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Characterization of light scattering
in translucent ceramics
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We have obtained expressions for the reflectance and transmittance of a scattering medium with weak absorp-
tion in terms of a diffusion model, where the source is an incoming beam, whose intensity exponentially decays
along the propagation path. We have applied three experimental techniques, one of which is based on the de-
veloped model, to determine the transport mean-free-path in translucent samples of Nd:YAG ceramics.
© 2006 Optical Society of America
OCIS codes: 160.3380, 160.5690, 290.0290.
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. INTRODUCTION
cattering is one of the important characteristics of opti-
al materials. Often the applications of optical materials
equire scattering to be low. This is the case for optical
indows, fibers, active elements of regular lasers, etc. At

he same time, other applications (including diffusive re-
ectors, random lasers, etc.) benefit from high scattering.
The two most important parameters characterizing

cattering are the scattering mean-free-path ls and the
ransport mean-free-path lt. The scattering mean-free-
ath ls is the length at which the intensity of a photon
ux fallen onto the sample with no absorption is reduced
y the factor 1/e. It is also defined as the average distance
etween two scattering events. The transport mean-free-
ath lt is defined as the average distance the light travels
efore its direction of propagation is randomized. In a
eakly absorbing medium, the transport mean-free-path

t is related to ls by the expression

lt =
ls

1 − �cos ��
, �1�

here �cos ��= �̄ is the average cosine of the scattering
ngle (the asymmetric parameter). Depending on the ap-
lication, the most adequate parameter describing scat-
ering in the system can be lt or ls. Light propagation
hrough a scattering medium or behavior of a random la-
er can best be described in terms of the transport mean-
ree-path l . At the same time, the scattering length l
t s

0740-3224/06/010043-6/$15.00 © 2
ay be a more useful parameter at evaluating the loss in
laser element placed in a regular laser cavity. The other

haracteristic parameter, which describes the photon
ropagation in scattering absorbing systems, is the in-
lastic mean-free-path li, which is the length of the light
ath along which intensity is reduced to 1/e of its initial
alue due to absorption.

Although there are several theoretical models to de-
cribe the light propagation in a scattering medium such
s the Melamed model1 or the Kubelka–Munk two flux
odel,2 when the transport mean-free-path is much

onger than the wavelength �lt���, the propagation is
ommonly described by a photon diffusion model.3–5 The
alidity of the Melamed statistical approach is limited
nly to geometric optics approximation. On the other
and, the Kubelka–Munk model’s main shortcoming is
he complexity to relate the Kubelka–Munk constants to
he intrinsic optical properties of the materials. In this
ork, we analyze the reflectance R and the transmittance
of a scattering slab in terms of the diffusion model, in

hich the effect of the anisotropy of scattering has been
xplicitly taken into account. In some works,3–5 the in-
oming light beam at the boundary is replaced by a source
f diffuse radiation located at a certain plane inside the
ample. The source of diffuse radiation considered in this
aper is the propagating light beam, which intensity de-
ays exponentially along the propagation path due to
cattering and absorption. This source better approxi-
ates an experiment and allows for its accurate descrip-

ion and analysis.
006 Optical Society of America
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Based on the developed theoretical model, we have de-
igned and implemented the experimental technique to
etermine lt and li in scattering samples. It is based on
he measurements of transmission (in an integrating
phere setup) as a function of the sample thickness. We
ave applied the technique to translucent Nd:YAG ceram-

cs synthesized in the Center for Materials Research at
orfolk State University and compared the results with

he ones obtained using two known methods. In the first
ne, lt was determined from the coherent backscattering
CBS) measurements.6–9 Another experiment was based
n the on-axis transmission measurement conducted in a
hin sample.

. THEORETICAL MODELING OF
RANSMISSION AND REFLECTION
et us consider a plane wave incident along the axis z
pon a slab, whose dimensions x and y are much larger
han the dimension z. The cross section of the light beam
s also much larger than the dimension z. By assuming
hat the only source is light propagating along z, which
ecays exponentially as it propagates, Iin�z�
J0 exp�−z / l*�, the steady-state diffusion equation de-
cribing the migration of photons can be written as2

�2Ud

�z2 −
Ud

labs
2 = −

3J0

4�ls
�1

lt
+

�̄

l*�exp�−
z

l*� , �2�

here Ud�z� is the average diffuse intensity, labs=	ltli /3 is
he diffusive absorption length defined as the average dis-
ance between the beginning and the end points of paths
f length li, and l*= 
1/ li+1/ ls�−1 is the extinction mean-
ree-path. The diffuse flux vector J� d�z�, defined by the
ower flow per unit area, is given by

