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Abstract: This manuscript presents an innovative methodology for the assessment of the friction torque
of ball slewing bearings. The methodology aims to overcome the limitations of state-of-the-art
approaches, especially when the friction torque is conditioned by the preload of the balls. To this end,
the authors propose to simulate the preload scatter when solving the load distribution problem, prior to
the friction torque calculation. This preload scatter allows to simulate a progressive transition of the
balls from a four-point contact state to a two-point contact one. By implementing this capability into
an analytical model, the authors achieve a successful correlation with experimental results.
Nonetheless, and depending on the stiffness of the structures to which the bearing is assembled, it is
demonstrated that the rigid ring assumption can lead to inaccurate friction torque results when a tilting
moment is applied. The methodology described in this research work is meant to have a practical
application. Therefore, the manuscript provides guidelines about how to use and tune the analytical

model to get a reliable friction torque prediction tool.

Keywords: slewing bearing, ball bearing, friction torque, preload scatter

Nomenclature
0o Ball-raceway initial contact angle
S Ball rotation angle
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C Constant parameter for the friction torque
Dw Ball diameter
Dow Pitch diameter of the ball set

i Number of ball rows

¥l Coefficient of friction

m Mean effective preload

RMSE Root Mean Square Error

MRE Mean Relative Error

M Friction torque

S Ball-raceway contact osculation ratio

SD Standard Deviation of the effective preload
z Number of balls per row

1. Introduction

Ball slewing bearings are four- or eight-point angular contact bearings that are used for orientation
purposes in many applications. Currently, they play an essential role in wind turbine generators, where
they are used to control the yaw system (yaw bearing) and the pitch angle of the blades (blade bearings).
A precise control of these components is needed to achieve the best performance of the wind turbine
and this requires characterising the bearing behaviour under operating conditions. An accurate
prediction model of the bearing performance is useful not only to actuate the orientation system, but
also to optimize the bearing during the design process. For this purpose, the National Renewable
Energy Laboratory (NREL) [1] and some bearing manufacturers [2,3] give simple and practical
formulas for the estimation of the friction torque. These formulas are generic and do not consider many
aspects that affect the friction torque, like the osculation ratio of the ball-raceway contact or the preload
of the balls. However, they are very useful to roughly estimate the friction torque under specific load

conditions. This work is focused on the analysis of the friction torque of ball slewing bearings and how
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to obtain more reliable estimations of this key parameter.

To calculate the friction torque in two-point angular contact bearings, there exist approaches like the
one proposed by Houpert [4], where the contribution of different sources of friction are calculated
separately and they are summed to obtain the total torque. Manufacturers also give similar formulas
for their conventional (not slewing) bearings [5,6]. More advanced approaches have been also proposed
for angular contact ball bearings, like the recent one by Zhao et al. [7]. These formulas can be applied
to four-point contact bearings if they only bear axial forces, since in this case, they work like two-point
angular contact bearings. However, they are not valid for ball slewing bearings, either for those with
one row (four-point contact bearings) or with two rows (eight-point contact bearings). In slewing
bearings, the rolling elements are usually assembled with preload (negative clearance) and bear not
only axial loads, but also bending moments and radial forces. This fact affects greatly ball kinematics
and the friction torque, making approaches in [4-6] not applicable. With this in mind, and on the basis
of Jones's work [8] for angular contact ball bearings, Leblanc and Nelias [9,10] proposed a model to
solve the load distribution and ball kinematics in four-point contact bearings subjected to any load
combination, either assembled with clearances or preloaded. These approaches [8-10] assumed rigid
rings and full sliding in the ball-raceway contacts. Once the load distribution and ball kinematics are
known, the friction torque can be computed. Later, Joshi et al. [11] particularized the previous approach
for slow-speed applications, which is mostly the case of slewing bearings. Moreover, the approach was
also validated, obtaining a good correlation with the experimental results of the friction torque.
Regardless of the capabilities of the approach, it presents convergence issues, which can be overcome
as proposed by Heras [12]. Besides that, the friction torque of slewing bearings can also be calculated
using the Finite Element Method (FEM) [13-15], although it requires a high computational cost.
Nevertheless, this method allowed Heras et al. [12,14] to study the stick-slip regions in ball-raceway
contacts. From these works, it was concluded that, even if the stick regions affect the shear stresses in

the contacts, their effect on the friction torque is almost negligible. For this reason, it was concluded
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that the full-sliding hypothesis in [9-11] is acceptable when calculating the friction torque in ball
slewing bearings. It is worth mentioning that, in [13], the effect of manufacturing errors in the friction
torque was studied using the FEM. This research work demonstrated that, when the friction torque is
conditioned by the preload, manufacturing errors can significantly affect it.

As stated before, the load distribution and ball kinematics must be known in order to make a reliable
estimation of the friction torque. According to [11], assuming low speeds allows decoupling the load
distribution problem and the solution of the kinematics. Therefore, the former can be solved
independently, for which different approaches exist. In this regard, analytical approaches based on
contact geometrical interferences can be used, like the one proposed by Aguirrebeitia et al. [16,17],
where rigid rings are assumed. Other authors [13,15,18] considered the flexibility of the rings and the
surrounding structures in their models. Nevertheless, due to its versatility, using the FEM constitutes
the common practice to consider the flexibility of the system, regardless of the high computational cost
[19-26]. In this sense, there exist different techniques to make FE models more efficient by substituting
the balls by non-linear springs that simulate the flexibility of the contacts. From the research works
which consider the flexibility of the system, it is concluded that it has a high impact on the load
distribution. Regarding the manufacturing errors, it must be noted that they affect the friction torque
insofar as the load distribution is affected by them. Some works simulate the manufacturing errors by
means of analytical approaches [13,15], while others used FE techniques [27,28].

