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Abstract
In this work, we analyse the light propagation in some laser and nonlinear
crystal powders. In particular, we study the dependence of the diffusive
absorption lengths and the transport lengths on particle size and volume filling
factor. The theoretical calculations have been made by assuming a diffusive
propagation of light in these materials.

1. Introduction

Random lasers, in which gain is combined with multiple scattering of light, are being actively
investigated [1–7]. The laser radiation generated in laser crystal powders (LCP) is usually
described as random lasing with nonresonant feedback where the central emission wavelength
of such a laser is determined by the resonant wavelength of a gain medium rather than
eigenmodes of the cavity. This type of laser has no spatial coherence, it is not stable
in phase, and its photon statistics are strongly different from that of a conventional laser.
Consequently, laser crystal powders are attractive as compact and mirrorless lasers where the
coherence is not necessary or the absence of coherence is desirable. These characteristics can
be advantageous in holography, in laser inertial confinement fusion or in transport of energy
in fibers for medical applications [8]. The potential applications of LCP motivate the study
of their optical properties and the search for new crystal powder materials. This is the case
of Nd3+-doped potassium lead chloride crystals (KPb2Cl5) or potassium bismuth/neodymium
molybdate crystals (K5Bi1−x Ndx(MoO4)4).

KPb2Cl5 crystals have recently attracted much attention because they are nonhygroscopic,
chemically stable, have a large transparency window (0.3–20 μm) and a highest phonon energy
of about 203 cm−1. A host with low phonon energy leads to low nonradiative transition
rates due to multiphonon relaxation and high radiative transitions rates, which increase the

0953-8984/07/456213+13$30.00 © 2007 IOP Publishing Ltd Printed in the UK 1

http://dx.doi.org/10.1088/0953-8984/19/45/456213
mailto:mepgarab@ehu.es
http://stacks.iop.org/JPhysCM/19/456213


J. Phys.: Condens. Matter 19 (2007) 456213 B Garcı́a-Ramiro et al

quantum efficiency from the excited states of active ions. The spectroscopic properties of
KPb2Cl5:Nd3+ have been investigated, showing that laser action up to 9 μm should be
possible in this material [9–11]. Among oxide laser crystals with a disordered structure,
palmierite-type K5Bi1−xNdx(MoO4)4 compounds have generated a great interest as potential
laser materials [12–15]. The lasing wavelength range of these materials is confined within the
1063–1070 nm region.

On the other hand, second harmonic generation measurements on powders of nonlinear
optical crystals have been used to determine the average value of nonlinear optical
coefficients [16]. These values are usually given relative to that of a nonlinear optical crystal of
well known properties used as a reference, such as the KH2PO4 crystal [17].

In order to better understand the operation regime of random lasers or the generation of the
second harmonic in powders, a detailed characterization of light propagation in these scattering
materials is needed. In particular, the knowledge of the mean-free-path lengths involved in
the scattering and absorption processes that take place in these materials together with their
dependence on the characteristic parameters of the sample (particle size and volume filling
factor) are very important to analyse the behavior of these optical systems. For instance, it
has been shown that the threshold of random lasers is strongly dependent on the transport
mean-free-path [18–20]. On the other hand, the scattering of light by powders of nonlinear
crystals, characterized by the scattering lengths, plays an important role in the second harmonic
generation, decreasing the efficiency and making more difficult the analysis and interpretation
of the second harmonic radiation generated by the sample. In the present work we have
determined the diffusive absorption lengths and the transport lengths in KPb2Cl5:Nd3+ and
KH2PO4 crystal powders by using reflectance and transmittance measurements. Moreover, we
have analysed the dependence of these lengths on particle size (in KH2PO4 powders) and on
the volume filling factor (in K5Bi0.9Nd0.1(MoO4)4 powders).