J� d�z� =
J0lt

ls
�̄ exp�−

z

l*�ẑ −
4�

3
lt

�Ud

�z
ẑ. �3�

The boundary conditions have been determined on the
ssumption that the diffuse fluxes propagating from the
oundaries inside the sample are due to the internal re-
ectivities at the sample surfaces. If internal reflectivities
re introduced into the boundary conditions proposed by
shimaru,2 the latter can be rewritten for average inten-
ities as

Ud�z = 0� −
2

3
lth0

�Ud

�z
�z = 0� +

h0J0lt�̄

2�ls
= 0, �4�

d�z = L� +
2

3
lthL

�Ud

�z
�z = L� −

hLJ0lt�̄

2�ls
exp�−

L

l*� = 0, �5�

here h0= �1+r0� / �1−r0�, hL= �1+rL� / �1−rL�, r0 and rL
re the internal average reflectivities at the sample sur-
aces (z=0 and z=L, respectively), and L is the thickness
f the scattering sample. Note that the effect of the aniso-
ropy of the scattering pattern has been taken into ac-
ount both in the diffusion equation and the boundary
onditions. The average internal reflectivity of the
amples has been estimated from the Fresnel reflection
oefficients R��� by means of the expression10
r =
3R2 + 2R1

3R2 − 2R1 + 2
,

ith

R1 =�
0

�/2

R���cos � sin �d�, R2 =�
0

�/2

R���

��cos ��2 sin �d�. �6�

he R��� coefficients have been calculated by taking as
he effective refractive index of the random system, the
axwell–Garnet effective refractive index.
The transmittance T of the slab is determined by the

um of the incoming flux J� in�z�=J0 exp�−z / l*�ẑ and the
iffuse flux J� d�z� [Eq. (3)] evaluated at the sample surface
=L and normalized by the incident flux �J0�. At the same
ime, the diffuse reflectance R is due to the normalized
iffuse flux evaluated at the sample surface z=0. By solv-
ng the diffusion equation [Eq. (2)] with the boundary con-
itions (4) and (5), the general expressions for the trans-
ittance and the reflectance of the slab are expressed as

T =
a + b exp�− L/l*�cosh�L/labs� + c exp�− L/l*�sinh�L/labs�

d cosh�L/labs� + e sinh�L/labs�
,

�7�

R =
f exp�− L/l*� + f cosh�L/labs� + g sinh�L/labs�

d cosh�L/labs� + e sinh�L/labs�
, �8�

here a, b, c, d, e, f, and g are the functions shown in the
ppendix A, which depend on the internal average reflec-

ivities at the sample surfaces, the asymmetry parameter,
nd the mean free paths. It has been assumed that the
nternal average reflectivities at the boundaries are iden-
ical, r0=rL=r; so h0=hL=h= �1+r� / �1−r�.

At large values of thickness �L� labs� and for media
ith weak absorption �li , labs� ls , lt�, the general expres-

ions for transmittance and reflectance are simplified to

T =
2�2h + 3�lt

4hlt + 3labs
exp�−

L

labs
� , �9�

R =
3labs + �2h − 3�lt

4hlt + 3labs
. �10�

nder these assumptions, the transmittance decays expo-
entially with the sample thickness L, whereas the reflec-
ance is independent of L.

. EXPERIMENTAL
he experimental samples were translucent pieces of Nd-
oped YAG ceramics. Two samples (A and B) were pro-
uced following the technique schematically outlined in
ef. 11. The major steps of the process involved coprecipi-

ation synthesis of Nd:YAG nanoparticles followed by the
ompaction and vacuum sintering of the ceramic. In the
reparation of sample C, a mixture of Al2O3, Y2O3, and
d2O3 nanopowders was compacted and then sintered. A

ombination of the uniaxial mechanical press �30 MPa�
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nd cold isostatic press (CIP, 450 MPa) was used in the
reparation of pellets (28 mm diameter). The maximal
intering temperature ranged between 1780 °C and
800 °C. The sintered ceramics were characterized by the
article sizes d ranging between 5 and 10 �m. The rela-
ive density of the samples, normalized by the density of
zochralski grown 1% Nd:YAG �4.56 g/cm3� (Ref. 12) and
valuated with approximately 3% accuracy (relative vari-
nce measure), was equal to 96% for sample C, 89% for
ample A, and 97% for sample B. Several plane-parallel
olished plates, with the thickness ranging between
0.15 and 1.6 mm, were prepared from each pellet. These

amples were used in the transmission measurements as
iscussed below. In the coherent backscattering measure-
ents, where the large sample thickness was important,
e used stacks of plates.
Transmission measurements were conducted using the

V–VIS–IR spectrophotometer Lambda 900 from Perki-
Elmer. An integrating sphere was used in the measure-
ents involving a series of samples of different thick-

esses. The samples were attached to the front port of the
ntegrating sphere [Fig. 1(a)]. On-axis transmission mea-
urements in thin samples were done without an inte-
rating sphere. CBS measurements were done in a stan-
ard setup. A CCD camera combined with a computer
ere used to record the CBS cone profiles [Fig. 1(b)].