Regarding friction torque experimental data in the literature, there exist many works that perform tests
with radial, axial or angular contact bearings [4,29-32]. However, there is no extensive literature on
the friction torque tests with ball slewing bearings. Long et al. [33] studied the effect of the contact
angle for a four-point contact bearing with clearance and under axial load, but under these load
conditions, it behaves like a regular angular contact bearing. Joshi et al. [11] conducted some
experimental tests for an axially loaded small-sized four-point contact bearing, considering both

preload and clearances. Yet, in the preloaded case, they considered loads where the balls always had



101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

four points in contact, thus not representing what happens when the load is increased and a transition
happens, where the balls switch from four to two contact points. Later, Heras et al. [34] performed
experimental tests to study this transition in a small-sized ball slewing bearing. Additionally, the
experimental tests were compared with the analytical results obtained using Joshi’s approach [11]. The
same year, Stammler et al. [35], from the Fraunhofer IWES, published a research work with normalised
friction torque results obtained experimentally. Since the results were normalized, they could not be
used for comparison purposes with data from other sources. The latest and more complete experimental
results for ball slewing bearings were performed and published by Menck et al. [36], also from the
Fraunhofer IWES. In this research work, friction torque tests were performed for three different sizes
of ball slewing bearings (blade bearings), working under axial forces and bending moments.

The main goal of this manuscript is to propose an innovative methodology to predict the friction torque
in ball slewing bearings. In particular, this work is focused on the transition of the contact state of the
balls from four to two contact points. This transition has been observed in experimental tests [34,36]
and reproduced through FE simulations [14]. Nonetheless, using current analytical formulations [11],
the transition occurs abruptly for axial loads [34] and does not agree with experimental tests. Thus, to
smooth the transition, in this manuscript the authors propose to consider a scatter in the preload of the
balls when calculating the friction torque analytically, instead of assuming the same preload in all the
balls. After proving the versatility of this proposal through a sensitivity analysis, the parameters of the
model are tuned for a particular case, in order to fit experimental test results for axial load and bending
moment [36]. Additionally, the effect of the flexibility of the rings and the surrounding structures on
the friction torque is also studied. To conclude, different strategies are suggested to implement the
proposed methodology in different case scenarios, in order to achieve the most accurate friction torque
estimation model in each case.

2. Materials and methods

2.1. Problem description
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Slewing bearings usually work under high loads and rotate at very low speeds. Thus, the dynamic
forces can be neglected. This allows decoupling the load distribution problem and the friction torque
problem. Considering this, and using the approach in [11], the solid line in Figure 1 is obtained for one
of the bearings used by Menck et al. in [36]. Indeed, the figure also shows the experimental data
corresponding to that bearing.

When considering the geometry of a bearing with no defects neither in the raceways nor in the balls,
the analytical results do not adjust the experimental data, as it is shown in Figure 1. In this case, the
analytical model has been tuned by changing the preload of the balls, so it matches the experimental
results when the bearing is under no load condition, i.e. in an idling state, as it is observed in Figure 1

for an axial force of OkN.
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Figure 1. Friction torque experimental test results [36] and analytical tool results [34].

From the solid line in Figure 1 for the range from OKN to 75kN, it can be guessed that the loads are
distributed among the four contact points (see Figure 2a), increasing the friction torque with the applied
external force. While the axial load increases, the load at two contact points increases (opposite points
in one diagonal, see Figure 2a), while it decreases at the other two (the other diagonal). After a certain
axial load, the load difference between the two contact diagonals is high enough, so the ball kinematics
change and the friction torque decreases drastically. This can be seen in the solid line in Figure 1, for

the range from 75kN to 100kN. Once the ball-raceway contact status changes to two-point contact, a
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further increase in the applied axial force leads to a corresponding increase in the load on these contact
points, which implies higher friction torque. This can be appreciated in the solid line in Figure 1,
starting at 100kN.

In practice, it is never the case that all the balls have exactly the same ball-raceway contact force in an
idling state; in other words, the actual ball preload is not the same in all the balls after the bearing is
assembled and before applying any load. Therefore, this initial increase of the friction torque followed
by an abrupt drop does not occur in practice, as the experimental test results show in Figure 1. For a
better understanding of the phenomenon, the changes in the kinematics of a ball for an increasing axial
load are analysed below.

First, three zones are defined based on the evolution of the contribution of one ball to the total friction
torque of a bearing subjected to an axial load (see Figure 2b). These zones are determined according

to the contact status of the balls and are easily identifiable.
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Figure 2. a) Contact loads evolution in a preloaded ball for an increasing axial load: no load (left), low-load (middle) and

high-load (right). b) Friction torque curve zones definition based on the contact state of a ball.
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In the first zone, referred to as the four-point contact zone, the axis of rotation of the ball is parallel to
the axis of rotation of the bearing, so both rolling and spinning happen in ball-raceway contacts. This
can be seen in Figure 2b, where the axis of rotation of the ball is represented. In the idling state, the
ball has four equally loaded contact points due to the preload.

When the axial load increases, not only increases the load at two of the contact points as stated before
but also affects the ball-raceway contact angle. This fact causes the angle of rotation of the ball 8 to
change slightly in this first zone, as shown in Figure 2b. The increase of the normal contact forces in
these two points involves higher frictional forces, thus increasing the friction torque. At the same time,
the load at the other two contact points decrease, together with the rolling component at these points,
and increases the spinning component, which also has an influence on the increase of the friction
torque.

In the second zone, called the transition zone, two of the contacts have already lost a large part of their
load. This fact makes the two most loaded contact points change to a rolling state without almost any
spinning, so that the axis of rotation of the ball is almost perpendicular to the dominant contact diagonal.
This change in the kinematics causes a drop in the contribution of the ball to the friction torque of the
bearing (see Figure 2b).

Finally, in the area referred to as the two-point contact zone, the previously less loaded contacts become
completely unloaded, leaving the other two to support the entire applied load. In this area, the
contribution of the ball to the friction torque of the bearing increases with the axial load as seen in
Figure 2b.

After analysing the kinematics of one ball, the drop in the analytical approximation of the friction
torque for the entire bearing can be justified, for an axial load (solid line in Figure 1). The point is that,
if all the balls in the bearing are subjected to the same conditions, they will experience the same
evolution as the one in Figure 2b, simultaneously. Thus, the drop that happens for one ball is reproduced

in the whole bearing. Contrarily, the experimental results (see experimental results in Figure 1) show
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a smooth evolution of the friction torque with the applied axial load. This observation can be justified
if we assume that the balls gradually move from four to two contact point state, but not at the same
time. This gradual transition can be caused because, in practice, the actual preload is not the same for
all balls. Figure 3 shows how different ball preloads cause the transition to occur at different points,
according to the analytical approach. Therefore, having different preloads in each ball, will cause the
transition of each one to happen for a different axial load, thus smoothening the drop observed in the

friction torque of the whole bearing.