The paper is organized as follows. The experimental techniques are described in section 2.
The theoretical analysis of the diffuse reflectance and transmittance of crystal powders under a
diffusion assumption is analysed in section 3. In section 4, the scattering and absorption lengths
of some crystal powders are calculated and the obtained results are discussed. The summary of
the work is presented in section 5.

2. Experimental details

In our experiments, we have used ground powders of KPb2Cl5:Nd3+(1%) (KPC) and
K5Bi0.9Nd0.1(MoO4)4 (KBNM) laser crystals. Details of the crystallographic structure of
their single crystals and their laser properties have been previously reported by some of the
authors [11, 13, 21]. We have also studied ground powders of KH2PO4 (KDP) nonlinear
crystals. The crystalline powder with a mean particle size of 50 μm and 99.999% pure was
obtained from Alfa Caesar, Inc.

The polydispersity of the measured powders was evaluated from SEM (scanning electron
microscope) photographs like the one shown in figure 1. The particle size has been computed
calculating the mean of the major and minor axis lengths of the grains. As an example,
figure 2 shows the histogram of the particle size corresponding to the laser crystal powder
KPb2Cl5:Nd3+ (1%). By fitting the histograms to a log-normal function we obtain the average
particle size and its standard deviation. The volume filling factor of the powder materials ( f )

has been calculated by measuring volume and weight of the samples. The characteristics of the
studied powders are displayed in table 1.

The diffuse reflectance and transmittance spectra of the powders were recorded by use
of a Cary 5 spectrophotometer with an integrating sphere assembly. The samples were
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Figure 1. Scanning electron microscope photograph of the laser crystal KPb2Cl5:Nd3+ (1%)
particles.

Figure 2. Histogram of the KPC particle size. The dashed line is the log-normal fit from which the
average particle size is calculated.

attached to the rear or the front port of the integrating sphere, depending on the measurement
performed (see figure 3). The appropriate normalizations of the recorded spectra have been
made to the reflection/transmission of the diffused ideally white standard reference samples.
The transmission measurements of the samples at high thickness (from L = 1000 μm)
were acquired using a narrow-angle arrangement. The incoming light beam, an Ar laser,
was perpendicularly incident onto the sample. The transmitted signal was collected with a
Hamamatsu R928 photomultiplier in a narrow solid angle at the direction of the incoming
light beam. The signal was amplified by a standard lock-in technique. The room temperature
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(a)

(b)

Figure 3. Integrating sphere setup. (a) Diffuse reflection spectra collection. (b) Diffuse transmission
spectra collection.

(This figure is in colour only in the electronic version)

Table 1. Characteristics of the studied powders. The ratio between the standard deviation and the
average particle size gives the polydispersity of the powders. It is around 50% in almost all samples.

Material sample Particle size (μm) Volume filling factor

KPb2Cl5:Nd3+ (1%) (KPC) 1.2 ± 0.6 0.55 ± 0.05

KH2PO4 (KDP) 50 ± 25 0.55 ± 0.05
30 ± 15
15 ± 7
9 ± 5

4.5 ± 2

K5Bi0.9Nd0.1(MoO4)4 (KBNM) 2.4 ± 0.8 0.50 ± 0.05
0.55 ± 0.05
0.58 ± 0.05
0.60 ± 0.05

absorption spectra of the single crystals in the 300–850 nm spectral range were recorded by the
Cary 5 spectrophotometer.

3. Theory

Light propagation through optically dense random systems, where the transport mean-free-
path is much longer than the light wavelength (lt � λ), is commonly described in terms of a
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diffusion equation. In one dimension the stationary diffusion equation is written as:

0 = ∂2Ud

∂2z
− Ud

l2
abs

+ p(z), (1)

where Ud(z) is the average diffuse intensity, labs =
√

ltli
3 is the diffusive absorption length and

p(z) is the source of diffuse radiation. In this case, the source is the light incoming onto the
sample in the z direction which is extinguished (scattered and absorbed) along the scattering
sample. The definitions of the mean-free-path lengths involved in the scattering and absorption
processes are given in the appendix. As in other works [22–24], we have replaced the incoming
light beam at the boundary by a source of diffuse radiation located at a certain plane inside the
sample. In order to make this plane source equivalent to the real one, we have calculated the
average position wherein the incident energy is introduced in the sample. On account of the
incoming light decaying exponentially through the slab as, J0 exp(− z

l∗ ), the average position is
calculated by:

l̄ =
∫ L

0 z J0 exp(−z/ l∗) dz∫ L
0 J0 exp(−z/ l∗) dz

= l∗ − L

exp(L/ l∗) − 1
, (2)

where l∗ is the extinction mean-free-path, J0 is the incident flux and L is the sample thickness.
Due to L � l∗, we get l̄ = l∗. Therefore, we assume that the incident photons are left inside
the sample at the position z = l∗ and express the source as p(z) = J0δ(z − l∗). For a slab
geometry oriented in the x–y plane, the boundary conditions of equation (1) are determined
by considering that the diffuse fluxes going from the borders (z = 0 and L) inside the sample
are due to the internal reflectivities at the sample surfaces (r). In the limit of weakly absorbing
samples, these conditions are equivalent to those obtained by extrapolating Ud to 0 at a distance
le outside the sample surface, that is, Ud(−le) = Ud(L + le) = 0 [25]. Taking into account the
internal reflectivities at the sample surfaces, the extrapolation length (le) is given by le = 2h

3 lt,
where h = 1+r

1−r , and lt is the transport mean-free-path.
The diffuse reflectance R of the slab has been calculated by the diffuse flux evaluated at

the sample surface z = 0 and normalized by the incident flux (J0) whereas the transmittance
T is due to the normalized diffuse flux evaluated at the sample surface z = L. The obtained
expressions for these magnitudes are written as:

R = cosh

(
le

labs

) sinh
( L+le+l∗

labs

)

sinh
( L+2le

labs

) (3)

T = 1

2

( sinh
(

l∗
labs

) + sinh
( l∗+2le

labs

)

sinh
( L+2le

labs

)
)

. (4)

At large values of L (L � labs) the reflectance does not depend on sample thickness and it
can be written very simply as:

R = 1

2

(
1 + exp

(−2le

labs

))
. (5)

On the other hand, when L � labs the transmittance decays exponentially with thickness and if
labs � l∗ (low absorption) it can be expressed as:

T = T0 exp

(−L

labs

)
with T0 = sinh

(
2le

labs

)
exp

(−2le

labs

)
. (6)
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(a)

(b)

Figure 4. (a) Spectral diffuse reflectance and (b) spectral diffuse transmittance of KPb2Cl5:Nd3+
(1%) powders. Solid line corresponds to a sample thickness L = 100 μm, solid line with dots to
L = 200 μm, solid line with crosses to L = 500 μm and solid line with triangles to L = 750 μm.
The same nomenclature has been used in both sections of the figure. The volume filling factor of
the powder materials in these measurements is f = 0.55 ± 0.05.

4. Results and discussion

4.1. Calculation of the transport mean-free-paths in KPC powders

The diffuse reflectance and transmittance curves of the KPC sample in the 350–830 nm spectral
range have been plotted in figure 4 for several sample thickness. All curves have been recorded
using an integrated sphere and correspond to absolute measurements. As follows from the
figure, Nd absorption is practically absent in some spectral ranges. The dependence on the
sample thickness of the diffuse reflectance and transmittance, R and T , at several wavelengths
is shown respectively in figures 5 and 6. One can see in these figures that the diffuse
reflectance is nearly constant and the diffuse transmission decreases exponentially with the
sample thickness at L � 500 μm. By fitting the experimental points of figure 6 to equation (6)
we determine the constant of the exponent, labs, and the intersection of the straight line and
the vertical axis, T0. The obtained values for labs and T0 at λ = 457, 465, 477, 488, 496,
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Figure 5. Diffuse reflectance of KPb2Cl5:Nd3+ (1%) compound as a function of the sample
thickness. (◦) λ = 514 nm, (+) λ = 488 nm, (�) λ = 477 nm, (�) λ = 457 nm. The
symbols represent the experimental points and the dashed lines are a guide for the eye.