. RESULTS AND DISCUSSION
series of transmission curves obtained in ceramic plates

f different thicknesses is shown in Fig. 2. As follows from
his figure, Nd absorption is practically absent in several
pectral ranges. We chose such ranges for the evaluation
f l since the applicability of Eq. (9) requires l , l

ig. 1. (Color online) (a) Schematic of the transmission mea-
urements in an integrating sphere, and (b) schematic of the
BS measurement.
t i abs
ls , lt. The dependence of the transmission (at �
415 nm) on the sample thickness measured in sample A

s shown in Fig. 3. One can see that the dependence T�L�
ecomes exponential at L�0.7 mm. From the decay con-
tant of the exponent, we determine labs=0.117 cm, and
rom the intersection of the straight curve in Fig. 3 (expo-
ential fit to the experimental data) and the vertical axis,
e find Texp�0�. Substituting labs, Texp�0�, and L=0 into
q. (9), we arrive at lt=0.014 cm. In this calculation, we
sed h=5.23 corresponding to the internal reflectivity r
qual to 67.8%. The value of the internal reflectivity has
een estimated from the Fresnel reflection coefficients10

y taking the effective refractive index of the scattering
ystem given by the Maxwell–Garnet theory (n�1.70 for
relative density of 89% corresponding to sample A).
Knowing labs and lt, one can calculate (from labs

	ltli /3) the value of the inelastic scattering length li
2.9 cm. The corresponding absorption can be due to color
enters or unwanted contamination of the material. Thus,
he developed technique allows for one to evaluate both
haracteristic lengths in scattering samples, lt and li.

ig. 2. (Color online) Transmission spectra of plates with differ-
nt thicknesses (sample A). 1, 0.015 cm; 2, 0.028 cm; 3, 0.071 cm;
, 0.094 cm; and 5, 0.147 cm.

ig. 3. (Color online) Transmission measured at 415 nm as a
unction of the plate thickness (sample A). The solid curve is the
xponential fit �L�0.7 mm�, and the dashed curve is the curve
btained from the general expression for transmittance, Eq. (7).
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The characteristic scattering and absorption lengths
etermined at �=415, 548, 650, and 841 nm, the wave-
engths at which the Nd absorption is practically nonex-
stent, are summarized in Table 1. One can see that the
alues lt measured in low-absorbing spectral regions are
n good agreement with each other and are practically in-
ependent of the light wavelength. This behavior can be
ue to the weak wavelength dependence of light scatter-
ng when particle size is much larger than the wave-
ength. At these wavelengths, li, labs� lt, which corre-
ponds to the range of applicability of Eq. (9). The
xperimental error in the determination of lt and li was
10%.
The same table shows the absorption coefficients of the

d:YAG crystal13 at a Nd concentration equal to 2%. At
he wavelengths where the sample absorption is signifi-
antly high (730, 731, and 732 nm), Eq. (9) fails. An in-
rease of the absorption coefficient �kabs� implies a short-
ning of li and consequently a reduction of labs. It can be
een in Table 1 that the experimentally measured values
abs at 730, 731, and 732 nm are shorter than the values
abs measured at the other wavelengths where the absorp-
ion is lower. However, the inelastic mean free paths at
30, 731, and 732 nm wavelengths obtained through Eq.
9) show just the opposite behavior, that is, they are
igher. This is the reason why we can say that Eq. (9)
ails where the absorption is appreciably high and the
ransport mean free paths obtained from Eq. (9) corre-
ponding to 730, 731, and 732 nm wavelengths are not
orrect. Note that this experimental technique was rel-
vant to the one proposed in Ref. 14, where the series of
ransmission measurements was done in a wedge-shaped
ample.

