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1. Coagulation fragmentation equation.

O (t4) = £1Q() + 2 L)

8@6{0,1}, 1= 1,2.
(i) Coagulation integral.
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QNW = [ aly =o' )~ 1)1y
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a(y,y') = vy’ +y’y'°,

—1<a<p<1l, A=a+p€]0,1).

(ii) Fragmentation integral.

LW = [ T ) f ()



/

Y
b(y,y) = zﬂB(g), v > -1

1
B > 0,suppB C |0, 1],/ ydB(y) < +00.
0

If B(z) = B(1 — z): Binary fragmentation.

Under these hypothesis no gelling solutions,
the solutions of the equation preserve the mass:

/ yf(t,y)dy = / yf(0,y)dy, forall t> 0.
0 0

2. Stationary and self similar solutions.

(i) Stationary solutions when €169 > 0.

We look for solutions to:

Q(f) + L(f) =0.

For binary fragmentation, the equilibriums:

a(y,y' )M (y)M(y') = by +y',y)M(y +y')

are a particular case. Not always exist.



(ii) Self similar solutions when €169 = 0.

When €1 = 0 or e = 0 no stationary solutions.
Other particular solutions: self similar.

When €9 = 0: The coagulation equation.

Explicit examples:
o For a(y,y’) =1, f(y,t) =4t 2~ %, t>0.
o Fora(y,y') =y +y,

F(t,y) = (27_‘_)—1/26—t$—3/2€—6_2t513/2.
In general, when A € [0, 1), if f is a solution,

fult,y) = p= f(ut, puT™>y) Yy >0

is also a solution AND

/ f,u(tay)dy = / f(t,y)dy, Vu > 0.
0 0

Moreover, if we look for f = f,, we obtain:
flty) =t Txg (t_ﬁ y) -

9
29 + za—‘z (1= NQ(g) = 0.



For the fragmentation equation. The self similar
solutions have the form:

ft,y) =t g(tTy),

Qg—l—z% — (1 +~v)L(f) =0.

These particular solutions: may describe the long
time behaviour of the solutions to the Cauchy
Problem for some families of initial data.

Recent previous results by G. Menon and R. L.
Pego (Preprints 2003):

(A) New families of self similar solutions for the
kernel a(y,y’) = 1. These new solutions have
no finite mass.

(B) Rederive those already known for the kernels
a(y,y’)=1and a(y,y’) =y +y"

(C) Determine the domain of atttraction of these
solutions. For some initial data with suitably
diverging A+1 moment, the solution does not
converge to any self similar solution.



e We obtain for any p > 0:
(i) a stationary solution of mass p of the coagu-
lation fragmentation equation ,
(ii) self similar solutions of mass p of the coagu-
lation and the fragmentation equations.

e Under weaker assumptions on the fragmenta-
tion kernel, the stationary solutions of the coag-
ulation fragmentations are measures.

e Uniqueness result only for the fragmentation
equation. The difficulty: our uniqueness result for
the coagulation fragmentation equation requires
some regularity of the solutions.

e Asymptotic behaviour of solutions with finite
mass: only for the fragmentation equation. The
difficulty: uniqueness of the possible limit.

e Method: A priori estimates, fixed point theorem
and compactness.

e We only consider A € [0,1). The case A = 1 has
a different kind of scaling (example above ).



3. New results.

e Stationary solutions for coagulation fragmenta-
tion equations.

Theorem 1. Assume B € L*°(0,1) and a < 0
or v = —1. Then for each p > 0 there exists at
least one solution

fe()LegnLFh), felLl,, vrelo,l),
k>1

of the stationary coagulation fragmentation equa-
tion Q(f) + L(f) = 0 such that

/ yf(t,y)dy = p, forall t > 0.
0

Moreover, if a < 0, this solution satisfies:
felLt,, foral k>0,

We denote, for r € R

fELi<:>MT:/ y" fy)dy < +oc.
0

fE/\/lr<:>Mr:/ y" df (y) < +oo.
0

fE€EBV < fel,,. 0,f € My



e Self similar solutions for coagulation equations.

Theorem 2. For each p > 0 there exists one self
similar solution

fzt_%g(yt_ﬁ), g € ﬂ Ly,

k>2—

of the coagulation equation 9; f = Q(f) such that

/ yg(y)dy = p, forallt > 0.
0

Moreover, if o < 0 then,

g € ﬂ L'}y NLy), & y"o5g€ L®(R"),
k>2—

for all k € N and all m € Z. If a > 0, then

1
y>f € LYRT), forall g€ [1,>).
o



e Self similar solutions for fragmentation equa-
tions.

Theorem 3. Assume
B e BV1(0,1))NM,,, m<~y+1.

Then for each p > 0 there exists a unique self
similar solution

f(t,y) = tT7 g(t T y),

g€ () L, g€ BViI(R"),

k>m

of the fragmentation equation 9;f = L(f) such
that

/ yg(y)dy = p, forall t > 0.
0

Moreover, if a < 0, this solution satisfies:

geL',, forall k>0



e Asymptotic behaviour of the solutions to the
fragmentation equation.

Theorem 4. Assume
BeBVi(0,1)NM!, m<~y+1

and
fin € ByNLiNLL,.

Then, there exists a unique solution
feC([0,400); LyNBV) NLY(0,T; LY ),

to the fragmentation equation. Moreover:

o

2 1
t lir+n y|f(t,y) —tTH gt y)|dy = 0.
—_— ©.@) 0

Remark. In the fragmentation case:
yf(t,y) — MJ, as t— +oo.