Table 2. Absorption coefficient (kabs) of KPC crystal. Diffusive absorption lengths labs, T0 values,
and transport mean-free-paths lt of KPC powders at several wavelengths determined from the results
of the transmission measurements.

λ (nm)

457 465 477 488 496 514

kabs (cm−1) in bulk KPC ∼0 0.01 0.02 0.002 ∼0 0.04
labs (μm) 343 ± 19 297 ± 6 264 ± 12 303 ± 21 309 ± 8 227 ± 10
T0 8.9 ± 2 13.6 ± 1.5 15.3 ± 4 11.1 ± 3 10.3 ± 1 23.4 ± 5
lt (μm) determined from T0 3.2 ± 0.9 4.5 ± 0.7 4.6 ± 1.7 3.6 ± 1.3 3.4 ± 0.5 6.9 ± 2.3

and 514 nm are displayed in table 2. This table also shows the absorption coefficients of a
KPb2Cl5 crystal at neodymium concentration equal to 1% at those wavelengths. An increase
of absorption coefficient (kabs) must imply a reduction of labs due to the shortening of li. This
dependence of labs with absorption can be observed in the table where the measured values
for labs at very low-absorbing spectral range (457, 488, and 496 nm) are larger than the values
measured at the other wavelengths where the absorption is higher.

Once the values of labs and T0 have been calculated, we can estimate the transport mean-
free-paths by using the expression of T0 displayed in equation (6) [26]. In these calculations
we have used h = 7.76 corresponding to the internal reflectivity r equal to 77%. The internal
reflectance of the sample has been estimated from the Fresnel equations [27] by using the real
part of the refractive index of both the sample material (n = 2.019) and the cuvette where the
sample was placed (n = 1.5). The obtained values for lt at the studied wavelengths have been
included in table 2. One can see that the values of lt in the low-absorbing spectral region (457,
488, and 496 nm) are in a good agreement with each other and practically independent of the
light wavelength. A weak wavelength-dependence of light scattering takes place when particle
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Figure 6. Transmittance of KPb2Cl5:Nd3+ (1%) compound as a function of the sample thickness.
(×) λ = 457 nm, (+) λ = 465 nm, (�) λ = 477 nm, (◦) λ = 514 nm. The symbols represent
the experimental points and the dashed lines are the linear fitting. The coefficient of determination
(R2) of all the linear fittings is 0.99.

size is larger than the wavelength. The transport mean-free-paths at higher absorbing region
(465, 477, and 514 nm) are somewhat larger than the previously calculated ones. Theoretically,
they should be smaller. This discrepancy can be explained by taking into account the fact that
the applicability of equation (6) requires labs � l∗, which is better verified when the absorption
is nearly negligible.

We can also calculate the transport mean-free-paths by using equation (5) and the values
of diffuse reflectance R at large sample thickness. Figure 7 shows the variation of ln(2R − 1)

with 1/(labs). The labs values are those shown in table 2. By assuming that the transport mean-
free-paths (and therefore the extrapolation length) do not vary in the studied spectral range
(457–514 nm), the fitting of the experimental points of figure 7 to equation (5) gives directly
the value of the extrapolation length in that range. The obtained value for le is 17.4 ± 2.9 μm
and from this, we obtain the value for lt, lt = 3.3 ± 0.6 μm. Taking into account the estimated
errors we can say that this value of lt agrees with those obtained from the values of T0 at the
low absorbing range. This result confirms the applicability of equation (6) under low absorption
conditions.

