation scenarios
is defined by selecting the vehicle steering angle
and speed for each of them. In every simulation,
an objective function value under different torque
distribution conditions is measured and among all
those values, the minimum is considered the opti-
mal. Those points are subsequently processed to
obtain a continuous and smooth evolution that re-
lates driving conditions (steering angle and speed)
to the optimal torque distribution.

Problem formalization and nomenclature

Given a certain torque T requested by the driver
and a set of external variables Ω, the best torque
distribution ∆ which minimizes the total longitu-
dinal slip ratio LS is calculated.

∆ = argmin∆

∑

LS(T,Ω) (31)

Where the torque demanded T is given by the
position of the accelerator and Ω comprises the car
speed vc and the steering angle α (Ω = {vc, α}).
The torque distribution is defined by the value of
the following parameters:

∆ =
{

δFr δFrLe δReLe

}

(32)

where:

• δFr ∈ (0, 1) represents the longitudinal axis
torque distribution.

• δFrLe ∈ (0, 1) represents the lateral torque
balance on the front axle.

• δReLe ∈ (0, 1) represents the lateral torque
balance on the rear axle.
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Figura 9: Torque distribution

Consequently, the torque allocated in each wheel
is expressed by:

TFrLe = TδFrδFrLe (33)

TFrRi = TδFr(1− δFrLe) (34)

TReLe = T (1− δFr)δReLe (35)

TReRi = T (1− δFr)(1− δFrLe) (36)

Where the subscripts Fr, Re, Le and Ri denote the
front, rear, left and right wheels respectively.

Control design

The parameters range considered to generate the
set of simulations commented at the beginning of
this section are:

• v ∈ (0, 20] m/s

• α ∈ [−αmax, 0). Where αmax is the maxi-
mum steering angle and only negative values
are considered since a symmetric behavior is
assumed.

• δi ∈ (0, 1)∀i = {Fr,FrLe,ReLe}.

For each simulation scenario defined by a pair
steering angle-speed, every combination of torque
distribution is tested. The one resulting in the
minimum total longitudinal slip in steady state is
considered the optimal.

By processing the resulting points, three tables
describing the torque distribution strategy are ob-
tained (one for each component of ∆). A possible
representation of such tables is shown in Figure 9
where for each pair speed-steering, the resulting
torque allocation can be easily obtained.

The results shown in Figure 9 can be justified con-
sidering the vertical load that the wheels receive
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Figura 10: Red: Torque evenly distributed, Gray:
Torque distribution according to control

in each scenario. The vertical load is related to
the maximum torque that a wheel admits without
sliding (Equation 25) and, since the objective is
reducing the longitudinal slip, it is reasonable to
assign a greater torque to those wheels receiving
more vertical load.

Descriptively, the torque allocation strategy shows
a tendency from equally distributed torque to rear
axle torque allocation with speed as well as a tran-
sition from an evenly torque distribution to an
outer-turn torque balancing with speed and steer-
ing angle.

5 Tests

The control strategy proposed above has been
tested in simulation (using a more detailed FOX
model presented in [18]) and on the real proto-
type. This Section presents the scenarios used in
both cases.

The scenarios selected aim to register how the con-
trol behaves under different lateral acceleration
conditions and for that, the steering angle and the
speed have been varied from one test to another.

It has to be noticed that, since a symmetric behav-
ior around the longitudinal axis is assumed, only
left-hand turning are performed.

Simulation Tests

The simulation tests comprise a set of maneu-
vers to compare the longitudinal slip evolution ob-
tained with an evenly torque distribution and the
proposed control.

These scenarios correspond to a curve trajectory
described at constant steering angle and at con-
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Figura 11: Real test: maneuver #1

stant speed as Figure 10 illustrates. The control
performance is evaluated with the longitudinal slip
reduction value measured during the simulation
(Equation 37). Additionally, the difference with
respect to the theoretical Ackerman radius is mea-
sured with Equation 38 to obtain further conclu-
sions.