The limit above: this asymptotic delta-formation
is like for the approximation of the identity:

(t%yg(tﬁy)) -
t>1



4. Ingredients of the proofs.

e Fixed point theorem:

Assume: Y Banach space,

(St)i>0 Y — Y, weakly (sequentially) continuous
for any ¢ > 0.

Z a nonempty convex and weakly (sequentially)
compact subset of Y

S Z — Z for any t > 0.

Then, there exists zg € Z such that S;zg = 2o for
any t > 0.

e Apriori estimates. Consider: g—{ = Q(f)+L(f)

Multiply formally by ®(y):

i/m f(t,y)®

/ / a(y,y' ) f(t,y)f(t,y)(y,y")dydy’

+ /Of(t, y)y”/OB(?) (@(y’) - %@(y)) dydy’

where ®(y,y') = ®(y +y') — B(y) — 2().



Estimates of the moments. Taking ®(y) = y*:

d o

%/O f(ty)y"dy =

1 > > / / /
5| [ Ay s e ey dydy

+ Chy(1— k)/ y R E(E y)dy
0

with

1
Crny=—— [ B(o)(c" —0o)do >0,

Ar(y,y) = (k= 1) (v* (¥")° + 7 (v')*) x
< (y+y)" —y* — ()*) > 0.
We deduce that for £ > 1

d
%Mk < Cra Mp—1+k Miya — Cr2Miyytk,

and

d
%MA < Ox1 Mgy — Cro M3,



Using that o < 0 and v > —1 we finally obtain

d
— (Mx + Mao_g)+(Mx + Ms_g)?

dt
< C1+Cy (My + Ma_g).
Using Gronwall’s Lemma we deduce:

jglg(MA(t)+M2—ﬁ(t)) <

max (CQ, M)\(O) + Mg_ﬁ(O))
We may then estimate M for k > 2 — 3 as

d
- M < Cy M — Cy M2,

with 0 < 67 <1 and 63 > 6;,605 > 1. Using again
the Gronwall’s Lemma we conclude

sup My (t) < max (C, My(0)), for all £ > 2 — S.
t>0

A similar argument shows that

sup M_..(t) < max(C, M_,.(0)), Vr € [0,1).
>0



LP estimates. Take ®(y) = fP~!(y). Then,

j/ QU 7 1dy-j/ L/‘ a8 f '

x ((f)P~ = — (f)P7) dydy’

—Mpg / y* fPdy.
0

On the other hand,
[ mnrtay

[ ()

1

< 1Bl [ 7ty - / yB(y)dy / Py,
0 0

0

This gives

d oo oo
— / fPdy+Ch / (y* +y"™H fPdy <

p—2

o ([ o)



and using that a« < 0 or v+ 1 = 0 we deduce:

G | fravien | pay<cs ( / fpdy) :
dt 0 0 0

This gives:

Sup 1f @]y < max(C, || finllp), VP > 2.

Fixed point argument.
Y =L; NL ., m=max(28,2—3,v+1),

The semigroup of the coagulation fragmentation
equation S; : Y — Y

Ae = {f, M1(f) = p; || fll2 < po, My (f(t)) < panc

By apriori estimates, S; : A — Ap if uy large.
Finally, define:

k
Z, = ﬂ A
/=1

We obtain a sequence (G)r>1 of steady states
such that G, € Z,. A compactness argument
gives a fixed point g € (,—; Zk-

Remark. If we only assume that B € M,, for
some m < 2q, we only have that g € (,~; M.



5. Fragmentation: Asymptotic behaviour.

Take ff],'n, < CO(R+) such that Ml(fzn) = p > 0.
Let g,: the unique profile of mass p.

Suppose that fi, # g,.
Let f be the unique solution of:

Ocf = L(f), [f(0,2)= fin.

The function

g(r,y) = e T f(e” — 1,6 T y)

is the unique solution to

dg

dg
=29 —y2 + (1 = fin.
or = 29— v, t U+, 90.y) =]

(g, is a stationary solution of this equation).
Then the function

zﬂaﬂw=ﬁwmmnw—aAmuy

1S non increasing in time:

d

H(g(r)) = D(h(r)



with h(7,y) = g(7,y) — 9,(y) and

D)= [ (~2h-+ yh, {1+ )L(R)signlh(y)dy

Y

_ / °°/ by, ) (h(y)sign(h(y’) — [h(y))y dy'dy

< 0.

If for 0 < 71 <719, H(g(71)) = H(g(72))then:

/T D(h(s))ds = 0

from where: D(h(s)) =0, Vs €& (11,72).
h(s,y)sign(h(s,y’) - ’h(87y)‘ = 0, Vs € (7-177-2)
signh(s,y) = signh(s,y’), for a.e. y,1/

This implies that signh(s,y) is constant for y €
R* and s € (71, 72). Since

/0 " yh(s, y)dy — / T ylg(ray) — gp())dy = 0

this is impossible.



H(g(7)) is then a strict Lyapunov functional on
Li.
Since f;, € L1 N BVy, g(t) € L{ N BVy. The

trajectory (g(7))r>¢ is then in a compact subset
of L1. This implies

lim H(g(t)) =0

T——+00

or,

2T T

lim [ yle” 7 f(e™=1,e" T y)—g,(y)|dy = 0

T—+ Jq

~

. > _2 _1
, lim ylf(t—1,y) —tT7 g, (T y)|dy = 0.
> Jo