Preload 0 < Preload 1 < Preload 2 < Preload 3

Friction Torque

)

Axial Force

Figure 3. Contribution to the friction torque of a ball for different preload levels.

Finally, the difference in the friction torque in the two-point contact zone between analytical results
and experimental data is almost constant in Figure 1. This could be due to the effect of different
elements, like the seals or the cage, acting as a constant source of friction torque. The constant effect
of these elements can be seen in the experimental results of [36], where a bearing was disassembled to
remove the seal and its contribution to the frictional torque was found to be almost constant.

In short, the difference in the actual preload of the balls can justify the mismatch between the analytical
and experimental results. Therefore, this is adopted as the main hypothesis on which the method
presented in this paper is founded. In this regard, two main factors may account for the difference in
the actual preload of the balls: the manufacturing errors of the raceways and the assembly process of
the bearing to the surrounding structures. On the one hand, raceway manufacturing errors alter the
preload of the balls, which causes some of them to be more or less loaded than expected (or even have

clearances). Meanwhile, the manufacturing errors of the balls are almost negligible, as they are
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measured and classified. On the other hand, due to the flexibility of the rings, the preload level of the

balls may vary caused by the bolt-tightening process [23], when assembling the bearing to the

surrounding structures. Besides, the load distribution can be affected by the lack of axisymmetry of
those structures.

2.2. Proposed approach

According to the presented hypothesis that explains the lack of accuracy of the analytical approach, in

this paper, the preload is proposed to be simulated by means of a statistical distribution. This aims to

solve the limitations of the analytical approach, described in the previous section. The details regarding

this approach and the implementation of the preload scatter are given in Section 2.3.

This work consists of a series of successive works that are explained below. The following points also

offer a general overview of the manuscript, describing the content of each section:

e In order to test the capabilities of the proposed approach to reproduce the experimental results, a
sensitivity analysis is performed to study the influence of the statistical distribution parameters on
the evolution of the friction torque. The effect of other parameters is also studied. This study is
described in Section 3.

e From the results of the previous study, a procedure is presented to tune the analytical model in order
to fit the experimental data obtained by Menck et al. [36]. This procedure is explained in Section
4, where the main results of this manuscript are presented.

e The effect of the flexibility of the rings and the surrounding structures is studied through finite
element analyses (FEA). This effect is especially relevant in the case of an applied bending moment,
as can be seen in Section 5.

e Finally, from all the previous results, different strategies are suggested to apply the proposed
approach in different case scenarios. (See Section 6)

2.3. Description of the analytical model

As introduced in Section 2.1, the calculation of the friction torque for ball slewing bearings involves

10
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two consecutive stages. The first stage consists in estimating how the load is distributed among the
individual ball-raceway contacts (load distribution problem). The second stage involves calculating the
friction torque as the sum of the friction torque contributions provided by each ball under the previously
calculated load state (friction torque problem).

For the load distribution problem, the model used in this research work considers only the local
deformations in the contact areas and does not account for the global deformations of the rings; i.e.
rigid rings are assumed. Since the stiffness of the bearing rings and the adjacent elements will differ
from one application to another, this assumption is adopted not only for simplicity but for the generality
of the approach. Thus, the contact interference model in [17] is used, which accounts for the contact
angle variation and the ball preload. Furthermore, the preload used in this study, defines the load state
of the balls after the bearing assembly process, which from now on will be called “effective preload”.
Thus, this “effective preload” accounts for manufacturing errors and ring deformations during the
assembly process, in concordance with [34].

For the implementation of the preload scatter, the model is provided with the capability of defining
the effective preload of each ball independently. In this work, the different values of the preload in the
bearing follow a normal distribution, since manufacturing errors are basically random. The normal
distribution is defined by two parameters, the mean value (m) and the standard deviation (SD). In
addition, the statistical distribution needs a seed number (seed no.) to be chosen for the Random
Number Generation (RNG), which for traceability purposes will remain constant.

For this stage, the inputs needed for solving the load distribution problem consist of the geometrical
parameters, the statistical parameters that define the effective preload (m, SD, seed no.) and the applied
external loads. The geometrical parameters involve the ball diameter Dy, the bearing mean diameter
Dpw, the osculation ratio of the contact s, the initial contact angle ao, the number of balls per row z and
the number of rows i. The outputs of the load distribution problem are the contact loads and contact

angles for each ball-raceway contact point.
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On the other hand, the friction torque problem depends on the mentioned outputs from the load
distribution model. The model used for this purpose in this work is mainly based on the approach
presented by Joshi et al. [11]. Once the problem is solved, the kinematics are known and the shear
stresses in each contact can be computed, which allows calculating the friction forces and the
contribution to the friction torque of each ball independently. The model used in the current work also
implements the strategies proposed by Heras [12] to solve the convergence problems in [11]. According
to the latter research, full sliding is considered in the current work, since considering regions in
adhesion gives almost identical results regarding the friction torque and has a higher computational
cost.

The model also considers an independent constant parameter C that is directly summed to the friction
torque result. This constant allows adjusting the friction torque curve when the shape of the analytical
results fits the experimental data, but an offset exists, like in Figure 1. Therefore, for solving the friction
torque problem, the input parameters needed consist mainly of the contact loads and contact angles for
each ball-raceway contact point (which are the outputs after solving the load distribution problem), the
coefficient of friction (p) and also some geometrical data (Dw, Dpw, S); the main output, in this case, is,
of course, the friction torque. Figure 4 summarises the calculation stages and their inputs to obtain the

bearing friction torque for the analytical model.

%) Applied Scattered Preload Bearing and C
A, Loads (m, SD and seed no.) Geometry K

=
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Figure 4. Calculation stages of the analytical model.
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2.4, Studied case

As explained in Section 2.2, the analytical model will be tuned to fit already existing experimental data
in [36] in order to check the capabilities of the proposed approach to reproduce the real evolution of
the friction torque, especially in the transition zone. The data of the geometry of the bearing tested in

[36] is summarised in Table 1.

Table 1. Bearing geometrical data.

Symbol Value Symbol Value
Dw 25.4 mm 0o 45°
Dpw 673 mm z 69

S 0.94 i 2

It must be noted that in [36], the bearings were tested in pairs, and the measured friction torque was
divided by two for the plots. Conversely, in the current work, the total friction torque corresponding to
both bearings is represented when studying the results. Moreover, the names of the experimental results

used in this paper are renamed according to Table 2 to maintain a clearer schema of the results.