LSRed = LSEvenly − LSControl (37)

RRed = |REvenly−RAck|− |RControl−RAck| (38)

Real Tests

The strategy developed was also tested on the
real car with the intention of proving its imple-
mentability as well as the performance reported
in simulation. During the tests, two different ma-
neuvers were described: on the one hand, a 180
degrees turning (e.g. Figure 11) with an approxi-
mately constant radius (around 8 m) with differ-
ent speeds (as high as possible given the testing
area), and on the other hand, a circular trajec-
tory (e.g. Figure 12) described as fast as possible
attempting to provoke a sliding.

It is worth stressing that, since the addressed con-
trol strategy changes the way in which the torque
is distributed, the maneuvers should be described
while some amount of torque is requested to no-
tice the controller effect. Otherwise the vehicle
behavior wouldn’t depend on the control and no
difference would be expected.

6 Results

This Section presents the most significant results
extracted from the tests detailed in the previous
Section.
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6.1 Simulation Tests

Simulations report a longitudinal slip reduction in
virtually all the cases tested. The slip reduction
obtained in each case is shown in Figure 13 from
where it is possible to observe the situations in
which the control has a stronger influence. In par-
ticular, for those situation corresponding to high
speeds and small radius trajectories, the control
proposed presents a higher total longitudinal slip
reduction in absolute terms.

Additionally, it can be observed that the final tra-
jectory described by the vehicle is closer to the
ideal trajectory given by the theoretical Acker-
man radius. Figure 14 shows the radius reduction
achieved in different conditions.

Real Tests

The analysis of the signals measured during the
real tests presents some difficulties. On the one
hand, the variable being optimized can’t be mea-
sured directly from the real prototype. In conse-
quence, the simulator has to be used to obtain it
from the real input signals. On the other hand,
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in the same way that in the simulation tests, it
would be desirable to apply exactly the same in-
put signals two times: a first time with an evenly
distributed torque applied and a second time with
the control activated. However, it is virtually im-
possible to replicate the same input signals and the
same external conditions from one test to another.
For these reasons, the real tests analysis is done
by applying the real speed and steering signals to
the simulator, and carrying out one simulation for
each torque allocation strategy.

Regarding the numerical results, figures 15 and 16
show two representative results extracted from a
pair of simulations (one for the 180 degree turning
case and the other for the circular trajectory case)
carried out with the real input signals. It can be
seen how the longitudinal slip ratio decreases dur-
ing all the simulation, with the greatest diminu-
tions taking place when the grater speed values
are registered.

Furthermore, the driving feelings during the tests
are the next: during 180 degrees turning situa-
tions, although a slight enhancing in terms of ma-
neuverability in the control case was experienced,
both strategies felt very similar as a consequence
of the maximum speed limitation.

During the sliding test, since the trajectory radius
reached was smaller, the difference was more no-
ticeable and it was harder to do the vehicle slide
with the control applied.

7 Conclusions

Torque distribution strategies, up to now, have
been hardly tested on real sized prototypes, be-
ing based strictly on simulation results instead.
Besides, almost all of them are on-line strategies
which assume being able to measure accurately
the value of specific variables in real time. Among
them, lot of works assume having available the
value of the slip, and others parameters whose val-
ues are enclosed to a high grade of uncertainty.
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Figura 15: Real test #1. Total longitudinal slip
in a 180 degree turning. Red: Torque evenly dis-
tributed, Gray: Torque distribution according to
control
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Figura 16: Real test data #2. Total longitudinal
slip in a circular trajectory. Red: Torque evenly
distributed, Gray: Torque distribution according
to control

The approach here presented is simple-to-use
while enhances the behavior experienced in terms
of longitudinal slip. In contrast with other ap-
proaches, this strategy is designed and tuned off-
line, what makes the strategy to be far from be-
ing optimal in some circumstances. Despite this,
it always entails an improvement compared to an
equally torque distribution configuration.
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