4.2. Dependence on particle size of the diffusive absorption lengths in KDP powders

Figure 8 shows the dependence on particle size (φ) of the Neperian logarithm of the
transmission measurements of KDP powders at fixed sample thickness (L = 5000 μm).
From equation (6), the Neperian logarithm of the transmitted signal, ln(T ), is given by

ln(T ) = ln(T0) − L/ labs with labs =
√

ltli
3 . If we assume that the inelastic mean-free-path

li does not depend on particle size whereas the transport mean-free-path depends linearly on

8
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Figure 7. ln(2R −1) as a function of 1/ labs. The symbols represent the experimental points and the
solid line is the fitting to equation (5). The coefficient of determination (R2) of the fitting is 0.90.

it [28], we can express the variation of ln(T ) with particle size as:

ln(T ) = ln(T0) − L

labs
= ln(T0) − L√

ltli
3

= ln(T0) − L√
Kli
3

φ− 1
2 with lt = Kφ. (7)

Although it is not explicitly indicated in the equation, ln(T0) also depends on particle size.
However, if the sample thickness is sufficiently large, it can be demonstrated that the variation
of ln(T0) with respect to φ is much lower than the variation of L/ labs. The dashed line plotted
in figure 8 is the fit of the experimental points to equation (7) with T0 constant. It can be seen
that the obtained fit is reasonably good, indicating that the assumed dependences of the lengths
on particle size can be considered correct. Moreover, the value of the parameter obtained from
the fit L√

Kli
3

= 16.3 ± 1.8 μm1/2 can be used to obtain the value of labs as a function of particle

size: labs = L
16.3φ

1
2 with L = 5000 μm. The obtained values for labs using this expression are

displayed in table 3.
The transmittance as a function of the sample thickness for several KDP powders of

different particle size is plotted in figure 9. These measurements can be fitted to equation (6)
in order to obtain the values of labs and T0 and from these, the transport mean-free-paths. The
obtained values for labs and T0 as a function of particle size of KDP powders, in addition to
the calculated value for lt, have been included in table 3. For these samples we have used
h = 3.6, corresponding to the internal reflectivity r equal to 56%. As in the potassium lead
chloride compounds, the internal reflectance of the sample has been estimated by using the real
part of the refractive index of both the sample material (n = 1.49) and the cuvette where
the sample was placed (n = 1.5) [27]. It can be observed that good agreement between
the values of labs is obtained from figure 8 and from figure 9. The first points of the fit to
equation (6) in figure 9 correspond to a sample thickness L = 1000 μm which is comparable
with labs (see table 3). Consequently, the exponential dependence of transmittance could not be
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Figure 8. ln(T ) as a function of particle size corresponding to the KDP compound. The symbols
represent the experimental points and the dashed line is the fitting to the equation (7). The coefficient
of determination (R2) of the fitting is 0.96. The measurements have been acquired at λ = 514 nm
with a sample thickness L = 5000 μm. The volume filling factor of the powder materials is
f = 0.55 ± 0.05.

Table 3. Diffusive absorption lengths labs, T0 values, and transport mean-free-paths lt as a function
of particle size of KDP powders. The value of T0 for the sample with φ = 30 μm, (and therefore the
value of lt ) has not been displayed because the absolute transmitted signal could not be measured.
The values in the last row correspond to the values of lt obtained by Mie theory in the independent
scattering approximation.

φ (μm)

4.5 9 15 30

labs (μm) from figure 8 649 ± 63 918 ± 52 1185 ± 36 1676 ± 26
labs (μm) from figure 9 695 ± 70 866 ± 92 1086 ± 141 1250 ± 150
T0 7.8 ± 3.7 9.3 ± 3.7 18.3 ± 7.2 —
lt (μm) 12.3 ± 7.6 18.6 ± 10.2 51.7 ± 32.5 —
lt (μm) (Mie theory) 10.8 25.2 45.8

satisfied for that sample thickness. However, the experimental results suggest that in practice,
the applicability range of the exponential dependence of transmittance can be extended from
L � labs to L ∼ labs. With regard to the transport lengths, the obtained values agree within
the experimental error with those calculated from the Mie theory in the independent scattering
approximation (see table 3).