Table 2. Experimental dataset names corresponding to the bearing pairs used for the experimental tests.

Experimental dataset name
Bearing pair [36]
(this manuscript)

143 and 144 Experimental data 1
172 and 173 Experimental data 2
162 and 163 Experimental data 3
174 and 175 Experimental data 4

Considering the data that is known for this case, the tuning parameters that will be used to adjust the

analytical model to experimental results are selected accordingly, and in concordance with the proposed

approach. Therefore, the tuning parameters will be:

e The statistical distribution parameters that define the effective preload (m and SD): manufacturing
errors are unknown and the effect of the assembly process on the effective preload cannot be
directly calculated.

13
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e The coefficient of friction (u): reference values are known from the literature [11,32,34], but it is
unknown for this specific case. The considered values when tuning the model must be near the ones
in the references.

e The independent constant (C): the effect of the phenomena related to this parameter (seals, cage,
etc.) cannot be directly estimated.

Therefore, according to the defined tuning parameters, the friction torque will be calculated as follows,

based on the analytical approach described in this section:

Mg = f(m,SD,u) +C

3. Study of the parameters

In this section, a sensitivity analysis of the tuning parameters selected in Section 2.4 for the studied

case is presented. The influence of these parameters in the evolution of the friction torque is therefore

studied when using the analytical procedure described in Section 2.3.

3.1. Statistical distribution parameters

In this section, the influence of m and SD in the studied case (see Section 2.4) is studied. Figure 5a

shows the effect of SD. It can be seen that in the transition zone (50kN - 100kN), the case with no

deviation of the effective preload (SD = Oum) shows a sharp variation of the friction torque. The plot
shows how this sharp variation can be smoothed by introducing a deviation to the effective preload
distribution. It can be seen that, as the value of the standard deviation increases, the idling friction
torque becomes higher. Furthermore, due to the smoothed behaviour of the transition zone, the
beginning of the two-point contact zone occurs for higher axial loads. For the case with zero standard
deviation, this occurs for an axial force of 100kN; for higher values of the standard deviation, the two-
point contact zone starts for axial forces in the range of 150kN to 300kN, for the considered cases.

Finally, once the two-point contact zone is reached, the friction torque does not vary significantly with

the standard deviation.

If the influence of m is analysed, as shown in Figure 5b, a similar effect is observed. Hence, the higher

14



317  mis, the higher the idling friction torque becomes. In addition, the friction torque requires a higher
318 axial load to reach the two-point contact zone. As it happened with SD, m does not affect the friction

319  torque once the two-contact point zone is reached.
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321 Figure 5. Effects of the standard deviation of the effective preload for constant mean preload m = 7.5um on the friction

322 torque analysis (a). Effects of the mean effective preload for constant standard deviation SD = 7.5um on the friction (b).

323 In the following, the effect of different seeds for the statistical distribution of the effective preload is
324  analysed. The seed no. affects the random number generation, which means that affects the scatter of
325 the effective preload. Changing the seed no. has a similar effect to changing the order of the balls inside
326  de bearing or rotating the bearing. When a bearing is subjected to a pure axial load, the azimuthal
327  position of a preloaded ball does not affect the fraction of the applied load it has to bear. Therefore, the

328  effect of changing the seed no. on the bearing friction torque would be negligible under an applied axial
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load. However, this does not happen for load cases involving radial or moment loads. Figure 6 shows
the effect of the seed no. for the case of an applied bending moment. The result of varying the seed
number causes a minor change in the absolute value of the friction torque, without almost varying the
shape of the curve. However, a greater effect could take place for different seed no. than the ones shown
in this example, or for different conditions (load or geometry). As an example, let’s consider that the
most preloaded balls turn out to be in the area that has to face a small fraction of the applied load. In
this case, they remain in the four-point status even for high applied loads. Therefore, and being their

preload high, their contribution to the friction torque will be also high.

300
§ 250
g 200 Seed 1
g Seed 2
150
= Seed 3
c
.2 100 Seed 4
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m 50

0 20 40 60 80 100 120 140 160
Bending Moment [kKNm]

Figure 6. Analysis of the seed selection for random number generation on the friction torque analysis.

Therefore, after analysing the effect of the statistical distribution parameters, it can be stated that the
preload scatter implies noticeable changes in the evolution of the friction torque of a ball slewing
bearing. Moreover, the effect smooths the four-point to two-point contact transition, in line with what
is observed in the available experimental results. Therefore, it is reasonable to expect a better
correlation between the analytical model calculations and the experimental data by considering this
preload scatter.

3.2. Coefficient of friction and independent constant

Figure 7a shows the effect of varying the coefficient of friction on the friction torque. As expected,

the coefficient of friction affects the friction torque proportionally. Accordingly, the axial load required
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to reach the two-point contact zone remains the same as the coefficient of friction changes (150kN for
m=5um, 60kN for m=0um, see Figure 7a). Furthermore, it is observed that the two-point contact zone
remains unaltered for different values of m with the same coefficient of friction. Lastly, the constant

parameter C introduces an offset to the friction torque, as shown in Figure 7b.
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Figure 7. Effects of the coefficient of friction () on the friction torque analysis (a). Effects of the constant (C) on the
friction torque analysis (b).

From these analyses, it is concluded that, among the studied parameters, only two of them affect the
friction torque on the two-point contact zone: i and C. The first one affects the slope of the curve,
while the second one only introduces an offset to the curve. On the other hand, m and SD have been
proven to greatly affect the four-point contact zone and the transition zone, smoothening the drop of

the original approach by [11]. Therefore, introducing the ball preload scatter gives the analytical model
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the capability to better fit the experimental results, which is the goal of this research work.

4. Approximation to experimental results

The purpose of this section is to check the capability of the proposed method to reproduce experimental
measurements. With this aim, several analyses were performed considering different combinations of
the tuning parameters to achieve a good correlation with the available experimental data [36]. From
now on, only the results relative to Experimental Data 1 are shown (see Table 2), but the procedure in
this section was repeated for every experimental data set, whose results are summarized at the end of
this same section.

4.1. Experimental setup

The experimental friction torque results used for the model approximation in this paper are obtained
with the Fraunhofer IWES test rig BEAT1.1 (Bearing Endurance and Acceptance Test rig) which is

shown in Figure 8.