The angular distribution of the scattered light intensity
ecorded at �=514.5 nm in the CBS experiment in a stack
f plates with the total thickness equal to 3 mm is
hown in Fig. 4. As shown in Ref. 15, in powders of Nd-
oped materials at kabslt�10−2, the value lt calculated us-
ng the simple formula

lt � 0.7
�

2�W
, �11�

here W is the full width of the CBS cone at its half maxi-
um, is almost the same as that obtained from a more ac-

urate curve fitting taking absorption into account. Apply-
ng Eq. (11) to our experimental data, we have
etermined lt to be equal to 0.019 cm. Note that the signal
n the CBS experiment was weak and noisy. Thus, the

Table 1. Characteristic Scattering and A
Based on the Results of th

�

(nm) 415 548 650

abs �cm−1�
n grown Nd:YAG

0 0 0

abs (cm) 1.17�10−1 1.15�10−1 1.21�1

t (cm) 1.4�10−2 1.4�10−2 1.5�1

i (cm)
etermined from

abs and lt

2.9 2.8 2.9
easured value lt had a relatively large experimental er-
or �±20% �.

The third experimental technique we used was based
n on-axis transmission measurements in thin samples. If
collimated light beam of intensity Iin is falling onto a

lab of thickness L, the intensity of output light Iout mea-
ured on axis in a small solid angle is given by

Iout = Iin exp�− L/l*� = Iin exp�− L�1/ls + 1/li��. �12�

ssuming that at �=415 nm, li� ls and using Eq. (12), we
etermined experimentally in sample A, ls=0.0031 cm.
aking an effective particle size of 7.5 �m and assuming
he spherical shape of a particle, Mie theory yields for the
verage cosine of the scattering angle �cos ��=0.733.
ence, according to Eq. (1), lt should be equal to
.0116 cm, which is in fairly good agreement with the val-
es obtained in the previous methods for sample A (see
able 2). Anyway, this last value cannot be expected to
ive a more accurate estimation of lt since the size distri-
ution of the particles is broad and their shape is not
pherical. Moreover, the high concentration f of particles
mplies that correlations among the scatterers should be
aken into account and other more appropriate theories
hould be applied in order to correctly explain the trans-
ort properties of these high dense random materials.16

The values of the transport mean-free-path lt (based on
he measurements conducted in a series of slabs of differ-
nt thicknesses) were determined in samples B and C.
he results of the measurements are presented in Table 2
long with the photographs of �0.3 mm thick plates of
he three samples studied. One can see an unambiguous

ption Lengths Determined in Sample A
nsmission Measurements

841 730 731 732

0 2.5 1.8 1.2

1.18�10−1 9.94�10−2 9.85�10−2 9.83�10−2

1.4�10−2 0.85�10−2 0.71�10−2 0.52�10−2

2.9 3.5 4.0 5.6

ig. 4. (Color online) CBS profile measured in sample A at
=514.5 nm.
bsor
e Tra

0−1

0−2
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orrelation between the measured value of the transport
ean free path and the transparency of the sample. This

s another confirmation of the adequacy of the measure-
ent. (Note that samples A, B, and C are not among the
ost transparent YAG ceramic samples developed in the
enter for Materials Research at Norfolk State
niversity).17

. SUMMARY
e have obtained expressions describing reflection and

ransmission of scattering samples in diffusion approxi-
ation for random media with weak absorption and large

hickness. In this model, the source is the extinguished
ight of the incoming beam which decays exponentially
long its propagation in the scattering sample. Based on
he transmittance expression, we have designed and
mplemented an experimental technique to determine the
ransport mean free path and the inelastic mean free
ath in scattering materials. The adequacy of the devel-
ped method has been proven by comparison of the ex-
erimental results with the ones obtained using the CBS
echnique and on-axis transmission measurements. Be-
ides, a clear correlation between the experimentally de-
ermined values of the transport mean free path and the
isible translucence of the samples has been observed.

PPENDIX A: EXPRESSIONS FOR
UNCTIONS
he expressions for the functions a, b, c, d, e, f, and g cor-
esponding to Eqs. (7) and (8) are

Table 2. Transport Mean-Free-Paths in Three S
a = li
2

lt

labs

3lils + �3�̄�li + ls� + 2h�li + 3�̄ls + ls��lt�,

�A1�

b = li

lt

labs

− 3lils�li + 4hls� + �− 3�̄li�li + ls�

+ 2h�li
2 − 3��̄ − 1�lils + 2ls

2��lt�, �A2�

c = �− 9li
2ls

2 − 3lils��2h + 3�̄ − 1�li + �4h2 − 1�ls�lt

+ 2h�li + ls��2h�li + ls� − 3�̄li�lt
2�, �A3�

d = 12hlabs��li + ls�2lt − 3lils
2�, �A4�

e = ��li + ls�2lt − 3lils
2��4lth

2 + 3li�, �A5�

f = 3labs
li�− 3lils + �− 3�̄�li + ls� + 2h�li + 3�̄ls

+ ls��lt��, �A6�

g = 9labs
2 
li�li − 2hls + 3�̄ls + ls� − 2h�̄lt�li + ls��. �A7�
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