4.3. Dependence with volume filling factor of the diffusive absorption lengths in KBNM
powders

We now analyse the variation of the light propagation with the volume filling factor ( f ). In
a previous paper [29], the authors showed that the transport mean-free-paths of molybdate
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Figure 9. Transmittance for different particle sizes of the KDP compound as a function of the
sample thickness. (◦) φ = 4.5 μm, (+) φ = 9 μm, (�) φ = 15 μm. The symbols represent the
experimental points and the dashed lines are the linear fitting. The coefficients of determination (R2)

of the linear fittings vary from 0.98 to 0.99. The measurements have been acquired at λ = 514 nm
and the volume filling factor of the powder materials is f = 0.55 ± 0.05.

crystal powders with high f (closely packed powders) would not basically change if spatial
correlations were taken into account. That is, the scattering between particles could be
considered independent. In the independent scatterer approximation, the scattering and
absorption lengths are inversely proportional to f [28]. In this case, the diffusive absorption
length labs would be expressed as labs = K ′

f and consequently ln(T ) would be written:

ln(T ) = ln(T0) − L

K ′ f. (8)

Although ln(T0) also depends on f , it can be demonstrated that the variation of ln(T0) with
respect to f is much lower than the derivative of L/ labs if the sample thickness is large.
Figure 10 shows the variation of ln(T ) in KBNM powders at λ = 488 nm as a function of
the volume filling factor with a fixed sample thickness (L = 4000 μm). The solid line is
the fit of experimental points to equation (8). As follows from the figure, we can say that the
assumption of independent scattering can be considered correct. From the parameter obtained
from the fit, L/K ′ = 20.4 ± 1.6, we can estimate the values for labs as a function of f :
labs = L/(20.4 f ) with L = 4000 μm, which gives labs = 326 ± 50 μm for f = 0.6. This
result is in good agreement, within the expected error range, with the value of labs obtained
for molybdate crystal powders without neodymium (K5Bi(MoO4)4) under the same conditions
(labs ∼ 200 μm) [29].

5. Summary

(a) We have experimentally determined the transport mean-free-paths in KPb2Cl5:Nd3+ (1%)
laser crystal powder in the 457–514 nm wavelength range by using diffuse reflectance and
transmittance measurements.
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Figure 10. ln(T ) as a function of the volume filling factor f corresponding to the KBNM sample.
The symbols represent the experimental points and the solid line is the fitting to equation (8). The
coefficient of determination (R2) of the linear fitting is 0.99. The measurements have been acquired
at λ = 488 nm with a sample thickness L = 4000 μm. The average particle size of the powders is
φ = 2.4 ± 0.8 μm.

(b) The dependence on particle size of the diffusive absorption lengths of KH2PO4 crystal
powders has been analysed. Good agreement between the experimental measurements and
the theoretical predictions has been obtained, assuming that labs varies with the squared
root of the particle size (∼φ1/2).

(c) The variation of the diffusive absorption lengths with volume filling factor in
K5Bi0.9Nd0.1(MoO4)4 laser crystal powders has been studied. We have experimentally
demonstrated that the diffusive absorption length depends inversely on the volume filling
factor, indicating that the assumption of independent scattering made in these ‘closely
packed’ crystal powders can be considered correct.
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Appendix

The scattering mean-free-path ls, is the length of the light path in which intensity is reduced
to 1/e of its initial value due to scattering. It is also defined as the average distance between
two successive scattering events. The transport mean-free-path lt, is defined as the average
distance the light travels before its direction of propagation is randomized. The inelastic mean-
free-path li, is the length of the light path in which intensity is reduced to 1/e of its initial
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value due to absorption. The diffusive absorption length labs, is defined as the average distance

between the beginning and the end points of paths of length li, labs =
√

ltli
3 . l∗ is the extinction

mean-free-path l∗ = ( 1
li

+ 1
ls
)−1.
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