-v\ I Y\L—ﬂg——- Iw il

. ZFraunhofer IDOM
TWES

Figure 8. BEAT1.1 test rig with exemplary test bearing (©Fraunhofer IWES/Ulrich Perrey)

Six hydraulic actuators in hexapod configuration connect to a load platform on top and enable a

complex load application in six degrees of freedom. Two eight-point contact ball bearings (i.e. two

18



376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

double row four-point contact bearings) with the properties in Table 1 are tested simultaneously. An
electric pitch drive introduces the pitch movements by a gear connection with a pinion and geared ring.
The friction torque is measured for both bearings together by a calibrated torque meter located between
the gearbox and the electrical drive. Due to this position for the measurement, the torque of the gearbox
needs to be subtracted, which is done by an empirical function developed by IWES [36]. The friction
torque results used for the following model approximation procedure are obtained with pure axial force
and pure bending moment tests. The measurements were done for 30 different load levels in the ranges
of -200kN (tension) to +500kN (compression) for the axial load, and -125kNm to +125kNm for the
bending moment. Due to the limited capacity of the bearings' bolted connection, the maximum tension
force is lower than the compressive force for the axial load tests.

4.2. Procedure

The procedure to adjust the analytical model consists of searching for a set of values of the tuning
parameters that best fit the experimental data. Firstly, this task is performed for the axial load case,
since the different contact state zones (see Figure 2b) can be more clearly identified under these
working conditions. This happens because, under an applied pure axial force, the load is distributed
almost equally among the balls, and there is a point from which the two-contact zone is reached for
every ball. Therefore, the values of the tuning parameters that best fit the axial experimental results are
defined in the first place. Then, these values are used to check the correlation with the bending moment
case.

First of all, from the study of the coefficient of friction, it was concluded that it is the only parameter
that affects the slope of the friction torque curve in the two-point contact region (see Figure 7a). Thus,
it is selected as the first parameter to be tuned. In order to identify if a point from the experimental data
is part of the two-point contact region, the slope of the curve is analysed. When the friction torque starts
to increase steadily, it can be considered that the bearing is in the two-point contact zone (see Figure

9). The adjustment procedure of this parameter consists of looking at the slope of the curve in this zone.
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The coefficient of friction that best fits the slope of the experimental results is therefore selected. The
Root Mean Square Error (RMSE) is used for this purpose, which is calculated according the following

formula, where n is the number of points considered for the curve fitting:

l

n
RMSE = %Z(Tianalytical _ T'experimental)2
i=1

Two-point contact zone
Slope turning point o T
Best -

adjustment -

.
“'
-
"‘

u2
— ———u3

O  Experimental Data

Friction Torque

Axial Load

Figure 9. Example schema of the selection procedure for the coefficient of friction.

Subsequently, multiple analyses are performed by varying m and SD. With these analyses, different
curves of the friction torque are obtained. For each curve, C is adjusted to minimise the RMSE in the
two-point contact zone. The curves with less Mean Relative Error (MRE) in relation to experimental
results are selected, and consequently, the combinations of values for the tuning parameters. The MRE

can be expressed as follows:

n analytical experimental
Il e M |

MRE:—Z l ‘

n Texperimental
i=1 i

The described procedure was followed to analyse the analytical results of the friction torque of the
studied bearing under axial load and bending moment, separately. The results are compiled and
discussed in the following section.

4.3. Results and discussion

As pointed out above, the results in this section only include the Experimental Data 1 dataset and they

are divided into two sub-sections: axial load case and bending moment case. Then, the results are
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summarised for the rest of the cases.

4.3.1. Axial load

Following the described procedure, a coefficient of friction of 0,085 was found to best fit the
experimental results. Then, calculations were made considering different combinations of m and SD.
Figure 10 shows the MRE of the analytical approach concerning the experimental data for all the
considered combinations. Remember that the C constant is calculated for each case to minimize the
RMSE. The figure shows that the higher the mean value of the preload is, the lower the value of the
standard deviation that retrieves a good fit (a low error). When performing the sensitivity analysis in
Section 3, it was observed that the effect of both parameters, m and SD, was qualitatively very similar.
In this sense, the results in Figure 10 are coherent with this observation. Note how the cases with the
lowest errors are organized in a band form in the heatmap. So, there is not only one combination of

these two values that best fit the experimental results but a set of them.
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Figure 10. MRE heatmap for different combinations of m and SD.

Figure 11a shows the friction torque curves corresponding to the values of m and SD that retrieve an
error lower than 5%, according to Figure 10. In this figure, both compression and tension load cases
are represented, corresponding to negative and positive values of the axial load, respectively. On the
compression side, analytical results show a good match with the experimental data. Note how the

curves meet once all the balls are in the two-contact zone, where the effect of the preload is already
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negligible. On the tension side, analytical results are symmetric because, under the rigid rings

assumption, the load distribution is the same, thus leading to the same friction torque. The results show

also a good correlation for the tension side, except for one experimental data point. The lack of

experimental results for higher tension loads prevents reaching further conclusions in this regard.
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Figure 11. Analytical results selection adjusted to experimental results under axial load (a) and bending moment (b).

Figure 11a also includes the results according to the formula proposed by the NREL in their design

guideline [1]. It can be observed how, coherently with the guideline, the estimated friction torque is

overestimated for high axial loads. Nonetheless, for light loads, the friction torque is largely

underestimated by this formula. In this regard, the proposed approach is demonstrated to be far more

accurate.

4.3.2. Bending moment

22



450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

471

472

473

474

Once the values for the parameters x«, m, SD and C that retrieve the lowest error for the axial load case
were obtained, they were used to perform calculations for an applied bending moment. The results are
shown in Figure 11b. The sign of the bending moment defines the direction of the applied load. As it
happened in the axial load case, and due to the rigid ring assumption, the analytical approach retrieves
the same results for both positive and negative bending moments. This symmetry is not observed in the
experimental results, which can be explained by the ring deformation behaviour of the test bearings. If
the flexibility of the rings and the structures of the test bench affect the load distribution, it will also
affect the friction torque, which would explain not only the lack of symmetry of the test results, but
also the poor correlation between the analytical approach and the experimental results. Therefore, even
if the current approach is far more accurate than the formula from the NREL [1], it cannot be considered
a satisfactory match. This fact leads to the following section (Section 5), where the effect of the
flexibility of the rings and the structures is considered.

4.3.3. Results summary for all the cases and discussion

The described procedure was repeated for the rest of the experimental data as listed in Table 2. Table
3 contains the ranges for the values of the tuning parameters (maximum and minimum values) that best
fit each experimental dataset (see Table 1), with a MRE of less than 5%. The first row in Table 3
correspond to the bearing pair studied above (see Figure 11a, note that the values in the legend are in
agreement with Table 3). The coefficient of friction is always in the range of 0.085 and 0.11, which is
coherent with [11,31,32,34,37-39]. Since each experimental data corresponds to different bearings,
mounted with balls of slightly different sizes, the mean effective preload m is coherently different in
each case. Nonetheless, all the bearings were provided by the same manufacturer, so the manufacturing
errors are expected to be similar in every case. Moreover, they have been mounted in the same test
bench, and assembled following the same procedure. Coherently, the standard deviation of the effective
preload SD is very similar in every case, and always in the range of 7.5um and 17.5um. Note that a

good fit can be achieved with a negative value of m, which means that more than half of the balls will

23



475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

have a clearance (not preloaded). Finally, the value of the constant C is in the range of 73Nm and

123Nm, which means that this parameter has a great effect on the friction torque.

Table 3. Values of the tuning parameters for the different experimental tests.

H m [pm] SD [um] C [Nm]
Experimental data 1 0.085 [-10, O] [10,17.5] [81,92]
Experimental data 2 0.11 [5, 7.5] [10, 12.5] [73,79]
Experimental data 3 0.09 [-7.5, 5] [7.5, 17.5] [96,113]
Experimental data 4 0.085 [-2.5, 0] [15, 17.5] [114,123]
Overall [0.085,0.11] [-10, 7.5] [7.5, 17.5] [73,123]

5. Effect of the deformations of the rings on the friction torque

According to the reasoning in the previous section, the deformations of the rings could be the reason
for the poor correlation between the estimation of the friction torque by the analytical approach and the
experimental results for the case of an applied bending moment. Previous works [13,15,18,21] showed
that, for this load case, the rigid rings assumption can lead to fewer balls in the four-point contact zone,
compared with the results when the flexibility of the rings and the structures are considered. Since the
contribution of each ball to the friction torque is higher in the four-point contact zone than in the two-
point contact zone (see Figure 2b), this can be one possible cause of the unsatisfactory analytical-
experimental correlation (Figure 11b). In this section, a FE analysis is performed to check the influence
of the flexibility of the rings and the surrounding structures on the resulting load distribution and thus
the friction torque for the studied case under an applied bending moment. The results are compared
with those from the analytical approach, where the rigid rings assumption is considered.

5.1. FE simulations

FE structural simulations of the test bench were performed to analyse the deformation behaviour of the
bearing rings when a bending moment is applied. For this purpose, a FE model of the BEAT1.1

assembly, including the two mounted bearings, is developed in ANSYS Workbench. A cross-sectional
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495  view of the FE model of the BEAT1.1 with implemented bearings is shown in Figure 12,

496

497 Figure 12. Cross-sectional view of the BEAT1.1 test rig FE model [36].

498  The two identical bearing models are generated by the use of a CADFEM extension called “Rolling
499  Bearing inside ANSYS”. This tool for the ANSYS workbench environment implements nonlinear
500  spring elements between the bearing rings to represent the nonlinear contact behaviour between the
501  ball and raceway and generates a highly efficient global FE model (similarly to [19]). As the test
502  bearings are manufactured with a preload to ensure every ball is in contact in a non-loaded condition,
503  aconstant initial ball oversize of 35 pum is also considered in the model. Bolts and frictional contacts
504  at the flange surfaces are implemented to represent the bolted connections and to enable a realistic
505  deformation behaviour of the structure. The different kinds of load to achieve the desired load level of

506  the bearing are applied in a certain sequence which is illustrated in Figure 13.

s External Load

Gravity
Ball Preload
s Bolt Pretension

Time

507 0 1 2

508 Figure 13. Loading sequence for BEAT1.1 FE simulations.

509 Itis important to point out that this FE model will account for the flexibility of the structures, but will

510 not simulate the main sources that cause the ball preload scatter, that is to say: 1) manufacturing errors

25



511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

are not considered; and 2) the bolt tightening procedure is simulated in a single load step, where all the
bolts are evenly preloaded at the same time. Of course, in the real assembly, the bolts are tightened one
by one and according to a specific sequence, in order to overcome the elastic interaction. Nonetheless,
and even if these effects are not simulated, the contact deformations before applying the external load
(what the authors call the effective preload) will not be exactly the same in every ball, as the structures
will deform after the first load step.

Figure 14 shows cross-sectional views of the deformed rings of the lower test bearing loaded with a
pure bending moment of 125kNm. It turns out that, even if the structure is cyclically symmetric in the
surroundings of the bearings (the frame is not, see Figure 8), the bearing deforms differently on the
tension (right) and compression side (left). The radial displacements on the tension side are
significantly higher than on the compression side. In turn, this characteristic ring deformation
behaviour leads to different contact forces and angles on both sides. On the compression side, the
contact forces distribute more evenly on both rows and the resulting contact angles are less as the ring
tilting is less compared to the tension side, which encounters higher contact angles. This leads us to
confirm that, when a pure compression load is applied, the rigid ring assumption can be acceptable. On
the contrary, for the case of axial tensile force, the raceways will “open” (see Figure 14, right), affecting
the load distribution, and so the rigid rings assumption will not offer accurate results. This different
behaviour under compression and tension loads also explains the lack of symmetry in the experimental
results of the friction torque shown in Figure 11a for the case of an applied axial load, even if more

measurements would be required in the tension side to further confirm this observation.
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Figure 14. Radial nodal displacements of the rings in mm for M=125kNm, compression side (left) and tension side

(right) in the lower bearing, Scale 50.

Furthermore, the FE simulations reveal that both test bearings are not exactly loaded in the same way.
This is caused by minor differences in the surrounding structures for both bearings and shows the
sensitivity of the bearing’s internal load distribution towards the stiffness of the surrounding structures.
As the experimental friction torque is measured for both test bearings, it is also important to consider
the load distribution and contact angle evolution data of both bearings for the approximation procedure.
The FE simulations are conducted with a high number of substeps to calculate the resulting load and
contact pressure distributions as well as the contact angle evolutions in both bearings for several
different load levels. This extensive data set is used for the following calculations.

5.2. Results and discussion

To study the effect of the flexibility of the rings and the surrounding structures on the friction torque,
the load distribution results from the previously described FE analysis were extracted for each substep.
Then, this data was used to feed the analytical model for the friction torque calculation. In other words,
and going back to Figure 4, the analytical model for the load distribution calculation that considered
rigid rings was substituted by the FE model, while the friction torque calculation was performed by the

same analytical approach. As stated when describing the FE model, in this way we are able to simulate
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the flexibility of the system, but not the sources that cause the preload scatter, even if the effective
preload is not exactly the same in every ball. The results from these calculations, identified with the
name of FEM-Analytical in Table 4, are represented with a black line in Figure 15. The results show a
very good correlation with experimental tests for loads from around 80kNm onwards, while the curve
is completely different under 40kNm. Therefore, two main conclusions arise from this comparison.
Firstly, and looking at the good correlation for high bending moments, it can be stated that the flexibility
of the structures must be considered when calculating the load distribution to achieve accurate
estimations of the friction torque. This does not mean that the analytical approach is not practical. The
conclusion in this regard is that the more flexible the structures are, the less accurate estimations the
approach will give. Secondly, and looking at the poor correlation for light loads, it can be concluded
that the sources that cause the preload scatter must be considered if accurate results of the friction
torque are required for light loads, where the effect of the preload is high. In many applications, the
slewing bearings mostly work under this loading regime, so the effect of the effective preload scatter
may be more relevant than the effect of the flexibility of the structures in these cases.

To confirm these conclusions, and in order to have appropriate references to compare with the new
curve (the FEM-Analytical), the results from the FE model were used to perform two more analyses.
These analyses are described below and listed in Table 4 as Analytical 1 and Analytical 2. In both
analyses, the load distribution problem was solved analytically and consequently based on the rigid
ring assumption, i.e. as described in Section 2.4 and as was done in Sections 3 and 4. The difference is
that, in the new calculations, the value for the effective preload was obtained from the FE model,
instead of considering a preload scatter based on a normal distribution. This way, it will be possible to
compare the analytical approach with the new FEM-Analytical curve, considering a similar state in the
idling conditions (with no applied load). It must be noted that, when the ball preload (ball oversize) is
applied in the first step of the FE simulations, rings are deformed, so the effective preload, i.e. the

actual ball-raceway deformations before applying the external load, will be lower than the ball oversize.

28



574

575

576

577

578

579

580

581

582

583

584

585
586

587
588

The simulations in Analytical 1 consist of applying the same effective preload throughout all balls. This
preload was calculated as the mean value of all the ball-raceway deformations extracted from the FE
analysis after the first load step (see Figure 13), i.e. the effective preload according to the FE simulation.
With this unique value for the preload, the load distribution and the friction torque were calculated
analytically. In this case, there is no preload scatter considered, so this analysis serves as a reference
and is represented in Figure 15. Contrary to what happens in the case of axial load (see Figure 1), if the
same value of the effective preload is considered for all the balls, the drop in the friction torque is not
so pronounced. This happens because, under an applied bending moment, the load is not equally
distributed among the balls. So even if the effective preload is the same for every ball, they change
from the two-point state to the four-point state more progressively and not all at once for the same

applied external load.

Table 4. Studied cases to analyse and compare the effect of the flexibility of the rings and surrounding structures on the

load distribution and the friction torque.

TITLE PRELOAD LOAD DISTRIBUTION FRICTION TORQUE
FEM-Analytical FEM FEM Analytical
Analytical 1 FEM average Analytical Analytical
Analytical 2 FEM Analytical Analytical
800
700
2 600 ——
o 200 —— Analytical 1
=]
S 400 —— Analytical 2
S ——FEM Analytical
300 S B—— :
g o] O Experimental Data 1
S 20 © o o ©
g
k=
A~ 100
0 20 40 60 80 100 120 140 160

Bending Moment [kKNm]

Figure 15. Friction torque analysis feeding analytical tool with different stages of FE data.
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In the second analysis, which is named Analytical 2, the applied preload corresponds to the ball-
raceway deformations extracted from the FE analysis after the first load step (see Figure 13), but
considering each ball independently, and not applying the mean value, like in Analytical 1. Thus, this
approach considers the different resulting ball loads on the individual raceways caused by the ring
deformation after the first load step. Looking at the results of both Analytical 1 and Analytical 2 for
high loads in Figure 15, it can be seen that both curves converge to the same results, which are near the
ones in Figure 11b for the analytical approach. Due to that, and since in this load range the FEM-
Analytical fits the test results, it is confirmed that the reason for the bad correlation between the
analytical approach and the test results is that the flexibility of the structures is not being considered in
the former model. If we look at low loads, the three curves are very far from the tests. This confirms
that the ball preload scatter, which is not being considered in either case, plays a decisive role in this
load range.

In conclusion, to achieve a good estimation of the friction torque for low bending moments, there are
two options: (1) either the structures are rigid and the analytical approach can be applied, so the preload
scatter can be considered as proposed in this work; or (2) the structures are so flexible that they affect
the friction torque, as it is the case, and therefore the load distribution must be solved via FE analysis,
considering also the preload scatter. Since many calculations are required considering different
combinations of m and SD, and due to the high computational cost linked to FE simulations, the second
option goes beyond the scope of this research work. Nonetheless, it will be studied in future work. A
practical way to approach this future research may involve applying the superelement technique in
order to avoid high computational costs.

In order to complete the study and justify the effect of the deformation of the rings on the friction
torque, the results of the load distribution for an applied bending moment of 150kNm are presented in
Figure 16, considering both rigid rings, according to the analytical model, and flexible rings, simulated

via FE analysis. The figure also shows the contribution of each ball to the total friction torque, which
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is a function of the load distribution. For the sake of completeness, the contact angle is also given in
the figure. The results in the figure are for the upper row of the lower bearing (see Figure 12).
Looking at the most loaded region, which takes place at 0° and 180° in Figure 16a, the balls are facing
higher forces in the analytical model than in the FE model. This observation is coherent with previous
publications [13,15,18,21]. These balls are in a two-contact point state and, as observed in Figure 16b,
the higher the load, the higher the contribution to the friction torque is. If we look at the less loaded
balls, located at 90° and 270°, they are in a four-point contact state, i.e. both contact diagonals are
loaded (see the region coloured in grey). Contrary to observations in [13,15,18,21], considering the
flexibility of the structures does not lead to more balls in the four-point contact zone in this case.
Nonetheless, the balls with four-point contacts are more loaded according to the FE model, which leads
to a higher value of friction torque. Figure 16b shows how, coherently with previous explanations based
on Figure 2b, the contribution to the friction torque is higher for the balls in the four-point contact zone,
even if they are less loaded. Therefore, and because the load in these balls is lower under the rigid rings
assumption, the friction torque is also lower for the analytical model than for the FE model under the
considered load of 150kNm.

This explains why the proposed analytical approach retrieves lower friction torque estimations than the
experimental results in Figure 11b and Figure 15 for high loads. In the case of low loads, and as stated

before, the friction torque is more conditioned by the preload, and therefore by its scatter.
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Figure 16. Load (a), friction torque (b) and contact angle (c) distribution for the analytical tool and FE simulations for a

bending moment of 150kNm.

6. Guidelines for different case scenarios

The user of the proposed analytical approach may face different case scenarios while applying it to
specific bearings. The available bearing data will vary depending if the user is a bearing manufacturer,
a customer with some knowledge about the product, or a final user unaware of any technical data.
Based on that, this section offers guidelines about how to use and tune the model in order to get the
most reliable friction torque prediction tool possible. To this aim, three case scenarios are considered:

the one studied in this manuscript (Case 1), the best-case scenario (Case 2) and the worst-case scenario

32



642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

(Case 3). The cases are summarised in Table 5. Depending on the case, different data will be known.
In this regard, the user may deal with the unknown data in two ways: either make assumptions (e.g.
based on the bibliography or previous experience) or tune the model for their specific bearing by means
of experimental tests, considering the unknown data as the tuning parameters. For the second strategy,
this section proposes the minimum number of tests to be carried out. In this regard, the simplest tests

are considered, i.e. in idling conditions or under an axial load.

Table 5. Considered case scenarios.

Scenario Known data Unknown data

Case 1 Global geometry: Dpw, i Coefficient of friction: i

Internal geometry: Dw, z, a0, S Ball preload: m, SD
Independent constant: C

Case 2 Global geometry: Dpw, i Ball preload (average): m
Internal geometry: Dw, Z, a0, S Independent constant: C
Coefficient of friction: M
Ball preload (scatter): SD

Case 3 Global geometry: Dpw, i Almost everything

Of course, many other intermediate cases than the ones in Table 5 may take place in practice. In those

cases, the user may adapt its strategy based on the case scenarios described below.

6.1. Case 1: Studied case

This would be the case for customers with access to the drawings of the bearing. It is the case studied

in this manuscript indeed, so all the geometry data was known (see Section 2.4). The procedure to tune

the model is the one described in Section 4.2, where a minimum of four test measurements would be

required:

e Two measurements under high axial load: these points are necessary to determine p, so they must
be in the two-point contact zone (see Figure 9).

e Two measurements under low axial load: these points must be located in the four-point and/or the
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transition zone. One of these points may correspond to an unloaded case. With these two points and
the previous ones, the parameters m, SD and C can be set.
6.2. Case 2: Best-case scenario
This can be the case of a bearing manufacturer, not only with access to the data regarding the particular
bearing to be characterized but also to previous experience and deep knowledge regarding their
product, their manufacturing tolerances, previous test campaigns, etc. With all this information, the
user can have access to reliable values for p and SD. Of course, for the manufacturer, the geometry is also
known. Therefore, the only unknowns would be m and C. In this case, the procedure to tune the model is
easier, and the required minimum number of tests is lower:
e One measurement under high axial load to define the C parameter, since m has no effect in the two-
point contact zone (see Figure 5b).
e One measurement in idling to define m.
6.3. Case 3: Worst-case scenario
This would be the case for a final user whose unique data is Dpw, Since the geometry of the structure
where the bearing is installed must be at least known in order to have some estimation of the friction
torque. This is indeed the only data required by the formula proposed by the NREL [1].
In this case, only rough estimations can be made for the friction torque by using the proposed approach.
To this aim, data from the bibliography can be considered for certain parameters like u or s, but others
can only be estimated, based on conservative assumptions. Having so little information, in this case,
the formula from the NREL could be enough to obtain rough estimations for the most loaded case, but
the results must be carefully interpreted, since it can retrieve non-conservative results for low loads.
7. Conclusions
The proposed analytical methodology calculates the friction torque in ball slewing bearings considering
the ball preload scatter. This preload scatter has been proven as an effective way to smooth the abrupt

transition that state-of-the-art analytical models show for an applied axial load. Moreover, it allows the
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model to achieve a successful correlation with experimental tests under compression loads.
Nonetheless, and depending on the stiffness of the structures to which the bearing is assembled, the
rigid ring assumption considered in the approach can lead to inaccurate friction torque results when a
bending moment, or a tension load (less common), is applied.

An important additional conclusion is that, under an applied bending moment, the friction torque has
been proven to be driven by the less loaded balls, which have four points in contact, and not by the
most loaded ones, which have only two. This evidences how sensitive the friction torque is to the
preload (and its scatter) even for high applied bending moments, since the higher the preload is, the
more balls will be under the four-point contact state, and therefore the higher the friction torque will
be.

The methodology described in this research work is meant to have a practical application, useful for
users ranging from a bearing manufacturer with extensive knowledge about his product to a user with
more limited information. Thus, the manuscript provides guidelines about how to use and tune the
model to get a reliable friction torque prediction tool. In this sense, the presented analytical approach
gives far more accurate results than the practical formula proposed by the NREL for this type of
bearings, even if the latter can still be useful for rough estimations when only the global dimensions of
the bearing are known.

To take into account the flexibility of the rings and the structures, the FEM has been proven an effective
but not efficient way. Moreover, no simulations have been performed considering both the preload
scatter and the flexibility of the structures. Therefore, the simulations performed in this research work
with flexible structures offer good correlation with experimental results for high loads, but poor results
for low loads, where the preload (and its scatter) has a great effect. The simulation of both the flexibility
of the structures and the preload scatter can be performed efficiently by implementing the stiffness

matrixes of the system in the analytical procedure. The authors will focus their future work on this line.
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